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In his work [ 1 ] Igusa has required detailed knowledge of the resolution
of the invariant conic in IA27 for the group Eﬁ and the invariant quartic in

56

A for the group E?' In this paper we will compute embedded resolutions-of

these hypersurfaces.

51. Numerical properties of resolutions

Let H be a hypersurface of a smooth variety X. Let gt XI - X I_:e a
proper birational morphism where X; is a smooth variety. Then we have the
strict transform W, of H and also we have the divisor-theoretic inverse
image. 1(H) of H. Then Sl = Hl*'):'}iEi where the E, are effective
gxceptional) divisors on X, and the multiplicities n, are non-negative
numbers.

The morphism ¢ induces an ’Dx

1
n = dim X. Thus we have an effective divisor Ram(n) on xl such that

-homomoTrphism Tr',\nnx ——-o-'j\nnx where
) 1

A“nxl = (n'AnnxJ (Ram n). We may write Ram {7} = } n;E; where the m, are
non-negative integers. The pairs (ni,mi) of integers are called the numerical
data for the morphism # and the divisor H.

If l*l1 and the Ei's are smooth divisors meeting transversally, we will
say that 1 is an embedded resolution. In this case the numerical data gives
information about the singularities of H. For instance: [ 2 ] H has rational
singularities iff n, g m for all i. We want to have a stronger condition
* 2ni s o for all 1.

In practice we will comstruct = to be 2 succession of blowing up with
smooth centers. Then we will have a sequence xn. ...,){0 = X of smooth varieties,

smooth centers Cn-l""'CO in xi such that xiu is xi with C:’. blown up.

*Partly supported by NSE grant #MPS75-05578
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Here we denote the projection xi+1 —_ x1 by w;+1. Similarly the composition
Xj -+ X “given by n;_ln...uv;+1 is denoted by ﬂg. We have exceptional

- i -1 : R . :
divisor iE = (wi_l) (Ci_l) in Xi for 1 xi gn. For any variety Y of Ki
we will denote by Yj the strict transform of Y by “i‘ Thus Kn contains the

exceptional divisors .E ,...

1'n

In this situation we may compute the numerical imvariants inductively.

,nE .

 Je=1
Assume that (n)) "M = H_ n, (-E,)
¢ ] lsl:sj .
and  Ram (wd) = [ m(E) .
1<isj ]
Then (m* M =n + T u (E..) +x( B
0 3 158 175+ jel
and Ram (ng‘l) )
1gigj .
wheje x is the multiplicity of (ﬂg)-lﬂ at a generic point of Cj and

B By * Y G, B

¥y = (cod C,-1) plus i L
J C.c.E
it

§2. The group EE'

We will be working with a fundamental representation of E6 of dimension 27.
Expliciily consider the vector spaces of triples (A,x,y) where A is a 6x6 skew-
syamétriq matrix and x and y are 6-vectors. Let C(A,x,y) be the cubic form
PE(A) +y A tx where Pf denotes the Pfaffian. Then the group F.6 is the
connectéd subgroup of GL(27) which leaves this form C invariant.

We will need to know some transformations in Eﬁ. First of all SL{6) is con~

tained in E®. Let M be an slement of SL(6). Them M-(A,x,y) = (MAM, ™%, yn™h)

27

is a linear transformation of A which leaves C invariant. Also SL(2)

is contained in E6. For N in SL(2) set N (A,x,¥) = {A,z,w) where (:J = N(;).
These operations also leave C invariant. The diagonals of SL(2) and SL(6}
together form a maximal torus of E6 for which the action on ﬂ37 is diagonal.
We need to know some more erotic one—parameter'subgroups of E

S1,404,8
Let (tl
1**

6"
trJ be zero if the 5;'s are not a permutation of the t;'s and
sty

sign (permutation) is they are. Let £, <f,<f, be a triple of elements of [1,6]
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and let £ 4<f5<f5 be the complementary triple. Then we have a one-parameter
subgroup T of "E. given by
£1f2f3 6

k
T () (a.,) =a,, + el 3 &)
£,£,8, 1j ij 1Eafs Xy

ijk
T M) =y + AL Ja,
£,8,E, k 3 £,548, 1)

T (A)x, ) = x
f]f2£3 k k

£1525554 5%

where & = ‘123456

We also have one-parameter subgroups S; r ¢ where
17273
Sep g Mg =25 -3 G1Eoy
1523 J J b
§ Aln) =¥
f:lfzf3 k k
Se g g OV = x S TRt T
1°2%3 as'e

We want to resolve the singularities of the cone H = (C=0). Let x°=x

be AH. The blowing up as described is

Theoxrem a) The center CD is the origin which has codimension 27 and a
triple point of H.
b) The center € is’the singular locus of H, which has
codimension 10 in X, and Hl has rank 10 double points along
Hl' Furthermore I-l1 and 1E meet transversally,

c) H2 is smooth and H2:i._5'E2 and 2E meet transversally.

2.-1
Corellary. (ﬂo) H = 1-12 + 3(152] * 2(2E.]
2, L
and Ram(ﬂoj = 26(152) + Q(ZE) .

Proof. As !A27 is spanned by extreme weight vectors for E., we need blow-up
only one coordinate as all of them are isomorphic under the action of the Weyl
group. Let B = {skew-symmetric 6x6 matrices where a;. = 1}. Consider the

1 6

quadratic transformation o: A  x B ;/AG % /A —-+f.l\27 given by ofX,b,x,y) =

(xb,Ax,Ay). Then m is locally isomorphic to o and oxC = ASC(b,x,y). Thus

Hl = (C({b,x,y) = 0} is transversal to 1E = (A=0). We need to analyze C(b,x,¥y).
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Let D be the subset of B where bij =0 if i or j is 5 or 6 but
{i,j) # {5,6}. Let K be the upper diagonal subgroup of SC{6} with 1 on

the diagonal and only non-zero entrees, m;, P ,m4,m1, .. .,m.4 N

Claim. The multipliciltion KxD + B sendifig" (k,d) to ked.%k is an isomorphism
" This claim is clear by matrix multiplication. Using the claim we have an
‘isomozphism K x {D x A% xlAs} — B xa® fo6 given by inclusion of K in S,
Now C(kdtk,xk-l,yk-lj = C{d,x,y) by the invariance of C. This last expressiocn
involves few variables than C{b,x,y). Next we will use the exotic transformations
to remove more variables. Let f1<:|€2<f3 be a subset of [1,4]. The transform
Tfll_fz.fs(l) leaves B x/A6 HIA6 imra.riam:.6 :E f4,5,6 is the complementary

4
subset, we have T My, =yz +a(pc ) and T Ay, = y. if
UL N PR PR U Epafpedy e — T

»=50r 6. Thus if V is the subset of Aﬁ where Y1=¥3=¥3=0,*= 0. we
‘have an isomorphism A x B s x v — B xS x 8 given by the action of the
above 4 one-parameter subproups. Similarly with the S transformation if
Weix mxy=x,2x,=0 dn A%, A xBxWxv—Bx/®xv isen
" isomorphism. The function C(b,X,¥) on B x W x V is just

PE(B ) Xg¥s - ¥gX, which is a rank 10 quadric. Thus the local equation

V151324
of Hl is a rank 10 quadric and it has singular locus 0 = Bij =x =Y, for

1<i,j<4 and 5gk,£s6. It is elementary to check that H2 is smooth and
transversal to 1E2 and 2E. The only remarkable fact is the transformstion

in E6 induce the group Dy of this quadratic. Q.E.D.

3, The group E7.
We will be working with a fundamental representation of E, of dimension
56, Explicitly consider the space of pairs (Z,Y) of skew-symmetric 8x§
matrices., Let
1 1 2
UZ,Y) = PE(Z) + PE(Y) - gTr(2VZY) + T{Tr(2Y))",
Then the group E7 is the connected subgroup of GL(56) which leave invariant
'Q and the skew-symmetzic form <(2,Y),(Z'¥"> = Tr(ZY'-I'Y)., There is an
obvigus inclusion of SL(8) in E, given by the action A . (Z,Y) = (AZtA,tA'lYA)
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for A in SL(8). The diagonal of SL(3) is a maximal torus in E, for which
the action on A56 is diagonalized. We also have exotic transformations in E,.

<f <f

573.l.et

Let :I:'1<£2<:E;,'<f4 be a subset of [L...,8] with complement :,E5<f

Ufl'fZ’ £..5, be the one-parameter subgroup defined by

v 00 =z, +a [ GLIET
'f1‘£2'£3'f4 1 ij m),:n f1f2f3f4 o,n

and
iimn
u GIY,.) = Y., ~ae T (g2 b}
fl'fZ‘f:’p'fd ij ij m},:n fsfﬁf'lfs 'm,n
£ i
- 1*°°"*"8
where € = (1'.“” a).

We want to make an embedded resolution of the quartic hypersurface
He (@=0) in X = xo = 4\56. We will do this resolutiem by a sequence of blowing-up

Theorem 2) The first center ClJ is the origin in xu. Then CO has

codimension 56 and H has multiplicity four at CO'

b) The next center Cl is the singular locus of the singular locus

of Hl' Now C

points along Cl. Also Cl is transversal to IE'

1 has codimension 28 and Hl has rank one double

c) H, has two components in its singular locus. Let C, be the
component of codimension 11. Then C, is transversal t-'.o 1Es
and 2B and H2 has rank 11 double points generically along Cz.

d)} The hypersurface H, is singular in codimension 3 in Xg-

Let C:3 be its singular locus. Then H3 has rank three double

pointﬁ aleng C3. Furthermore CsdzES and C3 is transversal

to E3 and 3E.

e) Let C4 be 2E4.4"1H4 with its reduced structure. Then Cg has
codimension 2 and l-l4 is smooth and C4 is transversal to

154‘ 354 and 4E.

£) H5 is smooth and meets 2E5 transversally. Let CS equal

HS n LE Then C E.

275" 5¢ s
g) Hg and the exceptional divisors are smooth and meet transversally.



. 6. -1
Corollary. (mg) H = ¥ + 4 B + 2,B + 25 ¢ 2B, + gBg + 4E

and

Ram(r]) = 5§.E( + 27,E, + L0E + 29,B + 28GE( + S6¢E .

Proof. In the first blowing up we are magnifying the behavior et zero. Again as

A s spanned by extreme vectors we need only look at the part of the blow-up

where 27 8 has been inverted. Let B be the subset 27 P 1 of IAZB.
] »

Then (ﬂé]-l (2.7,8 # 0) is isomorphie to IAI X B :mzs, where the projection "é
in these coordinates is ng(x,b,Y) = (ab,AY). As & is homogeneous of &egree 4,
[ﬂ;)*Q(l,b,Y) - A‘Q(‘b,YJ . Then Hl is Qfb,Y) = 0 in local coordinates which
is transversal to ,E which is i = 0. We may use the unipotent transformations
in SL(8) to get i:.lj =0 if i or j equals 7 or §but not both. let D
be the subset of B defined by these inequalities, Let H be the subgroup of
"SL(8) of elements with ones on the ciiagonal and zero except for hij where
i=7o0r8and j £ [1,...,6]. Then the action of E7 on M56 gives an
isomorphism ¢: H x (D x.'Azs) —+ B xb\za. As Q is invariant under E,,
w'I(Q] (h,d,Y) = Q(d,Y), thus ¥ gives local coordinates such that the equaticn
of H1 is simpler. We will further simplify by using the exotic transformations.
Let £1<f2<f5<£4 be a subset of [1,..,,6]. We can use this transformation to

rec}uce to the case where Yf e ® 0. Thus by a sequence of such transformations
5 %6

we can reduce to the case where Yij =0 if i or 3 is not contained in {7,8}.

Let Aij = bij for 1si,j<6, x5 = Yi,? and ¥y = Yi,a vhere lcic6 anda = Y?,s'

Then by direct calculation we have Q(b,Y) = PE£(A) + yAtx - %az = C(A,Xx,¥y) - %-az

where C 1is the cubic for Eﬁ.

Now it 1s elear that the singular locus of Hl is locally

0 x {singular locus of csix removed variables, So the sinpular locus C, of the

1
singular locus is given by a = A= x =y = 0 which is codimension 28. Clearly
H1 has rank 1 st_:uble points aleng Cl. Now blowing up t:l in the coordinate

a produced a smooth H, which does not meet the new exceptional diviser. Blowing
up the other cooidinates is more interesting. MNote that EG acts on

/Al u}A27 = {(a,A,x,y)} by the previous action on the second factor and by the

trivial one on the first. In fact one can check that this action is induced by
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part of the E.‘,-action on IASG. As in the last proof we may only blow up the

Ag 6-coor’clinate as all other are equivalent under the action of Eg. Using the
’
elimination of variables as before and choicing appropriate local coordinates -

. 1.2 .
{zi), a locel equation of H, 1is 0= -za + A E Z:210-4 where A =0 is

the local equation of the exceptional divisor ZE{S-'I-?ms we are down to a
.hypersurface in 12 variables. The singular locus of H, locally is
{fa=2=] 2,294 = 0} Utaez =...=2,=0}. This last component is
c, and it has codimension 11 and is transversal to 2lE. Also H, has rank 11
double points along C2 generically. ‘

Next we blow up C,. Again blow-up in variable a we have ‘I-l:5 is
smooth and does not meet the divisor ,Eg and SE' Blowing up a variable z:j
(say j = 10) the equation of Hs becomes 0 = = %az + X (15§54zizm'i‘ + z9] where

A0 is Bl Let } ziz)p. 4 zg= z be a new coordinate. The equation

i 1zigd

Hp is 0= - 7@ + 1 z. The singular locus €y of Hy is given by
0=a=3-= 2 and has codimension 3 in xs. Furthermore Hs has rank 3
double points along C;. Clearly H; is transversal to , Ey and sE and,

hence, so is C3.‘ Note that CS is contained in 2E;,..
Now we can blowup C,. Clearly H, is smooth and mests , E,, 5 E,

and , E trmsversaily. We need to see how H4 meets . E,. Blowup the

coordinate a H, does not mest 2 E, in this open. Blowup the coordinate .

Ao, E4 doesznnt meet this open. Finally blowing the coordinate 2z, l-I‘4 has

equation - -{:— + k=0 wvhere A =0 is the local equation of , E,. Thus

(H4 ", E'd,)red = c4 is given by a = A = 0. After blowing up C4 it is

.elementary to check that all the divisors HS' 1 Eg, 5 Eg, 3 Ep, 4 ES and 5 B

poet transversally except unfortunately I-!5 n, IZ5 =, Es ng E= Cs. Then cs_ is

of eodimension two. Blowup Cs and then all intersections are transversal, Q.E.D.
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