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Abstract-~-A proposed mathematical model of filling formation describes the evolution of the free surface of 
a filling and transport of cohesionless polydisperse granular material during some typical operations of 
bulk solids handling. The form of free surface is determined as a solution of an evolutionary variational 
inequality. Equations of material transport allow us to find the distribution of different materials inside the 
granular body and to take into account the free-surface segregation of polydisperse bulk material. 

1. INTRODUCTION 

Feeding and discharging particulate materials into 
and from storage systems of any kind are typical 
operations of bulk solids handling. Two main pro- 
cesses determine formation of a filling in the course of 
these operations-material flow within the granular 
body and pouring of particles down the free surface of 
a heap. Industrial bulk solids are usually non-homo- 
geneous and it is essential to control space distribu- 
tion of different species in a stockpile or a bunker to 
reduce composition variability of reclaimed or dis- 
charged materials. Both the inner and the surface 
types of bulk solids flow influence this distribution 
and may cause segregation of polydisperse material; 
the free-surface segregation is usually more signi- 
ficant. 

Vast literature is devoted to the gravity flow of 
granular material within bunkers and other storage 
vessels; see review by Tiiziin (1987). Less attention has 
been paid to bulk solids flow down the heap slopes. 
This flow is often confined to a thin boundary layer 
and does not penetrate into the bulk of the material 
(Jaeger and Nagel, 1992). The surface flow controls 
the growth of a heap on a rough support surface 
under a source of bulk substance. Determining the 
form of such heaps is of interest for metallurgy 
(Hamilius et aZ., 1979), geomorphology (Wipperman 
and Gross, 1986), etc. It is also necessary to know the 
form of free boundary to evaluate surface segregation. 

A model of heap growth for homogeneous free- 
flowing granular material was proposed and studied 
mathematically in our previous work (Prigozhin, 
1986). Here we consider the case of a polydisperse 
material when not only the form of a filling but also 
the space distribution of components are to be found. 

The first part of this paper mainly concerns a 
simple system consisting of identical but differently 
coloured particles. Such materials have been widely 
used in experimental works, see e.g. Brown and 
Richards (1970). Free-surface segregation of polydis- 
perse materials containing essentially different par- 
ticles is considered in the second part of the paper. 

Main attention is paid to the segregation of binary 
mixtures. 

2. FORMATION OF A GRANULAR BODY 

Formation of a stockpile or a filling in a storage 
vessel usually occurs as the successive generation of 
new layers on the free surface of a growing heap. 
Particles, discharged onto this surface, pour dbwn its 
slopes until they are trapped and integrated into the 
heap. In some other industrial operations, emptying 
a bunker, e.g., material flow within the granular body 
predominates, although it may still be accompanied 
by some flow down the free surface (Baxter et al., 
1989). 

In this work we are mainly considering free surface 
processes connected with formation of a filling. 
Nevertheless, in some cases it is also necessary to take 
into account the flow within a granular body and we 
shall start with a brief discussion of this aspect of the 
problem. 

2.1. Gravity-induced flow of granular mnterial 
No generally accepted model of granular flow has 

yet been derived. Kinematic theory of gravity granu- 
lar flow (Nedderman and Tiiziin, 1979) seems to be 
the most practicable one, although the area of its 
application is limited. 

This theory completely ignores interparticle 
stresses and assumes that each particle falls under its 
own body weight into the space vacated by the par- 
ticles falling below. Horizontal projection v, of velo- 
city v in this model is proportional to the gradient of 
vertical velocity component uy: 

VX = - BVv, 

where x = (x1. x2), V = &@/ax,) + i2@/&) and B is 
a constant. Using the continuity equation 

dV 
2 + vv, = 0 
3Y 

Nedderman and Tiiziin (1979) derived a parabolic 
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equation for the flow velocity: 

av 
2 - V(BVu,) = 0. 
dY 

Observations on stationary flow in two-dimen- 
sional bunkers (Nedderman et al., 1980) can be ex- 
plained better by the kinematic model of particle flow 
than by traditional plasticity theory: flow velocity 
depends primarily on the downstream conditions. 
Recent researches (Tiiziin and Nedderman, 1985; 
Tiiziin, 1987; Graham er al., 1987) have shown that 
the kinematic model describes stationary gravity flow 
of homogeneous materials provided frictional forces 
an$ interstitial fluid effect are negligible compared to 
inertial forces. This condition is often satisfied for 
two-dimensional flows in plane bunkers and may also 
be fulfilled for a three-dimensional flow of large 
smooth granules at a high discharge rate. 

We do not actually use the kinematic or some other 
model of gravity flow in our consideration of free- 
surface processes of filling formation. We assume, 
however, that if there is any internal flow of granular 
material, the velocity field of this flow is known or can 
be found and does not depend on the free-surface 
position (the last assumption agrees with the kin- 
ematic model). 

2.2. Transport of bulk material 
Let the granular body occupy the region 

g(x) < y 4 4% tX XEQ. 

Here y = g(x) is the equation of the rigid support 
surface, y = h(x, t) the equation of the free surface of 
the body and domain CI is supposed to be bounded by 
vertical wails. The body may be a stockpile, content of 
a bin or a hopper, etc. Let 5 be the parameter deter- 
mining the type of material in a mixture and 
~(5, x, y, t) the concentration (density of mass distri- 
bution) of this material. 

For t = 0 the position of the free surface has to be 
known, i.e. 

h(x, 0) = &Ax) (1) 

as well as initial material distribution K({, x, y. 0) for 
g(x) < y < h,(x). The material distribution must 
satisfy the normalization condition: 

K 2 0, s Kd< = 1. 

This integral is simply a sum when the mixture con- 
tains only a finite number of particle types. 

If a polydisperse material is discharged from 
a bunker or some other vessel and particle percolation 
neglected, the joint flow of all components of the 
mixture within the bunker may be described by the 
transport equation 

g+rgradh--0 

where velocity v = (vX, up) is assumed to be known, 

divv = 0 and the gradient is taken with respect to all 
space variables. 

Solution of this equation with the appropriate 
boundary conditions describes distribution of mater- 
ials in the bunker and the changes in discharged 
material composition. 

There is no influx of material through the common 
boundary of the bunker and the granular body, so no 
boundary condition is needed here. However, the for- 
mulation of a boundary condition on the free surface 
is not trivial. We precede it with the following re- 
marks. 

If there is neither an external source above the free 
boundary nor pouring of material over the heap sur- 
face, the movement pf this surface should satisfy the 
kinematic equation h = 0, where 

is the total derivative in time and v,, vY are compo- 
nents of velocity v(x, h(x, t), t). Material flow over the 
free surface and discharge from the sources which are 
placed above cause violation of this relation in some 
parts of this surface: 

(a) h -z 0: the free boundary overtakes the flow of 
particles within the granular body because 
of destruction of the upper layers and pouring 
Of the material down the heap slopes; 

(b) h > 0: the free boundary lags behind the inter- 
nal particle flow due to generation of new sur- 
face layers. Material for these layers comes from 
an external source or from the layers destroyed 
in some other part of the surface. 

It is clear that cornposition of the growing layers in 
those regions where h > 0 should be used as a bound- 
ary condition for transport equation. There arises the 
problem of simultaneous determination of the moving 
free boundary and the composition of new surface 
layers. 

Stockpiling or filling a bunker are examples of 
simpler processes since only the flow over the free 
surface is present. Nevertheless, solution of the above- 
mentioned problem is necessary also in this case for 
determination of spatial distribution of materials in- 
side a growing granular body. 

2.3. Mathematical model of free-surface processes 
Let us consider a flow of particles pouring down the 

free surface of a heap in a thin layer. Let U(x, t) be the 
horizontal projection of the total surface mass flux 
[e.g. (kg/m s) in dimensional units] and K + (5, x, t) the 
proportion of material < in this flux: 

K+ 20, s PC+ d< = 1. (2) 

If there is no percolation of small particles from the 
surface into lower heap layers, the equation of mater- 
ial balance for any type of material in a mixture can be 
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written as 

K,Pil + V(Ic+U) = w 

where w(& x, t) is the intensity of the external source, 
K,(<, x, t) is the material concentration in _the heap 
surface layer. which is being generated (h > 0) or 
poured out (h < 0), p is the bulk density of granular 
material with composition K, [see Arteaga and Tiiziin 
(1990) and Tiiziin and Arteaga (1992) for the values of 
static and flowing bulk densities]. 

If the kinetic energy of flowing particles is small and 
is rapidly lost in collisions, we can neglect the inertia 
and assume that material flow over the free surface is 
directed towards the steepest descent: 

U= -mVh 

where 

m(x, t) 3 0 (3) 

is an unknown scalar function. The balance equation 
now assumes the form 

~,pi - V(K+ m Vh) = w. (4) 

In the area where the upper layer of a heap is 
pouring out, coefficient m is strictly positive (there has 
to be some surface flow in this case) and the composi- 
tion of this layer is known: 

lc, = K_ if&<0 and m>O 

where K (<, x, t) = k(& x, h(x, t) - 0, t). 
If segregation of a polydisperse substance flowing 

over the free surface of a heap may be neglected, 
composition of the new layer growing on this surface 
coincides with the composition of the surface flow: 

K, = K+ ifi> and m>O. 

When the surface flow is absent (m = 0), pouring 
out of the heap upper layer is not possible and the 
growth of a new layer may be caused only by an 
external source (w > 0). This is a limiting case of 
surface flow and K+ may be defined more exactly as 
the composition of “free” substance which happens to 
be on the free surface and, depending on circum- 
stances, may pour down or stay and become part of 
the heap. In the latter case, eq. (4) yields 

Ks=K+ =: ifjl>O, m = 0. 
ph 

If the intensity of external source and the rate of 
internal flow are small enough it is possible to use 
a quasistationary model of surface equilibrium. We 
assume that cohesionless polydispcrse bulk material 
may be characterized by the angle of repose which 
depends on the material composition. Let a be this 
angle of repose and y = tga. We shall suppose for 
simplicity that all parts of support surface g with the 
slope steeper than angle of repose a, if such parts exist, 
are covered with bulk material; see Prigozhin (1986) 
for the general case. Then the free-surface slope incline 
is limited everywhere by the angle of repose: 

I wx, f)l d y (5) 
where y may depend on the local composition of bulk 
material. If the slope angle is less than the angle of 
repose, no pouring over this part of the free surface is 
possible: 

IVh(x, t)I -z y - m(x, t) = 0. (6) 

Equilibrium conditions (5) and (6) clarify the phys- 
ical meaning of function m. Since pouring takes place 
only at the angle of repose this function is propor- 
tional to the value of mass flux of pouring material: 

m(x, t) = IU(x, t)l/r- 

To complete the formulation of the mathematical 
model, we have to add the boundary condition at 
impermeable vertical walls: 

ah 
m- =0 

I an r 

where aJan is the normal derivative at the boundary 
r of domain R. 

There are three unknown functions in this 
model-h, m and K + _ One of them, K+ , has no phys- 
ical meaning and cannot be determined from system 
(l)-(7) in those regions where neither the flow on the 
free surface nor the external source are present (m = 0, 
w = 0). This is however of no importance since this 
yariahle appears in eq. (4) only multiplied by m or 
h which are both zero in these regions. 

It should be noted that a real process of heap 
formation may be intermittent. The bulk material 
often builds up under the charging point and then 
suddenly pours down the slope in an avalanche which 
redistributes the material and removes the slope over- 
steepening. Sandpile avalanches have recently at- 
tracted the attention of physicists as a possible mani- 
festation of self-organized criticality (Bak et al., 1988; 
Hwa and Kardar, 1989; Jaeger et al., 1989, etc.). How- 
ever, the almost ideally conical form of piles growing 
under point sources [see e.g. Slater (1971)] suggests 
that these random fluctuations of heap surface are 
usually small enough and take place around some 
mean stable evolving shape which might bc deter- 
mined in a general case as well. It is the evolution of 
this mean surface that we consider in our model. Our 
model does not describe the random fluctuations of 
a heap surface; to avoid uncertainty the angle of 
repose should be measured immediately after an 
avalanche (Carson, 1977). 

2.4. Free boundary determination 
Integrating eq. (4) with respect to < and using nor- 

malization conditions on K, and K+, we receive 

ph - V(mVh) = wr (4’) 

where wy = SW d<. We first assume that bulk density 
and the angle of repose of bulk material do not de- 
pend on material composition. This is true, for 
example, if the, material consists of differently col- 
oured identical particles. The free surface of the 
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granular body can then be found from system (1) (3), 
(4’), (5)-(7) without determining material composition 
distribution. This system of equations and inequalities 
was previously considered (Prigozhin, 1986) as 
a model of heap growth for the case of homogeneous 
material. The well-known solution h(x, t), a cone 
growing on a horizontal surface under a point source, 
satisfies these relations (with an appropriate function 
m). However, the direct solution of this system for 
a general case seems to be a difficult task. It is more 
convenient to reformulate the problem as a varia- 
tional ineqality. 

The process of heap growth might be described by 
the simple equation ph = wx if there were no pouring 
of bulk material over the steep slopes of a heap. Due 
to the mechanism of pouring, solution h(x, t) remains 
in the set of functions 

K = {cp(x): IVCPI G YI 

for all t. The other unknown, m(x, t), happens to be 
a Lagrange multiplier related to this constraint and 
disappears in transition to an equivalent variational 
set up (Prigozhin, 1986): 

find h(-, t) E K such that {ph - ws, cp - h) 

~Oforevery~pEK;hlt=o=ho. (8) 

Here <. , .> may be regarded as the scalar product of 
two functions. Solution h of this evolutionary varia- 
tional inequality is a function of x and t that belongs 
to set K for all t, satisfies the initial condition and 
fulfills the inequality in the set up (8) for every q E K; 
see Duvaut and Lions (1972) on variational inequal- 
ities in mechanics. 

Providing some mild conditions on wx and ho are 
satisfied, there exists a unique solution of variational 
inequality (8); this solution can be found numerically. 
One possible approach is to use the penalty method 
(Lions, 1972, Glowinski et al., 1976) and to replace the 
inequality by the following boundary value problem 
for a non-linear parabolic equation: 

pi - v $Vh12 - yz)+ + E 
3 > 

Vh = w, 

dh 
hl,=,=h,, z =o 

r 

which is to be solved numerically. Here f* means 
max(J 0) and E > 0 is a penalty parameter. It can be 
proved that the solution of this problem tends to the 
solution of variational inequality (8) when E tends to 
zero. 

We used another method of numerical solution 
applicable when there is no material flow within the 
granular body and therefore h = ah/at. Implicit differ- 
ence discretization in time leads to stationary varia- 
tional inequalities for each time layer: 

findheKsuchthat<h-i+,cp-h)30 

for every cp~ K 

where 6 = WAC + h(,_,, and At is the time step. These 

inequalities are equivalent to variational problems 
[see e.g. Ekeland and Temam (1976)] 

The simplest way of space discretization of these 
problems is to use triangular finite elements of the first 
order. The approximate solution is then a piecewise 
linear function with constant gradient inside every 
finite element and an approximation of the gradient 
constraint is straightforward. The finite-dimensional 
problems which arise after space discretization are 
constrained problems of convex programming. To 
solve them we used the augmented Lagrangian 
method (Rockafellar, 1973a, b), which is a combina- 
tion of methods of duality and penalty. Uncon- 
strained minimization problems, arising at each 
iteration of this algorithm, were solved by the point 
relaxation method. A modification of the Lagrange 
multipliers updating procedure, proposed by Ito and 
Kunish (1990) for another problem with gradient con- 
straint, was found essential for the algorithm conver- 
gence. 

Three examples-heaps growing on horizontal flat 
surface under cross-, crescent- and star-like sources 
are presented in Figs l-3. 

Experiments on building sandpiles on open sup- 
ports have been recently conducted by Puhl (I 992). It 
is shown (Prigozhin, 1993) that the growth of the piles 
in these experiments can be fully described by the 
analytical solutions of variational inequality (8). 

We considered the situation when the values of 
y and p do not depend on local material compositions; 
therefore, the problem of heap free boundary deter- 
mination can be separated and solved independently. 
The second part of the problem, calculation of mater- 
ials distribution in new surface layers, is considered 
below and it is assumed that the free-surface evolution 
is already known. Such a decoupling of problem 
(l)-(7) is not generally possible, but one can treat the 
problem iteratively, solving the free boundary and the 
material distribution problems in turn and recalculat- 
ing space distributions of y and p after each iteration. 
It should be noted, although, that we do not have any 
data concerning real dependence of the angle of re- 
pose on material composition and shall not take this 
dependence into account in the examples below. 

2.5. Composition of new surface layers when segrega- 
tion is absent 

Let us consider again an ideal free-flowing material 
consisting of differently coloured identical particles. 
In this case there is no segregation on the free surface, 
y and p do not depend on material composition, and 
the free surface can be found from variational in- 
equality (8). 

To determine space distribution of differently col- 
oured materials in a filling, it is first necessary to find 
the Lagrange multiplier m(x, t) as a solution of eq. (4’) 
in which h(x, t) is a known function. Concentrations 
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Fig. 3. Star-like source and the heap growing on a Rat 
surface below, y = 0.5. 

3. FREE-SURFACE SEGREGATION 

When bulk material builds up a cone with the apex 
under the point of filling, coarse particles roll down 
the surface of a cone, leaving a relatively high concen- 
tration of fines underneath the charging point. A sys- 
tem containing particles of different properties usually 
tends to show segregation, particles with the same 
properties collecting together in some part of the 
granular body; if the particles are originally mixed 
they will unmix on handling (Williams, 1976). Because 
of its practical importance, segregation has been 
studied by many researchers, see Brown and Richards 
(1970), Math&e (1968), Williams (1976), Drahun and 
Bridgwater (1983) and Alonso et al. (1991). 

Let us consider the main factors determining 
separation of differing particles pouring over the free 
surface of a heap. We suppose the impact energy of 
particles to be small so it is not necessary to take into 
account rebouncing or penetration of falling particles 
into lower layers of the heap on impact. Sedimenta- 
tion of particles may be limited by their transport to 
the heap surface through a thick layer of flowing 
material (Shinohara, 1979; Drahun and Bridgwater, 

1983). That is why segregation decreases with the 
increase of charging rate; see Aminaga et al. (1987). 

In this work, however, we consider small discharge 
rates and slow heap growth; in such cases bulk mater- 
ial flows over the free surface in thin well-mixed layers. 
We suppose that when surface flow occurs in 
avalanches, as in experiments of Drahun and 
Bridgwater (1983), it is also true at least for most of 
the avalanches. 

Under these assumptions, local composition K, of 
a new layer that can be generated on a heap surface 
depends on: 

(4 

(W 

local composition K+ of the surface flow, since 
the flowing material is used for new layer 
formation, 
local composition K_ of the heap surface layer 
determining conditions of flow and sedimenta- 
tion. 

However, concentrations K, and K_ are usually 
identical or become identical soon after a new layer 
starts to grow. Excluding (b) from consideration, we 
receive a modified form of eq. (9) in case of segrega- 
tion: 

{ 

K- if i<O 

K’ = S(K+) if i z 0 (12) 

where S : K+ L., ,, 4 K,\,,, I) is an operator determined 
by the mechamsm of particle segregation. If this oper- 
ator were known, distribution of material composi- 
tion could be found from eqs (lo)-(12). 

Several models of surface segregation had been 
proposed by different authors but it was found hardly 
possible to derive a quantitative description of this 
phenomenon analysing elementary microevents such 
as collisions and rolling of separate particles over 
a rough heap surface; see a discussion by Drahun and 
Bridgwater (1983). Therefore, a different approach 
based on experimental data seems preferable. Oper- 
ator S is determined by local mechanism of segrega- 
tion and does not depend on heap geometry or source 
distribution. To identify this operator the simplest 
situation in which segregation takes place should be 
used. 

Experiments of Drahun and Bridgwater (1983) were 
conducted in an apparatus that fits this condition 
perfectly and in which all variables could be con- 
trolled. In most of these experiments a monolayer of 
a binary mixture of particles was formed on a con- 
veyer belt and slowly fed into a plane bunker from 
zero height. A roughened flat surface was set into the 
bunker at about the angle of repose (Fig. 4), thus 
providing means of studying a section of poured rec- 
tangular heap. After all materials had been charged, 
this section was divided into 22 parts of equal length 
and the spatial distribution of components was evalu- 
ated by the ratios of masses of a component in subsec- 
tions to the total mass of this component charged into 
the bunker. We used results of these experiments in 
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Fig. 4. Apparatus of Drahun and Bridgwater (1983); sche- 
matic diagram. 

our attempt to reconstruct the operator governing 
free-surface segregation of a binary system. 

Composition of a binary system is determined by 
the concentration of one of the components. Referring 
from now on to K+ and K, as concentrations of this 
chosen component, we can consider S to be a func- 
tion of K+ rather than an operator which maps 
(K+, I - K+) into (S(K+), 1 - S(K+)). 

Most of the experiments of Drahun and Bridgwater 
(1983) were conducted with a binary system, with one 
component (tracer) being present in small quantit- 
ies-the weight of tracers did not exceed 1% of the 
bulk material. In such cases the angle of repose and 
bulk density of the material can be assumed to be 
constant. The geometrical part of this problem with 
a point source on the right boundary has an obvious 
solution-the flat surface of a filling moves upward 
with velocity 

maintaining its slope at the angle of repose. Here I is 
length of a bunker and M(t) is the mass of material 
charged up to the moment t. Using this relation and 
integrating eq. (10) from left to right, we receive the 
material flux 

dh xdM 

“Z=rdt. 

Everywhere on the free surface K~ = S(K+) since 
only growth and not destruction of surface layers 
occurs in this case. Equation (11) has a a-function on 
its right-hand side and is equivalent to the following 
problem: 

dK+ 
x- = S(K+) - K+, 

dx 
K+ (0 = MO (13) 

where K,, is the concentration of the species in the feed 
material. When this concentration is sufficiently small 
(the chosen component is a tracer), a linear approx- 
imation of unknown function S near K + = 0 might be 
quite satisfactory. Taking into account that S(0) = 0 

this approximation is S(K+) = CK+, where C is a con- 
stant. Substituting this function into eq. (13) we come 
to the model of Drahun and Bridgwater (1983): 

dK+ 
Xx = (c - l)K+. 

These authors limited the model to distribution of 
“floaters’‘-tracers which are bigger or lighter than 
the bulk. However, analysis of their experimental data 
given below does not indicate that such a restriction is 
needed. Solving this equation and calculating the 
tracer concentration in the granular bed, one can find 
the density of space distribution of tracers 

c x c+l 
q(x) =j:gyydx =T 7 0 . (14) 

Determination of C for various ratios of sizes d,/d, 

or densities pr/pc of tracer and bulk particles may be 
based on comparison of theoretical mean tracer posi- 
tion 

3 1 I 

s 

C -=- 
1 IO 

xq(x)dx = ~ 
C+l 

with experimental dependencies given by Drahun and 
Bridgwater (1983). We shall consider here mainly the 
case of size segregation. A remarkable fact found by 
these authors is that for small tracer concentrations 
this mean value depends linearly on the diameter 
ratio. This dependence is not affected by the type of 
material and can be presented as 

x 
- - 0.5 - 0.83 2 - 1 
I ( > 

for 0.4 c d,/d, -c 1.6. Almost all tracers are concen- 
trated under conveyer end or at the opposite end of 
inclined surface when the size ratio is less than about 
0.4 or more than 1.6, respectively. Equating these fwo 
expressions gives 

(00 if d,jd, < 0.4 

1.6 - (4/d,) 
M/d,) - 0.4 

if 0.4 < dJd, < 1.6 (15) 

if dJdb > 1.6. 

Let us now compare the theoretical space distribu- 
tion of tracers [eq. (14)] with the experimental distri- 
butions given by Drahun and Bridgwater for a small 
concentration of tracers and diameter ratios 0.51, 
0.82, 1.28 and 1.45. Markers in the figures of these 
authors correspond to the relative amounts of tracers 
in subsections of 4 rectangular bed and should be 
compared with integrals 

s XI. I 

4i = 
XI 

q(x)d++($ 

where xi, xi+, are the ends of subsection i. Theoretical 
and experimental distributions are presented in Fig. 5. 
In our opinion such correspondence of model and 
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Fig. 5. Distribution of tracers differing from the bulk in 
size: (--- ) calculated; (-•-) experimental (Drahun and 

Bridgwater, 1983). 

experiment cannot be explained only by coincidence 
of mean tracer positions due to the identification of 
parameter C. We regard these results as a partial 
confirmation of the power law (14) of tracer distribu- 
tion. 

Encouraged by these results we tried to find an 
approximation of function S for higher concentra- 
tions K+. Let us denote components of a binary sys- 
tem by indicies 1 and 2, S being the unknown relation 
between the two concentrations (K, and K+) of the first 
component. It is known that 

S(0) = 0 and $0) = c, 
+ 

where C, = C(d,/d,). In the neighbourhood of 
K+ = 1 the second material is a tracer and it is easy to 
show that 

S(1) = 1 and $1) = c, 
+ 

where C2 = C(ds/d,). We suppose S to be a smooth 
monotonous function. The simplest function we are 
able to point out, satisfying all these conditions, is the 
second-order parametric dependence 

K+(T)= qr2+ a17 +a3 

K,(T) = b,r2 + bzr + b3 

where r E [0, l] is a parameter, K+(O) = 0 and 
PC+(~) = 1. Determining the coefficients from the 
boundary conditions, we obtain the following para- 
metric representation of function S: 

k’+(t) = r[2(C, - 1) + (2 - c, - C*)r]/(C, - C,) 

k.,(r) = r[2C,(C2 - 1) + (C, + cz 

- 2C, C,)7ll(C* - C,). (16) 

As crude as this approximation for the unknown 
dependence may be, it takes into account all informa- 
tion at our disposal. 

When the initial concentration of each species in 
a mixture is not small, segregation leads to significant 
changes in material composition along the heap sur- 
face. If all particles are made of the same material, 
changes in bulk density resulting from changes of 
mixture composition are less than 5% for 
0.39 < dlldl < 2.55; see Arteaga and Tiiziin (1990). 
We may limit our consideration to such cases and 
neglect the changes in bulk density since according to 
eq. (15) outside this region, free-surface segregation for 
small discharge rates is expected to be trivial. Inter- 
particle percolation is usually significant only when 
the big particles are several times bigger than the 
small ones and we believe that neglect of percolation 
can be justified. Assuming that the angle of repose 
also depends little on the material composition we 
arrive at the model [eq. (13)] with S given by eq. (16). 
Using 7 as a new dependent variable, we obtain the 
initial value problem 

x[(C, - l)(l - 2) - t(C1 - I),$ 

= s(1 - r)(C, - l)(CL - 1) 

r(l) = 20 

where 7” is the only root of the second-order equation 
K+(T~) = x0 inside the interval (0,l). An analytical 
solution of this equation can easily be found in impli- 
cit form 

(:.)‘!“‘-“(:-~~l’(c’~” =;. (17) 

Simple analysis shows that when tcO is small, rc+(e(x)) 
is close to the solution of eq. (13) for linear function 
S considered above. We used numerical procedure to 
solve eq. (17) and to calculate the space probability 
distribution q(x) and the integrals 

*I, I 
41 = 

s 
q(x) dx 

% 

for comparison with experimental distributions re- 
ceived by Drahun and Bridgwater. The size ratio of 
the binary system used in these experiments was 0.51, 
so formula (15) gives C1 = 9.91 and Cz = 0. Theoret- 
ical distributions calculated for different values of feed 
concentration are close to the experimental distribu- 
tions (Fig. 6). 

Fewer experimental data are available on segrega- 
tion of particles of different density. The power law 
(14) satisfactorily describes distribution of such 
tracers, provided the mean tracer position is used for 
identification (Fig. 7). 
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ically. Equations of material transport take into ac- 
count free surface segregation of differing particles. 
The operator governing this phenomenon depends on 
the mechanism of segregation and acts locally. 

The last circumstance is important since, in prin- 
ciple, it allows by the use of a simple experiment to 
find a reliable approximation to this operator and to 
employ the results of identification for quantitative 
prediction of segregation in cases with arbitrary free- 
surface geometry and source distribution. 

x/L 

~~-72.7% 

We used experimental data of Drahun and 
Bridgwater (1983) to find an approximation for the 
operator of size segregation on the free surface for 
a binary system. A preliminary test of this segregation 
model has been based on another set of experiments 
by the same authors. A good agreement of experi- 
mental and calculated distributions of segregating 
components in the granular bed has been obtained in 
all cases; further comparison with experiments is de- 
sirable. 
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fig. 6. Size segregation of a binary mixture for various feed 
compositions, d,/d, = 0.51. Distribution of the first com- 
ponent: (- ) calculated; (-•-) experimental (Drahun 

and Bridgwater, 1983). 
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Fig. 7. Distribution of tracers differing from the bulk in 
density: (- ) calculated; (-•-) experimental (Drahun 

and Bridgwater, 1983). 

4. CONCLUSIONS 

Numerous physical factors may affect the forma- 
tion of real granular bodies in the course of bulk solids 
handling. Here we restricted our consideration only to 
ideal cohesionless polydisperse materials, neglected 
interparticle percolation, and made some other sim- 
plifying assumptions in our attempt to model two 
interconnected processes: transport of bulk compo- 

nents and free-surface evolution. 
A mathematical model of granular body formation 

has been proposed. It has been shown that the form of 
free boundary may be described by a variational in- 
equality of evolutionary type. This inequality pos- 
sesses a unique solution and can be solved numer- 
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NOTATION 

kinematic constant 
parameter of segregation law 
diameter of particles 
rigid support surface 
free surface 
index of symmetry (0 or 1) 
set of functions 
length of bunker 
Lagrange multiplier 
mass of discharged material 
normal to the boundary 
density of distribution 
operator of surface segregation 
horizontal projection of surface mass flux 
space coordinate in problems with symmetry 
velocity of flow within granular body 
source intensity 

total source intensity 

Greek letters 
01 angle of repose 

Y tangent of angle of repose 
I- boundary of R 
& penalty parameter 

: 

concentration 
type of component in a mixture 

P bulk density 
r parameter of polynomial representation 

FJ 
function from set K 
domain in R2 

Subscripts 
+ in the flow over the surface 

in the upper surface layer 
b bulk 
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s in the growing or destroying surface layer 

t tracers 
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