
lnyg zqcpdl diixet zfilp`

2 'qn ogea oexzt

onqp (`) .1

In =
∫ π

−π
cos(x/2)e−inxdx

miwlga divxbhpi` i"r lawpe

In = 2 sin(x/2)e−inx|π−π + 2in
(
−2 cos(x/2)e−inx|π−π − 2inIn

)
=

= 4(−1)n + 4n2In.

okle

In =
(−1)n+1

n2 − 1/4
.

zrk

cos(x/2) ∼
∞∑

n=−∞
cne

inx =
∞∑

n=−∞

In
2π
einx =

∞∑
n=−∞

(−1)n+1

2π(n2 − 1/4)
einx =

=
2

π
+
∞∑
n=1

(−1)n+1

2π(n2 − 1/4)

(
einx + e−inx

)
=

2

π
+
∞∑
n=1

(−1)n+1

π(n2 − 1/4)
cos(nx),

miiynnd diixet incwn a0 =
4
π
, an = (−1)n+1

π(n2−1/4) , n = 1, 2, 3... xy`k

.(miqt`zn bn, n ≥ 1 diixet incwn okle zibef divwpet cos(x/2))

laqxt oeieey dxear miiwzn okl ,[−π, π] a dtivx f(x) = cos(x/2) (a)

|a0|2

2
+
∞∑
n=1

|an|2 = ‖f‖2 =
8

π2
+
∞∑
n=1

1

π2(n2 − 1/4)
=

1

π

∫ π

−π
|f(x)|2dx =

=
1

π

∫ π

−π
cos2(x/2)dx = 1,

okle
∞∑
n=1

1

n2 − 1/4
= π2 − 8

1



zniiwn f(x) = cos(x/2) ik mb al miyp a1 sirqa xen`l jynda (b)
σN(f, x)→ f x'ft htyn i`pz z` zniiwn okle f(π) = f(−π) = 0

xy`k ,[−π, π] lr deey dcina
eplv` . x'ft irvenn σN(f, x) =

1
N+1

∑N
m=0 Sm

S0 =
2

π
, Sm =

2

π
+

m∑
n=1

(−1)n+1

π(n2 − 1/4)
cos(nx), m = 1, 2, ..., N,

miiwn yweand leabd okle

lim
N→∞

σN(f, π) = lim
N→∞

1

N + 1

[
2

π
+

n∑
m=1

(
2

π
+

m∑
n=1

−1
π(n2 − 1/4)

)]
=

= f(π) = cos(π/2) = 0

lawp j = k xear (`) .2

〈2n/2χk, 2n/2χk〉 = 2n
∫ 1

0
χ2
kdx = 2n

∫ (k+1)/2n

k/2n
dx = 1.

okle 〈2n/2χj, 2n/2χk〉 = 0 oaenk lawp j 6= k xear
agxn zz z` V ⊂ L2

PC [0, 1] a onqp .〈2n/2χj, 2n/2χk〉 = δj,k
a mireaw mikxr zelawnd ,[0, 1] a oirhewnl zereawd zeivwpetd

gwip .V = span{2n/2χj}2
n−1
j=0 ik xexa .[0, 1

2n
], ..., [2

n−1
2n

, 1]

2n/2χk mr ziniptd dltknd z` gwip mr ,zrk .0 =
∑2n−1
j=0 aj2

n/2χj
0 ≤ k ≤ 2n − 1 lkl ik zeilnxepezxe`d i`pzn lawp

0 =
2n−1∑
j=0

aj〈2n/2χj, 2n/2χk〉 =
2n−1∑
j=0

ajδj,k = ak,

okle V ly zix`pil dielz izla zyxet dveaw {2n/2χj}2
n−1
j=0 okle

.V ly ilnxepezxe` qiqa

ly divfinipina mipiipern ep` dyrnl ik al miyp (a)

‖f −
2n−1∑
j=0

cjχj‖2

2



aygp zrk .V a xai`n f ly (reaixa) wgxnd edfy

‖f −
2n−1∑
j=0

cjχj‖2 = 〈f −
2n−1∑
j=0

cjχj, f −
2n−1∑
j=0

cjχj〉 =

= ‖f‖2 − 2
2n−1∑
j=0

cj〈f, χj〉+
2n−1∑
j=0

c2j/2
n.

xy`k ilinipin oaenk df ieha

ck = 2n〈f, χk〉 =
〈f, χk〉
‖χk‖2

= 2n
∫ (k+1)/2n

k/2n
f(x)dx,

lawpe aivp .0 ≤ k ≤ 2n − 1 lkl

‖f‖2 − 2n
2n−1∑
j=0

|〈f, χj〉|2 = ‖f‖2 − 2n
2n−1∑
j=0

∣∣∣∣∣
∫ (j+1)/2n

j/2n
f(x)dx

∣∣∣∣∣
2

.

ik reci (b)
2n−1∑
m=0

〈f, ϕm〉ϕm

sirqn ,ipy cvn .V n xai` i"r L2
PC [0, 1] a zeivwpetl iahin aexw

ik raep a2

2n
2n−1∑
m=0

〈f, χm〉χm =
2n−1∑
m=0

〈f, χm〉
‖χm‖2

χm.

okle cigi epid iahin aexiw .V n iahin aexw

2n−1∑
m=0

〈f, χm〉
‖χm‖2

χm =
2n−1∑
m=0

〈f, ϕm〉ϕm

.epniiqe

ik raep b2 sirqn (c)

‖f −
2n−1∑
m=0

〈f, χm〉
‖χm‖2

χm‖2 = ‖f −
2n−1∑
m=0

〈f, ϕm〉ϕm‖2 =

= ‖f‖2 − 2n
2n−1∑
j=0

∣∣∣∣∣
∫ (j+1)/2n

j/2n
f(x)dx

∣∣∣∣∣
2

.
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oeieeyn okl ,L2
PC [0, 1] a dxebq Haar zkxrn ik mb mircei ep`

ik raep laqxt

‖f −
2n−1∑
m=0

〈f, ϕm〉ϕm‖ → 0

.epniiqe

‖vn − w‖ < ε/2 e ‖vn − v‖ < ε/2 y jk n0 miiw ok lr ,ε > 0 idi (`) .3
oeieeyd i` .‖v − w‖ ≤ ‖v − vn‖ + ‖w − vn‖ < ε okl .n > n0 lkl

.v = w okle ,‖v − w‖ = 0 okle ,ε > 0 lkl miiwzn ‖v − w‖ < ε

zqpkzn dpi` j` ‖ ·‖∞ znxepa qt`l zqpkzn dxcql dnbec `iap (a)
gwip .‖ · ‖1 znxepa qt`l

fn(x) =


1
n2 (x− n) n ≤ x ≤ 2n
− 1
n2 (x− 3n) 2n ≤ x ≤ 3n

0 zxg`.

la` ,supx|fn(x)− 0| = 1
n
→ 0 if`

∫ ∞
−∞
|fn(x)−0|dx =

∫ 2n

n

1

n2
(x−n)dx−

∫ 3n

2n

1

n2
(x−3n)dx =

1

2
+
1

2
= 1.

zqpkzn dpi` j` ‖ · ‖1 znxepa qt`l zqpkzn dxcql dnbec `iap (b)
gwip .‖ · ‖∞ znxepa qt`l

gn(x) =


2nx 0 ≤ x ≤ 1

2n

−2n
(
x− 1

n

)
1
2n
≤ x ≤ 1

n

0 zxg`.

if`∫ ∞
−∞
|gn(x)− 0|dx =

∫ 1/2n

0
2nxdx−

∫ 1/n

1/2n
2n
(
x− 1

n

)
dx =

1

4n
+

1

4n
=

1

2n
→ 0,

.supx|gn(x)− 0| = 1 la`
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xicbp .M > 0 iynn xtqn rawp (c)

VM = {f |[−M,M ] |f ∈ V }

dxyp VM lr .[−M,M ] l f ly mevnvd z` onqn f |[−M,M ] xy`k ,

,‖f‖1 =
∫M
−M |f(x)|dx f ∈ VM lkl :zenxepd oze` z`

miiwzn {fn} ⊂ VM , fM ∈ VM lkl .‖f‖∞ = supx∈[−M,M ]|f(x)|

‖fn−fM‖1 =
∫ M

−M
|fn(x)−fM(x)|dx ≤ 2Msupx∈[−M,M ]|fn(x)−fM(x)| =

2M‖fn − fM‖∞.

ik (VM zxcbdn) xexa .‖fn− fM‖1 → 0 xxeb ‖fn− fM‖∞ → 0 okl
mb zqpkzn {fn} if` ‖ · ‖∞ znxepa zqpkzn dxcq {fn} ⊂ V m`
,‖fn − fM‖∞ → 0 y jk fM ∈ VM zniiw okl .‖ · ‖∞ znxepa VM a
y jk gM ∈ VM zniiw ik raep oezpdn okenk .‖fn − fM‖1 → 0 okle
lkl oekp df oeieey .fM = gM ik raep `3 sirqn .‖fn − gM‖1 → 0

.f = g okle M > 0
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