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Exam in the course: Fundamentals of Analysis for EE-1, date: 09.02.2020
Course number: 201-2-5331
Lecturer: Prof Arkady Leiderman
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Duration of exam: 3 hours.

Tools for help: it is allowed to bring two lists (standard size A4) of notes written by a student.
The use of a calculator is not allowed.

Please give answers to all 4 questions. The grade of each question / paragraph is clearly indicated.
Please explain in details the solutions! No question below requires a long and complicated proof.
¢ You can use without proof any claim, which was proved in the lectures or in the home-works.
Instead of presenting a solution of any question / paragraph you can write "I don't know"'.

Then you will obtain 20% of the grade of that question / paragraph (except for the question 3(c)).
Question / paragraph where "I don't know" is answered, will not be checked.
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Question 1.

(a) (10 points) Let (X,d)be any metric space. Prove that for every 4 points a,b,a',b' € X

the following inequality holds: | d(a,b)—d(a',b") < d(a,a")+d(b,b").

(b) (15 points) Assume that {x,},;;{», }n.; are two Cauchy sequences in a metric space (X, d).
With the help of result of (a) and properties of Cauchy sequences in R prove that the sequence of
numbers {d(x,,y,)},., convergesin R.

Question 2.

(a) (20 points) Let f(x): R" — M be a continuous function defined on the Euclidean space R”with
the values in a metric space M . With the help of properties of compact sets prove that for every
bounded set 4 R" its image f(A)={f(a):a e A} M is a bounded set in M .

(b) (5 points) Let f(x): X = R be a continuous function, where X < Ris an open bounded set

in R.Isittruethat f(X)={f(x):x e X} is always a bounded set in R ?

Question 3.

Recall that m" denotes the outer measure in R .

(If A4 is an interval then m(A)is equal to the length of 4).

(a) (20 points) Let £ = [0,1]be any set. Assume that m*(E)+m"([0,1]\ E)=1 .

By definition of a Lebesgue measurable set, prove that E is measurable.

(b) (5 points) Let E < [0,1]be any set. May it happen that m*(E)+m"([0,1]\ E) <1?

Provide an argument to your answer.

(c) (10 points - bonus) Let E < [0,1]be any set. May it happen that m*(E)+m"*([0,1]\ E)>1?

Provide an argument to your answer.

Question 4.

Let u denote the Lebesgue measure in R .
(a) (15 points) Assume that f(x):[0,1] > R is a continuous function at every point of the closed

interval [0,1]. Define the following sequence of functions: f,(x)= (.15 x) for every naturaln.

Prove that Iim | | [, ()= f(x)|dp=0.
H—>0 [0’”

. . . 1
(b) (10 points) Consider the following continuous function f(x)=—:(0,1] > R.
x

Define as in (a) : £, (x)= f (55 X) for every natural n. Does ’ltl_l)lelo I | fn(x)— Sf(x)|du=0 hold?

n+ 1
0,1]

Good luck!
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