Probability

Solutions to Exam B, Fall 2015

Solution Q1:

(A)

Sm — Sn = Xpt1 + -+ X, For any t, s we have that {S,, — 5, <t} €
o(Xns1y---,Xm) and {5, < s} € o(Xy,...,X,). These o-algebras are
independent, so {S,, — S, <t} and {S,, < s} are independent events. So

for all t, s,
P[S,, — S, <t, S, <s|=P[S, — 5, <t]-P[S, <s].

This implies that S, — .S,, and S,, are independent.

The random variable S,, - 14, is a function of Xi,...,X,,. The random
variable S,, — S, is a function of X, y1,...,X,,. Since (Xi,...,X,) is
independent of (X,41,...,X,,), we get that also S,, — S, is independent

of S, - 14,. So these random variables are also uncorrelated and

E[(Sy — Su) - S 1a.] = E[Sy — Su] - E[S, - 14.].

Since E[S,, — S,] = E[X,111] + - - - + E[X,,] = 0 we have that E[(S,, — S,,) -

S, -14]=0.
(C) Write
E[S2 - 14,] = E[(Sy — Sy + S,)? - 14,]

=E[(Sp — Sp)? - 14, ] +E[S?-1,4,] +2E[(Spm — Sn) - Sy - 14,]

= E[(Sy — Su)?-14,] +E[S2-14,]




(D)

We will show that

{M, >a} = H A
k=1

So 1{ar,>a)(w) = 1 if and only if there is exactly one 1 < k < n such that

14, (w) = 1. This implies that

Lag,zay = ) La,.
k=1

If M, > a, then, there exists j < n such that |S;| > a. Thus, there

exists a minimal such j; that is, there exists k for which [5;| < a if 7 < k

and |Sy| > a. So we have shown that {M, > a} C |J,_, Ax.

On the other hand, if Ay occurs then |Si| > a, so also M,, > a. That is,
Ay, C {M,, > a} for all k < n, which implies that | J,_, Ax C {M,, > a}.

The two inclusions prove that
{M, >a} =] A
k=1

So we are left with showing that the union is disjoint.

If £ > j we have
A0 4, € {I)] < a} N {IS)] = a} = 0.

So (Ag)x are pairwise disjoint.
Since S2 > S21(u,>aq}, by linearity,

n

E[S}] > E[S21an,50] = > E[Si14] > > E[S714,],
k=1 k=1

where the last inequality is from (C).

Markov’s inequality gives that for the non-negative random variable

S21,,,

]P)[Sg]-An 2 CL2] S E[SﬁlAn] . a%'



Also, if M,, > a then there exists & < n such that 14, = 1 and S} > a?%
So,

n

P[M, > o] < P[| ] {Si1a, = a*}]

k=1
n 1 n
< P[SP1a, > a? < 5> E[SP4,]
k=1 @ =
1 2
Finally, since E[S,] = Y_;_, E[Xx] = 0 we have that E[S?] = Var[S,] and

SO

P[M,, > a] < % - Var[S,,].

Solution Q2:

(A) Since X is absolutely continuous,

E[(X*)?) = / T pa ()t = / e p(ndt

/ /2sdst Dt — / /2st Ddsdt
//QSfX dtds_/ 25 P[X > s]ds.

(B) We have
oo k-1
- apir =3 rix
— k=1 m=0
:i i P[X:k]:iIP’XZm+1
m=0 k=m+1 m=0
:iP[X>m].
m=0

Solution Q3:



(A) Note that for any k& we have that ny, ngy1 > ng so

P(|Yis1 — Yi| > 27 = P[|IX

Nk+1

— X, | >27% < 27%

For any n we have

Pl {IVe = Vi > 275} <D P[Vis = Wi > 279 <> 2 F =27
k>n k>n k=n
For any n we have that ' C |, {|Vi = Yia| > 27%}, so P[F] < 27+!
for all n. Thus, P[F] = 0.
(B) We know that (Y}), converges if and only if (Yy); is a Cauchy sequence.

So we need to show that (Y%)x is a Cauchy sequence a.s.

Now, if w & F' (for F as in (A)), then
wEFC:UH“Yk—Ym—ﬂ §2_k}.
n k>n

That is, if w &€ F then there exists n such that for all & > n we have

[Viy1(w) — Yi(w)] < 27%. In this case, for any k > n and m > 0 we have

that
m—1 0o 00
Vit (@) =Ya(@)] D Vaps1 (@)=Y (@) <) Virina (w)=Yapa(w)| < > 2787 =274+
7=0 7=0 7=0

That is, for any € > 0 there exists n such that for all k,;m > n we have
1Yi(w) — Yi(w)] < e. So for any w ¢ F we have that (Yi(w)); forms a

Cauchy sequence. Thus,
P[(Yx)r is a Cauchy sequence | > P[F*] = 1.

(C)A={Z=W}={Z-W =0} = (Z-W)"'({0}). Since Z, W are random
variables, so is Z — W, and so A = (Z — W)~'({0}) is an event.
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Now, for any w we have that the limit limy X;(w) exists if and only if

Z(w) = W(w). If the limit exists, then it is equal to Z(w) = W(w). Thus,

) Zw) i Z(w)=W(w) | 3 y
Y(w) = . £ () % W(w) = Z(W){z=w}(w).

That is, Y = Z - 14. Because A is an event, 1,4 is a random variable, and

thus sois Y = Z - 14 as a product of two random variables.



