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A quick review of 
SOME BASIC FACTS



( /PSILY[�ZWHJL�PZ�H�JVTWSL_�]LJ[VY�ZWHJL / ^P[O�HU�PUULY�WYVK\J[
〈_, `〉 HUK�H�UVYT ‖_‖ =

√
〈_, _〉�

+LÄUP[PVU

(U VWLYH[VY ; VU / PZ�H�SPULHY�THWWPUN ; : / → /�



There are two fundamental examples of Hilbert 
spaces, one finite-dimensional and the other 
infinite-dimensional.



;OL ,\JSPKLHU�/PSILY[�ZWHJL CU PZ�[OL�ZWHJL�VM�]LJ[VYZ

_ = (_1, _2, . . . , _U)

^P[O�PUULY�WYVK\J[

〈_, `〉 =
U∑

P=1

_P`P, _, ` ∈ CU

HUK�VY[OVUVYTHS�IHZPZ�VM�JVVYKPUH[L�]LJ[VYZ

L1, L2, . . . , LU.



;OL�VWLYH[VYZ�VU CU HYL�TH[YPJLZ

( =





H11 H12 · · · H1U

H21 H22
��� H2U

���
���

� � �
���

HU1 HU2 · · · HUU




,

^OLYL
HPQ = 〈(LQ, LP〉.



;OL�/PSILY[�ZWHJL !2 PZ�[OL�ZWHJL�VM�PUÄUP[L�ZLX\LUJLZ

_ = (_1, _2, _3, . . .)

ZH[PZM`PUN

‖_‖2 =
∞∑

P=1

|_P|2 < ∞

^P[O�PUULY�WYVK\J[

〈_, `〉 =
∞∑

P=1

_P`P, _, ` ∈ !2

HUK�VY[OVUVYTHS�IHZPZ�VM�JVVYKPUH[L�]LJ[VYZ

L1, L2, L3, . . .



;OL�VWLYH[VYZ�VU !2 HYL�PUÄUP[L�TH[YPJLZ

( =





H11 H12 H13 · · ·
H21 H22 H23 · · ·
H31 H32 H33 · · ·
���

���
���

� � �



 ,

^OLYL
HPQ = 〈(LQ, LP〉.



To make things interesting, we place some kind 
of external structure on our Hilbert space.



;OL /HYK`�ZWHJL /2 PZ�[OL�ZL[�VM�HUHS`[PJ�M\UJ[PVUZ�VU�[OL�JVTWSL_
\UP[�KPZR D�

M(a) = H0 + H1a+ H2a2 + . . . ,

VI[HPULK�I`�JVTWSL[PUN�[OL�WVS`UVTPHSZ C[a] PU�[OL�PUULY�WYVK\J[
^P[O�JVYYLZWVUKPUN�VY[OVUVYTHS�IHZPZ

1, a, a2, a3, . . .

�



;OPZ�L_[LYUHS�Z[Y\J[\YL�SLHKZ�[V�[OL�JVUZPKLYH[PVU�VM�¸UH[\YHS¹
VWLYH[VYZ�

,_HTWSL��<UPSH[LYHS�ZOPM[�

;OL \UPSH[LYHS�ZOPM[ 4a PZ�KLÄULK�VU�[OL�/HYK`�ZWHJL /2 I`

(4aM)(a) = aM(a), M ∈ /2.

0U�V[OLY�^VYKZ� 4a PZ�[OL�JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VY�



The study of more than one 
operator at a time

MULTIVARIABLE
OPERATOR THEORY



3L[ ((1, . . . ,(U) IL�HU U�[\WSL�VM�JVTT\[PUN�VWLYH[VYZ��P�L�
(P(Q = (Q(P��VWLYH[VYZ�

4V[P]H[PUN�8\LZ[PVU�
�

-VY�^OPJO�M\UJ[PVUZ M KVLZ�P[�THRL�ZLUZL�[V�KLÄUL M((1, . . . ,(U)&



3L[ ((1, . . . ,(U) IL�HU U�[\WSL�VM��WVZZPIS`�UVUJVTT\[PUN�
VWLYH[VYZ� 3L[ A = (SN(() KLUV[L�[OL�HSNLIYH�[OL`�NLULYH[L� P�L�

A = ZWHU{(P1 · · ·(PR | P1, . . . , PR ∈ {1, . . . , U}}.

4V[P]H[PUN�8\LZ[PVU�
�

>OLU�KVLZ�HU�VWLYH[VY ) ILSVUN�[V A& >OLU�JHU ) IL
HWWYV_PTH[LK��PU�HU�HWWYVWYPH[L�ZLUZL��I`�VWLYH[VYZ�PU A&



The case of
A SINGLE VARIABLE



+LÄUP[PVU

3L[ ( : /→ / IL�HU�VWLYH[VY�

�� ( PZ�ZHPK�[V�IL�H JVU[YHJ[PVU PM ‖(_‖ ≤ ‖_‖, ∀_ ∈ /�
�� ( PZ�ZHPK�[V�IL�HU PZVTL[Y` PM ‖(_‖ = ‖_‖, ∀_ ∈ /�
�� ( PZ�ZHPK�[V�IL�H \UP[HY` PM�P[�PZ�H�Z\YQLJ[P]L�PZVTL[Y`��P�L�

9HU(() = /��

5V[L! 0U�ÄUP[L�KPTLUZPVUZ� L]LY`�PZVTL[Y`�PZ�H�\UP[HY �̀



;OLVYLT��:a��5HN`��� ����

,]LY`�JVU[YHJ[PVU ( JHU�IL�¸KPSH[LK¹�[V�HU�PZVTL[Y` =� 0U�V[OLY
^VYKZ� [OLYL�HYL�VWLYH[VYZ ) HUK * Z\JO�[OH[

= =

(
( 0
) *

)
,

MVY�HU�HWWYVWYPH[L�JOVPJL�VM�IHZPZ�

)`�ZJHSPUN ( �PM�ULJLZZHY`�� ^L�JHU�HS^H`Z�[HRL = [V�IL�H�T\S[PWSL�VM
4a� [OL�\UPSH[LYHS�ZOPM[�



;OL�HK]HU[HNL�VM�:a��5HN`»Z�KPSH[PVU�[OLVYLT�PZ�[OH[�PZVTL[YPLZ�HYL
L_[YLTLS`�^LSS�\UKLYZ[VVK�

;OLVYLT��3LILZN\L�]VU�5L\THUU�>VSK�

,]LY`�PZVTL[Y` = JHU�IL�KLJVTWVZLK�HZ

= = 4(R)
a ⊕<H ⊕<Z,

^OLYL 4(R)
a PZ�H�T\S[PWSL�VM�[OL�\UPSH[LYHS�ZOPM[� HUK <H HUK <Z HYL

\UP[HYPLZ�^P[O�HIZVS\[LS`�JVU[PU\V\Z�HUK�ZPUN\SHY�ZWLJ[YHS�TLHZ\YLZ
YLZWLJ[P]LS �̀



-VY�H�IV\UKLK�HUHS`[PJ�M\UJ[PVU M VU�[OL�JVTWSL_�\UP[�KPZR� ^L�JHU
KLÄUL M(4a) = 4M(a)� HUK�^L�OH]L

M(4a) =

(
M(() 0
∗ ∗

)
.

*VYVSSHY`

-VY�H�IV\UKLK�HUHS`[PJ�M\UJ[PVU M� ^L�JHU�KLÄUL M(() I`�KPSH[PUN (
[V 4a� [OLU�¸JVTWYLZZPUN¹�[V�[OL�[VW�SLM[�JVYULY�VM M(4a)�



;OLYL�HYL�T\JO�KLLWLY�JVUZLX\LUJLZ�VM�:a��5HN`»Z�KPSH[PVU
[OLVYLT� -VY�L_HTWSL!

;OLVYLT��)YV^U�*OL]YLH\�7LHYJ`��� ����

,]LY`�JVU[YHJ[P]L�VWLYH[VY�^P[O�ZWLJ[Y\T�JVU[HPUPUN�[OL�JVTWSL_
\UP[�JPYJSL�OHZ�H�UVU[YP]PHS�PU]HYPHU[�Z\IZWHJL�

��



In the words of Rota, the unilateral shift is a universal	 
model for a single contractive operator.



The case of
TWO VARIABLES



;OL /HYK`�ZWHJL /2(DU)� PZ�[OL�ZL[�VM�HUHS`[PJ�M\UJ[PVUZ�VU�[OL
JVTWSL_�WVS`KPZJ DU�

M(a1, . . . , aU) =
∑

α∈NK
0

Hαaα,

VI[HPULK�I`�JVTWSL[PUN�[OL�WVS`UVTPHSZ C[a1, . . . , aU] PU�[OL�PUULY
WYVK\J[�^P[O�JVYYLZWVUKPUN�VY[OVUVYTHS�IHZPZ

aα = aα1
1 · · · aαU

U , α = (α1, . . . ,αU) ∈ NU
0.



>L�JHU�JVUZPKLY�[OL�JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VYZ
4a1 , . . . ,4aU VU�[OL�/HYK`�ZWHJL /

2(DU) KLÄULK�I`

(4aPM)(a1, . . . , aU) = aPM(a1, . . . , aU), M ∈ /2(DU).



;OLVYLT��(UKV��� ����

,]LY`�WHPY�VM�JVTT\[PUN�JVU[YHJ[PVUZ ((1,(2) JHU�IL�¸KPSH[LK¹�[V
JVTT\[PUN�PZVTL[YPLZ (=1,=2)� 0U�V[OLY�^VYKZ� [OLYL�HYL�VWLYH[VYZ
)1,)2 HUK *1,*2 Z\JO�[OH[

=1 =

(
(1 0
)1 *1

)
, =2 =

(
(2 0
)2 *2

)
,

MVY�HU�HWWYVWYPH[L�JOVPJL�VM�IHZPZ�

)`�ZJHSPUN ((1,(2) �PM�ULJLZZHY`�� ^L�JHU�HS^H`Z�[HRL (=1,=2) [V�IL
H�T\S[PWSL�VM (4a1 ,4a2)� [OL�JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VYZ�VU
[OL�/HYK`�ZWHJL /2(D2)�



;OL�JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VYZ (4a1 ,4a2) VU /
2(D2) HYL�H

TVKLS�MVY�WHPYZ�VM�JVTT\[PUN�JVU[YHJ[PVUZ�



The case of
MORE THAN TWO 

VARIABLES



,_HTWSL��7HYYV[[�� ���

;OLYL�HYL�JVTT\[PUN�JVU[YHJ[PVUZ ((1,(2,(3) [OH[�JHUUV[�IL
KPSH[LK�[V�JVTT\[PUN�PZVTL[YPLZ� /LUJL� UV�HUHSVN\L�VM�[OL
:a��5HN`�(UKV�KPSH[PVU�[OLVYLT�OVSKZ�MVY U ≥ 3�

;OPZ�WOLUVTLUH�PZ�Z[PSS�UV[�^LSS�\UKLYZ[VVK�



The case for
NONCOMMUTATIVITY



;OL UVUJVTT\[H[P]L�/HYK`�/PSILY[�ZWHJL -2U PZ�[OL�ZL[�VM
UVUJVTT\[H[P]L�¸HUHS`[PJ¹�M\UJ[PVUZ�

-(A1, . . . ,AU) =
∑

^

H^A^,

VI[HPULK�I`�JVTWSL[PUN�[OL�UVUJVTT\[H[P]L�WVS`UVTPHSZ
C〈A1, . . . ,AU〉 PU�[OL�PUULY�WYVK\J[�^P[O�JVYYLZWVUKPUN�VY[OVUVYTHS
IHZPZ

A^ = A^1 · · ·A^R , ^1, . . . ,^R ∈ {1, . . . , U}.



>L�JHU�JVUZPKLY�[OL \UPSH[LYHS U�ZOPM[� P�L� [OL U�[\WSL�VM SLM[
JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VYZ 3A = (3A1 , . . . , 3AU) VU -2U KLÄULK
I`

(3AP-)(A1, . . . ,AU) = AP-(A1, . . . ,AU), - ∈ -2U.



;OLYL�HYL�UH[\YHS�OPNOLY�KPTLUZPVUHS�HUHSVN\LZ�VM�MHTPSPHY�UV[PVUZ�

+LÄUP[PVU

3L[ ( = ((1, . . . ,(U) IL�HU U�[\WSL�VM�VWLYH[VYZ�VU�H�/PSILY[�ZWHJL
/� *VUZPKLY ( HZ�H�¸YV^¹�VWLYH[VY ( : /U → /�

�� ( PZ�ZHPK�[V�IL�H�JVU[YHJ[PVU�PM ‖(_‖ ≤ ‖_‖, ∀_ ∈ /U�
�� ( PZ�ZHPK�[V�IL�HU�PZVTL[Y`�PM ‖(_‖ = ‖_‖, ∀_ ∈ /U�
�� ( PZ�ZHPK�[V�IL�H�\UP[HY`�PM�P[�PZ�H�Z\YQLJ[P]L�PZVTL[Y`��P�L�

9HU(() = /��



;OLVYLT��)\UJL�-YHaOV�7VWLZJ\��� ���� � ��

,]LY`�JVU[YHJ[P]L U�[\WSL�VM�VWLYH[VYZ ( = ((1, . . . ,(U) JHU�IL
KPSH[LK�[V�HU�PZVTL[YPJ U�[\WSL = = (=1, . . . ,=U)� 0U�V[OLY�^VYKZ� MVY
LHJO P� [OLYL�HYL�VWLYH[VYZ )P HUK *P Z\JO�[OH[

=P =
(

(P 0
)P *P

)
,

MVY�HU�HWWYVWYPH[L�JOVPJL�VM�IHZPZ�

)`�ZJHSPUN ( �PM�ULJLZZHY`�� ^L�JHU�HS^H`Z�[HRL = [V�IL�H�T\S[PWSL�VM
3A� [OL U�[\WSL�VM�SLM[�JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VYZ�VU�[OL
UVUJVTT\[H[P]L�/HYK`�ZWHJL -2U�



(U�HUHSVN\L�VM�[OL�3LILZN\L�]VU�5L\THUU�>VSK�KLJVTWVZP[PVU
OVSKZ�MVY�PZVTL[YPJ�[\WSLZ�

;OLVYLT��2 �������

,]LY`�PZVTL[YPJ U�[\WSL = = (=1, . . . ,=U) JHU�IL�KLJVTWVZLK�HZ

= = 3(R)A ⊕<H ⊕<Z ⊕<K,

^OLYL 3(R)A PZ�H�T\S[PWSL�VM�[OL�JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VYZ
VU -2U� <H HUK <Z HYL�HIZVS\[LS`�JVU[PU\V\Z�HUK�ZPUN\SHY�\UP[HY`
U�[\WSLZ�YLZWLJ[P]LS �̀ HUK <K HYPZLZ�HZ�[OL�KPSH[PVU�VM�ZVTL
JVU[YHJ[P]L U�[\WSL�



0[�[\YUZ�V\[�[OLYL�HYL�NVVK�UVUJVTT\[H[P]L�HUHSVN\LZ�VM�TLHZ\YL
HUK�M\UJ[PVU�[OLVYL[PJ�UV[PVUZ�SPRL�HIZVS\[L�JVU[PU\P[`�HUK
ZPUN\SHYP[ �̀

-VY�L_HTWSL� HU�PZVTL[YPJ U�[\WSL = = (=1, . . . ,=U) PZ�ZPUN\SHY�PM�HUK
VUS`�PM�[OL�HSNLIYH�P[�NLULYH[LZ�PZ�H�]VU�5L\THUU�HSNLIYH�



*VYVSSHY`��2 �������

3L[ V KLUV[L�[OL��^LHRS`�JSVZLK��HSNLIYH�NLULYH[LK�I`�HU�PZVTL[YPJ
U�[\WSL = = (=1, . . . ,=U)� (U�HYIP[YHY`�VWLYH[VY ; ILSVUNZ�[V V PM�HUK
VUS`�PM�L]LY`�Z\IZWHJL�PU]HYPHU[�MVY V PZ�HSZV�PU]HYPHU[�MVY ;�

>L�ZH`�[OH[�[OL U�[\WSL 3A = (3A1 , . . . , 3AU) PZ YLÅL_P]L�



;OL�\UPSH[LYHS U�ZOPM[ 4A PZ�H \UP]LYZHS�TVKLS MVY�HU�HYIP[YHY`
JVU[YHJ[P]L U�[\WSL�VM�VWLYH[VYZ�



Back to the
COMMUTATIVE CASE



;OL +Y\Y`�(Y]LZVU�/PSILY[�ZWHJL /2
U� PZ�[OL�ZL[�VM�HUHS`[PJ�M\UJ[PVUZ

VU�[OL�JVTWSL_ U�IHSS BU

M(a1, . . . , aU) =
∑

α∈NK
0

Hαaα

VI[HPULK�I`�JVTWSL[PUN C[a1, . . . , aU] PU�[OL�PUULY�WYVK\J[�^P[O
JVYYLZWVUKPUN�VY[OVUVYTHS�IHZPZ

√
|α|!

α1! · · ·αU!
aα, α ∈ NU

0.



The Drury-Arveson space has been rediscovered 
several times:

Algebraic geometers at the beginning of the 20th 
referred to the apolar	 inner	 product

Bombieri re-discovered the inner product the context 
of number theory, where people refer to the 
Bombieri	 inner	 product

Rota realized the inner product as a Hopf	 algebra	 
pairing of the polynomials with the divided powers 
algebra 

Arveson realized the Drury-Arveson space as the 
symmetric	 subspace of the non-commutative Hardy 
space



>L�JHU�JVUZPKLY�(Y]LZVU»Z U�ZOPM[� P�L� [OL U�[\WSL�VM�JVVYKPUH[L
T\S[PWSPJH[PVU�VWLYH[VYZ 4a = (4a1 , . . . ,4aU) VU /2

U KLÄULK�I`

(4aPM)(a1, . . . , aU) = aPM(a1, . . . , aU), M ∈ /2
U,

^OPJO�HYPZL�MYVT�[OL�SLM[�JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VYZ
3A = (3A1 , . . . , 3AU) VU�[OL�UVUJVTT\[H[P]L�/HYK`�ZWHJL -2U HZ

3AP =

(
4aP 0
∗ ∗

)
.



;OLVYLT��(Y]LZVU���  ���

,]LY`�Z[YPJ[S`�JVU[YHJ[P]L�JVTT\[PUN U�[\WSL�VM�VWLYH[VYZ
( = ((1, . . . ,(U) JHU�IL�KPSH[LK�[V�H�T\S[PWSL�VM�[OL�(Y]LZVU U�ZOPM[
4a = (4a1 , . . . ,4aU)� JVUZPZ[PUN�VM�JVVYKPUH[L�T\S[PWSPJH[PVU
VWLYH[VYZ�VU /2

U�



)HZPJ�0KLH

�� +PSH[L ( = ((1, . . . ,(U) [V�[OL�SLM[�JVVYKPUH[L�T\S[PWSPJH[PVU
VWLYH[VYZ 3A = (3A1 , . . . , 3AK) VU�[OL�UVUJVTT\[H[P]L�/HYK`
ZWHJL -2U�

�� ¸*VTWYLZZ¹ 3A VU[V�[OL�JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VYZ
4a = (4a1 , . . . ,4aU) VU�[OL�+Y\Y`�(Y]LZVU�ZWHJL /

2
U�

(UHSVNV\Z�[V�¸TVKKPUN�V\[¹�I`�[OL�JVTT\[H[VY�PKLHS�VM�[OL�[LUZVY
HSNLIYH�[V�NL[�[OL�Z`TTL[YPJ�[LUZVY�HSNLIYH�

��



Operator-algebraic
GEOMETRY



3L[ 0 IL�HU�PKLHS�VM C[a1, . . . , aU]� JVUZPKLYLK�HZ�H�Z\IZWHJL�VM�[OL
+Y\Y`�(Y]LZVU�ZWHJL /2

U�

;OL�JSVZ\YL�VM 0 PZ�HU�PU]HYPHU[�Z\IZWHJL�MVY�[OL�JVVYKPUH[L
T\S[PWSPJH[PVU�VWLYH[VYZ 4a = (4a1 , . . . ,4aU)� ZV�^L�JHU�^YP[L

4aP =

(
(P 0
∗ ∗

)
,

^OLYL ( = ((1, . . . ,(U) PZ�[OL U�[\WSL�VI[HPULK�I`�JVTWYLZZPUN 4a

VU[V 0⊥�

;OL U�[\WSL ( NP]LZ�H�¸JVUJYL[L¹�YLWYLZLU[H[PVU�VM�[OL�HSNLIYH

C[a1, . . . , aU]/0.



,_HTWSL

3L[[PUN 0 = 〈a21 + a22 − a23〉 HUK�JVTWYLZZPUN 4a1 ,4a2 ,4a3 [V�[OL
VY[OVNVUHS�JVTWSLTLU[ 0⊥ NP]LZ�VWLYH[VYZ (1,(2,(3 ZH[PZM`PUN

(2
1 + (2

2 = (2
3.



)`�(Y]LZVU»Z�KPSH[PVU�[OLVYLT� L]LY`�JVU[YHJ[P]L�JVTT\[PUN U�[\WSL
VM�VWLYH[VYZ�HYPZLZ�PU�[OPZ�^H �̀

*VUZLX\LUJL

;OL�ILOH]PVY�VM�HU�HYIP[YHY`�JVTT\[PUN U�[\WSL�VM�VWLYH[VYZ�PZ
¸KL[LYTPULK¹�I`�[OPZ�\UKLYS`PUN�NLVTL[Y �̀



3L[ = IL�HU�HSNLIYHPJ�]HYPL[`�PU CU ^P[O�JVYYLZWVUKPUN�PKLHS

0(=) = {W ∈ C[a1, . . . , aU] | W(a) = 0 ∀a ∈ =},

HUK�SL[ ( = ((1, . . . ,(U) KLUV[L�[OL U�[\WSL�VM�VWLYH[VYZ�VI[HPULK�I`
JVTWYLZZPUN�[OL�JVVYKPUH[L�T\S[PWSPJH[PVU�VWLYH[VYZ
4a = (4a1 , . . . ,4aU) [V 0(=)

⊥�

;OL�ZLSM�HKQVPU[�HSNLIYH A= NLULYH[LK�I` ( JHU�IL�[OV\NO[�VM�HZ�H
UVU�JVTT\[H[P]L�JVVYKPUH[L�YPUN�MVY =�



*VUQLJ[\YL��(Y]LZVU��   �

-VY�L]LY`�WYVQLJ[P]L�HSNLIYHPJ�]HYPL[ �̀ [OLYL�PZ�HU�L_HJ[�ZLX\LUJL

0 −→ K −→ A= −→ *(=) −→ 0,

SLHKPUN�[V�JVUULJ[PVUZ�IL[^LLU�VWLYH[VY�[OLVY`�HUK�HSNLIYHPJ
NLVTL[Y`�]PH�PUKL_�[OLVY �̀

*VUQLJ[\YL�PZ�LX\P]HSLU[�[V�[OL�JVTT\[H[VYZ

(∗
P (Q − (Q(

∗
P , 1 ≤ P, Q ≤ U

ILPUN�JVTWHJ[� P�L� ÄUP[L�YHUR�WS\Z�HU�HYIP[YHYPS`�ZTHSS�YLTHPUKLY�



1 2 3 4 5 6 7 8

1

2

3

4

5

6
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8

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8

1 5 10 16

1

5

10

16

1 5 10 16

1

5

10

16

1 10 20 32

1

10

20

32

1 10 20 32

1

10

20

32

These commutators decompose as direct sums of finite matrices, and we can verify Arveson’s 
conjecture experimentally.
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3L[ 0 IL�HU�PKLHS�VM C[a1, . . . , aU] NLULYH[LK�I`�OVTVNLULV\Z
WVS`UVTPHSZ�

;OLVYLT��(Y]LZVU��������

0M 0 PZ�NLULYH[LK�I`�TVUVTPHSZ� [OLU�(Y]LZVU»Z�JVUQLJ[\YL�OVSKZ�

;OLVYLT��.\V�>HUN��������

0M 0 PZ�ZPUNS`�NLULYH[LK� VY�PM U ≤ 3� [OLU�(Y]LZVU»Z�JVUQLJ[\YL�OVSKZ�



3L[ 0 IL�HU�PKLHS�VM C[a1, . . . , aU] NLULYH[LK�I`�OVTVNLULV\Z
WVS`UVTPHSZ�

;OLVYLT��2 �������

0M�[OLYL�HYL�¸Z\MÄJPLU[S`�UPJL¹��MVY�L_HTWSL� ZPUNS`�NLULYH[LK��PKLHSZ
01, . . . , 0R Z\JO�[OH[

0 = 01 + . . .+ 0R,

[OLU�(Y]LZVU»Z�JVUQLJ[\YL�OVSKZ�MVY 0�

;OLVYLT��2 �������

0M�0 PZ�NLULYH[LK�I`�WVS`UVTPHSZ�PU�KPZQVPU[�]HYPHISLZ� [OLU�(Y]LZVU»Z
JVUQLJ[\YL�OVSKZ�MVY 0�



3L[ = IL�HU�HSNLIYHPJ�]HYPL[`�PU CU�

;OLVYLT��2�:OHSP[��������

0M�(Y]LZVU»Z�JVUQLJ[\YL�OVSKZ�MVY =� [OLU�P[�OVSKZ�MVY�L]LY`�]HYPL[`
^P[O�HU�PZVTVYWOPJ�JVVYKPUH[L�YPUN�

;OLVYLT��2�:OHSP[��������

0M�[OLYL�HYL�¸Z\MÄJPLU[S`�UPJL¹�]HYPL[PLZ��MVY�L_HTWSL� Z\IZWHJLZ�
=1, . . . ,=R Z\JO�[OH[

= = =1 ∪ · · · ∪ =R VY = = =1 ∩ · · · ∩ =R,

[OLU�(Y]LZVU»Z�JVUQLJ[\YL�OVSKZ�MVY =�

<ZPUN�H��]LY`�UPJL�� YLZ\S[�VM�/HY[a�



Thanks!


