Chapter 1
Heidelberg lectures on Coleman integration

Amnon Besser

1.1 Introduction

In the first half of February 2010 I spent 2 weeks at the Mathematics Center Hei-
delberg (MATCH) at the university of Heidelberg, as part of the activity PIA 2010
- The arithmetic of fundamental groups. In the first week I gave 3 introductory lec-
tures on Coleman integration theory and in the second week I gave a research lecture
on new work, which was (and still is) in progress, concerning Coleman integration
in families. I later gave a similar sequence of lectures at the Hebrew University in
Jerusalem.

This article gives an account of the 3 instructional lectures as well as the lecture
I gave at the conference in Heidelberg with some (minimal) additions. I largely
left things as they were presented in the lectures and I therefore apologize for the
sometimes informal language used and the occasional proof which is only sketched.
As in the lectures I made an effort to make things as self contained as possible.

The main goal of these lectures is to introduce Coleman integration theory. The
goal of this theory is (in very vague terms) to associate with a closed one form
o € Q(X), where X is a “space” over a p-adic field K, A locally analytic primitive
Fy, i.e., such that dFy, = o, in such a way that it is unique up to a constant.

In Section 1.4 we introduce Coleman theory. The presentation roughly follows
Coleman’s original approach [Col82, CdS88]. One essential difference is that we
emphasize the semi-linear point of view. This turns out to be very useful in numer-
ical computations of Coleman integrals. The presentation we give here, which does
not derive the semi-linear properties from Coleman’s work, is new.

In section 1.5 we give an account of the Tannakian approach to Coleman integra-
tion developed in [Bes02]. The main novelty is a more self contained and somewhat
simplified proof from the one given in loc. cit. Rather than rely on the work of
Chiarellotto [Chi98], relying ultimately on the thesis of Wildeshaus [Wil97] we un-
fold the argument and obtain some simplification by using the Lie algebra rather
than its enveloping algebra.
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In the final Section we discuss the new approach to Coleman integration in fami-
lies. We discuss two complementary formulations, one in terms of the Gauss Manin
connection and one in terms of differential Tannakian categories. As we find this
new theory [Ovc08, Ovc09a, Ovc09b, Kam10] interesting and probably not famil-
iar in the world of Arithmetic Geometry, we have given a rather lengthy account in
Subsection 1.6.2, which might be interesting in its own right.

I would like to thank MATCH, and especially Jakob Stix, for inviting me to
Heidelberg, and to thank Noam Solomon and Ehud de Shalit for organizing the
sequence of lectures in Jerusalem. Part of the research described in these lectures
was conducted with the support of the Israel Science foundation, whose support I
would like to acknowledge.

1.2 Overview of Coleman theory

To appreciate the difficulty of integrating a closed form on a p-adic space, let us
consider a simple example: We consider the space

dz
Xz{zeK,lzlzl},w:?

Morally, then, the primitive Fy, should just be the logarithm function log(z). To try
to find a primitive, we could pick o € X and expand ® in a power series around ¢
as follows:

_d(o4x)  dx 1 dx 1 (—x)"

o+x _a+x251+x/azaz o

and integrating term by term we obtain

Fola+x)=-Y : (_X)HHJFC

n+1\ a

where these expansions converge on the disc for which |x| < 1.

So far, we have done nothing that could not be done in the complex world. How-
ever, in the complex world we could continue as follows: fix the constant of integra-
tion C on one of the discs. Then do analytic continuation: For each intersecting disc
it is possible to fix the constant of integration on that disc uniquely so that the two
expansions agree on the intersection. Going around the circle gives a multivalued
function, which is the log function.

In the p-adic world, we immediately realize that such a strategy will not work
because two open discs of radius 1 are either identical or completely disjoint. Thus,
there is no obvious way of fixing simultaneously the constants of integration.

Starting with [Col82], Robert Coleman devises a strategy for coping with this
difficulty using what he called “analytic continuation along Frobenius”. To explain
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this in our example, we take the map ¢ : X — X given by ¢ (x) = x”. which is a lift
of the p-power map. One notices immediately that ¢*® = p®. Coleman’s idea is
that this relation should imply a corresponding relation on the integrals

¢*Fo = pFo+C

where C is a constant function. It is easy to see that by changing Fy, by a constant,
which we are allowed to do, we can assume that C = 0. The equation above now
reads

Fo(x?) = pFyp(x).

Suppose now that ¢ satisfies the relation o = a. Then we immediately obtain
k
Fo(o) = Fp(al ) = p"Fy(a) = Fy(a) = 0.

This condition, together with the assumption that dF, = o fixes F, on the disc
|z— a] < 1. But it is well known that every z € X resides in such a disc, hence Fy, is
completely determined.

In [Col82] Coleman also introduces iterated integrals (only on appropriate sub-
sets of P') which have the form

/(wn./(w,H....wz./wl)...)

and in particular defines p-adic polylogarithms Li,(z) by the conditions

So that locally one finds
ok
. Z
Lln (Z) = Z 7

Then, in the paper [Col85] he extends the theory to arbitrary dimensions but without
computing iterated integrals. In [CdS88] Coleman and de Shalit extend the iterated
integrals to appropriate subsets of curves with good reduction.

In [Bes02] the author gave a Tannakian point of view to Coleman integration
and extended the iterated theory to arbitrary dimensions. Other approaches exist.
Colmez and independently Zarhin use functoriality with respect to algebraic mor-
phisms. This approach does not need good reduction but can not handle iterated
integrals. Vologodsky has a theory for algebraic varieties, which is similar in many
respects to the theory in [Bes02], but that using alterations and monodromy opera-
tors in a very sophisticated way works also in the bad reductions case.
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1.3 Background

Let K be a complete discrete valuation field with ring of integers R, residue field
Kk of prime characteristic p, uniformizer 7 and algebraic closure K. We also fix an
automorphism o of K which reduces to the p-power map on k, and when needed
extend it to K.

1.3.1 Rigid analysis

Let us recall first a few basic facts about rigid analysis, an excellent survey can be
found in [Sch98]
The Tate algebra 7, is by definition

Ti=K<ti,....ta >={Y ast' ,a; € K, lim |a;| = 0}
[—o0

which is the same as the algebra of power series with coefficients in K converging
on the unit polydisc
B}’l = {(Z17"')Zn) e Kn7|zl" S 1}

An affinoid algebra A is a K-algebra with a surjective map 7,, — A (for some n).
One associates with A its maximal spectrum

X =spm(A) = {m C A maximal ideal }

= {y : A — K a K-homomorphism} 52!(K/K)
(the latter equality is a consequence of the Noether normalization lemma for affinoid
algebras from which it follows that a field which is a homomorphic image of such
an algebra is a finite extension of K). Two easy examples are

Spm(Tn/(IIQ - 1) = {(Z],Zz) S B2,Z1Z2 = 1}Gal(K/K)
={zek, |z = I}Gal(K/K)

(in what follows we will shorthand things so that the last space will simply be written
{|z| = 1} when there is no danger of confusion).

the maximal spectrum X = spm(A) of an affinoid algebra will be called an affi-
noid domain, and in a Grothendieckian style we associate with it its ring of functions
0(X) = A. Rigid geometry allows one to glue affinoid domains into more compli-
cated spaces, and obtain the ring of functions on these spaces as well. We will say
nothing about this except to mention that the space B, = {|z;j| < 1} C B, can be
obtained as the union of the spaces {zf/7| < 1} and its ring of functions is not
surprisingly
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O(B,) = {Zaﬂ[, lim |a1|r|1‘ =0 for any r < 1}
I[—o0

where |(i1,...,0n)| =11+ +in.

1.3.2 Dagger algebras and Monsky-Washnitzer cohomology

The de Rham cohomology of rigid spaces is problematic in certain respects. To
see an example of this, consider the first de Rham cohomology of 7j, which is the
cokernel of the map

d: Ty — T\dt

This cokernel is infinite as one can write down a power series Zaiti such that the a;
converge to 0 sufficiently slowly to make the coefficients of the integral ¥ a;#' ! /(i +
1) not converge to 0. On the other hand, as By can be considered a lift of the affine
line, one should expect its cohomology to be trivial.

To remedy this, Monsky and Washnitzer considered so called weakly complete
finitely generated algebras. An excellent reference is the paper [vdP86].

We consider the algebra

Tt = {Za,tf,a, €R, Ir> 1 such that lim |af|r’ = 0}
[—o0

In other words, these are the power series converging on something slightly big-
ger than the unit polydisc. Integration reduces the radius of convergence, but only
slightly - if the original power series converges to radius  the integral will no longer
converge to radius r but will converge to any smaller radius, hence still overcon-
verges.

Remark 1. The algebra of power series converging on the open polydisc of radius 1
also has trivial de Rham cohomology, but should not be considered a lifting of the
affine line but rather of a point.

An R-algebra A" is called a weakly complete finitely generated (wcfg) algebra if
there is a surjective homomorphism .7, — A,

We will need to consider the module of differentials -ij [vdP86, (2.3)], its higher
analogues and the obvious de Rham complex 2,

One observes that .7, /7 is isomorphic to the polynomial algebra K[t ..., t,].
Thus, if AT is a wcfg algebra then A := AT/x is a finitely generated k-algebra.
Conversely, any finitely generated smooth k-algebra can be obtained as an A for an
appropriate AT (a result of Elkik [Elk73]). In addition.

Proposition 1 ([vdP86, Theorem 2.4.4]). We have:

e Any two such lifts are isomorphic.

e Any morphism f : A — B can be lifted to a morphism f' : AT — BT,

o Any two maps AT — BT with the same reduction induce homotopic maps Q4 ®
K—Qp ®K
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Definition 1. The Monsky Washnitzer cohomology of A is the cohomology of the
de Rham complex Q/;T QRK,

Hyw(A/K) = H'(Q}; ©K)
It is a consequence of the work of Berthelot that Hjy (A) is a finite dimensional
K-vector space.

The Frobenius morphism ¢ (x) = x” of A can be lifted, by Proposition 1, to a &
linear morphism ¢ : A" — A" (indeed, A" with the homomorphism R % R — A' isa
lift of A with the map K *, k¥ — A and the @ induces a homomorphism between A
and this new twisted x-algebra) and induces a well defined o-linear endomorphism
o of HI{AW (A). On the other hand, if k is a finite field with ¢ = p” elements, then ¢ is
already k-linear and therefore induces an endomorphism ¢ of Hﬁ/{w (A). by [Chi98]
one knows the possible eigenvalues of ¢” on Monsky-Washnitzer cohomology. in
particular, we have

Theorem 1. The eigenvalues of the x-linear Frobenius ¢" on Hg,lw( ) are Weil
numbers of weights 1 and 2.

1.3.3 Specialization and locally analytic functions

One associates with AT the K-algebra A, which is the completion of A" ® K by the
quotient norm induces from .7,. Assuming that A" = .77 /T we have A = T;,/I1. We
further associate with A the space X = spm(A). Letting X, = spec(A) we have a
specialization map sp : X — X which is defined as follows: Take a homomorphism
v : A — L, with L a finite extension of K. Then one checks by continuity that A
maps to & and one associates with the kernel of y the kernel of its reduction mod
.

For our purposes, it will be convenient to consider the space X£°° of geometric
points of X, which means K-linear homomorphisms  : A — K. This has a reduction
map to the set of geometric points of X obtained in the same way as above.

Definition 2. The inverse image under reduction of a geometric point x : spec K —
Xi. will be called the residue disc of x, denoted U, C X8%°.

By Hensel’s Lemma and the smoothness assumption on A it is easy to see that U, is
naturally isomorphic to the space of geometric points of a unit polydisc.

Definition 3. The K-algebra of locally analytic functions on X, Aj,, is defined as
the space of all functions f : X% — K which satisfy the following two conditions

e They are Gal(K/K) equivariant in the sense that for any 7 € Gal(K/K) we have
f(r(x) = 7(f(x)).

e restricted to each residue disc they are defined by a convergent power series.
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There is an obvious injection A C Ajoc. The algebra of our Coleman functions will
lie in between these two K-algebras.

Another way of stating the equivariance condition for locally analytic functions,
given the local expansion condition, is to say that given any 7 € Gal(K/K) trans-
forming the geometric point x of X, to the geometric point y, we have that 7 trans-
lates the local expansion of f near x to the local expansion near y by acting on
the coefficients. This way one can similarly define the Aj.-module 7 of locally
analytic n-forms on X and the obvious differential d : Q]”Ogl — Q.

We define an action of the o-semi-linear lift of Frobenius ¢ defined in the pre-
vious subsection on the spaces above. We first of all define an action on X8 as
follows: Suppose ¥ : A — K € X2 is a K-linear homomorphism. Then

o(y)=0c'oyog (1.1)

(recall that we have extended o to K). Note that this is indeed K-linear again. We
can describe this action on points concretely as follows: Suppose A=T,/(f1,..., fx)
and let g; = ¢ (#;) so that ¢ is given by the formula

oY at’) =Y o(ar) (g1, &) -
Suppose that z := (z1,...,2,) € X, so that f;(z) = 0 for each i. Then we have
9(2) = (0" "81(2),...07'g1(2)) -
Having defined ¢ on points we now define it on functions by

¢(f)(x) =0 f(¢(x)) (1.2)

From (1.1) it is quite easy to see that for f € A this is just the same as ¢(f) as
previously defined. We again have a compatible action on differential forms.

1.4 Coleman theory

We define Coleman integration is a somewhat different way then the one Coleman
does, emphasizing a semi-linear condition and stressing the Frobenius equivariance.

Theorem 2. Suppose that K is a finite extension of Q,. Then there exists a unique
K-linear integration map

[+ (@} 9K = /K

satisfying the following conditions:

1. The map d o [ is the canonical map (.Q/;Jr ®K)4=0 —

loc*

2. The map [ od is the canonical map A — Ajoc /K.
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3. Onehas ¢go [ = [o¢

In addition, the map is independent of the choice of ¢.

Proof. Since HI{,IW(A) is finite dimensional, we may choose forms ®y,...,®, €
.Q/iT ® K such that their images in H 1(!2/;1. ® K) form a basis. If we are able to
define the integrals Fy, := [ o; for all the w;’s, then the second condition immedi-
ately tells us how to integrate any other form. Put all the forms above into a column
vector @. Then we have a matrix M € M, (K) such that

p0=Mo+dg

where g € (A;)”. Conditions 2 and 3 in the theorem tells us that this implies the
relation
OFo =MFo+g+c (1.3)

where ¢ € K" is some vector of constants. We first would like to show that ¢ may be
assumed to vanish. For this we have the following key Lemma.

Lemma 1. The map 6 — M : K" — K" is bijective

Proof. We need to show that for any d € K" there is a unique solution to the system
of equations ¢ (x) = Mx+ d. By repeatedly applying o to this equation we can
obtain an equation for ¢ (x)

o'(x) = Mix+d,

where M; = 6/~ (M) - 6"=2(M)---o(M) - M. Suppose now that k has cardinality
g = p". Then ¢” is the identity on K and so we obtain the equation x = M,x +d;.
The matrix M, is exactly the matrix of the linear Frobenius ¢ on Hyy (A/K), and
by Theorem 1 the matrix / — M, is invertible. This shows that

x= (I*Mr)_ldi

is the unique possible solution to the equation. This shows that the map is injective,
and since it is Q,-linear on a finite dimensional QQ,-vector space it is also bijective.

Since ¢ acts as o on constant functions we immediately get from the Lemma that
by changing the constants in Fy, we may assume that ¢ = 0 in (1.3).

We claim that now the vector of functions Fy, is completely determined. Indeed,
since dFy, = it is sufficient to determine it on a single point on each residue disc.
So let x be such a point. Substituting x in (1.3) and recalling the action of ¢ on
functions (1.2) we find
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is computable from @ alone. Substituting in the equation we find
0 (Fy(x) +0(e)) = MFy(x) +8(x)

and rearranging we find an equation for F,(x) that may be solved using Lemma 1.

It is fairly easy to see that the integral computed in this way indeed satisfies all the
required properties. Since we have seen that the properties characterize the integral
it follows that it is independent of the choice of basis @. It remains to show that it
is independent of the choice of ¢. It is easy to see that it suffices to do this with
respect to the equivariance property with respect to a linear Frobenius. So suppose
we are given two linear Frobeni ¢ and ¢’ and that we have set up the theory for
¢. we want to show that it also satisfies equivariance with respect to ¢’. Let @ be
a closed form and suppose we have chosen the constant in Coleman integration so
that Fy( ) = ¢ Fyy. By Proposition 1 we have h € A}, such that ¢’ () — ¢(0) = dh.
We now compute

[o@ ¢ [o=[¢@-0[o-([o@ -9 [0)

~ [@(@-9@) ¢[00 [0)

—h=(0' [0-0 [w)

and substituting at a point x we get

We need to show that this is a constant independent of x. This follows because one
can show that the function H(x,y) = [? ® is in fact an analytic function in two
variables on the space of pairs (x,y) reducing to the same point, and that then the
function i may be taken to be the pullback of H via the map (¢, ¢’) (we do not give
full details here).

1.5 Coleman integration via isocristals

In this section we explain the approach to Coleman integration introduced in [Bes02].
We comment that the approach there works globally as well, but we only explain
it in the affine (or, more precisely, affinoid) situation, in which we described Cole-
man’s work.

The main idea is that the iterated integral

./‘(wnl/.(wn—l./‘("'(/wl)"'»
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is a solution of the system of differential equations

dyo =0, dyy = @1y, ...dy, = Opyn-1 (1.4)
or, in vector notation
00 O0--0
w 0 0.0
dy=0y.0=| o T oy

This is just a unipotent differential equation. The Frobenius equivariance condition
can now be interpreted as saying that we have a system y of “good” local solutions
for this equation, in such a way that ¢y is a “good” system of solutions for the
equation dy = ¢(Q)y. This, as well as the independence of the choice of the lift
of Frobenius, turns out to be very nicely explained by the Tannakian formalism of
unipotent isocristals.

1.5.1 The Tannakian theory of unipotent isocristals

We assume familiarity with the basic theory of neutral Tannakian categories. The
standard reference is [DM82]
From here onward, we will write A¥ instead of A}; to simplify the notation.

Definition 4. A unipotent isocristal on A is an AT-module M together with an inte-
grable connection
ViM =M@y Q4

which is an iterated extension of trivial connections (where trivial means the object
1:=(A7,d)).

We first observe that the module M is in fact free, because it is an iterated exten-
sion of A", which is obviously split.

A morphism of unipotent isocristals is just a horizontal (i.e., commuting with the
connection) map of A -modules.

We denote the category of unipotent isocristals on A by %/ n(A). It is a basic fact
of the theory that, as the notation suggests, the category depends only on A and not
on the particular choice of lift AT,

Example 1. Let M € %/ n(A) have rank 2. Then it sits in a short exact sequence
0—-1—-M—-1-0

which is (non-canonically) split. It is thus isomorphic to the object having underly-
ing module A" and connection
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— 00
V=d- (w O)

By associating with M the class of @ in Hlz (A" /K) = Hyyw(A/K) itis easy to check
that one obtains a bijection

Exty, (L, 1) = Hiw (A/K)

Theorem 3. The category % n(A) is a rigid abelian tensor category.

For a proof of this fact see for example [CLS99, 2.3.3]. It is fairly standard and
consists of checking that Z/n(A) is closed under sub and quotient objects, tensor
products and duals.

To make % n(A) into a Neutral Tannakian category what is missing is a fiber
functor, i.e., an exact functor into K-vector spaces preserving the tensor structure.
We can associate such a functor to each k-rational point as follows:

Definition 5. Let x € X,.(k) be a rational point. We associate with it the functor
o, : Un(A) — Veck , 0,(M,V) = {veM(U,),V(v) =0}

where Uy is the residue disc of x and M(Uy) consists of the sections of M on the
rigid analytic space Us.

The fact that @, is indeed a fiber functor is quite standard. The key point to observe
is the following: a precondition for a functor such as @, to be a fiber functor is that
the dimension of @,(M,V) equals the rank of M. For a general differential equation
there is no reason why this should be the case and one introduces a condition of
overconvergence, which among other things guarantees this. A unipotent isocristal
is always overconvergent. It is, however, easy to see without knowing this that in-
deed @,(M,V) has the right dimension for a unipotent V simply because finding
horizontal sections amounts to iterated integration and one can integrate power se-
ries converging on the unit open polydisc to power series with the same property
(Remark 1)

In the general theory of overconvergent isocristals one can realize the functor w;
as simply the pullback x* to an isocristal on spec(k).

The general theory of Tannakian categories [DM82] tells us that the category

% n(A) together with the fiber functor @, determine a fundamental group
G=G,=m(%n(A),w,)

which is an affine proalgebraic group, and an equivalence of categories between

% n(A) and the category of finite dimensional K-algebraic representations of G. We

begin by recalling that G represents the functor that sends a K-algebra F' to the group
Aut® (0, ®F) :={M € Un(A) = (ay : &(M)RF — 0,(M) ®F) ,

oy natural isomorphism and (1.5)

OpeN = Oy @0 , 0 =id}
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The description of the Lie algebra g of G is well known. Consider the algebra
K[g] of Dual numbers where €2 = 0. Then g is just the tangent space to G at the
origin and is thus given by

g = Ker(G(K[e]) — G(K))
In terms of the description (1.5) to G an element « € g sends M € % n(A) to
oy = id+8BM R ﬁM € End((l)x(M))

(such an element is automatically invertible). The conditions on the oy, easily trans-
late to conditions on the ), and we obtain

g={(M —By € End(w,(M)) ,
B natural ;B3 =0,
Bmen) = Bu ®idg,(v) +ide, () ©Bn }

The Lie bracket is given in this representation by the commutator. We have

Lemma 2. The elements of G are unipotent and the elements of g are nilpotent in
the sense that for every M € % n(A) the corresponding @y is unipotent and the
corresponding By is nilpotent.

Proof. Choose a flag M = My D M; D --- with trivial consecutive quotients. Then
the naturality of o and 8 implies that with respect to a basis compatible with the
associated flag on (M) the matrices of ays and By are upper triangular, with 1
respectively O on the diagonal.

It follows that there is well defined algebraic exponential map exp : g — G(K)
sending By to exp(Buy) given by the usual power series. Tensoring with an arbitrary
K-algebra we can easily see (using the fact that K has characteristic 0) that exp
induces an isomorphism of affine schemes from the affine space associated with g
to G. The product structure on G translates in g to the product given by the Baker-
Campbell-Hausdorff formula. It is further clear that the following holds.

Proposition 2. The reverse operations of differentiation and exponentiation give an
equivalence between the categories of algebraic representations of G and continu-
ous Lie algebra representations of g.

Here, continuous representation means with respect to the discrete topology on the
representation space and with respect to the inverse limit topology on g.
1.5.2 The Frobenius invariant path

Consider now two Kk-rational points x,z € Xx. When we have a similarly defined
space of paths P, ; := Iso” (@, @,) (same functoriality and tensor conditions) which
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is clearly a left principal homogeneous space for G, (and a right one for G;). In
concrete terms, the path space P, ; consists of rules for “analytic continuation” for
each unipotent differential equation (M, V), of a solutions (= horizontal section)
y EM (U)V=" to y, €M (U,)V=" compatible with morphisms and tensor products.
Composition of paths

L (L.6)

is derived from composition of isomorphisms.

Suppose now that f : B — A is a morphism. The pullback F* (pullback is in
the geometric sense) is a tensor functor from % n(B) to % n(A). We have a natural
isomorphism of functors

OF(x) = .o f*, 1.7)

which is compatible with the tensor structure. This is obvious from the general the-
ory since, as you may recall, we interpreted ®, as the pullback x* to spec(k). To
translate into concrete terms chose a lifting f : B — AT of f. Then the assumptions
imply that f maps Uy to Uf,) and the isomorphisms is obtained by composition
with f of the horizontal sections on Uy .

Suppose that z is an additional rational point on X,. Then it is easy to see that
f induces amap f: P, — Pf(y) 7()- In concrete terms, suppose that o € Py (over
some extension algebra) is a rule for analytic continuation of solutions from U, to
U,, then f(a) is a rule for analytic continuation from Up(x) to Uy(;) given as follows:
Start from a horizontal section in M (U 7 ). Pullback by f to obtain a horizontal sec-
tion of f*(M) on U,. Apply the rule ¢ to obtain a horizontal section on U, and finally
apply the inverse of pullback by f. It is formally checked that f is compatible with
composition of paths (1.6). In particular, when x = z, f : G, — G 7(x) 1s a group ho-
momorphism and in general it is compatible with the structure of P ; as a principal
homogeneous space for G,.

Suppose now that f : A — A and f fixes both x and z. Then we can check what
it means for a path o € P, ; to be fixed by f: The analytic continuation ¢ has the
property that the following diagram commutes.

o (M) — > o, (M)

S

0 (M) % o, (FM)

where the vertical maps are the isomorphisms of (1.7) Even more concretely, re-
stricting to the differential equation (1.4), & translates a solution y on Ux to a so-
lution y. on U, in such a way that it now translates the local solution f*Xx to the
system

dyo =0, dy1 = f*@1y0,...dyn = [ Opyn—1

on U, to the solution f *y on U.. In particular, if we think of a collection of solutions
to dyp =0, dy; = wyg compatlble under & as an integral of ®, then the path o
provides such an integral for each closed one-form ® in such a way that [ f*® =



14 Amnon Besser

f* (plus a constant arising from the choice of which solutions to extend). When f
is a (k-linear) Frobenius this is exactly what we want our Coleman integration to do.
Thus, it is clear that the following Theorem provides the sought after generalization
of Coleman integration.

Theorem 4. Suppose that ¢ is a K-linear Frobenius fixing the two K-rational points
x and z. Then there exists a unique Yy ; € Py ;(K) fixed by ¢. Furthermore, these path
are compatible under raising ¢ to some power and under composition.

The proof of Theorem 4 is more or less an immediate consequence of the following
Theorem.

Theorem 5. Let ¢ be as above, fixing the rational point x. Then the map g
0(g) "' g from G, to itself is an isomorphism of schemes.

We first prove that Theorem 5 implies Theorem 4. Since G is unipotent, there exists
a K-rational point Y € P, ;(K). Let g’ € G,(K) be such that ¢(y') = ¢’y and let g €
G (K) be the element, whose uniqueness and existence is guaranteed by Theorem 5,
such that g’ = ¢(g)'g. Let y= g7 Then

oV =91)0Y)=0()dY =87V =7

proving existence. On the other hand. If both y and ¥’ are fixed by ¢ and if gy =7V,
then ¢(g) = g and by the uniqueness in Theorem 5 we have that g is the identity
element and Y = ¥.
For the proof of Theorem 5 we need to study in more detail the Lie algebra g. As
the group G is pro-algebraic, it can be written as an inverse limit of algebraic groups
'moC Gy Its Lie algebra can thus be written as an inverse limit of finite dimensional
Lie algebras

g=1limg/gy
o

with some indexing set of &’s. We consider the lower central series of g obtained as
follows:

g1 = [g7g] y On+1 = [97971]

Here, the commutators should be taken in the topological sense, i.e., completed.
Proposition 3 (Wildeshaus [Wil97, p. 32]). There is a canonical isomorphism

1

9/91 — Ext%n@)(]l7 1)*.

Proof. We exhibit a natural pairing g x Extl%n( A)(L 1) — K as follows: consider

£ € g and an extension
0-1—-M—-1—0

When applying ®, we can use a compatible basis to write the matrix of £ on @,(M)

as (8 g‘) Then the pairing will send (¢, M) to . Since the commutator of two matri-
ces of the form (8 E‘)) is 0, and since the representation of g on @, (M) is continuous

by Proposition 2, it is clear that the pairing factors via (g/g1) x Ext,;/n( A)(IL, 1).
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To establish the isomorphism of the Proposition we need to use the full force of
Tannakian duality, that is the part of theory implying that the category % n(A) is
equivalent to the category of continuous Lie algebra representations of g. Thus, if
the extension M is in the Kernel of the pairing, it corresponds to a trivial Lie al-
gebra representation and is therefore trivial. In the reverse direction, suppose that
a:g/g1 — K is a continuous functional. It thus extends to a functional a : g — K
which is continuous and which vanishes on all commutators. It follows easily that

{— (8 “(OZ)) is a continuous Lie algebra representation of g, which is an extension

of the required type and gives back a when pairing with it. It follows that Ext! (1, 1)
is isomorphic to the continuous dual of g/g;. As Ext!(1,1) is finite dimensional, it
follows that so is g/g; and they are dual as discrete vector spaces.

Proposition 4. The quotients g,/gn+1 are finite dimensional and the commutator
induces a surjective map

[] :g/gl®gn—1/gn_>gn/gn+1 (18)

Proof. We prove this by induction. The case n = 0 for the finiteness follows from the
previous Proposition. The Jacobi identity immediately implies that [g1,gn—1] C gn+1
and by definition [g, g,] = gn+1. Thus, The map (1.8) is defined. To show surjectivity
(which is not obvious because we are taking completed brackets) we can chose
complementary subspaces V and W for g; in g and for g, in g,_; respectively.
Surjectivity follows if we show that the inclusion [V, W]+ g,4+1 C g, is an equality.
But this is clearly the case after completion and so we are done because the sum of
a finite dimensional subspace and a closed subspace is closed (prove this!). Finally,
the surjectivity immediately proves that g, /g,,+1 is finite dimensional again.

Corollary 1. For every n the quotient g/g, is finite dimensional.

Proposition 5. The topology induced by the g, is stronger than the gy topology on
g

Proof. For each o the Lie algebra g/ g, is a finite dimensional nilpotent Lie algebra,
implying that for a sufficiently large n its lower central series vanishes, from which
it follows that g, C gq.

Now we use again the action of a (x-linear) Frobenius ¢. By functoriality it induces
a continuous endomorphism of g. It therefore clearly preserves the filtration g,, and
induces an endomorphism on the quotients g/g, and g,/ gn1-

Proposition 6. The eigenvalues of ¢ on g/g, and @,/8n+1 have strictly negative
weights.

Proof. This follows immediately because ¢ has positive weights on Ext!(1,1) =
Hyw(A/K) hence negative weights on its dual g/g;, and by Proposition 4 we have
a surjective map, compatible with ¢, (g/g1)*" ! — g,/8n+1

Corollary 2. The map ¢ —id is invertible on g/g, and gu/gn+1-



16 Amnon Besser

Proof (Proof of Theorem 5). For simplicity we prove bijectivity on K rational points.
Since the proof relies on the Lie algebra it will work for any extension.

We begin with injectivity. Suppose that ¢ (g) = g for some g # 1. Then g = exp(¢)
for some 0 # ¢ € g and since exp is an isomorphism compatible with ¢ we have
¢(¢) = ¢. But for some sufficiently large n the image of £ in g/g, is non-zero and is
therefore an eigenvector for ¢ with eigenvalue 1 contradicting Corollary 2.

To prove surjectivity, let g’ = exp(¢') € G(K). Define a sequence £, € g, as fol-
lows: £y = ¢'. Suppose we have defined £,,. Consider the function

f(k) =exp ' (exp(¢k) ' exp(£y)exp(k)) = £, +k — ¢ (k) + commutators

Since 1 — ¢ is invertible on g,/g,+1 by Corollary 2 we can find k, € g, such that
byt := f(kn) € gnt1- Now let

gn =cexp(ko)exp(ky)---exp(k,) .

Then
(¢(gn))_1g/gn = eXP(EnJrl) .
1,/

It follows from Proposition 5 that the limit g = lim,,_.. g, exists and that (¢ (g)) "' ¢'g =
lorg = ¢(g)g! as required.

1.5.3 Coleman functions

The work of the previous subsection explains how to analytically continue solutions
of differential equations to get Coleman functions. The functions themselves are
obtained as components of the solutions - The iterated integral

[ [ [t o))

is going to be the component y, in a system of local horizontal solutions of the
system (1.4), compatible with respect to Frobenius invariant paths. One can do this
in a more streamlined way, which extends also to the non-affine case, by considering
arbitrary functionals on the underlying vector bundle for a connection instead of just
the projection on the last component. This gives rise to the following definition.

Definition 6. An abstract Coleman function on A' is a fourtuple, which we write
(M,V,y_,s)in which V is a unipotent integrable connection on an AT-module M, Y,
refers to a system of horizontal sections for each U,, compatible with the Frobemus
invariant paths, and s € Hom(M,A").

We note that specifying for which points x one has the y does not matter. They are
all derived from one of them by doing analytic continuation so one could instead just
specify y for one x and this formulation is only done for symmetry. We further note
that s is usually not horizontal (horizontal s’s produce constant functions). In fact,
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one can define a notion of Coleman functions with values in any sheaf by changing
the target of s.

A Coleman function is made into an actual locally analytic function by evaluating
the s on the y ’s. Many abstract Coleman functions may produce the same function.
One way in which this can happen is the following:

Definition 7. Two Coleman functions, (M,V, Xx,s) and (M',V', X; ,s') are called
equivalent if there exists a horizontal morphism f : M — M’ carrying the Xx’s to
the X; ’s (by the properties of the invariant paths it suffices to check this for one x)
and such that s = s’ o f. More generally they are called equivalent if they are related
by the equivalence relation generated by the above relation. An equivalence class of
abstract Coleman functions is called a Coleman function.

It is trivial to check that equivalent abstract Coleman functions give rise to the same
locally analytic function, which is therefore associated to the Coleman function as
just defined. It is not immediately clear, but turns out to be true, that A Coleman
function inducing the 0 function is indeed equivalent to 0. This is a consequence of
the identity principle, to be discussed below. There are some advantages to defining
Coleman functions without reliance on a “physical” representation as a locally ana-
Iytic function. One example is integration of meromorphic differentials on curves.

We denote the K-algebra of all Coleman functions by Aco. Coleman functions
with values in a sheaf .# will be denoted Aco(-%). In particular, we have degree n
Coleman differential forms defined by Q¢ ; = Acol(£2").

Many properties of Coleman functions can easily be derived from the description
above. It is easy to define sums and products of Coleman functions, compatible with
the same operations on locally analytic functions. It is also easy to define pullbacks
of Coleman functions by morphisms, compatible with the corresponding operation
on locally analytic functions.

To give an example of the properties of Coleman functions we discuss the identity
principle. This was proved by Coleman for P! in [Col82] and for curves by Coleman
and de Shalit [CdS88]. It says the following:

Proposition 7. Suppose that the Coleman function F is 0 on one residue disc. Then
it is identically 0.

The proof of this result is based on the following construction: We recall that part
of the data for a Coleman function is a section s : M — AT. One can construct M,
which is the maximal subconnection contained in Ker(s). The point is to construct
it concretely as the intersection of the sections s and its derivatives of all orders
with respect to the dual connection. The consequence of this is that, with y.a local
horizontal section showing up in the definition of F, which is by assumptlon in
Ker(s), the fact that Vy = 0 actually implies that y € M(U,). We find F to be
equivalent with (M,,V Y, ,0), and this is clearly equlvalent to 0.

Corollary 3. If dF = 0 then F is a constant function.

Proof. The function F is a constant on some residue disc. Subtracting that constant
we find a function which is 0 on one residue disc, hence 0 by the identity principle.
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The main result about Coleman functions is the following Theorem.

Theorem 6. The sequence
d ol 4 2

is exact.

Everything is already proved except for the fact that we may integrate a closed Cole-
man form. The idea is roughly that having a closed Coleman form ®, the condition
dF = o can be written as a new unipotent differential equation. The closeness of @
is used to find a subconnection which is integrable in addition to being unipotent,
from which F can be constructed.

1.5.4 Tangential base points

One of the advantages of the Tannakian approach to Coleman integration is that new
fiber functors are integrated in the theory with no extra cost. The prime example of
this so far are fiber functors coming from Deligne’s fangential base points [Del89].
In this subsection we sketch this extension and the application to polylogarithms and
to multiple zeta values, in particular towards proving the series shuffle product for-
mula for p-adic multiplze zeta values. Full details may be found in the paper [BF06].

The de Rham version of Deligne’s tangential base point is defined as fol-
lows [Del89, 15.28-15.30]: Suppose C be a curve over a field K of characteris-
tic 0, smooth at a point P, with a local parameter ¢ at P, and suppose V : M —
M® .Qé(logP) is a connection with logarithmic singularities at P, so that locally
V =d+T with I is a section of End(M) ® Q/(log P). One defines the residue con-
nection on the constant bundle, with fiber the fiber of M at P, on the complement of
0 in the tangent line Tp(C), with log singularities at 0, oo, by

Resp(V) :=d + (RespI")dlog(7)

where 7 is the indued coordinate on the tangent space. While this looks like it de-
pends on the parameter it is in fact not the case, up to a canonical isomorphism, and
Deligne gives a coordinate free description.

There is no difficulty in replacing the algebraic curve by a p-adic analytic one.
Since the action of a lift of Frobenius, assumed to fix P, extends to an action on the
tangent space, one can analytically continue horizontal sections of V along Frobe-
nius to horizontal section of Resp V on residue discs in 7p(C) —{0}. One can set up
a theory of Coleman functions “of algebraic origin” where the underlying bundle
and connection are algebraic with logarithmic singularities at P, in such a way that
these functions now have values at the points of 7p(C) — {0}.

This turns out to be far less mysterious than one might expect. Consider a unipo-
tent differential equation with logarithmic singularities near P. It terms of the pa-
rameter ¢ one easily sees that it has a full set of solutions in the ring K[[¢]][log(t)].
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Define the constant term (with respect to #) of an element in K[[t]][log(z)] by for-
mally setting log(¢) = 0 and then evaluating at 0. In [BF06, Proposition 4.5] we
show that taking the constant term of a Coleman function corresponds to analyti-
cally continuing to the tangent space and evaluating at the tangent point 7 = 1.

This is already useful for p-adic polylogarithms. Recall from the introduction
that these were defined to be Coleman functions that satisfy the unipotent system of
differential equations:

. dz
dL = —
(@) -z
. . dz
dLln (Z) = Lln_l (Z) 7
Li,(0)=0

The problem with this definition is that the equations have singularities at 0 and 1
and the boundary conditions are made at the singular point 0. In practice there is
no problem because things are aranged in such a way that the functions are non-
singular at 0. Deligne pointed out in the complex case that one should interpret the
boundary conditions at the singular point O to mean analytic continuation from the
tangent vector f = 1 at 0, and this holds true in the p-adic case as well: One replaces
the condition Li,(0) = 0 by the equivalent condition that the constant term there
is 0. One can use the same method to assign values to p-adic polylogarithms (and
multiple polylogarithms) at 1.

We now briefly recall some material from the theory of multiplze zeta values,
including the p-adic theory developed by Furusho [Fur04]. For k = (ki,...,kn),
ki > 0, k,, > 1 the multiple zeta value { (k) is defined as the (convergent) series.

(k)= ) % (1.9)

1
0<n <--<my Ny """ Nm

for example, for k = (k), { (k) = {(k) is the usual zeta value.

These numbers, already known to Euler, are of interest because of their alge-
braic interrelations, which are expected to reflect deep arithmetic information. The
simplest types of relations are the so called series (or harmonic) shuffle product for-
mulae. The easiest example of these, which we will concentrate on in this subsection
(see [BF0O6] for the general theory) is the formula

€(@)E(b) = E(a,b) +E(b,a)+E(a+b) (1.10)

which one gets by dividing the summation over the infinite square ny,n, > 0 into
the sum over the bottom and top triangles and over the diagonal.

There is another type of relations for multiple zeta values which one obtains from
an integral representation. To derive it, define the k-th multiple polylogarithm, where
the index k can now have k,, = 1, by the series
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Liz)= Y 7§15. (1.11)

B 0<ny<--<np M """ Mm

and observe that (k) = Lix(1). From the power series expansion one easily arrives
at the following (unipotent) differential equation:

i 1
dmwh@z{. ) (1.12)

In particular, multiple polylogarithms are iterated integrals and can be written as
integrals over certain triangular domains. In fact, borrowing from the description of
multiple polylogarithms in terms of the KZ differential equation, associate with k
the word w = BA¥1—1B... BA*»—1 and consider the differential form

t
dt;

-  otherwise
1

{df" if ’th place in wis A

Then one obtains the formula
W= | of (1) (1) -
0<n<p<--<I

This serves as a source for the integral shuffle product formulas. The simplest ex-
ample is:

£(2)-¢(2)=
[ do dsi_ dv
0

<n<n<t 1=t 1 Jo<si<s,<1 =51 52

:/ Q+/ Q

11<th)<s1<s3 $1<82<t1<tp

+/ Q+ Q0
J11<s1<1<s) J81<t1<s2<fp

o e o
§1<t1<tr<s3 11<51<52<tp

where Q = 4L d . _d5
11— %) 1—s9

one finds the formula

. ds—‘; The six terms are themselves iterated integrals and

$(2)* =2£(2,2)+4£(1,3) .

In [Fur04] Furusho set out to develop a p-adic theory of multiple zeta values.
The immediate problem is that the series (1.9) does not converge p-adically. In
order to overcome this he checked that multiple polylogarithms, defined as Coleman
functions using the differential equation (1.12) have a limit when z approached 1 and
this limit is then defined to be the corresponding multiple zeta value. As explained
before, one could simplify things by using the constant term.
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Since p-adic multiple zeta values where defined using the multiple polyloga-
rithm, it is perhaps not surprising that Furusho was only able to prove the analogues
of the integral shuffle product formulae. The series product formulae were estab-
lished in [BF06] and further work concerning generalized multiple zeta values, cov-
ering the case n,, = 1 as well, was later done in [FJO7]. The strategy for proving the
sereis shuffle relation is rather simple, but certain intricacies have to be overcome
by using the tangential base points and their generalizations. Again, we only deal
with the simplest case, namely, the p-adic analogue for (1.10).

The natural function to consider for proving this is the two variable p-adic mul-
tiple polylogarithm defined near (0,0) by

n,,m
Li(a,b) (x,y) = Z =7

0<n<m

nmb
One checks easily the differential relations between these functions:

d . Li(g—l b) (X,y) a> 1
x— Ligg ) (x,y) = : '
75 Litan) () {xll(hb(xy) —Lip(y)) a=1

d . Ligp-n(xy) b>1
L =@
i () (%,¥) {lyy Lig(y) b1

Thus, one may analytically continue Li, ;) (x,y) to Coleman functions in two vari-
ables. Now, the relation

Lig(x) Lip(y) = Li(gp)(x,¥) +Li(p,q) (¥, %) + Ligyp(xy)

is obvious, because on the power series defining these functions near O it is true
by the same summation proving the series shuffle product formula. Thus, to get the
required formula one only needs to substitute x =y = 1. This is where the main dif-
ficulty in the entire argument is: It is by no means clear that Li, ) (1,1) = Li(4 ) (1).
Of course, the difficulty is increased by the fact that both points are singular for the
differential equations defining the two functions.

To treat this difficulty, one has to work with the generalization of the notion of
a tangential base point, which is also due to Deligne [Del89, 15.1-15.2]. Given a
smooth variety X and a divisor D =) ;; D; with normal crossings and smooth com-
ponents, set, for J C I, Dy = NjcyD;. Let Ny be the normal bundle to D; and let
N}) be the complement in Ny of Ny|p, for J' C J, and let NJ00 be the restriction of
N} to DY := D; —U;¢,;D;. Note that when |I| = dim(X) = 1 so D is just one point
P, we have N9 = Tp(X) — {0}. Deligne associates to a connection on X with log-
arithmic singularities along D, residue connections on every N})O with logarithmic
singularities “at infinity”.

Thus we again obtain new fiber functors on the category of unipotent connections
by taking the fiber of the residue at points of the spaces NY°.
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Remark 2. An important observations is that some of these constructions provide
naturally isomorphic fiber functors. A typical example which captures the essense
of things [BF06, Prop. 3.6 and Rem. 3.7] is the following: Suppose X = A? and
D; is defined by x; = 0 where x;, i = 1,2, are the coordinates. One can start with
a residue with log singularities along D + D», take the residue along D;, which
can be interpreted again as a connection on A% with logarithmic singularities along
X1 = 0,xp = 0, restrict to X = 1, take the residue at the point x, = 0 and restrict
to X = 1. Then this is exactly the same as taking the fiber at (1, 1) after taking the
residue to N?Rz}. Consequently, it is also the same as doing the above procedure
with the roles of 1 and 2 reversed.

In [BF06, Section 4] we prove that if we have a Coleman function of algebraic
origin on the space X, then one can analytically continue it to the spaces N?O and
furthermore one obtains Coleman functions on these spaces. One can further de-
duce, essentially from the definition of the residue connection, differential relations
between the Coleman functions restricted to the spaces N})O from the original differ-
ential relations. Indeed. In Proposition 4.4 there we proved, for the special case of
restricting to the normal bundle of one of the components E of D, that

df =Y ogi = df* =Y (Resg w;)g" (1.13)

where f(£) is the restriction to the normal bundle to E of f and where, if ®
is locally written as @' + hdlog(t), with ¢ the defining parameter for E, then
Resg(0) = o' |g + h|gdlog(7).

Let us now apply these considerations to the functions Li, ;). One first observes
that the differential equations defining these functions ultimately have singularities
along x = 0,1,00, y = 0,1,00 and xy = 1, where the last divisor comes from the
appearance of functions like Li(xy) in the expressions. Consequently, one should
blow up P! x P! at the point (1,1) to make the singular locus normal crossings (the
resulting space, if one blows up further the irrelevant points (0, o), (e, 0) is also the
Deligne-Mumford compactification for the moduli space of curves of genus 0 with
5 marked points). One gets the picture in Figure 1.1

We now try to compute Li(,p)(1,1). First we should interpret it as the value
of Li(,) on a tangent vector (¥,y) = (1,1) at the point (1, 1). The first step is to
restrict to the divisor y = 0. By this we mean that we analytically continue to the
normal bundle of y = 0 minus the 0 section and then restrict to the section y = 1. In
this case, the recepy outlined in (1.13), together with the restriction to j = 1 boils
down to removing the part multiplying dy and then set y = 0 in the formulas. The
equations are therefore going to become

d .
xix Ll(zl,b) (x7 1) =

d

Li(afl,b) (.X, 1) a>1
0 a=1
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Since the boundary conditions on these functions are always set so that the constant
term at 0 is O it follows immediately that the function Li(, ) (x,1) is identically 0
(this is not surprizing based on its expansion and the identity principle.

We now repeat the same considerations but this time restricting to the divisor
x = 1. In the same way as before the differential equations are going to be

which are of course the same differential equations satisfied by the single vari-
able Li(, ;). Based on the computation at y = 0 and on Remark 2 we see that the

,
1 Xy=1

-—— -

by L.
Li=Li(2,2)
\ )
\ ~—
\
N
x=0 AN
~
\\
x=1| Li=Li(y)

y=0

Li=0

Fig. 1.1 Analytic continuation to (1,1)
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boundary values at y = 0 for all of these functions are 0, which now gives the result
Li()(1,y) = Li(up)(y)-

One can not now just substitute at the point (1, 1) since that point has been blown
up. However, one checks that the differential equation for restricting to the excep-
tional divisor formed by the blowup, with an appropriately chosen coordinate, forces
it to be constant. This makes the blowup banign (it is interesting to note that in the
case b =1 this is no longer the case and one therefore gets different normaliztions
for the multiple zeta values, depending on a chosen location on the exceptional di-
visor. This is worked out in [FJO7]).

1.6 Coleman integration in families

An important observation to be made about Coleman integration is that it ultimately
relies on the ground field to have residue field which is finite (by varying the field
we can deal with residue fields which are algebraic over their prime fields) because
we rely on the linear Frobenius. It is an interesting problem to try to remove this
condition.

In this section we report on some recent work, which is still in progress. Full
details will appear somewhere else. The problem that we want to address in this
work is: given an algebraic family of closed forms, how can we integrate the family
in a way better than just integrating each family member separately. More precisely,
suppose that X Z, Sis a smooth family of overconvergent rigid spaces (in this section
we treat the nature of the spaces involved in a rather loose way). and ® € .Q)l( /s
is a relatively closed relative form, associate a Coleman integral Fy which, when
restricted to s € S is a Coleman integral of @, on 7~ ! (s), but which is more canonical
then just taking a choice of integral for each fiber, with the possibility of choosing
a different constant of integration for each fiber. For affine S this can be thought of
as doing Coleman integration “over Os”, thus giving one solution to the problem
posed in the previous paragraph.

Our motivation for treating this problem is computational and comes from the
work of Lauder [Lau03, Lau04b, LauO4a]. In this work, one sees the possibility
of computing the matrix of Frobenius on a variety by putting it inside a family,
deforming to a fiber where this matrix can be computed easily, and then relying on
the fact that the matrix of Frobenius satisfies a differential equation (derived from
the Picard-Fuchs equation and computable) to recover the matrix by solving the
equation with boundary terms provided by the simple fiber. One can speculate on the
possibility of doing the same with Coleman integrals, given that the computation of
the matrix of Frobenius is such an important part in the Computation of the Coleman
integral, as we have seen in Section 1.4.

Following the approach to Coleman integration we presented, it makes sense to
attempt to look for the answer by imposing additional constraints on the association
of a Coleman integral to a form. Given the type of problem it makes sense to look
for a differential condition. We would like to have a condition saying roughly that
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the formation of Coleman integrals commutes with differentiation in the direction
of the base, i.e.,

) J

where we assume for simplicity from now onward that S is one-dimensional, and
the derivative refers to some vector field on the base.

There exists a well defined notion of differentiation of differential forms with
respect to a vector field. However, there is no obvious way of lifting a vector field
on S to a vector field on X (except when X =Y X S, which is an interesting test
case). Thus, Equation 1.14 does not quite make sense. Trying to get a meaningful
statement out of it we are led to the following condition.

Lift the form @ to an absolute form @ on X (this can be done at least locally in
the rigid topology. Since w is relatively closed we may interpret d@ as an element
of I'(X, 77:*.(2§ ® .Q)l( /S). Note here that projecting from Q}( /s to the first relative de
Rham cohomology exactly yields the Gauss-Manin connection applied to the coho-
mology class of m. Hypothesizing the existence of the theory of relative Coleman
integration, we would like to integrate d® to obtain a section

Fio € DX, 7" Q4 @ Ocal(X/S))

with a hypothetical sheaf of relative Coleman functions O¢o (X /S). Alternatively,
we can integrate @ to get Fyp. We expect that d.F, = @, where d, is the relative
differential. Thus dFy, — @ is a one-form on X locally coming from the base. This
suggest the following condition

dFy — @ = Fyp (1.15)

Our goal in the rest of this section is to show that this is indeed a meaningful con-
dition from two different points of view. The first involves The Gauss-Manin con-
nection while the second comes from fairly recent work on differential Tannakian
categories

1.6.1 Integration via the Gauss-Manin connection

A first attempt to use the condition (1.15) to get a relative Coleman integration
theory follows roughly the same line as the approach in Section 1.4. We assume that
X and S are affine (in the appropriate setting). We can chose a vector @ € (.Q)l( /S)”

whose entries form a basis for Hl; (X/S) over &5 and chose a lifting & € (24)".
Since @ consists of a basis, we find a relation of the form

dd =0(s) @ ©+d,(g)
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where O (s) in an n by n matrix with entries in Q! and g has entries in I' (X, 7* Q).
Applying (1.15) we get the following relation

Rearranging terms we find

(d—0O(s)Fp=0+g (1.16)
We now observe that on S the operator d — @ (s) is nothing but the Gauss-Manin
connection Vg for the vector bundle H, (X /S). Consequently, the equation (1.16)
describes Fy, as a preimage, under 7*Vgy of a certain one form @ + g. Note that
fiber by fiber 7*Vgy restricts to just ordinary derivative while @ + g restricts to @
so fiber by fiber we indeed obtain the required integrals of our forms.

In [Col89, Col94] Coleman extended his theory of integration to define integra-
tion (but not iterated integrals) of one forms with values in overconvergent Frobe-
nius isocristals, that is, differential equations which overconverges in the appropriate
sense, which have an action of Frobenius. Using this version of Coleman integration
theory we obtain the required Fy,.

This method of integration can be extended to iterated integrals by using univer-
sal unipotent connections.

1.6.2 Differential Tannakian categories

We now give a fairly brief introduction to differential Tannakian categories. The Ga-
lois theory of differential equations is fairly well known. We recall that a differential
ring is a ring R (we assume our rings are commutative) equipped with a derivation
d : R — R. Let K be a differential field. Starting from a linear differential equation

Vidy=A-y, (1.17)

where A has entries in K, the theory finds an extension differential field K V. oover
which all solutions of the equation are defined, and considers the group of auto-
morphisms of KV over K. The resulting Galois groups are algebraic groups. The
Tannakian approach to differential Galois theory interprets these Galois groups as
the groups associated with the Tannakian subcategory (of all linear differential equa-
tions) generated by the given one.

Differential algebraic groups and differential Tannakian categories start showing
up when one considers parameterized systems of differential equations. Suppose K
is equipped with two commuting derivations dy and J; (e.g., C(x,y)). If we have a
differential equation with respect to d,, we can ignore the z-derivation completely
and recover the same theory as before. Instead, we can look for a field extension
which still carries two derivations, over which all solutions of the equation exist.
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This, perhaps surprisingly, gives a fascinatingly different theory. It is best to consider
an example (taken from [CSO7, Example 3.1]).
Suppose K = C(x,t) and our differential equation is

t
V: axy =y
X
whose solution is y = c¢x’. Thus, in standard differential Galois theory we would

simply add x to K. However, since our field KV should be closed with respect to
both d; and dy, and since d;x’ = log(x)x" we have

KY =K (¥, log(x)) .

We now consider an automorphism ¢ of KV, commuting with the derivations and
fixing K. It preserves solutions of the differential equation so

On the other hand o (log(x)) should be constant with respect to # and differentiate
to 1/x with respect to x. We therefore have

o(log(x)) =log(x)+b
where b € C. We now have

(dra(t)) - ¥ +a(t)log(x)x' = 9, (a(t)x') = o, (o (x"))
= 0(9x") = o(log(x)x") = (log(x) + b)a(t)x'

and it follows that ba(t) = d;a(t) hence b = (d;a(t))/a(t). We obtain our differential

Galois group

dia(t)
a(r)
where the group structure is given by multiplication. This is an example of a Linear

differential algebraic group (in this case over the field C(z)).

We recall that a differential affine variety over a differential field K (with one
derivation d; for simplicity) is the subset of some K" which is the set of solutions
of some differential equation. In other words, if the coordinates are a; to a,, it is
defined by the vanishing of a polynomial in the a; and their derivatives (9, )/a;.

The ring of differential functions on the affine space A" is the polynomial ring in
an infinite number of (formal) variables

Gal(KY /K) = {a(t) #0, 9, =0}

K{A"} :=K[{(d)/a;, j=0,...,00,i=1,....n}].
It has a derivation, extending the one on K, given by

K((9)ai) = (9)
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making it a differential K-algebra. Given a differential affine subvariety V of A",
we can associate with it the radical differential ideal / generated by the defin-
ing equations (differential ideal means closed under d;) and its ring of functions
K{V} = K{A"}/I. Just like in usual algebraic geometry we may now interpret V,
or rather its set of K-rational points, as the set of differentiable K-algebra homomor-
phisms K{V} — K (K-algebra homomorphisms commuting with the derivation).
Note that algebraic varieties are a special case of differential varieties but their rings
of functions in the two cases are quite different. There are corresponding notions of
morphisms between differential varieties V — W, and these give rise to differential
algebra morphisms K{W} — K{V}.

A differential algebraic group is defined as a differential subvariety G of some
GL,, which is closed under multiplication and inversion. By the usual procedure, this
gives rise to a structure of a differential Hopf algebra on K{G}, i.e., a Hopf algebra
together with a derivation extending the one on K and commuting with all struc-
tural morphisms (i.e., both multiplication and co-multiplication between K{G} and
K{G} ® K{G} commute with the derivation, which on the latter object is defined by

da®@b=(da)@b+a® (db)). (1.18)

A homomorphism of differential algebraic groups, i.e., a differentiable algebraic
morphism which is also a group homomorphism, induces a homomorphism of dif-
ferentiable Hopf algebras. An interesting example is provided by the dlog homo-
morphism

d
dlog: G, — Gy, dlog(a) = (@) (1.19)
a
Definition 8. A representation of a Linear differentiable algebraic group G on a
finite dimensional K-vector space V is a differentiable algebraic homomorphism
G — GL(V).

In this definition we make GL(V) into a differential algebraic group by identifying
it with some GL,, by choosing a basis.

We first remark that even a standard algebraic group has some new representa-
tions when viewed as a differential algebraic group. For example, G,, has a two
dimensional representation given by (; “''#).

In terms of the Hopf algebra K{G}, a representation of G on V is given by a

K{G}-comodule structure on V,
p:V —=VekK{G}

in the same way as an algebraic G-representation would (no differentials here!). To
see this, consider first the comodule corresponding to the standard representation of
GL, on K" as an algebraic representation, then obtain the comodule structure for
K" with respect to K{G} by simply composing with the embedding of the alge-
braic K[G] in the differential K{G}. In concrete terms recalling that the comodule
structure in the algebraic setting is given by sending v to the function (viewed as an
element of V ® K[G]) g — gv), this gives the comodule structure
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eil—>Zej®aj,~ (1.20)

Now, for a representation of G compose with the Hopf algebra homomorphism
K{GL,} — K{G} to obtain the required K{G}-comodule structure, from which
the representation is easily recoverable.

The fact that no differentials are involved in the Hopf-algebraic description of
differential representation is perhaps confusing if G is algebraic, but it is not a con-
tradiction to anything because K|[G] is quite different from K{G?}. It nevertheless
suggests that a Tannakian description of a differential algebraic group in terms of
its category of representations needs to use something outside the structure of Tan-
nakian category on this category of representations.

A Tannakian description of Linear differential algebraic groups was given quite
recently by Ovchinikov [Ovc08, Ovc09a, Ovc09b, Kam10]. There is an alternative
approach using model theory due to Kamensky [Kam10]. The papers by Kamen-
sky do an excellent job of describing the categorical formalism. Unfortunately, for
proofs they use model theory in a rather “black-box” approach (referring to deep
work of Hrushovsky) which sheds little light on the algebraic point of view. We try
to give here a minimal account, which we found useful in understanding the situa-
tion. We note however, that the above mentioned references due more, in the sense
that they show, under some additional assumptions, that the Galois group is a pro-
differential algebraic group rather than just a Hopf algebra (this is not equivalent in
the differential algebraic setting see [OvcO8, p. 8]).

Suppose we are given a Linear differential algebraic group G, which we would
like to recover from its category of representations Repgs. If we take the Hopf-
algebraic point of view, the usual Tannakian formalism already reconstructs for us
the Hopf algebra K{G} (since the category is just that of comodules for that algebra)
and so we only need to recover the derivation. This is then not to be found in the
category Rep; itself, as this suffices exactly to recover the Hopf algebra structure by
Tannakian duality. It must come from an additional structure on Rep. A so called
differential structure.

For motivating this structure, consider again the differential equation (1.17) but
over the field C(x,7). Using the fact that the two derivations commute we obtain

o(dy) = 9,(Ay) = (dA)y +Ady .

This means that we obtain a new differential equation

o (9%2) = (dn 1) (ai) 121

which is an extension of the original equation by itself. This can be seen to be a
functorial construction, and is the required differential structure.

Definition 9. A differential rigid abelian tensor category over the field K is a rigid
abelian tensor category .7, and satisfying the condition that End(1) = K, together
with a functor D : .7 — 7 sitting in a short exact sequence
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0—-id—-D—id—0 (1.22)

and which satisfies a certain list of axioms connecting D with the tensor structure
(see [Ovc08, Ovc09a, Ovc09b, Kam10]).

Remark 3. In the description given in [Kam10] one defines a new category consist-
ing of short exact sequences 0 —+ M — N — M — 0 in the category .7. This is given
a tensor structure as follows: The tensor product of (0 — M; — N; — M} — 0) with
(0 » My — N, — M, — 0) is the Baer sum of extensions of the first sequence ten-
sored with M, with the second sequence tensore with M|, both viewed as extensions
of M| ® M, with itself. The requirements on D are now simply that it defines a tensor
functor from .7 to this new category.

We note that we do not need to assume that K is a differential field because that
will be forced from the axioms. To get a Tannakian theory we need to introduce a
differential structure on Veck for a differential field K. To see this, recall first that
for any ring R, R-module extensions of R by itself are equivalent to derivations of R
- The R module structure associated with a derivation d is given by

re(L5.7)

By tensoring with an arbitrary R-module M we see that a derivation leads to a functor
D from the category of R-modules to itself which sits in a short exact sequence
as in (1.22). This holds of course for a differential field K providing the required
structure on Veck. In concrete terms, for a K-vector space V, D(V) is the abelian
group V x V with the K-vector space structure given by

a(vi,va) = (avy,avy —d(at)vy) (1.23)

A useful convention is to identify the vector v € V with (0,v) € D(V) and to denote
the map v — (v,0) by d. This way, the action of the field is given by the following
equations

av = ov
d(aw) = (da)v+ adv

The functoriality is given sending T : V — W to (T,T) : D(V) — D(W). Note
however that in terms of standard bases this description is misleading: Suppose
that B is a matrix with entries in K such that multiplying by B gives a linear
map B : K" — K™. Then, in terms of the standard bases provided, e.g. for K" by
(e1,0),...,(en,0),(0,e1),...,(0,e,) the matrix of D(B) is going to be

(853) g) (1.24)

The above description immediately suggests the extension of D to differential
algebraic representations and to the category of Hopf-comodules. Indeed, applying
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D to the standard representation of GL,, on K" we get, by (1.24), the representation
of GL, on K" @ K" given by A — ( 384) g) whose associated comodule is given by

e,-»—)Zej@aﬁ
8e,-»—>2(8ej®aﬁ+ej®8aﬁ)

from which we get the extension of D to comodules:

where d acts on a tensor product in the obvious way (1.18).

Definition 10. A differential tensor functor .7 - 7 between two differential rigid
abelian tensor categories is a tensor functor together with a natural isomorphism
D, o F = F oDy compatible in the obvious way with the short exact sequence (1.22).
A morphism of differential tensor functors ¢ : F — F’ is a natural transformation of
tensor functors which commutes with D in the sense that the diagram

FoD, —a>F'oD1

| |

DyoF —5DyoF’
commutes.

Example 2. Quite clearly the forgetful functor Rep; — Vecy is a differential tensor
functor. Another example is solutions of differential equations. Consider the functor
Sol that takes a differential equation V as in (1.17) over the field C(x,?) to its space
of solutions considered as a vector space over C(¢). Then, according to (1.21), we
can map D(Sol(V)) to Sol(D(V)) using the formula

(Xl 7X2) = (Xl Yyt a’Xl)

(note that to make this a C(¢) linear map we exactly need to give D(Sol(V)) the
vector space structure (1.23)).

Definition 11. A differential fiber functor on a differential rigid abelian tensor cate-
gory is a differential tensor functor @ to Veck. If the category has a fiber functor it
is called neutral Tannakian.

Theorem 7 ([Ovc09b, Theorem 1]). Let 7 be a neutral differential Tannakian cat-
egory with the differential fiber functor @. Then 7 is equivalent to the category
Rep of finite dimensional representations of an affine differential group scheme G.
Furthermore, for a differential K-algebra F we have

G(F) = Aut(®0®F) (1.25)
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where Aut here means automorphisms of the differential tensor functor in the sense
of Definition 10.

We sketch a proof of this result. Standard Tannakian theory tells us that .7 is equiv-
alent to the category of representations of a certain affine group scheme, or equiv-
alently to the category of comodules over some Hopf algebra H. The result will
follow if we construct a derivation on H in such a way that the functor D on &
corresponds to the functor D on the category of H-comodules.

We now recall [Del90] that the Hopf algebra H may be described concretely as
an “algebra of matrix coefficients”. An element in such an algebra is provided by a
pair (T,&) where T € .7, & € o(T) @ o(T)*, where o(T)* is the K-dual of &(T).
When 7 is the category of representations of an affine group scheme G and ®(7) is
just the underlying vector space to T € .7, then a pair (T,v®w*) is to be thought of
as corresponding to the function on G given by g — w*(gv). One identifies two pairs
(T, &) and (T», &) if there exists a map f : T} — T in such a way that both & and
&, are obtained from an element of @(77) ® @(7>)* via the obvious maps. Clearly,
two identified elements give rise to identical functions. One can easily derive from
this formulas for the multiplication and comultiplication.

This description immediately suggests the way to define the derivation on H.
Indeed, by (1.24) the derivatives of the matrix coefficients associated with the rep-
resentation T are visible in D(T'). A bit of thought gives the following formula for
the derivative of matrix coefficients

I(T,vow") = (D(T),(dv) @ (dw"))

(if one is puzzled by the fact that d is applied twice, note that the K-algebra structure
of H can be obtained by multiplying the with elements of K either v or w*). It now
becomes a routine check to see that d is indeed a derivation of the Hopf algebra H
and it is quite obvious by the way we defined it that the D on H-comodules and on
vector spaces correspond.

Finally, the description of the differential points of G is fairly easy. A point in the
usual sense with values in F corresponds on the one hand the a morphism H — F
and on the other hand to an automorphism of @ ® F'. Now, both the condition that the
homomorphism preserve the derivation, and the condition that the automorphism is
an automorphism of differential functors boil down to saying that “if oy is repre-

sented by the matrix A, then a7 is represented by the matrix (5} 0).”

1.6.3 Applications to Coleman integration in families

A major difficulty with the above construction is that it is dependent on the choice of
a derivation. If we want to get a theory which takes all derivations into account (like
connections do) we are led, after some thought to make the following construction.

Recall that we are assuming a situation 7 : X — S. Suppose M is a vector bundle
on X equipped with a relative connection
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ViM—M®Qyg

which is integrable. Suppose we can lift V to an absolute connection ViM—sM®
.Q}(. Because V is integrable, the curvature of V has at least one form coming from
S and can thus be projected on .Qél ® _Q}l(/sz

C=V? € Q3004 End(M)

We define a new module with connection D = D¢ = D(M, V)i, where D = M @&
.Q; ® M and the connection is defined by

Vp(my, oo @my) = (Vmy,a @ Vmy, —C-M) .

This connection is integrable. It is independent of V up to a canonical isomorphism:
Suppose V' =V +A is another lift. Here A € I'(X, 7' Q) ® End(M)) because it
projects to O in relative forms. Then it is easy to compute that the corresponding
curvature is C' = C+ V(A) (where V takes Qsl as constants and acts in the induced
way on End(M)). Then we get a canonical horizontal isomorphism between Dy, and
D¢, given by

(m, 0 @my) — (m,xc@my+Amy) .

Consequently we can glue these objects, coming from different local liftings of V,
to obtain a global object D(M, V). Clearly, there is a short exact sequence of vector
bundles with relative connections,

0 Q@M =DM, V) —-M—0

because all the horizontal isomorphisms constructed commute with these short exact
sequences. Clearly, the construction D is functorial.

For vector bundles over S we can make an analogous functorial construction. For
such a vector bundle M define D(M) = M & .Q; ® M with the Og-module structure

s-(m,a@mp) = (smy,sa@my+ds@my) .

Suppose now that X and § are residue discs. Then, mimicking the constructions
in Example 2 we have a well behaved solutions functor

Sol : { Relative connections (M,V : M — Q} ss)} — { Vector bundles on S}
given by taking horizontal sections, and a map
DoSol — SoloD , (ml,a®m2)»—>(m1,(x®m2+ﬁm1) (1.26)

where m; and m; are horizontal sections for V, implying that Vim; € .Q_é QM
There is some way to go before we can incorporate these constructions into

a functioning Tannakian differential Tannakian formalism. The main problem is

of having a good Tannakian theory over rings (but see [Wed04, Sch09] for some
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progress on these matters). Assuming such a formalism it seems reasonable to prove
the following.

Conjecture 1. For any two residue discs in X there is a unique differentiable path
invariant under Frobenius between the two solution functors.

Note that a differentiable path, in the sense of differential Tannakian categories
should really be thought of as a horizontal path, only that there is no connection
on paths.

We expect the proof of this conjecture to roughly follow the method described in
Subsection 1.5.2. The Lie algebra will inherit a connection, and its graded pieces are
going to be dominated again by tensor powers of H(}R (X/S)* with the connection
induced by the Gauss-Manin connection. Differential paths are now going to be
related with horizontal sections on the Lie algebra, over some residue disc in S. But
these are now well behaved vector spaces over the ground field so we can apply
Frobenius as before to complete the argument.

Let us close by observing the relation of this conjecture with the condition (1.15).
In the notation introduced before stating this condition, suppose we have a closed
o< Q}( /s and we liftit to a @ € Qx. correspondingly we have the connection V and

00 - 00
vea (00) v-a (52).

We can now compute that the connection Vp is going to be given by the following
formula

W (1) e () = (7 () eev () + (do) (1))

means for ( Flw) to be a horizontal section at the residue discs of x and z, say, which
is compatible with respect to translation by a differential path. Appropriately trans-
lating the condition in Definition 10 we find that it simply means that another hori-
zontal section that translates under the same path is the image of ( Flw) under (1.26)

which is (( Flw) : (deO— w)) '

In other words, dFy, — @ is a Coleman integral, which is just (1.15).

its lift V given by

where d@ is to be thought of as residing inside Q; ® 0 Now we check what it
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