Introduction to Probability

Exercise sheet 1

This exercise sheet is to review some facts from set theory.

Recall the definitions:

For A, B C

AUB={w : we Aorw € B} and ANB={w : weAandw e B}.
A\B={w : we A,w ¢ B} and  A°=Q\ A
AAB = (A\ B)U(B\ A).
Ax B={(a,b) : a€ A,be B}.

Exercise 1. Prove or give a counter-example:
(a) A\ B C A.
(b) AN(BUC)=(ANB)U((ANCQC).
(c) AUB=AU(B\A).
(d) A\ (B\C)=(4\B)\C.
(e) (A\B)\C = (A\B)\ (B\O).
() A\ (B\C) = (A\B)U(BNC).
(g) (AUB)NA=(ANB)UA.
)

(h) AAB = (AN B)U (BN A°).

Exercise 2. Show the following:
(a) (A\B)UB = A if and only if B C A.
(b) AUB=AnNDBif and only if A = B.
(¢c) (ANB)UC =AN(BUCQC) if and only if C C A.
(d) AAB=(AUB)\ (AN B).
() AN(BAC)=(ANB)A(ANC).

Exercise 3 (De-Morgan). Show that:

Exercise 4. For any k > 1 define By = Ul:;:l A,,. Define Cy, = Ay \ Bi_1, where By = ().
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Show that
(a) (Cy) are mutually disjoint; i.e. for any n # m, C, N Cy, = 0.
(b) For any n,

Uce=J A4
k=1 k=1
(c) U, Cn =U, 4n.

Exercise 5. Assume that B C A C C. Let X be a set such that ANX = Band AUX =C.
Prove that X = BU (C'\ A).

Exercise 6. Let A be a finite set of size |A| = n. Let B,C' C A be non-empty subsets such that
BNC =0and BUC = A. What is the maximal size of B x C? What is the minimal size?

Exercise 7. Let A; C Q; for j = 1,2,...,n and let @ = Q; x --- x ,. For any j, let
Bj:(h><-~-ij_1xA;ij+1><~-~><Q”. Show that
(A1><A2><~~-><A7L)C:BlLJBQU--~UBn.

Exercise 8. Consider §2; for j =1,2,...,nand let Q = Q; x---xQ,. For every j, let (A%))77L€N

be a collection of subsets of ;. For every m, let B,, = A%) X oo X Ag,?). Show that

N B = (1AD) o (N 42).
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Exercise 9. Let 0 < a < 1. Prove that
o0
>am= e
n=0 o

Hint: Consider the finite sum Zﬁ[:o ™ and multiply it by (1 — «).



