Introduction to Probability

Exercise sheet 5

Exercise 1. Let X be a random variable on some probability space (2, F,P). Let Y be the
random variable defined by Y (w) = ¢ for all w € Q (¢ € R is some constant). Show that X,Y

are independent.

Exercise 2. Let X be an absolutely continuous random variable. Let ¥ = —X. Show that Y

is absolutely continuous with density fy (s) = fx(—s) for all s € R.

Exercise 3. Show that if X = (X1,...,Xy) is a jointly discrete random variable, then also each
of X1,..., Xy are discrete random variables.
Exercise 4. Let X;,..., X  be discrete random variables. Show that X3,..., Xy are mutually

independent, if and only if
Y (t1,...,tqs) € R? Jxa,xa)(t, - ta) = fx, (t1) - fx,(t2) - - fx,(ta)-
Exercise 5. Let X,Y be discrete random variables. Show that

Ixy(@,y) = fxy(@ly) fr(y),

for all y such that fy(y) > 0.

Exercise 6. Let Z = (X,Y) be an absolutely continuous 2-dimensional random variable with

density

1 2+ 52
t,s) = — — )
fz(t,s) 5 CXP ( 5 )

e Show that X ~ N(0,1) and that Y ~ N(0,1).
e Show that X, Y are independent.

Exercise 7. Let Z = (X,Y) be a 2-dimensional absolutely continuous random variable with

density given by
1
1L pg<s<t<l,
fZ (t7 8) = ’
0 otherwise.
e Show that fz is indeed a density.
e (Calculate the marginal densities, fx, fy.

e What is fy|x(:|t)? What is the distribution of Y'|X = ¢?
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Exercise 8. Let Z = (X,Y) be a 2-dimensional absolutely continuous random variable with
density given by
1 tel0,1/2], s€[0,1],
fz(t,s)=< 1 te[1/2,1], se[1,2],
0 otherwise.
e Show that fz is indeed a density.
e (Calculate the marginal distribution functions and densities, Fx, fx, Fy, fy.

e Are XY independent?

Exercise 9. Let X ~ Bin(n,p) and Y ~ Ber(p), such that X,Y are independent. Show that
X +Y ~Bin(n + 1,p). (Hint: Show Pascal’s triangle formula (7) = (".") + (771).)
Conclude that for Z = 22:1 Y; where Y7, ...,Y,, are mutually independent random variables

with Y; ~ Ber(p), we have that Z ~ Bin(n, p).



