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Define the integral of a simple function and of a (measurable) non-negative function.
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State the dominated convergence theorem.
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Define the notion of singular measures (for positive measures); that is define v L p.
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liminf A,, := U ﬂ A, on limsup A,, := ﬂ U A,,.
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p(liminf A,,) < hnﬂgglfﬂ(fln)-
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lim sup p(A4,) < p(limsup 4,).
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Let (X, F,u) be a measure space. Let (4,), be a sequence in F.

Define
liminf A,, := U ﬂ A, and limsup A,, := ﬂ U A,,.
k m>k k m>k
(a) 115]
Show that
p(liminf A,,) < I%Irgglfu(An).
(b) 110

Show that if u(U, An) < oo then

lim sup p(A4,) < p(limsup A,).
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Let X = R the real numbers and let F be the Borel o-algebra on X. Let A be Lebesgue

measure on (X, F) and let u be a o-finite measure on (X, F) such that p << .

Let f € L'(X, F,u) be a non-negative function and define a function F : R — [0, c0)
by
F(z) = /(_ }fd,u.

Show that F' is a continuous function.
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Let A C R? be a bounded set. Show that the following are equivalent.

(a) A is Jordan-measurable.
(b) For every € > 0 there exist elementary sets £ C A C F such that m(F \ F) < ¢.

(c) For every € > 0 there exists an elementary set £ such that J*(AAFE) < ¢.
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dv

v _ 5
— =

dp Y

Let u, v be o-finite measures on (X, F) such that v << p. Let A =v + p.

(a) leél

Show that v << A.
(b) 161

Show that A << pu.

(c) 171

Show that 0 < %(z) < 1 for p-a.e. z € X.

(d) 16l

Show that p-a.e.
dv %
dp — &




