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Elliptic curves are the first really interesting examples of algebraic curves. They can be defined
by cubic equations F(x,y) = 0 in two variables. The solution set of such an equation in the
complex numbers is a torus, the first really interesting example of a Riemann surface (a surface
with a notion of holomorphic functions on it, which locally looks like C).! If the coefficients of
F are integers, one can study the set of solutions in other rings (Z, Q, F,): this is a central open
problem in number theory, with important application to cryptography.

Modular forms are special holomorphic forms f(z) of one variable which are highly symmet-
ric: they are almost invariant under an action of the group SL,(Z). They are of central interest
in number theory and appear frequently in many other areas of mathematics and theoretical
physics.

The best (known or partial or conjectured) solutions to the following problems all rely on
modular forms and their generalisations:

(1) which integers are sums of four squares, and in how many ways? (Lagrange, 1770; Jacobi,
1829)
(2) does the equation a” + b” = ¢” have any nontrivial integer solutions for 7 > 3? (Wiles,
1993)
(3) what is the densest possible packing of 7-spheres in R”? (Viazovska et al., 2016)
(4) let E: F(x,y) =0 be an elliptic curve defined by an F with integer coefficients. Let E(K)
be the set of its solutions in the field K.
(2) what is the relation among the numbers |E(F )| as p varies among the primes?
(Wiles et al., ~2000)
(b) how to construct rational solutions in E(Q)? (Heegner, 1952)
(5) which vector spaces have actions by huge bizarre finite simple groups? (Borcherds, 2000)

Some of the main themes of the course will be:
(a) the wonders of holomorphic functions with special symmetry;
(b) how to construct abstract spaces (the space on which a multivalued function is a function;
the space of all lattices) and how to describe them concretely;
(c) fun applications to arithmetic and elsewhere.

Who this course is for
Advanced undergraduate and beginning graduate students.

Recommended references

J. Milne, Elliptic curves, online notes.

J.-P. Serre, A course in Arithmetic, Springer.

D. Zagier, in The 1-2-3 of modular forms, Springer

'The discrepancy ‘curve’ / “surface’ is due to: dime C = 1, dimy C =2.
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Plan

(1) Lattices. Doubly periodic functions.
(2) Riemann surfaces: definition and examples (Riemann sphere, roots, logarithms).
(3) Riemann surfaces: Euler characteristic, genus, Hurwitz formula. Riemann-Roch the-
orem (statement)
(4) Complex tori and elliptic curves.
(5) Morphisms between elliptic curves. The group law. Arithmetic of elliptic curves (a
glimpse: Mordell’s theorem, L-function, the Birch and Swinneton-Dyer conjecture).
(6) The group SL,(Z). The space of all lattices. The trefoil knot.
(7) Modular forms for SL,(Z): finite-dimensionality. Eisenstein series.
(8) Theta series. Four squares. Even unimodular lattices and sphere packing in dimension 8.
(9) Hecke operators. ‘Reminders’ on the Riemann zeta function. L-functions.
(10) The Ramanujan conjecture. Expander graphs. The j-invariant. Moonshine.
(11) Modular curves and their compactification.
(12) Complex multiplication.

Practical details

When and where: room -101, Tuesdays 12-14 and Wednesdays 10-12.

The course will be taught in English. Students will be encouraged but not obliged to submit
their written work in English.

The final grade will be the best of: 40% homework + 60% final exam, or 60% homework
+ 40% final exam.

E-mail address: daniel.disegni@gmail.com



