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Abstract. The main goal of this talk is to explain the role played by the cycle conductor in the
wildly ramified higher class field theory of Kerz–Saito. Our main reference is Kerz-Saito [KS].

1. Statement of Theorem

1.1. Let X be normal and proper over a finite field k, let C =
⋃
λCλ be a union of locally principal

curves. Assume U = X \C is smooth over k. If Z is an integral scheme with function field K and
z is a closed point, we write Kh

z for the fraction field of the Henselization of Z at z. If Z is an
integral curve in X not contained in C, we write

ψZ : ZN → Z

for the normalization and put
ZN∞ =

{
y ∈ ZN

∣∣ ψZ(x) ∈ C
}

and
K(ZN )h∞ =

∏
y∈ZN∞

K(ZN )hy

The Wiesend class group is given by

W (U) = Coker

(⊕
Z⊂X

K(Z)∗ →
⊕
Z⊂X

K(ZN )h∗∞ ⊕ Z0(U)

)
.

Let Oh
ZN ,∞ =

∏
y∈ZN∞ O

h
ZN ,y

. Let D be an effective Cartier divisor supported on C with ideal sheaf

ID. We let
F̂ (D)W (X,C) ⊂W (U)

denote the subgroup generated by the images of the groups

1 + IDOhZN ,∞
for all integral curves Z not contained in C. We define

C(X,D) = W (U)/F̂ (D)W (X,C).

We define
C(U) = lim

←
D

C(X,D).
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1.2. Let K be a Henselian discrete valuation field of characteristic p > 0. For each s ≥ 1 we have
the isomorphism of Artin-Schreier-Witt theory

δs : Ws(K)/(1− Frob)Ws(K)→ H1(K,Z/psZ)

where Ws denotes the ring of Witt vectors of length s. We set

Fillog
m Ws(K) =

{
(as−1, . . . , a0) ∈Ws(K)

∣∣ piv(ai) ≥ −m
}
,

FilmWs(K) = Fillog
m−1Ws(K) + V ers−s

′
Fillog

m Ws′(K)

where
s′ = min{s, ordp(m)}.

We abbreviate H1(K) = H1(K,Q/Z). We set

FilmH
1(K) = H1(K)prime to p ⊕

⋃
s≥1

δs(FilmWs(K)).

1.3. We define
FilDH

1(U) ⊂ H1(U)

by the property
χ|K(ZN )hx

∈ Filmx(ψ∗ZD)H
1(K(ZN )hx)

for all integral curves Z in X not contained in C and all points x ∈ ZN∞. We define

πab1 (X,D) = Hom(FilDH
1(U),Q/Z).

1.4. We have
F̂ (D+C) ⊂ F̂ (D) ⊂W (U)

from which exact sequences

0→ grD C(U)→ C(X,D + C)→ C(X,D)→ 0

or dually
0← gr(D+C)C(U)∨ ← C(X,D + C)∨ ← C(X,D)∨ ← 0.

Roughly we should be thinking of “cycles modulo units congruent to 1 modulo D”.
On the other hand we have

FilDH
1(U)→ FilD+C H

1(U)→ grD+C H
1(U)→ 0.

We should think of FilDH
1(U) as “characters with ramification bounded by D.

1.5. We’ve seen that there’s a unique map ρU compatible with the map sending a closed point x
to Frobenius at x, which moreover induces maps ρX,D, as in the following diagram.

Z0(U)

$$

// C(U) //

ρU
��

// · · · // C(X,D + C) //

��

C(X,D)

ρD,X
��

// · · ·

πab1 (U) // · · · // πab
1 (X,D + C) // πab1 (X,D) // · · ·

Theorem. The map
ΨX,D : FilDH

1(U)→ C(X,D)∨

induced by ρX,D is iso.



THE INDUCTION STEP IN THE WILDLY RAMIFIED HIGHER CLASS FIELD THEORY OF KERZ-SAITOIN THE ALGEBRAIC GEOMETRY LEARNING SEMINARIN ESSENFEBRUARY 20153

1.6. We have
πab

1 (X,C) = πab,t
1 (U).

Indeed, a character
χ : π1(U)→ Q/Z

is tame if its prime to p part is unramified. So it’s enough to show that any character in the image
of Fil1Ws(K)/1− Frob extends to H1(OK ,Z/ps). But one checks that

Fil1 = Ws(OK).

1.7. Injectivity follows from the Chebotarev density theorem. Roughly speaking, the base case

FilC H
1(U) � C(X,C)∨

follows from the tame case. For the induction we may then consider the following diagram,

0

��

0

��

FilDH
1

��

// C(X,D)∨

��

FilD+C H
1(U)

��

// C(X,D + C)∨

��

grD+C H
1(U)

��

grD+C ΨX,D+C

// grD+C C(U)∨

��

0 0

and hope to show that grD+C ΨX,D+C is surjective by studying certain maps to an auxiliary space
which may be regarded as developments on the Artin conductor. Before we can make this work,
we have to make things quite a bit more complicated. One reason for this is that while we have a
global cycle conductor, we only have a local Galois conductor. Another reason is that we will need
the local Galois conductor to be surjective, which requires the residue field to be perfect.

2. Stament of Main Proposition

2.1. Let Y ′ be a normal scheme, and Y an open subscheme. For y ∈ Y ′, we write (Y ′)hy for the

Heselization of the local scheme at y, and K(Y ′)hy for its function field. For

χ ∈ H1(Y ) := H1(Yét,Q/Z)

and D a divisor supported on Y ′ \ Y , we consider the point-on-curve condition over D

POC(Y ⊂ Y ′ ⊃ D): for all integral curves Z on Y ′, and all y ∈ ZN mapping to the support
of D, χ maps to

Filmy(ψ∗ZD)H
1
(
K(ZN )hx

)
.

Note that we allow arbitrary ramification over points of Y ′\Y not in the support of D. We compare
the point-on-curve condition with the height-one condition at generic points of D

HO(Y ⊂ Y ′ ⊃ D): for all generic points λ of SuppD, χ maps to

FilmH
1
(
K(Y ′)hλ

)
.

As far as I understand, work of Matsuda [?] and Kato [?] on Swan conductors shows the following
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Proposition. Suppose the support of D is regular. Then

POC(Y ⊂ Y ′ ⊃ D) if and only if HO(Y ⊂ Y ′ ⊃ D).

2.2. Let S be a proper smooth curve over a finite field k, f : X → S proper surjective with smooth
generic fiber with X normal and of dimension 2, σ : X ← S a section. Let C be a finite union of
locally prinicipal integral curves Cλ with generic point λ. We assume σ(S) ∩ C doe not dominate
S and that U = X \ C is smooth over S. Finally, assume each dominant component

Cλ → S

is an isomorphism.

2.3. Let η = SpecK denote the generic point of S and fix an algebraic closure η̄ = Spec K̄. We
consider pairs Σ = (T, θ) where T → S is a smooth curve with function field contained in K̄ and θ
is an effective divisor on T .

Given Σ, we let UΣ denote the pull back of U to T \ θ, we let XΣ denote the normalization of
XT , we let CΣ denote the pullback of C to XΣ, we let θΣ denote the pullback of θ to XΣ.

We define a directed partial ordering by

Σ1 ≤ Σ2

if there’s a factorization
T2

g−→ T1 → S

and
g∗θ1 ≤ θ2.

We then have a map
UΣ2 → UΣ1

giving rise for each m ≥ 1 to

H1(UΣ2) H1(UΣ1)oo

FilmCΣ2
+θΣ2

?�

OO

FilmCΣ1
+θΣ1

.
?�

OO

oo

2.4. Claim. We have isomorphisms

H1(Uη̄) lim−→
Σ

H1(UΣ)
∼=oo

FilmH
1(Uη̄)
?�

OO

lim−→
Σ

FilmCΣ+θΣ H
1(UΣ).

?�

OO

h
∼=
oo

Sketch of proof. The isomorphism at the top is a general fact about compatibility of étale cohomol-
ogy with inverse limits of schemes. Regarding h, we have to establish existence of the factorization,
and surjectivity. Note that throughout the proof of this claim, we may assume that all components
of CΣ dominate T by taking Supp θ large enough. We start with existence.

For Supp θ large enough, CΣ is regular on XΣ \ Supp θ. This puts us in the situation studied by
Matsuda and Kato:

POC(UΣ ⊂ XΣ \ Supp θ ⊃ CΣ \ Supp θ) if and only if HO(UΣ ⊂ XΣ \ Supp θ ⊃ CΣ \ Supp θ).
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Let λ̄ be a closed point of Cη̄ with image λ in XΣ. Then we have a commutative diagram like so.

Film Filmoo

H1
(
K(Xη̄)

h
λ̄

)?�

OO

H1
(
K(XΣ)hλ

)
L
oo

?�

OO

H1(Uη̄)

OO

H1(UΣ)oo

OO

This gives us

FilmH
1(Uη̄)← FilHOPmCΣ\θΣ(UΣ) = FilmCΣ\θΣ(UΣ) ⊃ FilmCΣ+θΣ(UΣ)

hence the factorization.
We turn to surjectivity. Starting with an arbitrary Σ, suppose χ ∈ H1(UΣ) maps to FilmH

1(Uη̄).
The map L is strict with respect to the filtrations (directly from the definition in terms of Witt
vetors), so that χ fulfills HO(UΣ ⊂ XΣ ⊃ CΣ) hence also HO(UΣ ⊂ XΣ\θΣ ⊃ CΣ\θΣ). For Supp θ
large enough, we then have HO(UΣ ⊂ XΣ \ θΣ ⊃ CΣ \ θΣ) by Matsuda and Kato. Presumably
there’s a bound for possible ramification on points on curves, so for θ large enough, it follows that
χ fulfills HO(UΣ ⊂ XΣ ⊃ CΣ + θ). �

2.5. Main Proposition. For each m ≥ 1, the map

Ψ
(m)
η̄ : Film(Uη̄)

h−1

−−→∼= lim−→
Σ

FilmCΣ+θΣ H
1(UΣ)

lim−→
Σ

ρ∨XΣ,mCΣ+θΣ

−−−−−−−−−−−→ lim−→
Σ

C(XΣ,mCΣ + θΣ)∨

is surjective.

3. Review of key theorems

3.1. Let X be projective and smooth over Fq, C =
∑

λCλ the support of a Cartier divisor with
complement U as above. Let D =

∑
λmλCλ and assume mλ ≥ 1 for all λ. Define grD C(U) by

0→ C(X,D)∨ → C(X,D + C)∨ → grD C(U)→ 0.

Let K be a Henselian dvf of characteristic p > 0. Set

Film Ω1
K := m−mK ⊗OK Ω1

OK .

Let Cλ denote a component of C with generic point λ and let K(U)hλ denote the henselian local
field of U at λ. We’ve constructed a divisor Θ not containing of components of C, a local Galois
conductor rar and a global cycle conductor ccX,D, which form a commutative diagram like so.

grDH
1(U) //

��

grmλ H
1(K(U)hλ)

rar // grmλ Ω1
K(U)hλ

∼=
��

grD C(X)∨ ccX,D
// H1(C,Ω1

X(D + Θ)|C) // Ω1
X(D)⊗OX K(Cλ)

Moreover, ccX,D is injective.

3.2. It is also a fact that the local Galois conductor of a Heselian dvf with perfect residue field is
surjective.
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4. The induction step

4.1. There’s an exact sequence

0→ H1(Xη̄)→ H1(Uη̄)→
⊕
λ

H1(K(Uη̄)
h
λ̄)→ H2(Xη̄,Q/Z)

from which
grmH

1(Uη̄) =
⊕

grmH
1(K(Uη̄)

h
λ̄)

since H2(Xη̄,Q/Z) contains no p-torsion and grmH
1(K(Uη̄)

h
λ̄
) is a p-group.

Since each K(Uη̄)
h
λ̄

has perfect residue field K(Cλ), the local Galois conductors

rar : grmH
1(K(Uη̄)

h
λ̄)→ Ω1

Xη̄(mC)⊗K(Cλ)

are surjective.

4.2. The XΣ need not be nonsingular. However, for θ sufficiently large, desingularization does not
affect the Chow group. So we have the global cycle conductor at our disposal:

grmCΣ+θΣ C(XΣ)∨ ↪→ H0
(
CΣ ∪ θΣ,Ω

1
X(mCΣ + θΣ + Θ)|CΣ∪θσ

)
.

The latter maps to ⊕
λ

Ω1
XΣ

(mCΣ)⊗K(Cλ).

The sum runs over generic points λ of C which dominate S. This map becomes injective in the
limit over θ. The resulting triangle

grmH
1(Uη̄) //

))

grm lim−→C(XΣ,mCΣ + θσ)∨

tt⊕
λ Ω1

Xη̄
(mCη̄)⊗K(Cλ)

commutes, showing that the map of graded pieces is iso. This completes the induction step.
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