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First, given a Cohen-Mecsulsay isoleted quasl ‘homogenedua
ainguia.rity, T describe the process of the resolution of
singnlaerities besed on Demazure's work and generalize the work
of Orlik end Wsgreich in dimension two.

After uaing this resclution of singulerities I calculate
explicitly the plurigenera for a Gorensteln quasi-homogeneous
igolated singularity in terms of an invariant, celled the index
of regularity of the Hilbert function.

In the second part, similar caloulations are given for
plurigeneras of singulerities of complete intersections which
are generic in the sense of lewton polyhedrs. Proofe need the
explicit® prooesé of the resolution of Bingularitiea developed
by the euthor in [M2]. In this note I present only results,
proofs will appeer: in forthcoming paper.

T theank M, Brion, F. Knop, E. Lejeune and D. Luna for many

discuasions,.

1. GRADED RINGS, HILBERT'S FUNCTION (cf. (a1},

Let A= @ A be & graded ring such_ thet &4 = 0 for
m< 0, Aomzzk a field and Ai-A.j [== A:L-l-j for all i, j. We
work in the category of A-graded modules of finite type. et
M, § be two modules in this category, HomA(M.H) denotes the
graded module of A-morphisms; Ex‘hi(M,I\T). the left-derived
functors of HomA'(M,N), are graded. We denote by M{m] the
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shift of the module M, i. e. M[m]j =M., forall jez

Let B = k[X4,...,Xn] be the graded ring of polyuomials with

the graduation given by deg Xi =e 21, i=4e0eyn,

In the following we will work in the category of B-graded

modules of finite type.

Definition,

The Hilberi function; H(M,m) = d:'l.mk Mh

The Poincare Serien: (M, L) = = H(M,m) A
me.

Lemme..
4) There are h polynomials QU""'Qh—1 e Q[X] with_ rationsel
coefficients such that
B{M,mh+i) = Qi(m)
for a1l 1 = 0,44s,h=T and m>> 0,
2) There sre s polynomials S4,...,SseQ[X] with rational

coefficients end CgyeeasC a=roots of unity such that

8

<
H(tm) = 3 5, () .

The proof of this lemma is first obteined for M = k[X,,,...,Xn]

and then we use Hilbert's syzygies theorem.

Definition.

The index of regularity is the integer number a{(li) such that:
H(M,mh+i}= Q;(m), Vm,i such thet nh+i > a(l),

but H(M,moh+io) # Qio(mo) for mh+i = a(M).

Proposition.
41} a(M) does not depend on the polynomials Q; which eppesar

in the lemma. In fact, a(ll) is the degres of the retional
fraction P(M, ’).
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2) al{M) is the minimum of the integer mumbers such thaet

8
H(M,m) = Z Si(m)m? for all m > a(M).
=
3) 1f E' = Exth(M,3[-eq-e,...-e 1), them:

n .
&(li) = -min {m / the coefficient of A™ in > (-0irEt, 2)
i=0
ig different from zero}.

Corollary,

If M is a Cohen Macaulay DB-module of dimension d, we note
by K, the canonical module Ky = Extg-d(M.B[-e,l...-en]). In
this cese we have a(M) = -min {m/(Ky) # 0}

Remark. The index of regularity wes astudied in the Cohen
Mecaulay homogeneous cese by DLazard, Schenzel. Goto-Watanabe

too define a(M) by the formala obtained in the corollary.

Lemma.
If £eB is a homogeneous regular element for M (i. e. a
non-zero divisor in ¥), then
a(M/fM) = a(M) + deg f.
In perticular, if i‘l""l’(fk isa reg:la.r gequence in B, then

a(B/(i‘,'....,fk)) = 121 deg £, - Zq deg X; .
= i

Sxample, Let B = k[X] with deg X = e >1, then the Hilbert
" function of B is given by
4 if me el
H(m) =
0 otherwise ,
where the polynomisals Q; are Q=1 or Qi = 0, the Hilbert
function coincides with one of these polynomials for n > -e.
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2. HNORMAL GRADED RINGS

Let Z be e normal variety. By W div(Z,Z) we denote the free
group generated by subvarieties of & of codimension one and

W Adv(Z,Q) = W div(Z,2) % Q. For D = Zriwi we get

LDl = }:.[ri]wi, where [ri] is the integer part of r;. We
aasociate to D +the sheaf 0Z(D) given by

<9zcla)|U = {z eK(Z)/div(f)+D|U 2 0} .

&Z(D) is a reflexive rank-one sheaf. We have &y(D) = &y Lol)
and Hom( G’Z(D), Ey) = ﬁx(-LDJ)-

Now we can give Demazure's theorem ({D1):

Theorem.

Let A=@ 4 bee normel graded algebra of finité type over
kE, T a homogeneous element of degree 1 in Fr(i), If we
congider the Lk-normel scheme X = Proj(4), then there exista
one end only one divisor D eW div(X,R) such that

A, = B°(Z, 63 @D for n 20 '
,in Prao(a) and

g{n) = O5(aD)T", VneZ.

Demazure alsc gives a modification of the singularity of the
cone Spec(4) in the vertex {m], where m is the maximal
graded ideal of A. Le}

¢t = Spec( @ 6y mDITY)
n»0

U(X,D) = Spec( @ &X(nD)Tn)
neg

aend

s = ¢t - U(x,D)



Theorem ([D1).

¢t is normel end we have the following Cartesian dlagram with

¥  birational.

U(E,0) —F - U=3¥-in]
21 ]
X B gt ¥ . y= Spec(4)
\ J f
_ im}

X is the geometric quotient of a* (resp. U(X,D)) by the
t*-pction, the map = induces an isomorphism between 8 end
XD

Theorem,

Suppose k = € is the complex field aud Y = Spec{A) has &
Cohen-Macaulay isclated singularity in the vertex of the cone
Y, Then €' and X have only oyelic quotient singularities.

I thank F. Enop, who writes a proof of this theorem for me.

3. PLURIGENERA

In the following let k = €. Let X be a normel veriety,
dim X = n. We consider X with %the usual topoleogy. Let X

be the set of regular points of I, QX the sheaf of
e
n-holomorphic forms on Xreg and put Qf{m] = i,,,(9.x®m by
reg
where 1 is the inclusion Xregca X. Q}Em] 1a a reflexive

rank-one sheaf.

Let Uc X be an open, relatively compact get. We define the

sheaf of m~uple n-forms which are locally 2/m~integrable by

meLE/m(U,Q;Em]) < Q)[:m](U) 1t [ (03P < oo, wnere
U'Xsing

Ksing denotes the singular locus of X; (u;f\@)"/m is
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defined in local coordinetes (z,],,.a,zn): if

w= g{z)(dz ... Adzn)m. then

4/m -

— ' i o _ ~
(0 B) [8(2)12/™0E" a2y nds A e naz, Adz,

end the integral means lim f (wa 65)4/’“. where U' varies
]
U geue
in the neighbourhoods of U N Sing(X). In order to calculate

Plurigenera we give the following results:

Propogition. ([5]}.

Let 7n: ¥ — X be a normal crossing resolution of singulari-
ties. If & donotes the reduced exceptionsl divisor, then;

szm(U,S?.X[“?]) = By o{nky+(m-1)E)(V) .

This is a generalization of Picard's lemma.

Lemma. (Burms, Kimio Wetenabe)

Supposge that X hag only quotient singulerities, i. e. locally

X is the gquotient of an openm ball B{0, £) < €° by a finite
group of linear unitery tranaformations, where no element
fixes a hyperplane in €%, then VYU: '

12/m, Qmly - @luly)

Definjition,
If zeX ig an isolated singularity in X, the plurigeners
§g Bre the integer number

9, = dimg ¢ [ml () /12 ™, ¢ [mly

for a smell neighbourhood U of x.
Now we cen give the following

Theorem.

Let (Y = 3pec A,m} be a guasi-homogeneous Gorenstein imolated

gingularity, then



gm = dimgl ® 4

i< ma(d)
whers =a(iA) is the index of regularity of the Hilbert func-
tion of A.

Corollary,

Let A = k[X1, vee .Xn]/(f,, resesfy} be & quasi-homogemeous
complete intersection isolated singulsrity, then the
plurigenera Y c8R be calculated explicitly by using the

Koszul graded complex
s

0 —Bl-deg £4~...-deg fkl—a-...—>_@4 B[-deg £f;]—>B—>4 0.
1=

4., NEWTON'S GEVERIC COMPLETE INTERSECTION

Definition.
Let f£e€[Xq,...,X 1, £{X) = anx“. we define
a) the Newton polyhedron of £: [ T(£)=Convex mll in R® of

OU#OM + B ;

[v'A
b) the Newton boundexy of f: ['(£) the union of compact faoes
of [*(2) ;
¢) we say f£ 1is "commode® if Vie[41...n] there exista an

my
such thet c¢_ X eppears in f.
oy m, i

Definition, )
Let ¢, €ClXy,.00sX ), €= 4oai,k be a sequence of "commode”
polynomials, f?' their Newton polyhedra, for a.E(lR+)d' we

te
n¥(a) = {min ¢a,a>/ ac fots
and
A o
s L et
£
<e,a>= m(a)
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The sequence {fq,ee0,%,} "is said to be non-degenerate (with
regpéot to the Newton polyhedron) if for all 4« j=< k and
all a.e(lR+- {o} Y2 the following condition is safisfied:
In each point qe (€-501)" such that

£3(a) = oo0 = £3(q) =
the differentiels dfﬁ'(q),...,df?(q) are lineerly independent
in the tangent space of ¢" in q.
In this cese we also sey that the germ- Hk defined near the
origin by

= {xe€%/2,(x) = ... = £, (x) = 0F

is non-degenerate with respect to r:"",.... ; .

Remark, 1) This is a generic notion in the sense of the
Zariski topology; .

2) VWe have only a finite mumber of conditions in ae (IR_'_-{OI s
In fact, the set a & Q*/(a,a):me(a) will heve only one
el.ament in genersl and & monomial is never zero for

g €(€-fo})™

-Theorem.

Let fyeeeyfy ECLEqy0ae ,Xn] be a lnon-degenerate sequenoe
(with respect to their Newton polyhedra), let

o ={x ¢€¥/2 (x) = .ou = 3,(x) = 0] De the isolated singula-
rity defined near the origin by f1,...,.f;k, then the

plurigenera are:

9a(H) = R e D))= Za(mcr S PO 5 S TR
+(- 4)]"11 R{m [})

where R({A) denotes the number of integer points with all

coordinates being strictly positive and not in the interior of

A
4, r‘: nmeens that the term r'I 18 not contained in the sum.
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The proof of this theorem requires the theorem on the resolution

of gingularities [M2].
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