
Rigid Dualizing Complexes and Perverse Coherent
Sheaves

Amnon Yekutieli

Department of Mathematics
Ben Gurion University

Notes available athttp://www.math.bgu.ac.il/∼amyekut/lectures

Written 30 Oct 2007

Amnon Yekutieli (BGU) Rigid & Perverse 1 / 31



Here is the plan of my lecture:

Amnon Yekutieli (BGU) Rigid & Perverse 2 / 31



Here is the plan of my lecture:

1. Background on Dualizing Complexes

2. Rigid Complexes over Rings

3. Rigid Dualizing Complexes over Rings

4. Rigid Dualizing Complexes over Schemes

5. Perverse Coherent Sheaves

6. Cohen-Macaulay Complexes

Amnon Yekutieli (BGU) Rigid & Perverse 2 / 31



Here is the plan of my lecture:

1. Background on Dualizing Complexes

2. Rigid Complexes over Rings

3. Rigid Dualizing Complexes over Rings

4. Rigid Dualizing Complexes over Schemes

5. Perverse Coherent Sheaves

6. Cohen-Macaulay Complexes

This talk is about joint work with James Zhang (Seattle).

Amnon Yekutieli (BGU) Rigid & Perverse 2 / 31



1. Background on Dualizing Complexes

1. Background on Dualizing Complexes

Amnon Yekutieli (BGU) Rigid & Perverse 3 / 31



1. Background on Dualizing Complexes

1. Background on Dualizing Complexes

Dualizing complexes over schemes were introduced by Grothendieck in the
1960’s (see [RD]), as a vast generalization of Serre duality.

Amnon Yekutieli (BGU) Rigid & Perverse 3 / 31



1. Background on Dualizing Complexes

1. Background on Dualizing Complexes

Dualizing complexes over schemes were introduced by Grothendieck in the
1960’s (see [RD]), as a vast generalization of Serre duality.

SupposeX is a noetherian scheme.

Amnon Yekutieli (BGU) Rigid & Perverse 3 / 31



1. Background on Dualizing Complexes

1. Background on Dualizing Complexes

Dualizing complexes over schemes were introduced by Grothendieck in the
1960’s (see [RD]), as a vast generalization of Serre duality.

SupposeX is a noetherian scheme.

We denote byModOX the category of sheaves ofOX-modules, and by
D(ModOX) its derived category.

Amnon Yekutieli (BGU) Rigid & Perverse 3 / 31



1. Background on Dualizing Complexes

1. Background on Dualizing Complexes

Dualizing complexes over schemes were introduced by Grothendieck in the
1960’s (see [RD]), as a vast generalization of Serre duality.

SupposeX is a noetherian scheme.

We denote byModOX the category of sheaves ofOX-modules, and by
D(ModOX) its derived category.

The full subcategory of bounded complexes with coherent cohomologies is
Db

c(ModOX). It is equivalent toDb(CohOX).
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1. Background on Dualizing Complexes

Definition 1.1. (Grothendieck [RD]) Adualizing complexonX is a complex
R ∈ Db

c(ModOX) satisfying the two conditions:

(i) R has finite injective dimension.

(ii) The canonical morphismOX → RHomOX(R,R) is an isomorphism.
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c(ModOX) satisfying the two conditions:

(i) R has finite injective dimension.

(ii) The canonical morphismOX → RHomOX(R,R) is an isomorphism.

It follows that the functor

M 7→ RHomOX(M,R)

is an auto-duality ofDb
c(ModOX).

WhenX = SpecA is affine, the complexR := RΓ(X,R) ∈ Db
f (Mod A) is

called a dualizing complex overA, and

M 7→ RHomA(M, R)

is an auto-duality ofDb
f (Mod A).

Amnon Yekutieli (BGU) Rigid & Perverse 4 / 31



1. Background on Dualizing Complexes

SupposeK is a regular noetherian ring of finite Krull dimension, andX is a
finite typeK-scheme, with structural morphismπ : X → SpecK.
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1. Background on Dualizing Complexes

SupposeK is a regular noetherian ring of finite Krull dimension, andX is a
finite typeK-scheme, with structural morphismπ : X → SpecK.

Then, according to [RD], there is a special dualizing complex on X, namely
theGrothendieck dualizing complexRX := π!

K.

The proof of existence of this complex, and its properties, is very difficult.

In this lecture I will explain an alternative approach to Grothendieck duality.

For other approaches see the papers in the references, mainly by Joseph
Lipman and his coauthors.
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SupposeA is a commutative ring, andB is a commutativeA-algebra.

In [YZ4] we constructed a functor

SqB/A : D(Mod B) → D(Mod B),

called thesquaring operation.

WhenB is flat overA one has

SqB/A M = RHomB⊗AB(B, M ⊗L
A M)

for M ∈ D(Mod B).

But in general one has to use DG algebras to define SqB/A M.
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The functor SqB/A is quadratic, in the following sense. Given a morphism
φ : M → N in D(Mod B), and an elementb ∈ B, one has
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The functor SqB/A is quadratic, in the following sense. Given a morphism
φ : M → N in D(Mod B), and an elementb ∈ B, one has

SqB/A(bφ) = b2 SqB/A(φ)

in
HomD(Mod B)(SqB/A M, SqB/A N).

Definition 2.1. Let B be a noetherianA-algebra, and letM be a complex in
Db

f (Mod B) that has finite flat dimension overA. Assume

ρ : M
≃
→ SqB/A M

is an isomorphism inD(Mod B). Then the pair(M, ρ) is called arigid
complex overB relative toA.
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2. Rigid Complexes over Rings

Definition 2.2. Say(M, ρ) and(N, σ) are rigid complexes overB relative to
A. A morphismφ : M → N in D(Mod B) is called arigid morphism relative
to A if the diagram

M
ρ

−−−−→ SqB/A M

φ





y





y

SqB/A(φ)

N
σ

−−−−→ SqB/A N

is commutative.
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From now onK denotes a fixed noetherian regular ring of finite Krull
dimension (e.g. a field or the ring of integers).

Let A be a noetherianK-algebra. The next definition is due to Michel Van den
Bergh [VdB].

Definition 3.1. A rigid dualizing complexoverA relative toK is a rigid
complex(R, ρ), such thatR is a dualizing complex.
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3. Rigid Dualizing Complexes over Rings

From now onK denotes a fixed noetherian regular ring of finite Krull
dimension (e.g. a field or the ring of integers).

Let A be a noetherianK-algebra. The next definition is due to Michel Van den
Bergh [VdB].

Definition 3.1. A rigid dualizing complexoverA relative toK is a rigid
complex(R, ρ), such thatR is a dualizing complex.

Note that the only rigid automorphism of a rigid dualizing complex(R, ρ) is
the identity1R. Indeed, any automorphismφ of Rhas to be of the form
φ = a1R for some invertible elementa ∈ A. If φ is rigid thena2 = a, and
hencea = 1.
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Recall that anA-algebraB is calledessentially finite typeif it is a localization
of some finitely generatedA-algebra.
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3. Rigid Dualizing Complexes over Rings

Recall that anA-algebraB is calledessentially finite typeif it is a localization
of some finitely generatedA-algebra.

The next theorems are taken from [YZ5]

Theorem 3.2. Let A be an essentially finite typeK-algebra. Then A has a
rigid dualizing complex(RA, ρA), which is unique up to a unique rigid
isomorphism.

Recall that a ring homomorphismf ∗ : A → B is calledfinite if B is a finitely
generatedA-module.

Theorem 3.3. Let A and B be essentially finite typeK-algebras, and let
f ∗ : A → B be afinite homomorphism. Then the complexRHomA(B, RA) has
an induced rigidifying isomorphism, and there is a unique rigid isomorphism

RHomA(B, RA) ∼= RB.
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3. Rigid Dualizing Complexes over Rings

We say thatB is essentially smoothof relative dimensionn overA if it is
essentially finite type, formally smooth, and the rank of theprojective
B-moduleΩ1

B/A is n. Whenn = 0 we sayB is essentially étale.
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essentially finite type, formally smooth, and the rank of theprojective
B-moduleΩ1

B/A is n. Whenn = 0 we sayB is essentially étale.

Example 3.4. If A′ is a localization ofA thenA → A′ is essentially étale. If
B = A[t1, . . . , tn] is a polynomial algebra thenA → B is essentially smooth of
relative dimensionn.

Amnon Yekutieli (BGU) Rigid & Perverse 11 / 31



3. Rigid Dualizing Complexes over Rings

We say thatB is essentially smoothof relative dimensionn overA if it is
essentially finite type, formally smooth, and the rank of theprojective
B-moduleΩ1

B/A is n. Whenn = 0 we sayB is essentially étale.

Example 3.4. If A′ is a localization ofA thenA → A′ is essentially étale. If
B = A[t1, . . . , tn] is a polynomial algebra thenA → B is essentially smooth of
relative dimensionn.

Theorem 3.5. Let A and B be essentially finite typeK-algebras, and let
f ∗ : A → B be anessentially smoothhomomorphism of relative dimension n.
Then the complexΩn

B/A[n]⊗A RA has an induced rigidifying isomorphism, and
there is a unique rigid isomorphism

Ωn
B/A[n] ⊗A RA

∼= RB.
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Takingn = 0 we get an important corollary:
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3. Rigid Dualizing Complexes over Rings

Takingn = 0 we get an important corollary:

Corollary 3.6. Given an essentially étale homomorphism f∗ : A → B, there
is a unique rigid isomorphism

B⊗A RA
∼= RB.
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Definition 4.1. Let X be a finite type separatedK-scheme. Arigid dualizing
complex overX (relative toK) is a the data(R,ρ), where:

1. R ∈ Db
c(ModOX) is a dualizing complex onX.

2. ρ = {ρU} is a collection of rigidifying isomorphisms, indexed by the
affine open sets ofX. Namely, for any affine open setU, ρU is a
rigidifying isomorphism for the dualizing complex RΓ(U,R) over the
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Definition 4.1. Let X be a finite type separatedK-scheme. Arigid dualizing
complex overX (relative toK) is a the data(R,ρ), where:

1. R ∈ Db
c(ModOX) is a dualizing complex onX.

2. ρ = {ρU} is a collection of rigidifying isomorphisms, indexed by the
affine open sets ofX. Namely, for any affine open setU, ρU is a
rigidifying isomorphism for the dualizing complex RΓ(U,R) over the
K-algebraA := Γ(U,OX).

The condition is:

(†) For any inclusionV ⊂ U of affine open sets, withA := Γ(U,OX) and
B := Γ(V,OX), the canonical isomorphism

B⊗A RΓ(U,R) ∼= RΓ(V,R)

is rigid, with respect to the rigidifying isomorphismsρU andρV.
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4. Rigid Dualizing Complexes over Schemes

X

U = Spec A

rigid dualizing complex
(

RΓ(U,R), ρU

)

dualizing complex
R

V = Spec B

rigid dualizing complex
(

RΓ(V,R), ρV

)

restriction
respects rigity
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4. Rigid Dualizing Complexes over Schemes

We would like to proveexistence and uniqueness of a rigid dualizing complex
on X.
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We would like to proveexistence and uniqueness of a rigid dualizing complex
on X.

Consider an affine open setU ⊂ X, and letA := Γ(U,OX). According to
Theorem 3.2 there exists a rigid dualizing complex(RA, ρA) overA. Let us
denote byRU the corresponding complex of sheaves onU, which is of course
a dualizing complex overU. And let’s writeρU := ρA.
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a dualizing complex overU. And let’s writeρU := ρA.

Now supposeV ⊂ U is another affine open set, withB := Γ(V,OX) and rigid
dualizing complex(RB, ρB). According to Corollary 3.6 there is a unique
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We would like to proveexistence and uniqueness of a rigid dualizing complex
on X.

Consider an affine open setU ⊂ X, and letA := Γ(U,OX). According to
Theorem 3.2 there exists a rigid dualizing complex(RA, ρA) overA. Let us
denote byRU the corresponding complex of sheaves onU, which is of course
a dualizing complex overU. And let’s writeρU := ρA.

Now supposeV ⊂ U is another affine open set, withB := Γ(V,OX) and rigid
dualizing complex(RB, ρB). According to Corollary 3.6 there is a unique
isomorphism

φV/U : RU|V
≃
→ RV (4.2)

in D(ModOV) which respects rigidity.

Therefore given an affine open setW ⊂ V, these isomorphisms satisfy

φW/V ◦ φV/U = φW/U .
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4. Rigid Dualizing Complexes over Schemes

The next step would be to try to glue the affine dualizing complexesRU to a
global complexRX ∈ Db

c(ModOX).
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The next step would be to try to glue the affine dualizing complexesRU to a
global complexRX ∈ Db

c(ModOX).

But here we encounter a genuine problem:usually objects in derived
categories cannot be glued!

Grothendieck’s solution in the commutative case, in [RD], was to use Cousin
complexes. This solution can be used in our setup too, but it has a
disadvantage: we are forced to leave the derived category, and then return to it.

We propose an alternative solution:perverse coherent sheaves.

Remark 4.3. For noncommutative ringed schemes one is forced to use
perverse coherent sheaves, since Cousin complexes are ill-behaved. See
[YZ3].
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The notion of t-structures and perverse sheaves were introduced by Beilinson,
Bernstein and Deligne [BBD] around 1980. This was in the context of
intersection cohomology on singular spaces. For such a space X they were
interested in t-structures on subcategories ofD(Mod KX), whereKX is a
constant sheaf of rings onX.
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5. Perverse Coherent Sheaves

The notion of t-structures and perverse sheaves were introduced by Beilinson,
Bernstein and Deligne [BBD] around 1980. This was in the context of
intersection cohomology on singular spaces. For such a space X they were
interested in t-structures on subcategories ofD(Mod KX), whereKX is a
constant sheaf of rings onX.

Perverse coherent sheaves came into the scene only very recently,
independently in the work of Bezrukavnikov (after Deligne)[Bz], Bridgeland
[Br], Kashiwara [Ka] and our paper [YZ3].
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5. Perverse Coherent Sheaves

Let me recall what is a t-structure on a triangulated category D. It consists of
the datum of two full subcategoriesD≤0 andD≥0 satisfying the axioms below,
whereD≤n := D≤0[−n] andD≥n := D≥0[−n].
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Let me recall what is a t-structure on a triangulated category D. It consists of
the datum of two full subcategoriesD≤0 andD≥0 satisfying the axioms below,
whereD≤n := D≤0[−n] andD≥n := D≥0[−n].

(i) D≤−1 ⊂ D≤0 andD≥1 ⊂ D≥0.

(ii) HomD(M, N) = 0 for M ∈ D≤0 andN ∈ D≥1.

(iii) For anyM ∈ D there is a distinguished triangle

M′ → M → M′′ → M′[1]

in D with M′ ∈ D≤0 andM′′ ∈ D≥1.
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Let me recall what is a t-structure on a triangulated category D. It consists of
the datum of two full subcategoriesD≤0 andD≥0 satisfying the axioms below,
whereD≤n := D≤0[−n] andD≥n := D≥0[−n].

(i) D≤−1 ⊂ D≤0 andD≥1 ⊂ D≥0.

(ii) HomD(M, N) = 0 for M ∈ D≤0 andN ∈ D≥1.

(iii) For anyM ∈ D there is a distinguished triangle

M′ → M → M′′ → M′[1]

in D with M′ ∈ D≤0 andM′′ ∈ D≥1.

When these conditions are satisfied one defines theheartof D to be the full
subcategoryD0 := D≤0∩D≥0. This is an abelian category.
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5. Perverse Coherent Sheaves

Given a schemeX, the derived categoryDb
c(ModOX) has thestandard

t-structure, in which

Db
c(ModOX)≤0 :=

{M ∈ Db
c(ModOX) | HiM = 0 for all i > 0},

Db
c(ModOX)≥0 :=

{M ∈ Db
c(ModOX) | HiM = 0 for all i < 0}.
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The heartDb
c(ModOX)0 is equivalent to the categoryCohOX of coherent
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Other t-structures will be referred to asperverse t-structures.
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5. Perverse Coherent Sheaves

Here is an observation. SupposeA is an essentially finite typeK-algebra,
where as beforeK is a finite dimensional regular noetherian ring. LetRA be
the rigid dualizing complex ofA.
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where as beforeK is a finite dimensional regular noetherian ring. LetRA be
the rigid dualizing complex ofA.

Then the duality D:= RHomA(−, RA) gives rise to a perverse t-structure

pDb
f (Mod A)≤0 :=

{M | HiDM = 0 for all i < 0},
pDb

f (Mod A)≥0 :=

{M | HiDM = 0 for all i > 0}.

on Db
f (Mod A).

We call it therigid perverse t-structure. The heart is denoted bypDb
f (Mod A)0.

The next theorem was proved in [YZ3].
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5. Perverse Coherent Sheaves

Theorem 5.1. Let X be a finite typeK-scheme. Let⋆ denote either≤ 0, ≥ 0
or 0.
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DefinepDb
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that
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that

RΓ(U,M) ∈ pDb
f

(

Mod A
)⋆

for any affine open set U, with A:= Γ(U,OX).

Then:

(1) The pair
(pDb

c(ModOX)≤0, pDb
c(ModOX)≥0)

is a t-structure onDb
c(ModOX).

(2) The assignment V7→ pDb
c(ModOV)0, for V ⊂ X open, is a stack of

abelian categories on X.
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5. Perverse Coherent Sheaves

Part (2) says that the objects ofpDb
c(ModOX)0, which we callperverse

coherent sheaves, can be glued. They behave like sheaves, and hence the
name.
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5. Perverse Coherent Sheaves

Part (2) says that the objects ofpDb
c(ModOX)0, which we callperverse

coherent sheaves, can be glued. They behave like sheaves, and hence the
name.

For any affine open setU = SpecA, the dualizing complexRU (the
sheafification of the rigid dualizing complexRA) is clearly a perverse coherent
sheaf onU.

Thus we can use the isomorphisms

φU,V : RU|U∩V
≃
→ RV|U∩V,

deduced from equation (4.2), to glue the affine dualizing complexes.
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5. Perverse Coherent Sheaves

X

U = Spec A

RU ∈ p
D

b
c (ModOU )0
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X

U = Spec A

V = Spec B

RU ∈ p
D

b
c (ModOU )0

RV ∈ p
D

b
c (ModOV )0

φU,V : RU |U∩V
≃

→ RV |U∩V

in p
D

b
c (ModOU∩V )0
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5. Perverse Coherent Sheaves

In this way we obtain:
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5. Perverse Coherent Sheaves

In this way we obtain:

Theorem 5.2. Let X be a finite typeK-scheme. There exists a rigid dualizing
complex(RX,ρX) over X relative toK, and it is unique up to a unique rigid
isomorphism.
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5. Perverse Coherent Sheaves

Along the same lines, using Theorems 3.3 and 3.5, we can also prove:
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Along the same lines, using Theorems 3.3 and 3.5, we can also prove:

Theorem 5.3. Let X and Y be finite typeK-schemes, and let f: X → Y be a
morphism.

1. If f is finite, then there is a unique isomorphism

Rf∗RX
∼= RHomOY(f∗OX,RY)

which respects rigidity.
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Along the same lines, using Theorems 3.3 and 3.5, we can also prove:

Theorem 5.3. Let X and Y be finite typeK-schemes, and let f: X → Y be a
morphism.

1. If f is finite, then there is a unique isomorphism

Rf∗RX
∼= RHomOY(f∗OX,RY)

which respects rigidity.

2. If f is smooth of relative dimension n, then there is a unique isomorphism

Ωn
X/Y[n] ⊗OX f ∗RY

∼= RX

which respects rigidity.
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5. Perverse Coherent Sheaves

Proper morphisms and residues are treated in [Ye6].
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5. Perverse Coherent Sheaves

Proper morphisms and residues are treated in [Ye6].

Remark 5.4. Recently I discovered a totally new proof of the duality
theorem for proper morphisms, which uses perverse sheaves only, avoiding
residue calculations. If correct, the new proof will make the paper [Ye6] much
shorter.
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Proper morphisms and residues are treated in [Ye6].

Remark 5.4. Recently I discovered a totally new proof of the duality
theorem for proper morphisms, which uses perverse sheaves only, avoiding
residue calculations. If correct, the new proof will make the paper [Ye6] much
shorter.

Remark 5.5. I think all the results here work also for essentially finite type
K-schemes.
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As beforeX is a finite typeK-scheme. LetRX be the rigid dualizing complex
of X.
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6. Cohen-Macaulay Complexes

As beforeX is a finite typeK-scheme. LetRX be the rigid dualizing complex
of X.

Given a pointx ∈ X let k(x) be its residue field. We denote by dimK(x) the
unique integeri such that

Ext−i
OX,x

(

k(x),RX,x
)

6= 0.
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6. Cohen-Macaulay Complexes

As beforeX is a finite typeK-scheme. LetRX be the rigid dualizing complex
of X.

Given a pointx ∈ X let k(x) be its residue field. We denote by dimK(x) the
unique integeri such that

Ext−i
OX,x

(

k(x),RX,x
)

6= 0.

Then the function
dimK : X → Z

is a dimension function, i.e.

dimK(y) = dimK(x) − 1

wheny is an immediate specialization ofx.
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6. Cohen-Macaulay Complexes

Example 6.1. TakeK := Z, the ring of integers, andX := A1
K

= SpecK[t],
the affine line. Consider the following points inX: x0 is the generic point;x1

is the prime ideal(t); andx2 is the maximal ideal(t, 2). Then

dimK(xi) = 1− i.
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6. Cohen-Macaulay Complexes

90

X = A
1
Z

Spec Z

x0 = (0)
generic point
dimZ(x0) = 1

x1 = (t)
curve
dimZ(x1) = 0

x2 = (t, 2)
closed point
dimZ(x2) = −1

Amnon Yekutieli (BGU) Rigid & Perverse 29 / 31



6. Cohen-Macaulay Complexes

Recall from [RD] that a complexM ∈ Db
c(ModOX) is called

Cohen-Macaulayif for every pointx the local cohomologies HixM all vanish
except fori = − dimK(x).
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6. Cohen-Macaulay Complexes

Recall from [RD] that a complexM ∈ Db
c(ModOX) is called

Cohen-Macaulayif for every pointx the local cohomologies HixM all vanish
except fori = − dimK(x).

Here is another result from [YZ3].
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6. Cohen-Macaulay Complexes

Theorem 6.2. Let X be a finite type scheme overK, letRX be the rigid
dualizing complex of X, and letD be the duality functorRHomOX(−,RX).
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6. Cohen-Macaulay Complexes

Theorem 6.2. Let X be a finite type scheme overK, letRX be the rigid
dualizing complex of X, and letD be the duality functorRHomOX(−,RX).

Then the following conditions are equivalent forM ∈ Db
c(ModOX).
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Theorem 6.2. Let X be a finite type scheme overK, letRX be the rigid
dualizing complex of X, and letD be the duality functorRHomOX(−,RX).

Then the following conditions are equivalent forM ∈ Db
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(i) M is a perverse coherent sheaf(for the rigid perverse t-structure).

(ii) DM is a coherent sheaf, i.e.HiDM = 0 for all i 6= 0.

(iii) M is a Cohen-Macaulay complex.

In particular this implies the Cohen-Macaulay complexes form an abelian
subcategory ofDb

c(ModOX), a fact that seems to have eluded Grothendieck.
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