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µ :

r∏

i=1

Mi = M1 × · · · ×Mr → Nm` .r -l 1 oia xtqn i idi .divwpet
µ(m1, . . . ,mi−1, a ·mi +m′,mi+1, . . . ,mr) =

a · µ(m1, . . . ,mi−1,mi,mi+1, . . . ,mr) + µ(m1, . . . ,mi−1,m
′,mi+1, . . . ,mr) lkl

, (m1, . . . ,mr) ∈M1 × · · · ×Mrlka zix`ipil `id µ m` .i -d mxeba zix`ipil `id µ divwpetd ik mixne` f` ,a ∈ A lklem′ ∈Mi lklxy`ke .mfitxenened µ ixd r = 1 xy`k ,dnbel .zix`ipilihlen divwpetzix`ipilihlen divwpetzix`ipilihlen divwpet z`xwp `id f` minxebd.zix`ipilia divwpet µ ixd r = 2divwpet xibp .(ziaihhenew `wee e`l) dxabl`-A B idz .1 dl`y.1 dl`y.1 dl`y
µ : Br = B × · · · ×B

︸ ︷︷ ︸

r

→ B dgqepd i"r
. µ(b1, . . . , br) := b1 · · · br .zix`ipilihlen divwpet ef ik gikedlik gipp .2 dl`y.2 dl`y.2 dl`y
µ1 : M1 × · · · ×Mr → P12 'bl` mipan 1 enr



-e
µ2 : N1 × · · · ×Ns → P2 -e ,zeix`ipilihlen zeivwpet

ν : P1 × P2 → Q divwpetd ik gikedl .zix`ipilia divwpet
π : M1 × · · · ×Mr ×N1 × · · · ×Ns → Q dgqepd i"r zxbend

. π(m1, . . . ,mr, n1, . . . , ns) := ν
(
µ1(m1, . . . ,mr), µ2(n1, . . . , ns)

).zix`ipilihlen divwpet dpididze ,r ≥ 1 idi ,mileen-A ipy P -e M eidi
µ : M r = M × · · · ×M

︸ ︷︷ ︸

r

→ P ik gipp .zix`ipilihlen divwpet
µ(m1, . . . ,mr) = 0`xwiz µ f` .i < j miqwpi` bef dfi`l mi = mj xnelk ,zexfg da yiy (m1, . . . ,mr) di-r lk xear.(alternating) ztlgzn zix`ipilihlen divwpetztlgzn zix`ipilihlen divwpetztlgzn zix`ipilihlen divwpetxai` lk f` .r daeba zeenrd leen ,M := (Ar)t gwip .3 dl`y.3 dl`y.3 dl`y
(m1, . . . ,mr) ∈M rdivwpet milawn dhppinxhd i"re ,r × r leba dvixhn mvra `ed

det : M r → A..ztlgzn zix`ipilihlen divwpet ef ik gikedlly r dlrnn (exterior tensor power) zipevig zixefph dwfgzipevig zixefph dwfgzipevig zixefph dwfg .r ≥ 1 idie ,leen-A M idi .dxbd.dxbd.dxbd-e ,leen-A `ed P eay ,(P, µ) bef `ed M leend
µ : M r → Pozpda :d`ad zilqxaipe`d dpekzd z` miiwl jixv dfd befd .ztlgzn zeix`ipilihlen divwpet `idjk φ : P → P ′ igi mfitxenened epyi ,µ′ : M r → P ′ ztlgzn zix`ipilihlen divwpete P ′ leen-A-y
. µ′ = φ ◦ µleend ly r dlrnn zipevig zixefph dwfg zniiw ik gikedl .r ≥ 1 idie ,leen-A M idi .4 dl`y.4 dl`y.4 dl`ydzika gkedy htyna enk :fnx℄ .zeigid zpekz idn weia gqpl .digi `id ike ,(P, µ) xn`p ,dfd[.zetlgzdd z` mi`hand miqgi siqedl jixv la` ,M ⊗A N zixefphd dltknd iabl2 'bl` mipan 2 enr



:jk r dlrnn (P, µ) zipevigd zixefphd dwfgd z` onqp
∧r

A
M := P -e

. m1 ∧ · · · ∧mr := µ(m1, . . . ,mr) xibp r = 0 xear
.

∧0

A
M := Alkl f` .{1, . . . , r} dveawd ly (divhenxt) dxenz σ idz .r ≥ 1 idie ,leen-A M idi .5 dl`y.5 dl`y.5 dl`ymiiwzn m1, . . . ,mr ∈M

. mσ(1) ∧ · · · ∧mσ(r) = sgn(σ) ·m1 ∧ · · · ∧mr.σ dxenzd ly oniqd sgn(σ) o`k-d k ≥ 0 lkl ik gikedl .{mi}
r
i=1 mixai` sqe` i"r xvep M ik gipp .leen-A M idi .6 dl`y.6 dl`y.6 dl`ymixai`d sqe` i"r xvep ∧k

AM leen-A
. {mi1 ∧ · · · ∧mik

}1≤i1<···<ik≤r milawn k > r xear hxta
.

∧k

A
M = 0leen-A -d 0 ≤ k ≤ r lkl ik gikedl .{mi}

r
i=1 qiqa mr ,r dbxn iyteg leen-A M idi .7 dl`y.7 dl`y.7 dl`yqiqa mr ,iyteg `ed ∧k

AM
. {mi1 ∧ · · · ∧mik

}1≤i1<···<ik≤r[.5 dl`ya yeniy jez ,dzika M ⊗A N xear htynd zgked enk :fnx℄idi .M := (Ar)t idie r ≥ 1 idi .7 -e 3 zel`y ly aeliy ef .8 dl`y.8 dl`y.8 dl`y
φ :

∧r

A
M → Aztlgznd zix`ipilihlend divwpetl mi`zny mfitxenedd

. det : M r → A.mileen-A ly mfitxenefi` `id φ ik gikedl`ed {nj}
r
j=1 -y gipp .I dveaw i"r xtqennd {mi}i∈I qiqa mr iyteg leen-A M idi .9 dl`y.9 dl`y.9 dl`yz` aygle A -a m ilniqwn l`ii` xegal :fnx℄ .|I| ≤ r ik gikedl .M z` xveid mixai` sqe`[. A/m dyd lrn M/mM leend ly dbxdik gikedl dl`yd zxhn .A begd lrn mipzyn ipya minepiletd beg ,B := A[x, y] xibp . 10 dl`y. 10 dl`y. 10 dl`y-y gipdl leki sirny in .il`ivpxtid oeaygdn oeirxa yeniy dyrz dgkedd .iy`x eppi` B begd.A = R lynl ,dy A2 'bl` mipan 3 enr



.y := 0 ,x := 0 davdd i"r lawznd xai`d z` f(0, 0) ∈ A -a onqp f(x, y) ∈ B mepilet ozpda idi
, b := (x, y) ⊂ Bdxyn f(x, y) 7→ f(0, 0) davdd mfitxenened epl ik rei .y -e x mixai`d i"r xvepd l`ii`d xnelk.leen-B -k A z` d`xp ep` dfd ote`a .B/b ≃

−→ A mibeg ly mfitxenefi`xibp .minepilet opid xy` ,zeiwlgd zexfbpd z` ∂
∂y
f -e ∂

∂x
f -a onqp f(x, y) mepilet xear .`.`.`

φ(f) := ( ∂
∂x
f)(0, 0) ∈ A -o

. ψ(f) := ( ∂
∂y
f)(0, 0) ∈ A zeivwpetd ik gikedl

φ, ψ : b → Axnelk ,dltkn ly zxfbpd llka ynzydl :fnx℄ .zeix`ipil-B od
. ∂

∂x
(f · g) = ( ∂

∂x
f) · g + f · ( ∂

∂x
g)[.zeix`ipil-B opi` φ, ψ : B → A mbe ∂
∂x
, ∂

∂y
: b → B zeivwpetd :dxdf`divwpetd ik gikedl .a.a.a

J : b × b → A i"r zxbend
J(f, g) := det

(
[
φ(f) φ(g)
ψ(f) ψ(g)

]
)dxyen mfitxened yiy wiqdl .mileen-B ly ztlgzn zix`ipilia divwpet dpid

. τ :
∧2

B
b → A.qt`d leen eppi` ∧2

B b leend okle ,x ∧ y 6= 0 ik wiqdl .τ(x ∧ y) ∈ A z` aygl .b.b.b.g` xai` i"r xvep xnelk ,ilwiv leen `ed iy`x l`ii` :fnx℄ .iy`x eppi` b l`ii`dy gikedl ...[. r = 1 mr 6 dl`yl 'b sirq zeeydldbxn ,iyteg leen-B ile` `ed b l`ii`d m`d le`yl ozip ,10 dl`yl jynda (zeyx) .11 dl`y.11 dl`y.11 dl`y.1 -n dleb.f = 0 -y ze`xdl .x · f = 0 -y gipp .f = f(x, y) ∈ B idi .`.`.`.m = 0 -y ze`xdl .x ·m = 0 -y gipp .m ∈M idie iyteg leen-A M idi .a.a.aaygl .b.b.b
. x · (x ∧ y) ∈

∧2

B
b2 'bl` mipan 4 enr



.iyteg leen-B eppi` ∧2
B b -y wiqdlokl .9 dl`y itl ,r ≤ 2 dzid dbxd ,iyteg did eli` :fnx℄ .iyteg leen-B eppi` b ik gikedl ...[.b sirql zeeydl .iyteg zeidl jixv did ∧2

B b leend 7 -e 6 zel`y itl!dglvda

2 'bl` mipan 5 enr
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