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mixvewn zepexzt '` cren ,mkqn ogan - (20110021) 2'` `"ecg
g"qyz 'a xhqnq

onxciil icwx` x"c ,bxayxid oli` x"c ,oiihycleb xinicle 'text ,xqa oepn` 'text :mivxnd

dxebq Af f` dtivx f m` ik e`xd .Af =
{
(x, y) ∈ R2 | y ≥ f(x)

}
onqp f : R→ R xear ('wp 15) (`) .1

.R2-a

leabd mby miiwzn zqpkzny dkezn mixai` zxcq lkl m` wxe m` dxebq `id dveaw :oexzt
,vn = (xn, yn) onqp .v ∈ Af ik ze`xdl jixv .vn → v ,vn ∈ Af ik gipp ,ok m` .dveawa `vnp
jixv .n lkl yn ≥ f(xn)-y ixd vn ∈ Af -y oeeikn .yn → y0 ,xn → x0 if` ,v = (x0, y0)
zqpkzn dxcq yn-y oeeikn .f(xn)→ f(x0) ik miiwzn ,dtivx f-y oeeikn .y0 ≥ f(x0) ik ze`xdl

.yxcpk ,y0 = lim
n→∞

yn ≥ lim
n→∞

f(xn) = f(x0)-y ixd ,n lkl yn ≥ f(xn)-e

?(0, 0) dcewpa dtivx f m`d .f(x, y) =


xy2

x2 + y4
| (x, y) 6= (0, 0)

0 | (x, y) = (0, 0)
xicbp ('wp 10) (a)

eli`e , lim
n→∞

vn = 0 f` ,vn = ( 1
n2 ,

1
n ) xicbp .`l :oexzt

lim
n→∞

f(vn) = lim
n→∞

1/n4

1/n4 + 1/n4
=

1
2
6= 0 = f(0)

mr
∞∑
n=0

bnx
n sqep zewfg xehe r1 > 0 zeqpkzd qeicx mr

∞∑
n=0

anx
n zewfg xeh mipezp ('wp 15) (`) .2

.r1 `ed
∞∑
n=0

(an + bn)xn xehd ly zeqpkzdd qeicx ik e`xd .r2 > r1 xy`k ,r2 zeqpkzd qeicx

f` |x| > r1 m` ,ok` .qpkzn xehd f` |x| < r1 m`e ,xcazn xehd f` |x| > r1 m` ik d`xp :oexzt

xeh ly mekq epid
∞∑
n=0

(an+bn)xn xehd ,ok m` .qpkzn
∞∑
n=0

bnx
n xehd eli`e xcazn

∞∑
n=0

anx
n xehd

∞∑
n=0

(an + bn)xn okle ,miqpkzn mixehd ipy if` |x| < r1 m` .xcazn okle ,qpkzn xeh mr xcazn

.qpkzn okle ,miqpkzn mixeh ipy ly mekq `ed

f(1) = if` ,minrt seqpi` dxifb f : R → R m` :zicbp `nbec zxfra ekixtd e` egiked ('wp 10) (a)

.
∞∑
n=0

f (n)(0)
n!

0-e ibef n m` fn(0)/n! = (−1)n/2 f` ,f(x) =
1

1 + x2
xgap ,lynl .dpekp dppi` dprhd :oexzt

.(f(1)-l s`ey `l hxtae) xcazn
∑∞
n=0

f(n)(0)
n! xehd okle ,zxg`

wecal yi o`k - zecewpd x`ya e−1/x-e x ≤ 0 xy`k 0 zeidl zxcbend divwpetd `id zxg` `nbec
.f(1) = 1/e 6= 0 la` ,0 md 0 dcewpa dizexfbp lk ,minrt seqpi` dxifb ok` `id ik

jk x, y ∈ R lkl f(x, y) = 0 ik reciy gipp .zilia`ivpxtic divwpet f : R2 → R idz ('wp 15) (`) .3

.
∂f

∂y
(1, 1) z` e`vn .

∂f

∂x
(1, 1) = 1 ik gipp .y = 3x− 2-y

g(t) = 0 ,oezpdn .g(t) = f ◦ γ(t) = f(t, 3t − 2) ,γ(t) = (γ1(t), γ2(t)) = (t, 3t − 2) xicbp :oexzt
,zxyxyd llkn .g′(1) = 0 hxta okle ,t lkl

g′(1) =
∂f

∂x
(1, 1) · γ1(1) +

∂f

∂y
(1, 1) · γ2(1) = 1 · 1 +

∂f

∂y
(1, 1) · 3

.∂f∂y (1, 1) = −1/3 okle 0 = 1 + 3∂f∂y (1, 1) ,ok m`

.daebd ewl avip zeidl jixv hpiicxbd xehwe ik oiivle daeyzd z` hrna xvwl ozip :dxrd

.zilia`ivpxtic f divwpetd oda zecewpd lk z` e`vn .f(x, y) = 3
√
xy xicbp ('wp 10) (a)

f okle ,t = 0-l hxt dcewp lka dxifb g .f = g ◦ h f` ,h(x, y) = xy ,g(t) = 3
√
t xicbp :oexzt

-e x = 0 oda zecewpa .y 6= 0 e` x 6= 0 xy`k xnelk ,xy 6= 0-y jk (x, y) lka zilia`ivpxtic
dcewpa ziwlgd zxfbpd :zilia`ivpxtic dppi` divwpetd okle ,zniiw dppi` ∂f/∂x-y wecap ,y 6= 0



2

leabd `id ,a 6= 0 ,(0, a) dxevdn

lim
t→0

f(t, a)− f(t, a)
t

= lim
t→0

3
√
at

t
= lim
t→0

3
√
a

t2/3

y = 0-e x 6= 0 xy`k zilia`ivpxtic dppi` divwpetdy mi`ex ,dnec ote`a .miiw epi` dfd leabde
mpn` zeiwlgd zexfbpd ,ziy`xl xy`a .zniiw dpi` ∂f/∂x ziwlgd zxfbpd dl`k zecewpa -
`id zipeekd zxfbpl `gqepd :zniiw dppi` (1, 1) xehwed ly oeeka zipeekd zxfbpd j` ,zeniiw

.miiw epi` df leabe ,D(1,1)f(0, 0) = lim
t→0

f(t, t)− f(0, 0)
t

= lim
t→0

3
√
t2/t

La-y jk a e`vn .[a, a + 1] rhwa f(x) = sin(x) divwpetd ly sxbd jxe` z` La-a onqp ,a ∈ R xear .4
.mini`znd La mikxe`d z` aygl jxev oi` .dl`k miniiw m` ,il`nipin La exear a-e il`niqwn

htyndn f` ,F (t) =
∫ t
0

√
1 + cos2 x onqp m` .La =

∫ a+1

a

√
1 + cos2 x sxbd jxe` zgqep itl :oexzt

dxifb F -y ixd ,dtivx divwpet `ed cpbxhpi`dy oeeikn ,ilbxhpi`de il`ivpxticd oeaygd ly iceqid
okle ,La = F (a+ 1)− F (a) ,ok m` .F ′(t) =

√
1 + cos2 t ik miiwzne

dLa
da

= F ′(a+ 1) · d(a+ 1)
da

− F ′(a) = F ′(a+ 1)− F ′(a) =
√

1 + cos2(a+ 1)−
√

1 + cos2 a

xy`k xnelk ,
√

1 + cos2(a+ 1) =
√

1 + cos2 a xy`k oeieey miiwzn ,ok m` .dLa

da = 0 izn wecap
.a = πn

2 −
1
2 xy`k xnelk ,(n ∈ N) a+ 1 = −a+ nπ e` a+ 1 = a+ nπ xnelk ,cos(a+ 1) = ± cos(a)

zeixhnepebixhd zeiedfa yeniy zxfra `id z`f ze`xl zg` jxc

cos(α)+cos(β) = 2 cos((α+β)/2) cos((α−β)/2), cos(α)−cos(β) = −2 sin((α+β)/2) sin((α−β)/2)

xtqn ly qepiqewd :qepiqew ly zixhne`ibd zernyna zeppeazd ici lr `id z`f ze`xl zxg` jxc
ote`ay ze`xl ozipe ,x-d xiv lr x-d xivn θ zieefa dcigid lbrn lr dcewpd ly lhidd `ed θ ∈ [0, 2π)
cos(θ) =-y jk θ′ ∈ [0, 2π) zeieef 4 weica θ dpezp zieef lkl yi ,θ = 0, π/2, π, 3π/2 zeieefl hxt ,illk
θ′-y lawp jke ,y-de x-d ixiv aiaq lbrnd lr zixewnd dcewpd sewiy ici lr zelawzny ,± cos(θ′)

.−θ + πn e` θ + πn dxevdn `id

-de menipind okle ,a ly dtivx divwpet `edy oeeikne ,π xefgn mr a-a ixefgn La iehiady al miyp
-a dtivx dLa/da zxfbpd ,dzr .a = π−1

2 -e a = − 1
2 zecewpa xnelk ,xefgn lka elawzi meniqwn

ici-lr .
[
−π,− 1

2

)
,
(
− 1

2 ,
π−1

2

)
,
(
π−1

2 , π
]
-a reaw oniq zlra okle π−1

2 -e − 1
2 zecewpa zqt`zne [−π, π]

lawzn meniqwndy o`kne mixg`d mirhwd ipya ziaeige
(
− 1

2 ,
π−1

2

)
a zilily zxfbpdy lawp davd

.a = π−1
2 xy`k lawzn menipinde a = − 1

2 -yk

fn zeivwpetd lk ik gipp .f divwpetl deey dcina zqpkznd zeivwpet zxcq fn : R → R ik gipp .5
ik miiwzn x, y ∈ R lkly jk Kn > 0 miiw n lkl ,xnelk ,uiytil i`pz zeniiwn

.deey dcina dtivx f ik e`xd .|fn(x)− fn(y)| ≤ Kn|x− y|
dcina fn → f .|f(x)−f(y)| < ε f` |x−y| < δ m` ,x, y lkly jk δ > 0 `evnl jixv ε > 0 ozpda :oexzt
|fN (t)− f(t)| < ε/3 hxta .t lkl |fn(t)− f(t)| < ε/3 ik miiwzn n ≥ N lkly jk N miiw okle ,deey

f` |x− y| < δ m` ik miiwzn x, y ∈ R lkl ,f`e ,δ = ε/3KN xicbp .t lkl

|f(x)− f(y)| ≤ |f(x)− fN (x)|+ |fN (x)− fN (y)|+ |fN (y)− f(y)| <

<
ε

3
+ |x− y| ·KN +

ε

3
<
ε

3
+ δ ·KN +

ε

3
= ε

.yxcpk


