EXERCISES ON ORTHOGONAL POLYNOMIALS

Problem 1. (1) Prove that the Legendre polynomials satisfy the differential
equation:

d d
o <(1 - 1‘2)dxpn($)> +n(n+1)P,(z) = 0.
(2) Prove that all the roots of P,(x) are distinct and are contained in the

interval (—1,1). (Hint: notice that all the derivatives of (1 — 22)" up to

order n—1 vanish at £1; now apply Rolle’s Theorem successively to (1—z%)"
dJ

and its derivatives to see that d—](l —a2)", j < n, has j distinct zeroes in
x

(=1,1)) .

(3) Find a polynomial P of degree at most 4 such that / |2° — P(x)|]* dx is
~1
minimal.

Problem 2. (1) Show that the Chebyshev polynomials of the first kind satisfy
the differential equation:

(1 — 2T (x) — 2T} (x) + n*T), () = 0.

(2) Show that the Chebyshev polynomials of the second kind satisfy the differ-
ential equation:

(1 — 23U} (z) — 32U, (2) + n(n + 2)U,(x) = 0.

(3) Show that T5, (T () = Thm ().
(4) Show that T/, (x) = nU,_1(x).

1
dx
5) Find a polynomial P of degree at most 4 such that / 2 —P2)]? ———
(5) Find a poly 5 P
is minimal. L

(6) Find a polynomial P of degree at most 4 such that / |2°—P(z)]* V1 — 22 da
—1
is minimal.
Problem 3. (1) Show that the Hermite poloynomials satisfy the differential
equation:

!/
(e_xz/QH,’L(w)> + ne‘x2/2Hn(x) =0.

(2) Prove that all the roots of H,(x) are distinct.
(3) Show that H) (z) = 2zH,(z) — Hypy1(x).

(4) Find a polynomial P of degree at most 4 such that / |25 —P(x)|? e /2 4y
is minimal. -
xT dn
Problem 4. (1) Show that L,(x) = e—'d— (e~*2™) is a polynomial of degree
n! dz™
n with leading coefficient 1/n!; these are called Laguerre polynomials.
1
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(2) Show that the Laguerre polynomials are orthogonal polynomials with re-
spect to the weight p(x) = e~ on [0,400), and that ||L,|2, = 1.
(3) Show that the Laguerre polynomials satisfy the three term recurrent rela-
tion:
xL,(x) =—=(n+1)Lypt1(z) + 2n+ 1)L, (2) — nly,—q1(x).
(4) Show that the Laguerre polynomials satisfy the differential equation:
wLy () + (1 = 2)L, (x) + nLn(x) = 0.
(5) Show that all the roots of L,(x) are distinct and are contained in the
interval (0, 4+00).
o
(6) Find a polynomial P of degree at most 4 such that that / |2°—P(z)|> e~ dx
0
is minimal.

Problem 5. (1) Show that the Chebyshev polynomials of the first kind are or-
thogonal in the space of piecewise continuous functions on the interval
[—1, 1] with the inner product

= [ o o

and calculate their norms with respect to this inner product. (Hint: use
Problem 2.4.)

(2) Show that there does not exist a piecewise continuous function f on [—1,1]
such that

nleréon </ f(z \/7—1—71/ (= Unlx/l—xQd:v>:c,

where aw < —1/2 and ¢ is a nonzero complex number. (Hint: use Bessel’s
inequality.)
(3) Find a polynomial P of degree at most 4 such that

! dz !
5 2 4 7(0|2 2
/1\x P(z)| N /1‘5x Pl(z)]* 1 —2a2dx

is minimal.



