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(1) a. Denote a, = (& + Z=)az". Note that for n > 1: % > 2. (For example take the n’th root of both sides.) Thus

n n2

Y/|an| — e - x. Therefore the series converges absolutely for |e - 2| < 1 and diverges for |e - x| > 1.
Now we check the border points. For z = % the seriesis: > (%—i— eﬁiz ) Here the second part converges (e.g. compare
n=1
to > %), while the first part diverges. Thus the whole series diverges. For z = f% the seriesis: (%Jr(fl)” e’;iz )
n=1
Here the second part converges absolutely (by the previous check). The first part converges by Leibnitz criterion.
In total, the series converges for x € [—f f) The convergence for x = —% is conditional.
b. We use Stokes’ formula: § Fdy = /I rot(F)dS. As 7 runs counterclockwise, the normal to S is taken
o8 — 2_,2
ey
—2x 2y 1
upstairs, Ng = (—2x,2y,1). Therefore § Fdy = ﬂ det | 0, 0y 0.|dedy= [[ (—2z+2y+1)dedy=m
oS z=x2—y? z T Y z24+y2<1
22 +y?<1
(2) a. Denote f(x,y,z2) = 2% — 3a:yz — 4, then 0, f = 3z — 3zy and 0. f|(2,1,—2) # 0. Thus there exists a differentiable
function z(z,y). Then 9,z = - and 9,2 = 3% and further:
525 — Yoz yz(QZazz - ) 5‘2 ya z+z  yz(22042 —x) 52y — 20yz  x2(2204z — 1)
x 2 _ 2 _ 22 — 2 _ 2 0 2 _ 2 _ )2
In total:

b. 0yz = 2x — 12, 0yz = 2y + 16, thus grad(z) = (0,0) only at the point (z,y) = (6, —8), which is not in the disc. So,
there are no critical points in the interior of the disc. It remains to check the boundary. Denote g(x,y) = 22 + y* — 25.
Then Lagrange’s condition reads: (22 — 12)2y = (2y + 16)2z. Which means: 4z = —3y. Together with g(x,y) = 0 we
get the points (3, —4) and (—3,4). As f(3,—4) < 0 while f(—3,4) > 0 we get: (3, —4) is the global minimum, (—3,4) is
the global maximum.
(3) a. The curve bounds the diamond, in Cartesian coordinates the curve equation is (£ )5 +(2)
we use the Green formula:
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= 1. To compute its area
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b
S = —%yd:c =— / asin®(t)3bcos®(t)(—sin(t)dt) = 3ab/sin4(t)co,92(t)d = 3%2%
2l t=0 0
. lim f(x,y) = lim sin(O)sin(rcos (@) _ 0, thus the function is continuous.
(z,9)—(0,0) 7—0 "
9z fl0,0) = A‘limo W = 0 and similarly 9, f|(0,0) = 0. To check the differentiability it remains to check that
Tr—
the remainder vanishes fast enough:
lim f(z,y) — 20 fl0,0) — YOy fl(0,0) — lm ysin(acQ)3 — m sin(é))sin(gr%os(@))
(z,y)—(0,0) (33‘2 + yz) (z,y)—(0,0) (;1;2 —+ y2)§ (z,y)—(0,0) r
The limit does not exist. Thus the function is not differentiable.
(4) a. mass = I 2ydaxdy YT Y [ (w+ “)|a(u Z) |dudv. Note that |ggzzg\ = % Thus
VaE<y<Va+l 0<u<l1 ’
2<y+/7<5 2<0<5
mass = ff (v+u )d dv =19
0<u<1
2<v<5

b. Note that div(F) = 0. Therefore the fields is conservative outside the origin. Thus we can deform the surface of
integration, as far as the origin stays inside:
o Ig o1a (l’,%z) o Gauss _
{fras= () FaS= {f T=TTaSET ) Sdedydz=dn
1}2+y2+22:1 12+y2+22:1 r2+y2+22§1
(5) T={ZH" <2 <4, 2>0, y >0}
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