
EXERCISES ON FOURIER SERIES

Problem 1. Let
∑∞

n=−∞ cneinx be the Fourier series of f(x). Find the Fourier series
of the following functions:

(1) g(x) = f(x + α);
(2) h(x) = eimxf(x) (m an integer).

Problem 2. Let
∑∞

n=−∞ |αn| < ∞,
∑∞

n=−∞ |βn| < ∞, and let f(x) =
∑∞

n=−∞ αneinx,
g(x) =

∑∞
n=−∞ βneinx.

(1) Show that the series
∑∞

n=−∞ αm−nβn converges for every integer m, and
that

∞∑
n=−∞

|γn| ≤
∞∑

n=−∞
|αn| ·

∞∑
n=−∞

|βn|,

where γm =
∑∞

n=−∞ αm−nβn.
(2) Let h(x) =

∑∞
n=−∞ γneinx. Show that h(x) = f(x)g(x). Show also that

‖h‖∞ ≤
∞∑

n=−∞
|αn| ·

∞∑
n=−∞

|βn|.

Problem 3. Use the Fourier series of the function f(x) = cos ax on the interval
[−π, π], where a is not an integer, to show that

1
sin aπ

=
1
aπ

+
∞∑

n=1

(−1)n

(
1

aπ + nπ
+

1
aπ − nπ

)
,

cot aπ =
1
aπ

+
∞∑

n=1

(
1

aπ + nπ
+

1
aπ − nπ

)
.

Problem 4. Find the Fourier series of the function

f(x) =

{
2 +

x

2π
, −π ≤ x < 0

2, 0 ≤ x ≤ π
.

and draw the graph of the sum of the Fourier series on the interval [−3π, 3π].

Problem 5. Find the Fourier series on the interval [−l, l] for the function

f(x) =


0, −l ≤ x ≤ −b

1, −b < x < b,

0, b ≤ x ≤ l

.

On which subintervals [α, β] ⊆ [−l, l] does the series converge uniformly?

Problem 6. Assume that f(x) is k − 1 times continuously differentiable on [−π, π]
with f (j)(−π) = f (j)(π), j = 0, . . . , k − 1, and k times piecewise continuously
differentiable. Show that the Fourier coefficients cn of f(x) satisfy lim

n→∞
nkcn = 0.

Problem 7. Find the Fourier series of the following functions:
1
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(1) f(x) = 9 cos(x) + 7 sin(2x) + 11 cos(3x), x ∈ [−π, π].

(2) f(x) =
{

sin(x) 0 < x ≤ π
cos(x) −π ≤ x ≤ 0 .

(3) f(x) = |x3|, x ∈ [−π, π] .

Problem 8. Find the complex Fourier series of the following functions:
(1) f(x) = sin x/2, x ∈ [−π, π].
(2) f(x) = π − x2, x ∈ [−π, π].

(3) f(x) =
{

eix 0 < x < π
e−ix −π ≤ x ≤ 0 .

Problem 9. Find the Fourier series of the function f(x) = sin (px/2), p 6= 0 ,

x ∈ [−π, π], and use Parseval’s identity to show that
∞∑

n=1

n2

(1− 4n2)2
=

π2

64
.

Problem 10. Find the Fourier series of

f(x) =
{

h2, h ≤ x ≤ π
0, −π ≤ x ≤ h

(h 6= 0), and use it to compute
∞∑

n=1

(1− (−1)n cos(2n))
n2

.

Problem 11. (1) Show that for all 0 < r < 1,
∞∑

n=−∞
r|n|einx =

1− r2

1− 2r cos x + r2
.

(2) Let Pr(x) =
1− r2

1− 2r cos x + r2
(Pr(x) is called the Poisson kernel). Let

f(x) be a piecewise continuous function on [−π, π] with Fourier series∑∞
n=−∞ cneinx. Show that

1
2π

∫ π

−π

f(x− t)Pr(t) dt =
∞∑

n=−∞
cnr|n|einx

where the series converges absolutely and uniformly in x.
(3) Let f(x) be a continuous periodic function on (−∞,∞) with Fourier series∑∞

n=−∞ cneinx. Show that

lim
r→1−

∞∑
n=−∞

cnr|n|einx = f(x)

uniformly in x.

(Hint: show that
{

1
2π

Pr(x)
}

r→1−
is a periodic approximate identity.)

(Remark: this problem shows one way (there are many others) to “con-
front” the fact that the Fourier series of a continuous periodic function fails
to converge — we “improve” the convergence by adding the factors r|n|.)

Problem 12. (1) A finite sum of the form
∑N

k=M ckeikx (where M and N are
integers, M < N) is called a trigonometric polynomial. Let f(x) be a
continuous periodic function on (−∞,∞), show that there is a sequence of
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trigonometric polynomials {pn(x)}∞n=1 that converges unifomly to f(x) on
(−∞,∞). (Hint: use the previous problem.)

(2) Use the previous item to give a direct proof (without using Chebyshev
polynomials) that the normalized trigonometric / exponential system in
L2

pc[−π, π] is closed.

Problem 13. (1) Let {Qn(t)}∞n=1 be a periodic approximate identity, i.,e., a
sequence of piecewise continuous functions on the interval (−∞,∞) that
are periodic with period 2π and that satisfy the following conditions:
(a) Qn(t) ≥ 0 for all t.
(b) For every δ, 0 < δ < π, Qn(t) −→

n→∞
0 uniformly in t on [−π,−δ]∪ [δ, π].

(c)
∫ π

−π
Qn(t) dt = 1.

Show that for any piecewise continuous function f(x) on (−∞,+∞) that
is periodic with period 2π∫ π

−π

f(x− t)Qn(t) dt −→
n→∞

f(x− 0) + f(x + 0)
2

for all x.
(2) Let f(x) be a piecewise continuous periodic function on (−∞,∞) with

Fourier series
∑∞

n=−∞ cneinx. Show that

lim
r→1−

∞∑
n=−∞

cnr|n|einx =
f(x− 0) + f(x + 0)

2

for all x.


