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Define a measure space.
1'py8 1 (2)
Lebesgue-Radon-Nykodim vawn nx no)
State the Lebesgue-Radon-Nykodim Theorem.
l'p18 1 ()
1 LP(X, F, ) anmn ynmn

What is the space LP(X, F, pu)?
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F=U{o((4)2)) : Vn, A, €&}.

n=1
1M1ON-0 F OND o F = o(E) -w N
Let £ be a collection of subsets of X. Let F be the union of all o-algebras generated

by some sequence in &; that is,

F={o((A4n);2)) : Vn, A, €&}.

n=1
Show that F = o(€). (Hint: is F a o-algebra?)

Solution.
First note that if A € F, then there exists a sequence (A,), in € such that A €
o((An)n) C o(&). Thus, F C a(€).

So it suffices to show that F is a o-algebra.
() € F is immediate.

If A € F then there exists a sequence (A,), in & such that A € o((Ay),). Thus,

A® € o((An)n) C F. So F is closed under complements.

Let (A,)n be a sequence in F. So for every n there is a sequence (E}'); in € such

that A, € o((E})k). Consider the family (E}), . This is a sequence in £. Let G =

2



o((E})nk)- Then by definition, G C F. Also, for every n, A,, € o((E})r) C G. Since G
is a o-algebra, we have that U, A, € G C F. Since this holds for any sequence (4,),

in F we have show that F is closed under countable unions, and so F is a o-algebra.
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/Afd,u>/de,u—€.

Let (X, F, ) be a measure space and let f > 0 be a non-negative measurable function

such that [y fdu < oo.

(a) 112]
Show that {x : f(x) > 0} is o-finite.

(b) 113
Show that for every € > 0 there exists A € F such that u(A) < oo and

/Afdu>/deu—e.

Solution.

(a) Foreveryn >0let A, ={f >n"'}. So {f >0} =U, A,. And it suffices to show
that p(A,) < oo for all n.

Indeed, for any n, if x € A, then nf(z) > 1. So,

pA) <n- [ fdu<n- [ fdp <o
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(b) Since by (a) the set {f > 0} is o-finite, we can write {f > 0} = ¥J,, A,, where (A,),

are pairwise disjoint measurable sets with p(A,) < oo for all n. Thus,

/deu = /{f>0} fdp = ;/A fdp.

Write a,, := [, fdp which is a sequence of non-negative numbers. Since the sum

> n an converges, for any € > 0 we may find N large enough so that >°,.ya, < e.

Set
N
A= L—Ij A,,.
n=1
So
N
(A) = 3 ul(A,) < oo.
n=1
Also,
An{f>0t={f>0}\A= ¥ A,
n>N
SO
du = du = / dyp = a, <E¢€.
/cf [ Acm{m}f [ ngv [ Jln ngv
Thus,

/deuz/Afdqu/Acfdu</Afdu+a
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[ fau < timint [ fudp

Let (X, F, i) be a measure space. Let (f,), be a sequence of non-negative measurable

functions, and let f be a measurable function such that ( f,,),, converges to f in measure.



Show that
[ fau < timint [ fudp

Solution.

Let (fn,)r be a subsequence such that
lim /fnkd,u = liminf/fndu.
k—o0 n

So we want to show that [ fdu < limg_,o [ frn,dp. Since (fn, )r is a subsequence, we

have that for all € > 0,

,}E&“{‘fw — fl > ¢} Slimnsupu{]fn—f\ >e} =0.

So (fn, )k converges in measure to f.

Let gi := f», for all k, which converge in measure to f. By a theorem in class we now
have that there is a further subsequence (g, ); such that lim;_,., gr, = f a.e. Since these

are all non-negative functions, Fatou’s Lemma tells us that
/fdu < lim,inf/gkjdu.
j

However, the sequence ([ gi,dp); is a subsequence of the converging sequence ([ f,, di)x

which converges to liminf, [ f,du. So the limit is

/fdu < liminf/gk.du < lim /gk.du = lim /fnkdu = liminf/fndu.
J ! j—00 ! k—00 n
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A € G 95 mmpnn g,¢' € LY(X, G, v) nuspns »nw mn»p DXY NI

/gdv:/ fdu:/g’dl/,
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Let (X, F,u) be a o-finite measure space. Let G C F be a sub-c-algebra of F. Let

v=itlg

(a) 115
Suppose that f € L'(X,F, ). Show that there exists g € L'(X,G,v) such that

/Afdu:/Ang.
(b) 110

Suppose that for f € L'(X, F,u) there are two such functions g,¢' € L'(X,G,v)
such that for all A € G,

for every A € G,

/gduz/fd,u:/g’dl/.
A A A

Show that g = ¢’ v-a.e.

14 NHYNY



Solution.

(a) Because f € L', we know that |f| < oo p-a.e., so we may assume that |f| < oco.

First assume that f is positive and p is finite. In this case, consider the function

p(A) = [ fdp

defined for all A € G. First of all, we showed in class that this defines a finite
positive measure on (X, G). Moreover, if v(A) = 0 for some A € G, since v = pg
we have that u(A) =0, and so p(A) = [, fdu = 0. Since this holds for all A € G,
the signed measure p is absolutely continuous with respect to the measure v. Since
w1 is finite, so is v. Thus, by the Radon-Nykodim Theorem there exists a positive
integrable g = 2 € L*(X,G,v) such that dp = gdv; that is, for all A € G,

/Afduzp(A)I/Adpz/Agdu

Now, if u is only o-finite, then write X = ¥, X,, with u(X,) < oo. Consider
Un(A) = p(ANX,) forall A € G. Sov = 3, v,. Define p,(A) := [4nx, fdp.
Since

z”: flanx;, /7 fla,
j=1

by monotone convergence we get that

o) = [ fan =3 [ fdp=3pu(A).

Also, as above, if v,(A) = 0 then u(ANX,) =0 and so p,(A) = 0. So p, << V.

Since v, is finite, g, = fl%z exists and is in LY(X,G,v,). Specifically, g, is G-

measurable. Also, since p,(A) =0 for AN X,, = (), we have that g,, can be chosen



(b)

such that it is supported on X,,. Define g = ¥, g,,. Since (X,,), are disjoint and
so g, have disjoint support, we get that ¢ is always finite and well defined. Also,

since g, = g,1x,, by monotone convergence again

Jyotr= [ Sotamdr =3 [ gndv =3 pu(4) = p(4).
Specifically,
/ gdv = p(X) :/ fdp < oo,
X X
sog€e LY (X,G,v).
Now, for the case that f is a general (not necessarily positive) function in L'. Write

f=(fi — f2) +i(fs — fa) for f; € L* positive. By the previous case, there exist
real-valued functions ¢g; € L'(X, G, v) such that for any A € G and j = 1,2, 3,4 we

d :/ .
/Af]u | 95V

By linearity of the integral we get that for all A € G,

have

/Afd/i:/Afld/ﬁ—/Afzdﬂ+i'/Af3dlﬁ—i'/Af4d,u:/A(gl—92)+z'(g3—g4)du.

So we may choose g = g1 — g + (g3 — g4) which is a function in L*(X,G,v).

Suppose that g, ¢’ are as in the question. Then for all A € G,

/ gdy = / g'dv.
A A

We have shown in class that this implies that g = ¢’ v-a.e.



