J.B. SANCHO DE SAL.AS .
Blowing-up morphisms with
Cohen-Macaulay associated graded rings

INTRODUCTION.

Let X be a Cohen-Macaulay variety, and let I be a coherent sheaf of ideals on
X . Consider the blowing-up m:X— X of X with respect to I . Our purpose in
this paper is to study the consequences of the Cohen-Macaulayness of

GIOX = OX/I @I/IZGDIZ/-I}@... . The main result is the following:

Theorem 1.4. If Spec GIOX is Cohen-Macaulay, then X is a Cohen-Macaulay variety

and its dualizing sheaf wi satisfies

Riﬂ*wX =0 for i>0.

In this paper, variety means a equidimensional noetherian separated scheme locally
of finite type over a field k . By a result of Nagata, any variety is an open

subscheme of a proper variety Z . We denote by wy the restriction of the dualizing
sheaf Wy to X . It is well known that wy is independent of the completion Z.

1. PROOF OF THEOREM 1.4.

Notation 1.1. We will write C = Spec GIOX and E = Proj GIOX . The vertgx v
of the cone C is the subscheme corresponding to the irrelevant ideal of GIOX .
Note that V is also the center of the blowing-up, and E= ﬂ_l(V) .

Finally, we write Oi(n) = 1" "0y s (h>0) .

Lemma 1.2. Let xeV be a closed point such that OC X is a Cohen-Macaulay ring
b

of dimension n . Let Y be the fibre of the morphism m:X —X over x . Then

Hi(E,OE(—r)) =0 for r>0 and i<n-1.

Proof. We will consider the natural morphisms
f:iC—V . g:C-V —E

Take Y0 = F_l(x) , then there is a long exact sequence
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i — e Al _ s
—*»HX(C,OC) HYO(C,OC) HYO(C X,OC) . (*)

The groups of this sequence are calculated in the following way.

a)‘H;(C,OC) =0 for i<n , because 0 . is Cohen-Macaulay.

C,x

b) As f . is an affine morphism, we obtain

e 0y e vty PO - ty yT T+
HYO(C,OC) = H (V,f0.) = rgg H V107

©) As g is also an affine morphism, we have
HE (Cox,0.) = HE (C-,0.) = Hi(E,g.0.) = ® HI(E,0 (r)
Y “Xy C) = 1% =y c = HY( 9g*C) = @ HY(! I.) .
0 o el
Therefore, the groups in the middle and on the right of (*) are graded
GIOmeodules. Moreover, it is easy to see that A is a homogeneous morphism of

degree zera. We conclude from (*) that H\i("(E,.oE’(ur))rziJ for >0, ign-1.

Theorem 1.3. Let x be a closed point of X and let Y be the fibre of

mX—X pver x . If Spec G0, is Cohen-Macaulay, then

Proof. Consider the exact seguence
0=+ 0_{(1)===> 0 =~ —= .
R0 %
Tensoring with 035((»-—1") and takihg cohomology, we get
iy o N T DU
“"’HY(O-)_((-(r-i))) —-*HY(OX( r)) —*HY(OE( £))— .
Furthermore, we have

a) H%(OE(;r)) 20 for >0 and i<n=1 {(lemma 1.2);

b) Hi(O?(=r))* = (Rn_in*wi(r)); =0 for ikn and r>»0 .

The first equality in b) is a duality formula (see Appendix).

We conclude by descending induction on t .
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Theorem 1.4. Let X be a Cohen-Macaulay variety. lLet 7:X—+ X be the blowing-up

with respect to a coherent sheaf of ideals I on X . Assume that Spec GIOX is

Cohen-Macaulay. Then X is a Cohen-Macaulay variety and its dualizing sheaf w>_(
satisfies
Rl'n*u)_ =0 for i>0

X

Proof. As C-V is Colen-Macaulay and g:C-V--=E is smooth, E is Cohen-
Macaulay. This implies that X is Cohen-Macsulay. From 1.3 and a duality formula,

we deduce that Rlﬂ*w)? =0 for i>0.

Remark 1.5. Note that € is Cohen-Macaulay if and only if OC . 1is Cohen-
AU )y
Macaulay for each xegV .

There is an analogous result for the Rees algebra of I , R(I) :'OX@I@IZG)

Corollary 1.6. Let X and I be asin 1.4 If R(I) is Cohen-Macaulay, then X is

Cohen-Macaulay and Rin*mj_( =0 for i>0 .

Proof. According to a result of Huneke [5], if R(I) is Cohen-Macaulay, then
GIO)_( is Cohen-Macaulay. We conclude by 1.4.

Finally, we obtain a converse of 1.4:

Theorem 1.7. Let X be a Cohen-Macaulay variety. Let m:X— X ‘be the blowing-up
X

with a coherent sheaf of ideals I on X . Assume that is ’CohenfMaca‘ula‘\L and

Rl‘ﬂ*u& =0 for i>0 . Then there exists an integer r_ such that for each

r zro , Spec GITOX is Cohen-Macaulay.

Proof. Take ry such that the following conditions are fulfilled:

T ,
1. Tr*O).((r) = 1" for r2r .

2. Riﬁ*(}i(r) for i>0 and rzr .

3. H%‘(Y,OX(—I‘))* = (Rn_iﬂ*wi(;));é D for i<n=dim X and r2r_, where x and
Y are as in 1.3. Moreover HW?’OY) =0 for i<n , by the duslity formula.

Now, we will show that GJOX is Cohen—Macauléy for J=1T 5 rzro . As in 1.1,

we write C= Spec GJO , £ = Proj GJOX and V for the vertex of C. Changing the

notation, we write Oi(l) =3 'OX. . Then, as in the proof of 1.2, we have the

exact seguence
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, i ok T —_
_,HX(C,O ) HYO(c,oC) HYO(C x,0p)

where

® Hi(\!,Jm/Jm"'l)

HE (c,0.) =
Yo e mzo

i _ i
Hy (Ex,00)= © H(E, ¢(m)

Therefore, we have to prove the following facts:
a) Hi(V,Jm/Jm+l) = Hy(E,0p(m) for m>0 .

i i . -1 Sy il
b)‘Hi(V’OX/J) = H¢(E,0E) for i<n-1, and H: (v,0,/3) ——*HQ (E,OE) is injec-

tive.

c) Hi(E,OE(m)) =0 for i<n-1 and m<O0 .
Proof of a). By 1 and 2 above, we have

Riﬂ*OX(m) =0 for i> Q and n*OX(m) =", (m>0)
Therefore, from the exact sequence

0—»0)_((m+1) —>Ox(m) —->0E(m) —0

we deduce that

Riﬂ*OE(m) =0 for i>0 , and ﬂ*OE(m) = Jm/Jm+l.

We conclude, from an obvious spectral sequence, that
HE(V, 3"/ 3™ ) = HEGE, 0p (m))

Proof of b). Taking cohomology with supports in x and Y , respectively, in the

exact sequences
0 — J —>OX ———>0X/J—->D

0—»0)_((1)—>0)_(——> 0_,— 0

E

we obtain the following diagram
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i i i
——— L 0GD) = H(,0y) ——— H (X, 0,/9) ——

1,9 i,g i
o Hy (R, 05 (1)) > Ky (X,00) —— Hy(E,00) ———

The vertical arrows on the left are isomorphisms; because Rln*Oi(l)z 0 for i>0,

and ﬂ*OX(l) = J . Moreover, the groups in the middle vanish for 1i<n-1 . The

assertion follows easily from the diagram.

Proof of c¢). Taking cohomology with supports in Y in the exact sequence

0 —>0X(l+m) ——>Oi(m) ——*OE(m) —0

we conclude by condition: 3.

2.

a)

b)

c)

EXAMPLES

The obvious example is when I is generated (locally) by a regular sequence.
in this case, it is well known that Smx:Gf& is Cohen-Macaulay. Therefore the
blowing-up m:X— X of I satisfies Rlﬂ*u& =0, for i>0 .

A particular case is the blowing-up of a smooth variety along a smooth sub-

variety.

Let X be a hypersurface of a smooth variety Z . Let w:X—=> X be the
blowing-up of X along a smooth subvariety Y . If p is the ideal defining

Y , it is eaéy to see that GpOX is Cohen-Macaulay. Therefore Riﬁ*wi =0

for i>0 .

Moreover, if m 1is the multiplicity of X at the generic point of Y and

d is the codimension of Y 1in Xl, then n*wx = pm_déwa . With these results,
one can calculate the variation of the arithmetic genus in the morphism w ,

(see [117).

Let X be a Cohen-Macaulay variety and let 7:X— X be the blowing-up at a
closed point x . Let m be the maximal ideal corresponding to x . We will
write m = multiplicity of X at x , d; dim OX,x and & = length m/m2 .
According to a result of Abhyankar [1] , ds$8<m+d-1 . In general GmOX is
not Cohen-Macaulay, though in the case of high embedding dimension we have the

following result
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Theorem (Sally, (8], [10]). If & = m+d-1 , then G0y is Cohen-Macaulay. If

' OX % is Gorenstein and & = m+d-2 pr msd-3 , then Gmox is Cohen-Macaulay.
97 .

Therefore, we obtain the following

PYRT - ~ - i o . ‘ )
Corollary 2.1. If & = m+d-1 , then R Tyg ; 0 for i>0 . IF OX,x is
Gorenstein and & = m+d-2 , m+d-3 , then R n*wx =0 for i>0 .

Remark 2.2. It is easy to see that if Ox « is Gorenstein and m<5 , then
b
§ = dyd+l,ms+d-3, or m+d-2 .

J. Sally also obtained the Hilbert function in the tases of 2.1. This allows us

to calculate the variation of the arithmetic genus and the groups of cohomology in
the blowing-up 7 . IF one knows the Hilbert Function H(n)= dim. X(X,1"/1™1)

(or the Samuel function §(n) = dim. X(X,OX/Ih)) corresponding to an ideal I on
X, then one can calculate the variation of the arithmetic genus in the blowing-up
of . I . The following theorem shows that the variation is the last coefficient of

Samuel's polynomial.

Theorem 2.3 (see also Ramanujam [710). Let X be a r-dimensignal variety, proper
over k , and let I be a coherent sheaf of ideals on X . Let m:iX—> X be the
blowing-up of X with respect to I . If E = cl'(OX)-Acl'(Oi(l))a K*(X) , then

one has

: r : .
8(n) = X(X,00) - x(X,00) - ] (-DXEND , axo0 .
X i=1 *

Note 2.4. K*(X) denotes, as usual , the Grothendieck group of coherent locally

free sheaves on X .

Proof of 2.3, One has Rlﬂ*Oh(n) =0 for i>0 and n>» 0, and n*Oy(n)z "
for n>» 0 . Therefore X(X,I" .OX) = X(X,1") for n»o0 . Writing ].:cl'(OX) s

one has

5(n) = X(0)) = X(I™) = X(0)) - X(I" +0) = X(0,) - X((1-D)™ =

' r . .
p ; ‘ 1 1y/N
X(0y) = x(00) = ] GDIXEND

i=]

13

The last equality results from E =0 for i>r y in the Grothendieck group
K.(X) of coherent sheaves (S.G.A. 6, exp. X).
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Remark 2.5. Note that H(n)=S(n+1)-5(n) . In particular, we have that H(n) is
a polynomial for n»0 , as is well known. Moreover, if we write P(n) for that

polynomial, it is easy to see that the last coefficient of Samuel's polynomial is

8

X(X,OX) - X(X,OX) =} (H(n) - P(n))

nzo

Theorem 2.6. Let X be a Cohen-Macaulay variety, proper over k. Let m:X — X be the

blowing-up at a closed point x. Suppose one of the following conditions is satisfied:
a) S=m+d-1 and d>1,

b) OX,x is Gorenstein, § =m+d-2 and d>2 ,

©) OX,X is Gorenstein, §=m+d-3 and d>3 .

Then Hl(X,OX)zHl{‘)'(,O)_() .

Proof. Ri'ﬂ*mx:‘U for i>0, by 2.1. Therefore, we are done if n*mxzmx . In any case,
there is .a natural morphism f:n*wxc——+wx . Taking Euler characteristics in the exact
sequence

X—-—»Coker f—0

00— M —w
X
we obtain

X(X,wx) - X(i,wi) = length Coker f .

However J. Sally shows ([9], [10]) that the Hilbert function is a polynomial for
n20 . This means, by 2.5, that the variation of the Euler characteristic is
zero. Therefore €Coker f=0 and we have finished.

d) Let 1 be an ideal of a Gorenstein ring OX . We set v(I) equal to the least
number of generators of I . We assume that I is an almost complete intersec-
tion which is a generic complete intersection. This means that v(I)=ht{I)+1 ,
V(Ip.) =h{I) for all pe Min 0y/1 . If OX/I is Cohen-Macaulay, then -GIOX is

Gorenstein {Valla, [12]). Therefore, we have

Theorem 2.7. Let X be a Gorenstein variety and let m:X —~— X be the blowing-up
with respect to a coherent sheaf of ideals I . We assume that Spec OX/I is
Cohen-Macaulay and that I is locallyanalmost complete intersection which is a generic

complete intersection. Then, Rlﬂ*w)_( =0 for i>0.

e) Let X be a Cohen-Macaulay variety over k and let m:X — X be the blowingp

with respect to a coherent sheaf of ideals 1 .
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Theorem 2.8. Suppose one of the following conditions is satisfied:
a) k=C and X is smooth,
b) dim X=2 and X is normal.

Then Spec G HOX is Cohen-Macaulay for n>»0 .
I

Proof: The vanishing theorem Rln%w_z 0 for i>0 , holds in the two cases

(Grauert-Riemenschneider [2] and Lipman [6]).

3. APPENDIX: A DUALITY FORMULA

Our purpose is to prove the following

Theorem 3.1. Let w:Z——X be a proper morphism and let Y be the fibre over a

closed point x . If Z isann-dimensional Cohen-Macaulay variety and L is a

coherent locally free sheaf on Z , one has

i n-i M
HY(Z,L)*= (R Tr*(wz@L))x ,

where the dual is taken over the base field k .

Proof: Let p be the sheaf of ideals corresponding to Y . Then by the theorem

of farmal functions and global duality, one has:

n-i YN . n-i be T . i H T
(R Tr*(wz@L))x = lim H (wZ®L®OZ/p ) = Lim Extoz(wZ®L®OZ/p ?wz)*:
r r

s i r * (1) .. i r * i *
= [1%9 Extoz(wz®02/p L®w,)]™ '2 Lim ExtOZ(OZ/p »LT7 = H(Z,L)
T

Equality (1) is a consequence of the specfral sequences with the same abutment:

0 0
, . z - 7 v
Eg 9= [1im ExtBZ(Torq (Oz/pr,ui)ﬂ_®ui)]* = 1im H” p(Torq (Oz/pr,wz)® L)

[Lim Extgz(oz/pr,Extgz(wz,wz)® L)1

A computation gives Eg’q =0 for qg#0 , and the second spectral sequence is

also degenerate by the following fact (see [4], Satz 6.1)
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Extgz(mz,wz) =0 for gq>0 |, Homoz(wz,wz) = OZ g.e.d.

Theorem 3.1 is probably known. There are anaiogous results in Hartshorne ([ 3]) and

Lipman [6].
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