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1 Prerequisites

1.1 Basic definitions

Definition 1 1. A geometry is a pair G = (0, I), where Q is a set and

I is a symmetric, reflexive relation on ). (0 = objects, I = incidence
relation between objects).

. Two objects of the geometry G are called incident if v,y € 2 and x1y.

. A flag of G is a set of elements of Q) which are mutually incident.
(Important ones are mazimal via inclusion flags).

. A geometry G has rank rank r if one can partition ) into sets Qq,...,€,
such that each maximal flag of G intersects each set €; in exactly one
element. In this case the elements of €); are called elements of type .
In particular, in a geometry of rank r each mazximal flag has exactly r
elements.

Lemma 2 Let G be a geometry of rank r, then no two distinct elements of
the same type are incident.

This means that a line can be incident with a point or a plane, but one
usually does not consider two lines to be incident.



Example 3 Some example of geometries:

1. Q = set of points, lines, and planes of R®. I = inclusion, symmetrically
closed (i.e. xly iff t Cy ory C x).

2. The cube. §2 consists of eight vertices, the twelve edges and six faces.
The relation I s inclusion.

Definition 4 A geometry G = (Q,1) of rank 2 is called an incidence
structure. FElements of type 1 are called points, and of type 2 blocks.
If G = (Q,1) is an incidence structure with point set P and block set B one
also writes G = (P, B, I).

In these notes the blocks of such a geometry will usually be called lines.
An automorphism of a rank 2 geometry is usually called collineation.
We shall frequently use this term.

1.2 Projective space over a field

Projective space P over a field I is defined as a set of equivalence classes of
the vector space " under the following relation

u~vES dNeETF \u=w.

Notice that the 1-dimensional subspace < u >= {Au | A € F} converts
to be a point of P. And each d-dimensional subspace of F" converts to
be (d — 1)-dimensional in P. Hyperplanes are by definition (dimP — 1)-
dimensional subspaces of P. Actually all the notions of a regular vector
space (independent vectors, independent set, etc) are inherited by P.

1.3 Affine space over a field F

There is independent definition of the affine space over a field F. But we
choose the definition below in order to show the connection to projective
spaces. Actually if one choose to start from an affine space, taking a hyper-
plane and defining points at infinity, one can obtain a projective space in a
very specific manner.

Definition 5 Let P be a projective space of dimension d > 2, and let Hy,
be a hyperplane of P. We define the geometry A = P\H, as follows:
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The points of A are the points of P that are not in H,.

The lines of A are those lines of P that are not contained in H,.

In general, the t-dimensional subspaces of A are those t-dimensional
subspaces of P that are not contained in H.

The tncidence of A is induced by the incidence of P.

2 Simple properties of Projective spaces

We emphasize here the most important notions wich should be definable in a
projective geometry (they are all trivially interpreted if one uses the concrete
examples, built as before from a vector space), but if we have a geometry,
satisfying some axioms they all must be reproved.

Definition 6 A subset U of the point set P is called linear if for any two
points P, Q) that are contained in U each point of the line PQ) is contained in
U as well.

For any linear set & one can define the corresponding geometry UP(I/) in
the obvious way, which is called the subspace of P. Since the intersection
of any number of linear sets is linear, for any set of points K one can define
span by

<K>=n{U| K CU, U is a linear set}.

Definition 7 A set M of points is called collinear if all points of M are
incident with a common line.

The next theorem says that all subspaces of a projective space are uniquely
determined by their points and lines. This means that from the properties of
the rank 2 geometry of point and lines the whole geometry can be described:

Theorem 8 Let U be a linear set, P a point. Then
<U,P>=U{(PQ)|Q €U},

where (PQ) means the line passing through P and Q.



Using these definitions one can obtain most of the theorems of the linear
algebra: independent set of points, exchange lemma, Steinitz exchange the-
orem for projective spaces, basis, basis extension theorem, finitely generated
projective space.

Definition 9 Let P be a finitely generated projective space. If d + 1 is the
number of points in a basis (this number is always the same) then we call d
the dimenstion of P and write d = dim P.

3 Elements of analytic geometry

Definition 10 A division ring is a triple (F,+,-), where F is a set and
+, - are binary operations such that (F,+) is an abelian group with identity
0, (F\{0},) is a (not necessary commutative) group and both right and left
distributive laws hold.

A commutative division ring is a field. A skewfield is the same as division
ring in our context.

Definition 11 Let V' be a vector space of dimension d+1 > 3 over a division
ring F'. We define the rank 2 geometry P(V') as follows:

e the points of P(V) are the 1-dimensional subspaces of V.
e the lines of P(V) are the 2-dimensional subspaces of V.

e the incidence of P(V') is set-theoretic containment.

Theorem 12 Let V' be a vector space of dimension d+1 > 3 over a division
ring F. Then P(V) is a projective space. We call P(V') the projective space
coordinatized by F'.

3.1 Theorem of Desargues

Definition 13 Let P be a projective space. We say that in P the theorem
of Desargues holds if the following statement is valid. For any choice
Ay, Ay, A3, By, By, B3 of points with the properties

e A;, B; are collinear with a point C, C # A; # B; # C(i = 1,2, 3),



e no three of the points C, A1, Ay, A3 and no three of the points C, By, By, B3
are collinear.

we have that the points
P12 = AlAQ N B1B2, P23 = A2A3 N B2B3, P31 = A3A1 N B3B1

lie on a common line. See figure 3.1.

By

Figure 3.1: The theorem of Desargues

Theorem 14 Let V be a vector space of dimension d + 1 over a division
ring F. Then the theorem of Desargues holds in P(V).

Proof: Let vy, v9,v3 be vectors such that A; =< v1 >, 4y =< vy >, A3 =<
vg >. By the hypothesis vy, v9, v3 are linearly independent. There are two
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cases to consider:

Case 1. The point C lies in the plane of A;, Ay, A3. Then C =< a1v; +aqv9+
13v3 > (a1, as, a3 # 0 from the hypothesis). So, w.l.o.g. C =< v+ vy +v3 >.
Since C, A;, B; are collinear there are ay, as, a3 € F such that

By =< vy + vy +v3 + a1v1 >=< (a1 + 1)vy + va + v3 >,
By =< v + (UQ + 1)U2 + v3 >,
B; =< ’U1+U2+(ag+1)1)3 > .

Then P12 = A1A2 N B1B2 =< a1V1 — G2V2 >,P23 =< GgU9 — G3V3 >,P31 =<
a3vs3 — ay v, >, which implies that the three points Py, P»3, P31 lie on the line

< a1V1 — QoV9,A3V3 — A1V > .

Case 2. The point C' does not lie in the plane of A;, Ay, A3. This case is
easier.

O

3.2 Theorem of Pappus

Definition 15 Let P be a projective space. We say that in P the theorem
of Pappus holds if any two intersecting lines g and h (g # h) satisfy the
following condition. If Ay, Ay, A3 are distinct points on g and By, By, B3 are
distinct points on h all different from g N h then the points

Qu2 := A1Bo N B1Ay, Qo3 := AsB3 N By Az, Q31 := A3B1 N B3A,;
lie on a common line. See figure 3.2.
Theorem 16 Let V' be a vector space of dimension d+1 over a division ring

F. Then the theorem of Pappus holds in P(V') if and only if F is commutative
(in other words, if F is a field).

Theorem 17 (Hessenberg) Let P be an arbitrary projective space. If the
theorem of Pappus holds in P then the theorem of Desarques is also true in
P.



Figure 3.2: The theorem of Pappus

4 Axiomatic definition of P(V)

Let G = (P,B,I) be a geometry of rank 2. The elements of the block set
will be called lines. Some notations, taken from the R® vocabulary: g lies
on P’ 'P is incident with g’; 'g passes through P’ - all means PIg.

Axiom 1 (line axiom) For any two distinct points P,(Q there is ezactly
one line that is incident with P and ().

Axiom 2 (Veblen-Young) Let A, B,C, and D be four points such that
AB intersects the line CD. Then AC also intersects the line BD.

Axiom 3 Any line is incident with at least three points.
Definition 18 A projective space is a geometry P = (P, L, I) of rank 2
that satisfies the axioms 1,2,3. A projective space is called non degenerate

if it also satisfies the following axiom 4.

Axiom 4 There are at least two lines.



We will deal only with non degenerate projective spaces.
If any two lines of a projective space intersect, one calls it a projective
plane. In other words, projective plane is a projective space of dimension 2.

4.1 Moulton plane

Here is one example of a 2-dimensional projective space for which the theorem
of Desargues does not hold. In the next section we will show that all 3-
dimensional projective spaces are Desarguesian.

Definition 19 The geometry M is defined as follows:
1. The points are all the pairs (x,y) with z,y € R.

2. The lines are described by the equations r = ¢ and y = mx + b with
m,b,c € R

Let (xg,yo) be a point. It lies on a line x = ¢ iff xo =c. If 1o <0 orm >0
then (zo,yo) s incident with y = mx + b iff yo = mxo +b. Finally, if 1o > 0
and m < 0 then (xg,yo) is incident with y = mx + b iff yo = 2maxo + b.

The geometry M is called the Moulton plane.

Theorem 20 The Moulton plane is an affine plane in which the theorem of
Desargues is not true (see following figure).



5 Projective spaces of dim > 3 are Desargue-
sian

Theorem 21 Let P be a projective space of dimension d. If d > 3 then the
theorem of Desargues holds in P.

Proof: Let Al, AQ, A3, Bl, BQ, Bg, P12, P23, P31 and C be points that sat-
isfy the hypothesis of the theorem of Desargues. We have to show that
P12, P23, P31 are collinear.
Case 1. The planes m =< Ay, Ay, A3 > and ¥ =< By, By, By > are different.
See figure 5.3.

Case 2. The points A, Ay, A3, By, By, B3 and C' lie in a common plane
m. See figure 5.4 at the end of the text. (]



Figure 5.3: Desargues theorem for different planes 7, 1.

Corollary 22 Let P be a projective plane. Then the theorem of Desarques
holds in P iff P can be embedded as a plane in a projective space of dimension
d> 3.

6 Coordinatization

6.1 Central collineations

Definition 23 Let P be a projective space. A collineation of P is a bi-
jective map from the point set and the line set of P onto themselves that
preserves incidence.

It is a group with respect to composition of maps.

Lemma 24 Let o be a collineation of P. Then for any two points X,Y of

P we have
a(XY) = a(X)a(Y).

Proof: Since « is a collineation, all points incident with the line ¢ = XY
are mapped onto the image ¢’ of the line g. Since a(X) and «(Y’) are on ¢,
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necessarily ¢’ = a(X)a(Y). O

Definition 25 A collineation « is called o central collineation if there is
a hyperplane H (the axis of ) and a point C (the center of o) with the
following properties:

1. FEvery point X of H is a fired point of a (a(X) = X),
2. Every line x on C is a fized line of o (a(z) = z).

The set of central collineations with axis H and center C' is a group with
respect to composition of maps.

Lemma 26 Let o be a central collineation of P with axis H and center C.
Let P # C be a point not on H, and let P' = o(P) be the image of P. Then
« 15 uniquely determined. In particular, the image of each point X that is
neither on H nor on PP' = PC satisfies

a(z) =CX NFP,
where FF = PX NH.

Proof: the line CX is mapped onto itself. Consider now F' := PX N H,
which is fixed by «. Then using the previous lemma 24

X'=a(X)[a(PX)=a(FP) =a(F)a(P)=FP.

For a point Y € CP find any point R ¢ CP and use the uniqueness of a(R')
to obtain Y’ = a(Y) = CY N F*R' for F* := RY N H. O

Corollary 27 (uniqueness of central collineations) Let « be a central
collineation of P with azxis H and center C' that is not the identity. Then

1. If P is a point # C not on H then P is not fized by «.

2. The central collineation « is uniquely determined by one pair (P, a(P))
with P # «(P).

See figure below.
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X'= o(X) I a(PX) = o(FP) = ou(F)ox(P) = FP",

6.2 Desarguesian means existence of “enough” central
collineations.

The main idea of Baer is that the Desargues theorem implies existence of all
possible central projections. But the basic idea is that given a collineation
on the rank 2 geometry level one can uniquely extend it to a collineation of
the whole projective space:

Lemma 28 Let P be a projective space of at least 2 dimension, and let gq
be a line of P. Let P’ be the rank 2 geometry consisting of the points P that
are not on gy and the lines of P that are different from gy.

Let o be a collineation of P'. Then « can be uniquely extended to a
collineation o of P. This collineation o fizes the line gq.

Proof: First prove that for any two lines g, h that intersect gy in the same
point P, their images «(g), a(h) also intersect in a point P’ of gj.

Then for a point P on gy let Lp be the set of lines of P’ through P.
Then there is a point P’ on gq such that all images of the lines from Lp pass
through P’. In other words a(Lp) = Lpr.

Define now o* in such a way that the restriction of o* to P’ is « and for
each point P on gy a(P) = P'. Then by the above consideration « is the
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only extension and is also a collineation. Notice that it is also necessary to
prove that C' is the center of this collineation. This is left as an exercises
and the main reason for this is that once we have a collineation with axis H,
then its center will be the unique point C' € P such that each line through
it is preserved by «. (]

Theorem 29 (existence of central collineation [Baer]) If in the pro-
jective space P the theorem of Desargues is valid then: if H a hyperplane
and C, P, P' are distinct collinear points of P with P, P' ¢ H, then there is
precisely one central collineation of P with axis H and center C' mapping P
to P'.

Proof: Consider the rank 2 geometry P’ consisting of the points of P not
on C'P and the lines different from CP. Define collineation « of P’ (which
can be uniquely extended) in the following way:

Definition of a: each point of H is fixed. For a point X outside H define
X':=a(X):=CXNFP', where F = XPNH. Then one has to show that

1. « is a bijective map of the set of P'.

2. « preserves collineation (of any 3 different points). For this prove that
for any two points X,Y € P’, the lines XY and X'Y” intersect each
other in a point of the axis H. There are two cases to consider:

(a) P,X,Y are collinear. See figure below.
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(b) P, X,Y are not collinear. Use Desargues axiom here. See
figure below.
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Then by simple exercise « is a collineation. (]

6.3 The group of translations

The main idea of further constructions is that one can recover the division
ring and the corresponding vector space from the affine space A = P\H. It
turns out that considering only affine planes one does not lose mush infor-
mation. Order of a projective space is defined as the number of points in
each line minus one. In view of axiom 3 this number if always at least 2.

Theorem 30 Let « be a collineation of the affine space A = P\H. If the
order of P is greater than 2 then there is precisely one collineation of P such
that its restriction to A is a. In other words, a has exactly one projective
extension.
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Proof: The uniqueness is simple. In order to show the existence one has to
insert the notion of parallel lines (i.e. lines intersecting outside of A) and to
show that if g, h are parallel then «(g), a(h) are parallel too. Define next o*
as follows. For P € A = P\H define o*(P) = «(P) and for P € H let g be
line through P not in H. Then o*(P) = a(g) N H. Since g is an affine line
a(g) is well defined. Then show also that o* is a collineation. L]

Definition 31 Denote the set of all central collineations with axis H and
center ON H by T(H) (In the affine space A = P\H the elements of T (H)
are the translations; this is the reason for the letter T.)

Theorem 32 For each hyperplane H of P, T(H) is an abelian group, which
acts sharply transitively (regularly) on the points of P\H. This means: for
any two points P,Q of P\H there is precisely one o € T(H) such that
a(P) = Q. In particular, the identity is the only element of T(H) that fizes
a point of P\H.

Proof: For any two points P, @ of P\H. If a translation maps P to @, its
center is C':= PQ N H. By the (Baer) uniqueness theorem 28 we are done.
In order to show that 7(H) is a group, it is enough to show that for any
a, 3 € T(H) the collineations o !, a8 € T(H).
For commutativity it is enough to show that for one point X ¢ H
a1 X = asan X (in view of the Baer uniqueness theorem 28). Let Cy, Cy
be the centers of ay, ap respectively. There are two cases to consider:

Cy # (5. Use figure below to obtain that as(a; (X)) is incident with Cjag(X)
and with Coay(X).

Cy = Cy. Consider C3 # C; and a translation «g with center C3. Since transla-
tions with the center C; form a group a;as also has center not equal
C:. By the first case

a0y = azag and as(arag) = (ogas)ag,
from where it follows
(az)as = a1 (apas) = ar(azan) = (asz)as = as(aes) = (awar)as,

hence ooy = vy
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Definition 33 Fiz an arbitrary point O of P\H. Using the theorem 32 we
can identify each point P of P\H with a translation of T(H) that maps O
onto P. In other words 7, is the uniquely determined translation that maps
O onto P. For instance, one has 1o = id and 7p(O) = P for each point P.

This enables to define addition of points:

P+Q =71p(Q) = 7p(19(0)).

Theorem 34 The set P* of the points of the affine space P\H is, with the
above defined addition +, a group, which is isomorphic to (T(H), o).

Remark: there is an interesting geometric way to build a sum of two points.
See figure below. If ones denotes P* := PO N H and Q* := QO N H, then

P+Q=PQnPQ
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6.4 The division ring

Definition 35 By Do we denote the set of all central collineations of a
projective space P with axis H and center O. The elements of Do are also
called dilatations with center O; hence the notation.

Remarks: 1. Dy is a group, which acts sharply transitively on the points
of each line of P\H through O which are different from O.

2. Given a point P € P\H and a line P € g NOT through O, there is an
alternative way to build this line as follows. Define C' = ¢ " H and add
the point P to each point on OC, then it is an easy exercise to prove that
g = P+0OC'. Another simple exercise is to show that for any line g = P+0OC
of P\H and for any ¢ € Do

o(g) =0(P)+OC.

Remark: We will use the notation g = P+ OC, where C' is the intersection
of g and H.
Here is the element of Dy which plays the role of —1.

Lemma 36 Let pu: P* — P* be the map that is defined by
pwrX— =X

This means that p maps an arbitrary affine point X (i.e. a point of P\H)
onto the point —X = 75" (0). Then u (more precisely: its projective exten-
sion) is an element of Dy.
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Proof: p is bijective and fixes O. Moreover, u(P 4+ OC) = —P+ OC. Using
it show that p is a collineation of P\H. Also any line through O is mapped
into itself, hence O is the center. Since p has no fixed points (except O) on
P\H and since any central (i.e. has a center) collineation is axial (i.e. has
an axis), the axis is H, i.e. u € Do. O

Remark: If the order of P is two, then u is the identity.

Lemma 37 FEach element of Do is an automorphism of (P*,+). Moreover,
we have that 0 o p = po o, that is o(—X) = —o(X) for all 0 € Dy and for
all points X.

Proof: Let 0 € Dp. Since o acts bijectively on P* we must show that for
any X, Y # 0
o(X+Y)=0(X)+0o(Y).

Use figure 6.5 at the end of the text. Next show that o(—X) + o(X) = 0 for
each X # O. Finally, show that o(X +Y) = 0(X) + o(Y) holds for points
X,Y with O € XY. 0

Now we are ready to formulate and prove the main lemma,
Lemma 38 Let 01,09 € Dy. Define the map o1 + 0o of P* in P* by
(0’1 + O'Q)(X) = 0'1(X) + O'Q(X).

If 01 + 09 is not the zero map (the map that maps each point of P\H onto
O) then the projective extension of o1 + 09 is an element of Do.

Proof: Define first 0 = 01 4+ 05. We will show that all the necessary condi-
tions are fulfilled

0(0) = (o1 + 02)(0) = 01(0) + 02(0) = 0,

and

o(X+Y) =(o1+0)X+Y)=0(X+Y)+0(X+Y) =
:O'l(X)+O'1(Y)+O'2(X)+O'2(Y) =
= (014 09)(X) + (01 + 2) (V) = 0 (X) + (V).

If g= P+ OC is a line for a point C' € H, then

o(g) Co(P)+ OC.
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If o is not injective then o is the zero map. Taking X # Y such that
0(X) = o(Y) and using p one will obtain that oy = pos,, hence

(01 + 0'2) = o9 + 02 = 0.
If o is injective then o € Dg. Since o is injective, o(X) # o(0O). Taking

Xo # 0, 0(Xy) € OX, and by the Baer theorem 28 there is ¢’ € Dy such
that o'(Xy) = 0(Xj). Show that o = o'. ]

Definition of the division ring:

Theorem 39 Let 0 be the zero map on P*. On the set F' = DyU {0} define
as above an addition by

(0’1 + 0'2)(X) = O'1(X) + O'Q(X).
and a multiplication as follows:

o1 O o009y ,01,00 € Do
102 1=
0 ,0'1:0 07"0’2:0

Then (F,+,-) is a division ring.

Proof: Addition is taken care of in the main lemma (38) and multiplication
follows from (Do, o) is a group. We have to take care only of distributive
laws. Take o1,09,03 € F, then for each X € P*

o1(02 + 03)(X) = 01(02(X) + 03(X)) =
= 0'10'2(X) + 0'10'3(X) = (0’10'2 + 0'10'3)(X).

The second law is the same. ]

Corollary 40 Multiplication with scalars on P* is defined by
o-X:=0(X) foroe F,X € P*.

Then P* is a vector space over the division ring F.
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7 The representation theorems

Theorem 41 Let P = (P, L, I) be a projective space of dimension at least
2. If P is Desarguesian, then there is a vector space V over a division ring
F such that P is isomorphic to P(V).

In short, the Desarguesian projective spaces are precisely the geometries P(V).

Proof: Fix an arbitrary hyperplane H of P. Let F' be the division ring of
the theorem 39 and the vector space P*. Define next

Vi=FxP".

Then V is a vector space over F' with elements < a,v > (a € F,v € P*).
Define a map « from a point X € P to one dimensional subspaces of V:

- if X € P\H, then a(X) =< (1, X) >,

- if X is a point of H, then the line OX is a 1-dimensional subspace
< v > of P*. Define a(X) =< (0,v) >.

Then one has to check that
1. « is bijective.
2. « transforms lines of P to lines of P(V).

Then « is an isomorphism from P to P(V). 1
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Figure 5.4: The theorem of Desargues in a 3-dimensional projective space
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Figure 6.5: The automorphism o
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