
Combinatorial Geometry: Exercise 2.
Due date: November 25, 2010.

1. Let P ⊂ R2 be a set of n points such that no four points of P are co-circular
(i.e., there is no circle passing through four or more points). Prove that there is a
partition P = B ∪S ∪R such that: |B| , |R| ≤ 3/4n and |S| ≤ 2

√
n and such that

for any disc d if d ∩B 6= ∅ and d ∩R 6= ∅ then d ∩ S 6= ∅.

2. Consider the curve γ : R→ R2d where γ(t) = (t, t2, . . . , t2d). Let P = {p1, p2, . . . , pd+1} ⊂
R2d where pi = γ(ti), i ∈ {1, . . . , d + 1} and t1 < t2 < . . . < td+1 are some given
d+ 1 reals.

(i) Prove that for any set Q = {q1, q2, . . . , qd+1} ⊂ R2d where qi = γ(si), i ∈
{1, . . . , d+ 1} and s1 < t1 < s2 < t2 . . . < sd+1 < td+1 CH(Q)∩CH(P ) 6= ∅. Hint:
In how many points can a given hyperplane intersect γ?

(ii) Put k = d(2d + 1) + 1. Let P = {p1, p2, . . . , pk} ⊂ R2d where pi = γ(ti), i ∈
{1, . . . , k} and t1 < t2 < . . . < tk are some given k reals. Prove that there is a
point q ∈ R2d such that for any set Q = {q1, q2, . . . , qk} ⊂ R2d where qi = γ(si), i ∈
{1, . . . , k} and s1 < t1 < s2 < t2 . . . < sk < tk the set CH(Q) must contain q.

3. (i) Let P be a set of n points in R2. Let G = (P,E) be a simple graph on P with
m edges. Assume that for each edge e = (p, q) ∈ E we pick a disc De such that
the circle Ce bounding the disc De contains exactly p and q (i.e., Ce∩P = {p, q}).
Denote the set of m chosen discs by D. Show that if m ≥ 4n, then there is a point
in p that is contained in the interior of at least m2

16n2 discs of D. Hint: Show that
if m ≥ 3n then at least one of the discs contains a point from P in its interior.

(ii) Show that there is a constant 0 < α ≤ 1 such that for any set P of n points
in the plane, there exists a pair p, q ∈ P such that any disc that contains p and q
in its interior, must contain at least αn points of P in its interior.

4. Let P be a set of n points in the plane. Show that there are at most O(n7/3)
triangles of unit area whose vertices are from P . Hint: Use the Szemerédi-Trotter
theorem.
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