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1. REVIEW OF PRIOR MATERIAL

Lecture 1, 27 Feb 2019

We fix a nonzero commutative base ring K. All rings will be commutative K-rings by
default.
Let X be a topological space. Recall that a presheaf of K-modules on X is a functor

M : Open(X)®® — Mod K,
where Open(X) is the category of open sets of X, and Mod K is the category of K-modules.

More concretely, the presheaf M is the data of a K-module I'(U, M) for every open set
U C X, and a module homomorphism

restyy : T'(U, M) — I'(V, M)
for every inclusion V € U. The conditions are that

restyyjy = resty v oresty y
for every double inclusion W C V C U, and that resty;y = id for every U. We often use
the abbreviation

mly := restyy(m) € T(V, M)
for a section m € I'(U, M).

The presehaves of K-modules on X form a category. The morphisms are the obvious
ones. We denote it by ModP™ K. Here Ky is the constant sheaf on X with values in K
(but we didn’t define sheaves yet...)

Given a presheaf M and a point x € X, we have the stalk M, of M at x. This is a
K-module. Recall the formula:

My = gm ru, m,
where the direct limit is on the open neighborhoods U of x. Taking the stalk at x is a functor
ModP® Ky — Mod K.

A presheaf M is a sheaf if it satisfies the two sheaf axioms. These can be encoded as
follows: for every open set U C X and every open covering U = | J;¢; U;, the sequence of
K-modules

0->TUM) S ]_[ L(Uj,, M) LAUN ]_[ C(U;, N U;,, M)
ipel io, i1 €1

is exact. Here the homomorphisms €, §' are induced by the restrictions. For more details
see [Ye4, Sec 3 and Prop 7.10].

The sheaves of K-modules on X, also called Kx-modules, form a full subcategory of
ModP™ Ky, that we denote by Mod K.

The sheafification functor assigns to each presheaf M a sheaf Sh(M), and a homomor-
phism of presheaves

M+ M — Sh(M),

which is universal for homomorphisms into sheaves. Namely: if A is a sheafand ¢ : M —
N is a homomorphism of presehaves, then there is a unique homomorphism of sheaves
¢’ : Sh(M) — N such that ¢ = ¢’ o 7.

Exercise 1.1. Read the proof of the sheafication, including an understanding of the Gode-
ment sheaf GSh(M). This is [Yed, Thm 6.1]. We will need this next week when we define
the structure sheaf of an affine scheme.
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Exercise 1.2. State the categorical property of the functor Sh, as an adjoint (from which
side?) to the inclusion functor Mod Kx — ModP™* Ky.

The sheafication does not change the stalks: for every x € X the homomorphism:
Tagx - My = Sh(M)x
is bijective.

A ringed space over K is a pair (X, Ox), consisting of a topological space X, and a sheaf
of K-rings Ox on X.

Let (X, Ox) be such a ringed space. A sheaf of Ox-modules, also called an Ox-module,
is a sheaf of K-modules on X, together with a structure of a I'(U, Ox)-module for every
open set U C X, which respects restrictions to open subsets.

The category of Ox-modules is denoted by Mod Ox. The morphisms are the obvious
ones.

The sheafifcation functor respects the Ox-module structure: if M € ModP™ Ox then
Sh(M) € Mod Oy, and 7, is Ox-linear.

Let ¢ : M — N be a homomorphism in Mod Ox. Its kernel is the Ox-module Ker(¢)
such that

(U, Ker(¢)) = Ker(F(U, ) : T(U, M) — [(U, N)).

The image of ¢ is the Ox-module
Im(¢) := Sh(Im”(¢)),
where ImP™(¢) is the presheaf defined by
T(U, ImP*($)) = Im(F(U, ¢ : T(U, M) — F(U,/\/)).

Note that Ker(¢) is a subsheaf of M and Im(¢) is a subsheaf of \/.
A sequence of homomorphisms

S:(.__Miii)MHlfi_ﬂ_)MHln_)

in Mod Oy is called exact if for every point x € X the sequence of homomorphisms

S ML &M;ﬂ f’l‘_ﬂ_)M?l
in Mod Oy, is exact. We know that S is exact iff for every i there is equality
Im(¢"™") = Ker(¢")
of these subsheaves of M.

Given an open set U C X we write Oy := Ox|y. Thus (U, Oy ) is also a ringed space.
There is a restriction functor

Mod Ox — MOdOU, M M|U

Sheaves, and homomorphisms between sheaves, can be glued.
Notation: given an open covering X = | J;¢; U;, and indices i, j, ... € I, we often write

(13) Ui,]',”_ = UiﬂUjﬂ"' .

Theorem 1.4 (Gluing Sheaf Homomorphisms). Let M and N be Ox-modules, let X =
Uier Ui be an open covering, and let

¢i : My, = Nlu,
be homomorphisms of Oy, -modules satisfying the condition

¢l’|U[Vj = ¢]|U,j : M|Ui,j - NlUi,j'
(This is the 0-cocycle condition.)
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Then there is a unique homomorphism of Ox-modules
o M-o>N
such that
Plu; = ¢i : Mly, = Nlu,
for all i.

Theorem 1.5 (Gluing Sheaves). Suppose X = J;¢; Ui is an open covering. For everyi let
M, be an Oy, -module, and for every i, j let

¢ij : Milu,; = Mjlu,,
be an isomorphism of Oy, ;-modules. The condition is that
bjklu ;i © Sijlug ;. = biklu, ;.
as isomorphisms
Milu, ;. = Milu, .
foralli,j, k. (This is the 1-cocycle condition.)
Then there is an Ox-module M, together with isomorphisms

¢ My, > M;
of Ox|u,-modules, such that
¢i,j o ¢i|Ui,j = ¢j|Ui,j : MlUi,,j > Mj|U,',_,"

Moreover, the Ox-module M, with the collection of isomorphisms {¢;}, is unique up to
a unique isomorphism.

Exercise 1.6. Read and make sure you understand these last two thms. Proofs can be found
here: [Yed, Thm 7.3] and [Ye4, Thm 7.4].

Let M, N € Mod Ox. The Ox-module Homo, (M, N) is defined by
(U, Homoy (M, N)) := Hompmod 0y |, (M, Nu).
The Ox-module M ®o, N is the sheaf associated to the presheaf
1.7 U T(U,M)@rw,ox) I'(U,N).

Exercise 1.8. Find an example of M and A/ such that the presheaf tensor product (1.7) is
not a sheaf. (Hint: line bundles on P')

Let f : ¥ — X be a map of topological spaces. For a Ky-module A/, its pushforward,
or direct image, is the Kx-module f.(N) defined by

LU, £(N) = T(f7H(U). N))
for open sets U € X. We get a functor
(1.9) f+ : Mod Ky — Mod K.

For a Kx-module M, the pullback, or inverse image, is the Ky-module f~!(M) defined
by
(V. f7 (M) := lim T(U, M),

where V C Y is open, and U runs over the open sets in X that contain f(V). We get a
functor

(1.10) £7':ModKx — ModKy.
There is adjunction: an isomorphism of K-modules

(1.11) Hompod Ky (M, fi(N)) = Hompmodky (f ' (M), N)
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which is functorial in M and V.
Exercise 1.12. Prove the adjunction formula (1.11).
Exercise 1.13. Prove that the functor f~! in (1.10) is exact.

Exercise 1.14. Prove that the functor f, in (1.9) is left exact. Find and example showing
that it is not exact. (Hint: line bundles on P')

Let (X, Ox) and (Y, Oy) be ringed spaces. A map of ringed spaces
(1.15) (f.¥) : (Y, 0r) = (X, Ox)

consists of a map of topological spaces f : ¥ — X, together with a homomorphism of
Kx-rings

(1.16) ¥ Ox — fu(Oy).

We shall often use the notation (f, f*) instead of (f, ). The notation (f, ¢) is common
in most textbooks, but it is a bit redundant, so we will only use it when it is need to clarify
matters. Note that in many cases (see examples below) the homomorphism f* is literally
pullback of functions; and this makes the notation (f, f*) good heuristically. On the other
hand, we sometimes omit all mention of the structure sheaves, and just talk about a map
f Y — X of locally ringed spaces.
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