PROCEEDINGS OF THE AMERICAN MATHEMATICAL SOCIETY Volume 130, Number 12, Pages 3747–3749 S 0002-9939(02)06755-2 Article electronically published on June 13, 2002

A COUNTEREXAMPLE TO THE “COMPOSITION CONJECTURE”

F. PAKOVICH

(Communicated by Carmen C. Chicone)

Abstract. In this note we construct a class of counterexamples to the “composition conjecture” concerning an infinitesimal version of the center problem for the polynomial Abel equation in the complex domain.

In this note we treat the following “polynomial moment problem” proposed in [1], [2] as an infinitesimal version of the center problem for the polynomial Abel equation in the complex domain: for complex polynomials P (z), Q(z) to find conditions under which all moments m_i(P, Q, a, b) = ∫_b a P^i(z) d Q(z) = ∫_b a P^i(z)Q^′(z) d z, i ≥ 1, a, b ∈ C , vanish under the assumption that P (a) = P (b), Q(a) = Q(b), a ≠ b.

The “composition conjecture” suggested in [1] states that the following condition is necessary and sufficient: there exist polynomials P̃ (z), Q̃(z), W (z) such that

P (z) = P̃ (W (z)), Q(z) = Q̃(W (z)), deg W (z) > 1, (∗) and W (a) = W (b). Note that since m_i(P, Q, a, b) = m_i(P̃ , Q̃, W (a), W (b)) and W (a) = W (b), the composition condition is clearly sufficient and the problem is to decide whether this condition is necessary. Note also that since by Lüroth’s theorem (see e.g. [6], p.13) each field k such that C ⊂ k ⊂ C (z) and k ≠ C is of the form k = C (R), R ∈ C (z)\C , it is easy to see that the conditions (∗) hold if and only if the field C (P, Q) is a proper subfield of C (z). In its turn, since [C (z) : C (P )] = deg P, the last condition is equivalent to the condition [C (P, Q) : C (P )] < deg P.

Due to its connection with the center problem for the Abel equation and with the classical Poincare center-focus problem for polynomial vector fields on the plane, the polynomial moment problem has been studied in the recent papers [1]–[5]. In particular, the truth of the composition conjecture was established under the additional assumption that a, b are not critical points of P (z) (see [4]) and under some other additional assumptions (see [2], [3] and [5]). In this note we construct a class of counterexamples to the composition conjecture.

Claim 1. Let B(z) and D(z) be polynomials such that C (B) ∩ C (D) contains a polynomial P (z), deg P (z) > 1, and let Q(z) = B(z)+D(z). Suppose that there exist

Received by the editors January 22, 2002 and, in revised form, February 22, 2002. 2000 Mathematics Subject Classification. Primary 34C99; Secondary 30D05. Key words and phrases. Poincare center-focus problem, polynomial Abel equation, polynomials, compositions, functional equations.

© 2002 American Mathematical Society

3747

3748 F. PAKOVICH a, b ∈ C which satisfy B(a) = B(b), D(a) = D(b), a ≠ b. Then m_i(P, Q, a, b) = 0 for all i ≥ 1.

Proof. Indeed, since P (z) = A(B(z)) for some polynomial A(z) and B(a) = B(b), we have m_i(P, B, a, b) = m_i(A, z, B(a), B(b)) = 0 for all i ≥ 1. Similarly, m_i(P, D, a, b) = 0 for all i ≥ 1. Therefore, also m_i(P, Q, a, b) = 0 for all i ≥ 1.

Claim 2. Let B(z) and D(z) be polynomials such that C (B) ∩ C (D) contains a polynomial P (z), deg P (z) > 1, and let Q(z) = B(z) + D(z). Suppose that C (B, D) = C (z). Then C (P, Q) = C (z).

Proof. Assume the converse, i.e. that the conditions (∗) hold for some polynomials P̃ (z), Q̃(z), W (z). To be definite suppose that deg B(z) ≤ deg D(z); then deg W (z)| deg D(z). As P (z) = C(D(z)) for some polynomial C(z), C (D) ∩ C (W ) contains a non-constant polynomial P (z). By Engstrom’s theorem (see [6], Theorem 5, p. 18) this fact implies that [C (W, D) : C (D)] = deg D/(deg W, deg D). Therefore, (deg W, deg D) = deg W > 1 implies that [C (D, W ) : C (D)] < deg D. Hence, D(z) = D̃(F (z)), W (z) = W̃ (F (z)) for some polynomials D̃(z), W̃ (z), F (z), deg F > 1. As D(z) = D̃(F (z)), Q(z) = Q̃(W (z)) = Q̃(W̃ (F (z))) and B(z) = Q(z) − D(z), we see that C (B, D) ⊂ C (F ). Since this contradicts the condition C (B, D) = C (z), we conclude that C (P, Q) = C (z).

In order to get a counterexample P (z), Q(z) to the composition conjecture it is enough to find polynomials B(z), D(z) which satisfy the assumptions of both claims above. Let us describe such polynomials. Since P ∈ C (B) ∩ C (D), deg P > 1, and C (B, D) = C (z), Engstrom’s theorem implies that (deg B, deg D) = 1. By the second Ritt theorem (see [6], p. 24) conditions P ∈ C (B) ∩ C (D), deg P > 1, and (deg B, deg D) = 1 yield that up to a linear change of variable either B(z) = z^m, D(z) = z^nR(z^m), where R(z) ∈ C [z] and (n, m) = 1 (then P (z) ∈ C [z^{nm} R^m(z^m)]) or B(z) = T_n(z), D(z) = T_m(z) for Chebyshev polynomials T_n(z), T_m(z) and (n, m) = 1 (then P ∈ C [T_{nm} (z)]). In the first case, due to (n, m) = 1, the conditions B(a) = B(b), D(a) = D(b), a ≠ b, are equivalent to a^m = b^m = ζ, a ≠ b, where ζ is a root of R(z). Therefore, whenever R(z) ≠ z^l, l ≥ 1, we get a counterexample setting Q(z) = z^m + z^nR(z^m), P (z) ∈ C [z^{nm} R^m(z^m)]. In the second case, set a = α + 1/α, b = β + 1/β, where α, β satisfy α^m = β^m, (αβ)^n = 1, α ≠ β, 1/β. Then a ≠ b and it follows from T_k(z +^1_z ) = z^k +^1_{zk} , k ≥ 1, that T_n(a) = T_n(b), T_m(a) = T_m(b). In this case counterexamples have a form: Q(z) = T_n(z) + T_m(z), P (z) ∈ C [T_{nm} (z)].

Acknowledgments

I am grateful to P. Müller, N. Roytvarf and Y. Yomdin for interesting discussions.

References

1. M. Briskin, J.-P. Francoise, Y. Yomdin, Center conditions, compositions of polynomials and moments on algebraic curve, Ergodic Theory Dyn. Syst. 19 (1999), no. 5, 1201-1220. MR 2000k:34051 2. M. Briskin, J.-P. Francoise, Y. Yomdin, Center condition II: Parametric and model center problems, Isr. J. Math. 118 (2000), 61-82. MR 2001j:34033 3. M. Briskin, J.-P. Francoise, Y. Yomdin, Center condition III: Parametric and model center problems, Isr. J. Math. 118 (2000), 83-108. MR 2001j:34034

A COUNTEREXAMPLE TO THE “COMPOSITION CONJECTURE” 3749

4. C. Christopher, Abel equations: composition conjectures and the model problem, Bull. Lond.

Math. Soc. 32 (2000), no. 3, 332-338. MR 2001d:34047 5. N. Roytvarf, Generalized moments, composition of polynomials and Bernstein classes, in “Entire functions in modern analysis. B.Ya. Levin memorial volume”, to appear.

6. A. Schinzel, Polynomials with special regard to reducibility, Encyclopedia of Mathematics and Its Applications 77, Cambridge University Press, 2000. MR 2001h:11135

Department of Mathematics, Weizmann Institute of Science, Rehovot 76100, Israel E-mail address: pakovich@wisdom.weizmann.ac.il