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Abstract: Hilbert’s 17th problem asked whether a multivariate polynomial,
which is positive on all tuples of real numbers, can be written as a sum of squares
of rational functions. The positive answerwas given byArtin, and the proof tech-
niques presented a cornerstone for real algebra and real algebraic geometry. At
the beginning of the millennium, Helton and McCullough solved a free version
of H17: fi a noncommutative polynomial is positive semidefinite on all tuples
of symmetric matrices, then it can be written as a sum of hermitian squares of
noncommutative polynomials.

In this talkwe shall address the variation of this problem for noncommutative
rational functions. By assuming that a rational function is positive semidefinite
on all symmetric tuples, one quietly asserts that the function is defined on all



symmetric tuples. Such functions are called regular. We will present a charac-
terization of regular noncommutative rational functions in terms of their real-
izations (from control theory) that can be algorithmically checked. Then we will
discuss the proof of the rational version of Helton-McCullough theorem, and its
reliance on a “truncated’’ GNS construction.


