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Sketchy solutions of Midterm 1, Hedval.EE, 201.1.981
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a. As |a,| < 2 we have: |apy1 — an| < |2 ;"’1| < 4‘“";‘1”’1‘. Therefore: |an4i — apyi—1| < (%)7’|an — an_1l.
Thus

dyktl 4
Jg_l 5)as — ai
4

9

IN

k kg g (
|an+k - an| = |Z(an+i - an+i—1)| < ‘an - an—1| Z(g)l (g)n71
i=1 i=1

Which means: lim (a,, —a,) = 0. Thus, by Cauchy’s criterion for convergence, a,, converges.

n,m— 00
b. Note that a,, > n - min{ an, cee \/%} = \/% — 00. Thus a,, does not converge to the finite limit.
. . . Lo t=1-z .. —1 . . 1
a. First change the variable: lim z7-=* "= * lim(1 —¢)*@—+(0-5% . As was proved in the class: lim(1 —#)7 = L.
z—1 t—0 t—0 €
. . . —_—1 . 1)\ im (27t+(117t)2) _1
Further, as a” and z* are continuous functions, hr%(l —t)te-t+(-0?) = (hn(l)(l —t) t) =e73.
t— t—

b. Consider f(z) =1— L and g(z) = 2%. Then: lim f(z)9® = lim ((1 - %)I)x =0.

T—r 00 T—r 00

a. We prove that f(z) is uniformly continuous. For any € > 0 and any = € R take 0 = &. (Note that ¢ does not
depend on z.) Then for any y € (z — 6,2 + 0) one has: |f(y) — f(z)| < Clz —y| =e. Q.E.D.

b. Note that lim+ f(z) = 1, thus the function extends to a continuous function on [0,00). In particular, by
x—0

Cantor’s theorem, the function is uniformly continuous on any interval [0, M], M > 0.
The function is not uniformly continuous on any interval (M, co). If it were, then the variation on the intervals
[rn,m(n + 1)] would be bounded. But  max f(x)— min f(z) > /10 — .
[rn,m(n+1)] [rn,m(n+1)]

a. Note that f(z) = In|z| + 25 — a is a continuous function and lim f(z) = +oo, while lim f(z) = —occ and
r—+oo r—0—

f(1) =1—a < 0. Thus, by the mean value theorem the equation f(z) = 0 has solutions both in (—oc0,0) and in
(1, 00).

b. As the partial limits of a,, are 0 o

1 we can split the sequence a,, into the two subsequences, an’ — 0 and

)92
an) — %, so that every element of a,, participates in one of them. Accordingly, b,, splits into the two subsequences:

b;” = |a£11) — %| and b7(12) = |a£L2) — %| Each of them converges to % and they together cover b,. Thus b, — i.
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