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NONABELIAN MULTIPLICATIVE INTEGRATION ON SURFACES
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ABsTRACT. We construct a 2-dimensional twisted nonabelian multiplicative integral.
This is done in the context of a Lie crossed module (an object composed of two Lie
groups interacting), and a pointed manifold. The integrand is a connection-curvature
pair, that consists of a Lie algebra valued 1-form and a Lie algebra valued 2-form,
satisfying a certain differential equation. The geometric cycle of the integration
is a kite in the pointed manifold. A kite is made up of a 2-dimensional simplex
in the manifold, together with a path connecting this simplex to the base point of
the manifold. The multiplicative integral is an element of the second Lie group
in the crossed module.

We prove several properties of the multiplicative integral. Among them is the
2-dimensional nonabelian Stokes Theorem, which is a generalization of Schlesinger’s
Theorem. Our main result is the 3-dimensional nonabelian Stokes Theorem. This is a
totally new result.

The methods we use are: the CBH Theorem for the nonabelian exponential
map; piecewise smooth geometry of polyhedra; and some basic algebraic topol-
ogy.

The motivation for this work comes from twisted deformation quantization and
descent for nonabelian gerbes. Similar questions arise in nonabelian gauge theory.
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0. INTRODUCTION

0.1. In this paper we establish a theory of twisted nonabelian multiplicative inte-
gration of 2-forms on surfaces.

Let us begin the exposition with a discussion of 1-dimensional nonabelian multi-
plicative integration. This goes back to work of Volterra in the 19-th century, and is
also known by the names “path ordered exponential integration” and “holonomy
of a connection along a path”. See the book [DE] and the paper [KMR] for history
and various properties.

In our setup the 1-dimensional multiplicative integral looks like this. Let X
be an n-dimensional manifold (by which we mean a differentiable manifold with
corners), and let G be a Lie group with Lie algebra g, all over the field R. We
denote by

n
Q(X) = ®p:0 QP (X)
the de Rham algebra of X (i.e. the algebra of smooth differential forms). By

smooth path in X we mean a smooth map ¢ : Al — X, where Al is the 1-
dimensional simplex. Let

ve QN(X)®ag.
The multiplicative integral of « on o is an element
(0.1.1) Ml(«a |0) € G,

obtained as the limit of Riemann products. This operation is re-worked and ex-
tended in Section 3| of our paper.

0.2. For reasons explained in Subsection of the Introduction, we found it
necessary to devise a theory of 2-dimensional nonabelian multiplicative integration.
Our work was guided by the problem at hand, plus ideas borrowed from the
papers [BM, BS, Kol.

Instead of a single Lie group, the 2-dimensional operation involves a pair
(G, H) of Lie groups, with a certain interaction between them. This structure
is called a Lie crossed module. A Lie crossed module

0.2.1) C= (G HY,®)

consists, in addition to the Lie groups H and G, of an analytic action ¥ of G on H
by automorphisms of Lie groups, which we call the twisting; and of a map of Lie
groups @ : H — G, called the feedback. The conditions are that ® is G-equivariant
(with respect to ¥ and to the conjugation action Ad¢g of G on itself); and

0.2.2) Yod = Ady;.
See [BM, BS]. The integrand is now a pair («, ), with
(0.2.3) reO(X)®g and pe Q?(X)Db.

Here b is the Lie algebra of H.

Let xp be a point in X, so the pair (X, xp) is a pointed manifold. The geometric
data (the cycle) for the multiplicative integration is a kite (¢, T) in (X, x¢). Let us
denote by vy, ..., v, the vertices of the p-dimensional simplex A”. By definition
a smooth triangular kite (o,T) in (X, xy) consists of smooth maps o : Al — X
and 7 : A> — X, such that 0(vg) = xg and o(v1) = T(vp). See Figure for an
illustration.

The next theorem summarizes our construction. It encapsulates many results
scattered throughout the paper.
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FIGURE 1. A smooth triangular kite (0, T) in the pointed manifold (X, x).

Theorem 0.2.4 (Existence of MI on Triangles). Let C = (G, H,¥, ®) be a Lie crossed
module, (X, xq) a pointed manifold, and («, B) a pair of differential forms as in (0.2.3).
Given any smooth triangular kite (o, ) in (X, xq), there is an element

MI(w,B|0,7) € H

called the twisted multiplicative integral of (, ) on (o, T).
The operation MI(—, —) enjoys these properties:
(@) The element MI(«, B | o, T) has an explicit formula as the limit of Riemann prod-
ucts.
(b) The operation MI(—, —) is functorial in C and (X, xo).
(c) If H is abelian and G is trivial, then

Ml(a, B0, T) = epo(/T B).

More on the construction in Subsections and [0.10] of the Introduction.

As far as we know, this is the first construction of a nonabelian multiplica-
tive integration on surfaces of such generality. The very special case G = H =
GL,;(R) was done by Schlesinger in the 1920’s; cf. [DF, KMR].

0.3. Actually, in the body of the paper we work in a much more complicated
situation. Instead of a Lie crossed module (0.2.T), we work with a Lie quasi crossed
module with additive feedback (See Section[5). The reason for the more complicated
setup is that this is what was required, at the time, for our work on twisted defor-
mation quantization in the paper [YeB]. More on this in Subsection [0.1T] below. In
the Introduction we stick to the simpler setup of a Lie crossed module, which is
interesting enough. Note however that all the results mentioned in the Introduc-
tion are valid also in the more complicated setup.

0.4. In this subsection we explain the nonabelian 2-dimensional Stokes Theo-
rem. For this to hold it is necessary to impose a condition on the integrand («, ).
Recall the feedback ® : H — G. Consider the induced Lie algebra homomor-
phism
Lie(®): h —g.

By tensoring this induces a homomorphism of differential graded Lie algebras

P:QAX)h— QX)®g.
We say that («, B) is a connection-curvature pair for C/ X if
(04.1) ¢(B) = d(a) + 5, a]
in O%(X) ® g. (In [BM] this condition is called the vanishing of the fake curvature.)
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(o, T)

FIGURE 2. The boundary d(c, T) of the kite (¢, T) from Figure

N

X

X0

FIGURE 3. A smooth triangular balloon (¢, T) in the pointed man-
ifold (X, xp).

The boundary of a triangular kite (o, T) is the closed path d(c, T) depicted in
Figure 2]

Theorem 0.4.2 (Stokes Theorem for Triangles). Let C = (G, H,¥, ®) be a Lie crossed
module, (X, xg) a pointed manifold, and («x, B) a connection-curvature pair for C/X.
Given any smooth triangular kite (o, ) in (X, xq), one has

O (Ml(a, B |0, 7)) =Ml(a|d(c,T))
in G.

The special case G = H = GL,;(IR) is Schlesinger’s Theorem (see [DF, KMR]).
0.5. We now approach the main result of the paper, namely the nonabelian 3-
dimensional Stokes Theorem.

A smooth triangular balloon in (X, xo) is a pair (o, T), consisting of smooth maps
o:A' = Xand 7: A% — X, such that ¢(vg) = x and ¢(v;) = T(vg). See Figure
for an illustration.

The boundary of a balloon (¢, T) is a sequence

9(o, ) = (91(0, T), 02(0, ), 93(0, T), Aa(0, T))

of triangular kites. See Figure [f} We write

(0.5.1) Ml(a, B|9(0, 7)) := ﬁ MI(w, B|0;(0, 7)),
1=1
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/ (o, 7) o 9(0,7)
/ ds(o, T) / 9:(0, T)

FIGURE 4. The four triangular kites that make up the sequence
d(c, 7). Here (o, ) is the triangular balloon from Figure

where the order of the product is left to right.

Let Hp := Ker(®), which is a closed Lie subgroup of H. We call it the iner-
tia subgroup, and by := Lie(Hp) is called the inertin subalgebra. Note that Hj is
contained in the center of H, so Hy is an abelian Lie group. A form

7€ QP(X)@ho

is called an inert p-form.

We say that a form a € Q!(X) ® g is tame connection if it belongs to some
connection-curvature pair («, f). We show (in Subsection that given a tame
connection « and an inert 3-form v, there is a well defined twisted abelian multi-
plicative integral

MI(a, |0, T) € Hp.
For g € G there is a Lie group automorphism ¥(g) : H — H. Its derivative is

¥y (g) = Lie(¥(g)) : b — b.
As g varies we get a map of Lie groups
(0.5.2) ¥y : G — GL(b).
The derivative of ¥y is a map of Lie algebras
Lie(Yy) : g — gl(h) = End(h).

This extends by tensor product to a homomorphism of differential graded Lie
algebras

Py QAUX) ® g — Q(X) ® End(h).

Given a connection-curvature («, B), its 3-curvature is the form

(05.3) 7:=d(B) + ¢y (a)(p) € V@,

(This is the name given in [BM].)
We can now state the main result of the paper. (See Theorem for the full
version.)
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Theorem 0.5.4 (Stokes Theorem for Tetrahedra). Let C = (G, H, ¥, ®) be a Lie
crossed module, (X, xo) a pointed manifold, and («, B) a connection-curvature pair for
C/X. Let vy be the 3-curvature of («, B). Then:

(1) The form vy is inert.

(2) Given any smooth triangular balloon (o, T) in (X, xo), one has

MI(«, B|9(0, 7)) = Ml(a, v |0, T)
in H.

In this generality, Theorem appears to have no precursor in the literature.
The special (but most important) case, namely v = 0, was taken to be true in
some papers (e.g. [Ko| [BS]), but no proofs were provided there.

Assertion (1) in the theorem can be viewed as a generalized Bianchi identity.

0.6. In this and the next few subsections we will explain some of the work lead-
ing to the theorems mentioned above.

The methods used in the constructions and proofs are of two kinds: geometric
and infinitesimal. The geometric methods consist of dividing kites into smaller
ones, and studying the effect on the corresponding approximations (Riemann
products). The infinitesimal methods involve Taylor expansions and estimates
for the nonabelian exponential map.

Throughout most of the paper we work with linear quadrangular kites in polyhe-
dra, and with piecewise smooth differential forms, rather than with smooth triangular
kites in manifolds and smooth differential forms. The reason for choosing quad-
rangular kites is mainly that it is much easier to carry out calculations of Taylor
expansions on squares, as compared to triangles. Also the combinatorics of quad-
rangular kites and their binary subdivisions is simpler than that of triangles. See
Subsections A review of the piecewise linear geometry of poyhedra, and
of piecewise smooth differential forms, can be found in Section

The key technical result that allows us to calculate nonabelian products is The-
orem on estimates for the nonabelian exponential map. These estimates are
gotten from the CBH formula. Section[2]is devoted to the proof of these estimates.

For heuristic purposes we introduce the concept of “tiny scale”. By tiny scale
(depending on context of course) we mean geometric or algebraic elements that
are so small that the relevant estimates (arising from the CBH formula or Taylor
expansion) apply to them. See Remark

0.7. Forn > 0let I" be the n-dimensional cube. We give names to some vertices:
v :=(0,...,0), and

v; :=(0,...,1,...,0)
with 1 in the i-th position, for i = 1,...,n. The base point for I" is vy.

Let (X, xg) be a pointed polyhedron. By linear string in X we mean a sequence
o= (01,...,0m) of piecewise linear maps ¢; : I' — X, such that 0;(v1) = 0,1 (o).
The maps o0; are called the pieces of ¢. In Section [3] we construct the non-
abelian multiplicative integral MI(«a | o) of a piecewise smooth differential form
€ Q%,WS(X) ® g on a string ¢. This construction is quite simple and essentially
the same as the classical one. We also prove a few basic properties of this ML

0.8. In Section {4 we construct the 2-dimensional nonabelian multiplicative inte-
gral MI(a, B| o, T). Here (0, T) is a linear quadrangular kite in the pointed poly-
hedron (X, xq). By definition this means that ¢ is a string in X, and 7: 1> — X is
a linear map. The conditions are that the initial point of ¢ is xy, and the terminal
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point of ¢ is T(vg). The integrand («, §) consists of piecewise smooth differential
forms:

ac Q}laws(X) ®g and :B € Q}zaws(X) ®h.

The coarse approximation of the 2-dimensional nonabelian multiplicative inte-
gral is as follows. Given a kite (o, T) in (X, xp), let

g:=Ml(a|0o) € G;
so applying the operator ¥y (g) from (0.5.2) we have a new (twisted) 2-form
ke (g) (ﬁ) € Q%ws(X) ®b.

We define the basic Riemann product of («, B) on (o, T) to be

(0.8.1) RPy(a, |0, T) := expy (/T‘Yb(g)(ﬁ)) € H.

(Actually in the body of the paper we use another formula for
RPy(a, B |0, T), that converges faster; see Definition and Remark [4.3.4])

For the limiting process we introduce the binary subdivisions of 1. The k-th
binary subdivision is the cellular decomposition of I? into 4% equal squares, and
we denote it by sd"12. The 1-skeleton of sd* I? is denoted by sk; sd" I2. Tts fun-
damental group (based at vp) is denoted by 71 (sk; sd” I?). Itis very important
that the group 71 (sk sd* I2) is a free group on 4% generators. We say that a kite
(0, 7) is patterned on sd* 12 if for every piece 0; of the string o, the image o;(I') is
a 1-cell of sd* 12, and 7(12) is a 2-cell of sd* I2.

A tessellation of I? is by definition a sequence ((07, 7;)) _ of square kites in

i=1,
(I?,v9), each patterned on sdF 12, satisfying the following topological condition.
Let us denote by [9(c;, 7;)] the element of 771 (sk sd* I2) represented by the closed

string d(0;, 7;). Then

052) 11 0o, o) = or
1=1

in 771 (sky sd* 12).

For the construction we choose a particular tessellation for every k. It is called
the k-th binary tessellation, and the notation is tes*I>. The actual definition of
tes* I? is not important (since it is quite arbitrary, and chosen for convenience).
All that is important are its two properties:

o Itis a tessellation; i.e. equation (0.8.2) holds.
e It has a recursive (self similar) nature.

For fixed k and a kite (o, T) we obtain, by a simple geometric operation, the
k-binary tessellation

tes* (0, 7) = (tes (o, )
of (o, T), which is a sequence of kites in (X, x). (See Definition [4.2.7])
For every i € {1,...,4%} we have the basic Riemann product
RPy(«, B tes (o, 7))
on the kite tes¥(c, 7). We define the k-th Riemann product to be
4k

(0.8.3) RPy(a, 8|0, 7) := [ ] RPo(a, B tesk (0, 7)).
1=1
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In Theorem [4.4.15| we prove that the limit
lim RPy(a, 8|0, T)
k—o0

exists in H. The proof goes like this: for sufficiently large k the kites tes¥(c, T) are
all tiny. We use estimates to show that the limits

lim RPy (a, 8] tes (o, 7))
k' —o0

exist for every i. Due to the recursive nature of the binary tessellations, this is
enough. We can finally define

(0.8.4) MI(a,B |0, T) := klim RPy(a, B |0, T).
—00

0.9. In Section [f| we prove the 2-dimensional Stokes Theorem. It is the same
as Theorem except that it talks about piecewise smooth forms on a pointed
polyhedron and linear quadrangular kites. Again the proof is by reduction (using
the recursive nature of the binary tessellations) to the case of a tiny kite. And then
we use approximations (both of Taylor expansions and the exponential map) to
do the calculation.
A very important technical consequence of the 2-dimensional Stokes Theorem

is:
Theorem 0.9.1 (Fundamental Relation). Let C = (G, H,'¥, ®) be a Lie crossed mod-
ule, (X,x9) a pointed  polyhedron, (v, ) a  piecewise  smooth
connection-curvature pair for C/X, and (o, T) a linear quadrangular kite in (X, xg).
Consider the elements

g:=Ml(a|d(0,7)) €G
and

h:=Ml(a,p|0o,T) € H.
Then

¥(g) = Adm(h)

as automorphisms of the Lie group H.

In Section [§| we prove the first version of the main result of the paper, namely
the 3-dimensional Stokes Theorem (Theorem [8.6.6). This is like Theorem [0.5.4
only for piecewise smooth connection-curvature pairs, and for linear quadrangu-
lar balloons.

The strategy of the proof is this. Using Theorem and a lot of combina-
torics of free groups (done in Section [7), we reduce the problem to the case of a
tiny balloon. And for a tiny balloon we use Taylor expansions and the estimates

from Theorem

0.10. Finally, in Section [9) we show how to pass from quadrangular kites to
triangular ones. This is very easy, using the following trick. The triangle A? is
naturally embedded in the square I%; and there is a piecewise linear retraction
h: 12 — A2 Consider the “universal triangular kite” (¢/,7") , and the “universal
quadrangular kite” (¢/,7”), both in (12,v); see Figures and (36, There is a
piecewise linear retraction

g: P = MHut ().
These maps are related by
Toh=got,

as maps I? — I2.
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Given a smooth kite (¢, 7) in a pointed manifold (X, xg), there a piecewise
smooth map f : I> — X such that fo¢’ = ¢ and fo 1’ = 7. Given a smooth
connection-curvature pair («, ) for C/X, the pair

(o', ) := (f*(«), f*(B))
is a piecewise smooth connection-curvature pair (a, 8) for C/I?. We define
(0.10.1) Ml(a,B|0o,T) :=MI(a, B’ | o/, T").

The results proved for quadrangular kites can be easily transferred to triangu-
lar kites by similar geometric tricks.

0.11. The reason we became interested in nonabelian multiplicative integration
is its application to twisted deformation quantization of algebraic varieties, as
developed in our paper [Ye3] (see also the survey article [Ye4]). Twisted deforma-
tions of an algebraic variety X are very close to gerbes and to stacks of algebroids
(in the sense of [Ko]). Our original strategy was to classify these twisted defor-
mations in terms of Maurer-Cartan solutions in a DG Lie algebra gotten as the
commutative Cech resolution of a sheaf of DG Lie algebras on X. The multiplica-
tive integration was supposed to be a key component of this construction. Some
of the details are explained in Subsections and

In the meanwhile we discovered a more direct approach to the classification
of twisted deformations, using descent data in cosimplicial crossed groupoids,
and a related invariance result (see Sections 5-6 in the latest version of [Ye3]], and
Theorem 0.1 in [Ye6]).

In the version of [Ye3] dated 26 August 2009 there was a “result” labeled The-
orem 11.2, about cosimplicial quantum type DG Lie algebras, Deligne crossed
groupoids and descent data. The proof of this “result” was only sketched, and
we never completed the proof (it was supposed to have appeared in a separate
paper). It is now presented as Conjecture at the end of this paper.

Speaking of conjectures, we should mention Conjecture regarding the
rationality of the 2-dimensional multiplicative integral when the Lie groups G
and H are unipotent algebraic groups.

Despite the fact that the original motivation for this paper no longer exists, we
believe that the constructions and results presented here have independent value.
This can be seen for instance by the role our work has in the recent paper [BGNT].
See the next subsection for a discussion of [BGNT] and other related papers.

0.12. We end the introduction with a discussion of recent related work. Our 2-
dimensional nonabelian multiplicative integral is closely related to the differential
geometry of gerbes, as developed by Breen and Messing [BM]. Indeed, the notion
of fake curvature, that goes into our definition of connection-curvature pair, and
the notion of 3-curvature, are both taken from [BM].

There is a series of papers by Baez, Schreiber and Waldorf ([BS], [SW1], [SW2]
and others) on nonabelian gauge theory. They develop a theory of nonabelian curva-
ture that seems to be very similar to our 2-dimensional nonabelian multiplicative
integral, even though the flavor of their work is very different (it is much more
abstract). It seems that [SW2] contains a proof the 3-dimensional Stokes Theorem
in the special case where the 3-curvature is zero.

Very recently the paper [BGNT] by Bressler, Gorokhovsky, Nest and Tsygan
came out. The goal of this paper is to prove that several existing notions of the
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nerve of a 2-groupoid are equivalent (as simplicial sets). The comparison be-
tween the Hinich simplicial set and the Deligne-Getzler simplicial set is done
using 2-dimensional nonabelian multiplicative integration. The method seems to
be quite similar, at least morally, to our original program (see previous subsec-
tion and Conjecture [0.5.2). The 2-dimensional nonabelian multiplicative integral
that is developed in Sections 4-5 of [BGNT] is inspired by our work, and they ob-
tain a version of our 3-dimensional Stokes Theorem in their setting (see [BGNT),
Theorems 5.1 and 5.2]).

The difference between the construction in [BGNT] and ours is that they work
in the special case of a Lie crossed module (G, H,¥,®) consisting of unipotent
algebraic groups G and H, and an algebraic connection-curvature pair («, ) with
vanishing 3-curvature. The construction goes like this: they write a particular
partial differential equation, and the multiplicative integral is its unique solution.
This construction is significantly shorter than ours; and presumably it coincides
with our construction in this setup. Cf. Subsection[5.5of our paper. See the end of
Subsection regarding the relation between the work of [BGNT] and Conjecture

0.13. Acknowledgments. Work on this paper began together with Fredrick Leit-
ner, and I wish to thank him for his contributions, without which the paper could
not have been written. Thanks also to Michael Artin, Maxim Kontsevich, Damien
Calaque, Lawrence Breen, Amos Nevo, Yair Glasner, Barak Weiss and Victor Vin-
nikov for assistance on various aspects of the paper.
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FIGURE 5. The polyhedra A! = 1!, A% and I?, with their vertices
and orientations.

1. POLYHEDRA AND PIECEWISE SMOOTH GEOMETRY

1.1. Conventions. In this paper we work over the field R of real numbers. We
denote by A" = A"(RR) the real n-dimensional affine space, with the usual smooth
(i.e. C* differentiable) manifold structure, and the standard euclidean metric. The
symbol ® stands for ®R. The coordinate functions on A" are fy, ..., ty.

1.2. Embedded Polyhedra. By linear map f : A™ — A" we mean the composi-
tion of a linear homomorphism and a translation. Thus the group of invertible
linear maps of A" is GL,(R) x R". By linear subset X of A" we mean the zero
locus of some set of linear functions (not necessarily homogeneous). In other
words X is the image of some injective linear map f : A™ — A"; and then we let
m be the dimension of X.

Given a set S C A", its linear (resp. convex) hull is the smallest linear (resp.
convex) subset of A" containing S. In case S is finite, say S = {x1,..., x5}, then
a point x is in the linear (resp. convex) hull of S if and only if x = Y/ ; a;x; for
some real numbers ay, . .., 4, satisfying Y a; =1 (resp. and a; > 0).

By embedded polyhedron we always mean a convex bounded finite polyhedron
in A", for some n. Namely a polyhedron X in A" is the convex hull of a finite
subset of A”. A point x € X is called a vertex if it is not in the convex hull of any
finite subset of X — {x} If we denote by S the set of vertices of X, then S is finite,
and X is the convex hull of S. The dimension dim X is the dimension of the linear
hull of X, and we call A” the ambient linear space of X. The standard euclidean
metric on A" restricts to a global metric (a distance function) disty on X. We
denote by diam(X) the diameter of X, namely the maximal distance between
any two points. The linear functions on A" (spanned by t1,...,t,;) restrict to
functions X — R, that we also call linear functions. The R-module Oy, (X) of
linear functions has rank equal to m := dim X. An R-basis {s;}i—1__m of Ojjn(X)
is called a linear coordinate system on X.

We shall mostly encounter two kinds of embedded polyhedra. The first is
the n-dimensional cube I". This is the subset of A" defined by the inequalities
0 <ty,...,ty <1. As a convex set it is spanned by its 2" vertices. See Figure
for an illustration.

The second kind of embedded polyhedron is the n-dimensional simplex A", em-
bedded in A"t1. We use barycentric coordinates ty,t1...,t; on A"t when deal-
ing with the simplex. In these coordinates A" is the subset of A"*! defined by
the conditions 0 < fo,...,t, and Y./ ;t; = 1. As a convex set it is spanned by its
n + 1 vertices.
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Suppose X and Y are both embedded polyhedra. A linear map f : X — Y
is a function that extends to a linear map between the ambient linear spaces.
Such a map f is determined by its value on a sequence (vy,...,v,) of linearly
independent vertices of X, where n := dim X. Thus we shall often describe the
linear map f as

f(vo,...,vn) = (wo,..., Wn),
orjust f = (wy,..., wy), where w; := f(v;).

In case X is the cube I", embedded in A", we shall look at the following linearly

independent vertices: vy is the origin (0,...,0), and fori =1,...,n we take

1.2.1) v = (0,...,1,...,0),

with 1 in the i-th position. In case of the simplex A", embedded in A"l with
barycentric coordinates, we look at all its vertices, and use the notation
(vo,...,vn), where v; is as in equation (1.2.1).

1.3. Smooth Maps and Forms. The algebra of smooth real functions on A" is
denoted by O(A"). The de Rham DG (differential graded) algebra of smooth
differential forms on A" is

QA" = é QF(A"),
p=0

with differential d and wedge product A.

Let X be an m-dimensional polyhedron embedded in A". The set X is a com-
pact topological space, its interior Int(X) is an m-dimensional manifold, and the
boundary 0X is a finite union of (m — 1)-dimensional polyhedra. But X also has
a differentiable structure.

Definition 1.3.1. Let X C A" be an embedded polyhedron, and let U C X be an
open set.
(1) A function f : U — R is said to be smooth if it extends to a smooth
function f : I — R on some open neighborhood U of U in A”.
(2) Amap f: U — AP is called smooth if the functions t;o f : U — R are
smooth foralli € {1,...,p}.
(3) Suppose Y C AP is an embedded polyhedron, and V C Y is an open set.
A map f: U — V is called smooth if the composed map f : U — AP is
smooth.
(4) Let V be an open subset of an embedded polyhedron. Amap f: U — V
is called a diffeomorphism of it is bijective, and both f and f~! are smooth.

We denote by O(U) the R-algebra of all smooth functions U — R. A smooth
map f : U — V between open subsets of embedded polyhedra induces an R-
algebra homomorphism f*: O(V) — O(U), namely pullback.

Suppose X is an embedded polyhedron and U C X is an open set. We let
Int(U) := UNInt(X) and o(U) := U N I(X). Note that Int(U) is a manifold, and
it is dense in U.

Definition 1.3.2. Let X C A" be an embedded polyhedron, and let U C X be an
open set. A smooth differential p-form on U is a differential form « € QF (Int(U)),
that extends to a form & € OO (U) on some open neighborhood U of U in A".

We denote by O (U) the set of differential p-forms on U, and we let

Q) = @ oru).

p=0
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This is a DG subalgebra of Q(Int(U)).

Suppose U and V are open subsets of embedded polyhedra. A smooth map
f : U — V induces a DG algebra homomorphism f* : Q(V) — Q(U). If f is an
inclusion then we usually write a|y; := f*(a) for « € Q(V).

Let X be an m-dimensional embedded polyhedron, and U C X a nonempty
open set. Then Q7 (U) is a free O(U)-module of rank (’;}) Indeed, if we choose a

linear coordinate system {s;};—1 . ,, on X, then the family

.....

(1.3.3) {dsiy A-e - Adsi, b<iy <o<ip<m
is a basis for Q7 (U) as O(U)-module.

Definition 1.3.4. Let s = {s;};—1__, be a linear coordinate system on the m-
dimensional polyhedron X. Given a form a € (7 (X), it has a unique expansion
as a sum

ﬂczzfti'dsilﬁ-”AdSip,
i

where i = (iy,...,ip) runs over the set of strictly increasing multi-indices in the
range {1,...,m}, and &; € O(X). The functions &; are called the coefficients of «
with respect to the linear coordinate system s.

Let us denote by Qconst(A”) the R-subalgebra of ()(A") generated by the ele-
ments diq,...,dt,. Now suppose X is an m-dimensional polyhedron in A". The
image of Qconst(A") under the canonical surjection Q)(A") — Q(X) is denoted
by Qconst(X), and its elements are called constant differential forms. There is an
isomorphism of graded algebras

Q(X) = O(X) @ Oeconst(X).

If we choose a linear coordinate system s = {s;};—1__», on X, then (1.3.3) is an
R-basis for QF . (X).

const

Definition 1.3.5. Given a smooth form « € OF(X) and a point x € X, we define
the constant form associated to « at x to be

a(x) = Z &;(x) dsiy A A dsl-p € Qfonst(X),
i

where the functions &; are the coefficients of « relative to some linear coordinate
system s = {s;}, as in Definition [1.3.4]

Note that a(x) is independent of the linear coordinate system.

Let f : X — Y be a linear map between embedded polyhedra. If g is a linear
function on Y, then f*(g) = g o f is a linear function on X; and if & € Qconst(Y),
then f*(a) € Qconst(X).

1.4. Manifolds with Sharp Corners. Manifolds with corners are modeled on
R%,; cf. [Le] or [Jo]. However not all polyhedra are manifolds with corners;
so we introduce a variant in which the local model is an embedded polyhedron.
See Remark [L.4.4] below.

Definition 1.4.1. Let X be a topological space.

(1) A smooth chart with sharp corners on X is a pair (U, ¢), where U is an open
subset of an embedded polyhedron, and ¢ : U — X is a map such that
$(U) is open in X and ¢ : U — ¢(U) is a homeomorphism.
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(2) Two smooth charts with sharp corners (U, ¢1) and (Uy, ¢2) are compati-
ble if

¢y o (@1 (L) Na(U2)) — ¢y (1 (Un) N (L))

is a diffeomorphism.
(3) A smooth atlas with sharp corners on X is a collection {(Uj, ¢;)} of compati-
ble charts with sharp corners, such that X = (J; ¢;(U;).

Definition 1.4.2. A smooth manifold with sharp corners is a Hausdorff second count-
able topological space X endowed with a smooth atlas with sharp corners { (U, ¢;) }.

Definition 1.4.3. Let X and Y be smooth manifolds with sharp corners, with
atlases {(U;, ¢;)} and {(V}, ;) } respectively. A map f : X — Y is called smooth if
for every i,j the map

plofogi: (Fog)  (w;(v) =V
is smooth.

Remark 1.4.4. If we were to restrict the class of polyhedra in Definition to
cubes (or simplices), then we would recover the usual definition of manifold with
corners. “Sharp corners” occur when too many faces of a polyhedron meet at a
vertex (to be precise, more than the dimension of the manifold; e.g. at the top
vertex of a pyramid with square base).

There are several notions of smooth maps between manifolds with corners in
the literature. Suppose X and Y are smooth manifolds with corners, and f : X —
Y is a smooth map in the sense of Definition Then f is called “weakly
smooth” in [Jo]]. In order for f to be smooth according to [Jo] it must satisfy a
condition involving the boundary strata of X and Y; such a condition can’t even
be stated when sharp corners are present.

Proposition 1.4.5. The category of smooth manifolds with sharp corners contains the
following categories as full subcategories:

(1) The category of smooth manifolds (without boundary) and smooth maps between
them.
(2) The category of embedded polyhedra and smooth maps between them (Definition

T3113))

We leave out the easy proof.

A function f : X — R is called smooth if when viewed as a map f : X — Al it
is smooth. We denote by O(X) the R-algebra of smooth functions.

If U is an open subset of a smooth manifold with sharp corners X, then U
inherits a structure of smooth manifold with sharp corners.

A smooth manifold with sharp corners X has an intrinsic decomposition X =
0X]Int(X), where the interior Int(X) is a manifold without boundary, and the
boundary 90X is a manifold with sharp corners. The condition for a point x € X
to belong to Int(X) is that it has an open neighborhood that’s isomorphic, as
manifold with sharp corners, to a manifold without boundary.

We say that a manifold with sharp corners X has dimension 7 if the mani-
fold Int(X) has dimension n. (Of course every connected component of X has a
dimension.) In this case dX has dimension n — 1.

Let X be a smooth manifold with sharp corners with atlas {(U;, ¢;)}. For
every i we have a diffeomorphism ¢; : Int(U;) — Int(¢;(U;)) between manifolds
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without boundaries, and Int(¢;(U;)) = ¢;(U;) NInt(X). The module of smooth
differentials O (U;) was introduced in Definition [1.3.2]

Definition 1.4.6. Let X be a smooth manifold with sharp corners with atlas
{(U;, ¢;)}. A smooth differential p-form on X is a differential form a € QF (Int(X)),
such that for every i the form

¢7 (@|meg; (uy))) € QF (Int(U;))
extends to a form &; € QF (U;).

We denote by (07 (X) the set of differential p-forms on X, and we let

Q(X) =P A (X).
p=0
This is a DG subalgebra of Q(Int(X)). Of course Q°(X) = O(X).
A smooth map f : X — Y between manifolds with sharp corners induces a
DG algebra homomorphism f*: Q(Y) — Q(X).

Convention 1.4.7. For the rest of the paper, by “manifold” we always mean a
smooth manifold with sharp corners, as defined in Definition Smooth maps
between manifolds are in the sense of Definition

1.5. Abstract Polyhedra. It turns out that the geometric structure of a polyhe-
dron is easy to encode, and it is nicer to work with polyhedra that are not em-
bedded.

By a global metric on a topological space Z we mean a distance function disty :
7% — Rso that induces the topology of Z. Recall that if Z is an embedded
polyhedron in A", then Z inherits a global metric from the ambient affine space,
and also an R-module of linear functions Oy, (Z) C O(2).

Definition 1.5.1. A polyhedron is a smooth manifold with sharp corners X, to-
gether with a global metric disty and an R-submodule Oy, (X) C O(X). The
condition is that there exists an isomorphism of smooth manifolds with sharp
corners f : X = Z for some embedded polyhedron Z C A™, with these two
properties:
(i) f is an isometry; ie. f : (X,distx) — (Z, distz) is an isomorphism of
metric spaces.
(ii) The R-algebra isomorphism f* : O(Z) — O(X) satisfies
f*(olin(z)) = Olin(X)'
The composed map f : X — A’ is called a linear metric embedding. If only
property (ii) holds, then f : X — A" is called a a linear embedding.

In terms of this definition, an embedded polyhedron is a polyhedron X
equipped with a particular linear metric embedding f : X — A™.

Definition 1.5.2. Let X and Y be polyhedra, and let f : X — Y be a map.

(1) We say f is smooth if it is a smooth map of smooth manifolds with sharp
corners (see Definition [1.4.3).
(2) We say f is linear if f*(On(Y)) C Opn(X).

By linear coordinate system on X we mean an R-basis of Oy, (X).

Proposition 1.5.3. Let X be a polyhedron, and let s = {s;};_1 __, be linear coordinate
system on X. Consider the induced smooth map f : X — A". Then the image Z := f(X)
is an n-dimensional embedded polyhedron in A", f : X — Z is an isomorphism of smooth
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manifolds with sharp corners, and f*(Opn(Z)) = Opn(X). Le. the map f : X — A" is
a linear embedding.

The proof is left as an exercise.

Suppose we are given linear embeddings X —+ A™ and Y — A”". It is easy to
see that a map f : X — Y is linear in the sense of Definition if and only if f
extends to a linear map A" — A"

Note that we said nothing about the metrics in Proposition [1.5.3]

Definition 1.5.4. An orthonormal linear coordinate system on X is a linear coordinate
system s such that the induced map f : X — A" is a linear metric embedding.

Let s be an orthonormal linear coordinate system on X. Then for any x,y € X
the distance between them is

distx(x,y) = (Z?:l (si(x) = Si(y))2)

We can view our polyhedra as “Riemannian manifolds”, in the following sense.
First note that we can talk about the DG algebra Qconst(X) of constant forms: it
is the DG algebra generated over R by the family of forms {ds;};—1 _,, where
s = {si}i=1,.n is a linear coordinate system. If moreover s is an orthonormal
linear coordinate system, then consider the constant symmetric 2-form

1/2

n
wyx =

ds; ®@ds; € chtonst(X) ®R Qéonst(X) - Ql(X) ®(’)(X) Ql(X)'
i=1
The form wyx is independent of the orthonormal linear coordinate system. It
encodes the global metric (the distance function distx) in the obvious way.
Suppose f : X — Y is a linear map between polyhedra. Then

f* (WY) € ngnst(X) @R Q}:onst(X)'

The map f is conformal if and only if f*(wy) = awyx for some positive real
number a, which we call the scaling factor. And f is a linear metric embedding if
and only if a = 1.

Let X be a polyhedron. The linear functions on X, i.e. the elements of Oy, (X),
allow us to construct the convex hull of any subset S C X (cf. Proposition [1.5.3).
A sub-polyhedron Z of X is by definition the convex hull of a finite subset of X.
Z inherits from X (by restriction) a structure of a polyhedron. The inclusion map
Z — X is also called a linear metric embedding.

1.6. Piecewise Smooth Forms and Maps. Let X be an n-dimensional polyhedron
(Definition [1.5.T). A p-dimensional linear simplex in X is by definition the image
of an injective linear map 7 : AP — X. A linear triangulation of X is a finite
collection {X;};c; of linear simplices in X, such that X; # X; if j # k; each face
of a simplex X; is the simplex X for some k € J; for any j, k € ] the intersection
X; N Xy is the simplex X; for some I € J; and X = Ujej X;. Welet J, := {j € J |
dim X; = p}, so ] = Ilp<p<n Jp- The topological space

sk, T := U U X;
q<p j€lq

is called the p-skeleton of the triangulation T.
We shall have to use piecewise smooth differential forms on polyhedra. Sup-
pose T = {X;}jc; is a linear triangulation of a polyhedron X. A piecewise smooth
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differential p-form on X, relative to the triangulation T, is a collection {«;} < of differ-
ential forms, with a; € QF(X;), such that for any inclusion X; C X of simplices
one has a;|x, = a;. Let us denote by Ofs(X;T) the set of piecewise smooth
differential p-form on X relative to T, and

n
Qpws(X;T) := P Qbws(X;T),
p=0
where #n := dim X. This is a DG algebra.

Next suppose S = {Yj}rek is a linear triangulation of X which is a subdi-
vision of T. This means that each simplex Y is contained in some simplex X;.
Take a piecewise smooth differential form a = {a;} € Qf,ws(x ;T). Then there is
a unique piecewise smooth differential form B = {fx} € Qbws(X;S) satisfying
Br = ajly, for any inclusion Yy C X;. In this way we get a DG algebra homo-
morphism Qpws(X;T) — Qpws(X;S), which is actually injective. Since any two
triangulations have a common subdivision, the DG algebras Qpws(X; T) form a
directed system.

Definition 1.6.1. Let X be a polyhedron. The algebra of piecewise smooth differential
forms on X is the DG algebra

Qpws(X) := ljgr_r>1 Qpws(X; T),
where T runs over all linear triangulations of X.

This definition is very similar to Sullivan’s PL forms; see [FHT].

Note that any element of Q{;WS(X) is represented by some a €
ngs(x; T), where T is a linear triangulation of X. Such a triangulation T is
called a smoothing triangulation for x. There are injective DG algebra homomor-
phisms

(1.6.2) Q(X) = Qpws(X;T) = Qps(X).

It is an exercise to show that the cohomology of Q)(X) vanishes in positive
degrees, and H’ )(X) = R (recall that X is convex). Also the homomorphisms
(1.6.2) are quasi-isomorphisms. (We shall not use these facts.)

Definition 1.6.3. Let X be a polyhedron, and let Y be a manifold (see Convention
1.4.7).

(1) Let T = {Xj}je; be a linear triangulation of X. A map f : X — Y is called
a piecewise smooth map relative to T if f| x; + Xj = Y is smooth for every
jE ]

(2) Amap f : X — Y is a piecewise smooth map if it is piecewise smooth relative
to some linear triangulation T; and then we say that T is a smoothing
triangulation for f.

Note that a piecewise smooth map f : X — Al is the same as an element of
the R-algebra Opws(X) := ngs(X). Given a piecewise smooth map f: X — Y,
there is an induced DG algebra homomorphism

oY) = OQpws(X).
Next suppose X and Y are both polyhedra. Then we can talk about piecewise

linear maps f : X — Y, using linear triangulations of X as explained in the previ-
ous paragraph. Given a piecewise linear map f : X — Y, there is an induced DG
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algebra homomorphism
5 Qpws(Y) = Opws(X).

As usual, if f is an embedding, then we write &|x := f*(a) for & € Qpws(Y).

Leta € QEWS(X ). The form « can be presented as follows. Choose a smoothing
triangulation T = {X;};c; for a; so that ¢x|X], € OF(X;) for every j. Lets =
(s1,...,5n) be a linear coordinate system on X. For any j let &;; € O(X;) be the
coefficients of a|x; with respect to s, as in Definition Then

(1.6.4) Oé‘xj = Z [)2]‘,,' . dS,'] VANREIRWAN dSl’p € QP(X/'),
i

where the multi-index i = (iy, ..., i,) runs through all strictly increasing elements
in{1,...,n}".

Let X be an n-dimensional polyhedron. Given a form a € Qpws(X) and a
point x € X, we say that x is a smooth point of « if there exists some n-dimensional
simplex Y in X, such that x € IntY and a|y € Q(Y). The smooth locus of g, i.e.
the set of all smooth points of «, is open and dense in X. Its complement, called
the singular locus of &, is contained in a finite union of simplices of dimensions
< n. Indeed, given any triangulation T that smooths «, the singular locus of « is
contained in the (n — 1)-skeleton of T.

Let f : X — Y be a piecewise smooth map from a polyhedron to a manifold.
As above we can talk about the smooth locus of f, and whether f|7 : Z — Y is
smooth for some simplex Z C X.

1.7. Sobolev Norm. It shall be very convenient to have a bound for piecewise
smooth forms on polyhedra and some of their derivatives.

Let X be a polyhedron, with orthonormal linear coordinate system s =
(s1,...,54). Given a smooth function f € O(X) and a multi-index

i= (i1,...,iq) e{1,...,n},
we write
0if 1= ﬁfe@(x).

In the case g = 0, so the only sequence is the empty sequence @, we write dp f :=
f. We refer to the operators 9; as the partial derivatives with respect to s.

Definition 1.7.1. Let X be a polyhedron of dimension #, and let s be an orthonor-
mal linear coordinate system on X.
(1) Take a smooth differential form & € QP (X). Consider the coefficients &; of
« with respect to s, as in Definition Let d; be the partial derivatives
with respect to s. For a point x € X and a natural number g we define

1/2
lllsobzeq == (Y, @) (x)2)

where the sum is on all j € {1,...,n}7 and on all strictly increasing i €

{1,...,n}".
(2) For a € OF(X) we define

”‘XHSob ‘= Ssup sup ”‘XHSob;x,q-
q=0,12 xeX
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(3) Take a piecewise smooth differential form «a € QI’;WS(X ). Let {X;}jcj be
some smoothing triangulation for «, and let a; := a|x; € OF(X;). Define
[[ellsob := sup |[&jllsob -
j€l
The number ||—||sqp, is called the Sobolev norm to order 2.

Remark 1.7.2. Even for a smooth function f, our Sobolev norm || f||sep is not the
same as the usual order 2 Sobolev norm from functional analysis, namely || f]|s
with s = 2. But it is in the “same spirit”, and hence we use this name.

Proposition 1.7.3. Let X be an n-dimensional polyhedron.

(1) Fora € QP (X), x € X and q € IN, the number ||||sob;x,q is independent of the
orthonormal linear coordinate system s on X. Hence the number ||a||sqp, is also
coordinate independent.

(2) Given o € Qps(X), its Sobolev norm ||a||sep is independent of the smoothing
triangulation {X;}jej.

(3) Let Z be a sub-polyhedron of X and let « € QEWS(X). Then ||a|z]lsob < ||&||sob-

Proof. (1) Let us denote by V the vector space of constant vector fields on X.
This is a rank n vector space, endowed with a canonical inner product. The set
{a%,»}izl,---,n is an orthonormal basis for V.

For p,q € N let us denote by T7(V) and A?(V) the tensor power and exterior
power of V, respectively. The vector space T7(V) ® AP(V) has an induced inner
product.

For a strictly increasing sequence

i=(i,...,i,) €{1,...n}P

letuswrite
9 ) p
Tt ﬁ/\"'/\me/\(”'

Then the set {9; ® 77;}, where the indices run over all j € {1,...,n}7 and all
strictly increasing i € {1,...,n}?, is an orthonormal basis of T7(V) & AP(V).
Now V is the linear dual of Q! (X), so 7t; can be viewed as a linear map
OF(X) — O(X). Given a € QF(X), its coefficients with respect to s satisfy
&; = 7'[,'(&). Thus

0j&t; = (90 71;) ()
in O(X).

Suppose s’ = (s},...,s;,) is another orthonormal linear coordinate system. Let
us denote by 8}, Ecg and 7'[2 the new operators and coefficient, namely those with
respect to s'. The set {0 @ 7r;} is also an orthonormal basis of T7(V) @ AP (V). So
this set and the set {9; ® 7r;} are related by a constant orthogonal matrix (of size
nt- (Z)) It follows that

Y (@) (x)? = ) (95:) (x)?
i i
for any x € X.
We see that ||a[[seb;x,4 is independent of coordinates. The assertion for [|a||sqp
is now clear.

(2) The supremum on x can be restricted to a dense open set in each cell X;
of the triangulation {X;};c;. Therefore we get the same value by replacing the
triangulation {X;};c; with a refinement.
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(3) Given Z, choose an orthonormal linear coordinate system on it, and extend it
to an orthonormal linear coordinate system on X. Now it is clear. O

1.8. Orientation and Integration. An orientation on a manifold means a choice
of a volume form, up to multiplication by a positive smooth function. However
in the case of a polyhedron we can normalize the volume form:

Definition 1.8.1. Let X be a polyhedron of dimension n. An orientation on X is a
constant form or(X) € O . (X), such that

const
or(X) =ds; A--- Adsy
for some orthonormal linear coordinate system (sy,...,s,) on X.

Note that if (s],...,s),) is some other orthonormal linear coordinate system,
then

or(X) = &dsj A--- Ads),.

If the sign is + then (s},...,s},) is said to be positively oriented.
For the polyhedron I" there is a standard orientation, coming from its embed-
ding in A". It is
or(I") :=diy A -+ - Adty,

where (t1,...,t,) is the standard coordinate system on A". Likewise for the
polyhedron A": we let

or(A") :=dt; A Adty,

where (to,...,t,) is the barycentric coordinate system on A"*!. For n = 1,2 the
orientations can be also described by arrows — see Figure

Definition 1.8.2. Let X be an n-dimensional oriented polyhedron and let a €
" (X). The coefficient of « is the function & € O(X) such that « = & - or(X).

In other words, & is the coefficient of & with respect to any positively oriented
orthonormal linear coordinate system, in the sense of Definition[1.3.4]

An orientation on X induces an orientation on the (# — 1)-dimensional polyhe-
dra that make up the boundary 0X (by contracting the orientation volume form
of X with a constant outer gradient to the face; cf. [Wal Section 4.8]).

Let X be an n-dimensional oriented polyhedron. Suppose a = {a;}jc;
€ Of(X;T), where T = {X;};cs is some linear triangulation of X. Any n-
dimensional simplex X; inherits an orientation, and hence the integral |, X; % is

well-defined. We let

/ wi=y / wjeR.

JX i, X
This integration is compatible with subdivisions, and thus we have a well-defined
function

/X Qe (X) = R.

Theorem 1.8.3 (Stokes Theorem). Let X be an oriented n-dimensional polyhedron, and

let « € QPL1(X). Then
/‘ da = / o
JX JoX

pws
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Proof. Choose a linear triangulation T = {X;};c; of X that smooths a; so that
a = {a;}jc; with aj € Q"71(X;). Then by definition of [, , and by cancellation
due to opposite orientations of inner (n — 1)-dimensional simplices, we get

n= ;.
And the usual Stokes Theorem tells us that

w; = da; .
fg 5= J

1.9. Piecewise Continuous Forms. For a polyhedron X, let us denote by Ocont(X)
the set of continuous R-valued functions on X. This is a commutative R-algebra
containing Opuws(X).

d

Definition 1.9.1. Let p be a natural number. By piecewise continuous p-form on X
we mean an element 7y € ngC(X ), where we define

Qpwe(X) := Ocont(X) B Ops(X) Qpws (X).

A piecewise continuous p-form 7y can be represented as follows: there are con-
tinuous functions f1, ..., fim € Ocont(X), and piecewise smooth forms ay, ..., ay, €
Qpws(X), such that

(1.9.2) y=Y fi-w.
i=1

For p = 0 we have QEWC(X) = Ocont(X) of course. But for p > 0 these forms
are much more complicated, as we shall see below.

Warning: the exterior derivative d(vy) is not defined for y € ngc(X) ; at least
not as a piecewise continuous form (it is a distribution). The problem of course
is that the functions f; above cannot be derived.

However, given 7y € Qf,WC(X) and a piecewise linear map g : ¥ — X between
polyhedra, the pullback

§8°(7) € Qpwe(Y)
is well defined. In terms of the expansion (1.9.2)), the formula is

fw:ifw@wm

Here ¢*(fi) € Ocont(Y) and ¢*(a;) € Qf,ws(Y). If g is a closed embedding then
we write y|y := ¢g*(y) as usual.

The presentation @I} of v € QEWC(X) can be expanded further. Choose a
linear triangulation {X;};c; of X that smooths all the piecewise smooth forms
a1,...,0y. Also choose a linear coordinate system s = (sy,...,s,) on X. For any
i€{l,...,m}andj€ Jlete;;; € O(X;) be the coefficients of the smooth form
a;|x; with respect to s, as in Definition Then

m
(1.9.3) 7% =) ; fieiji-dsg A--- Adsg, € Ohwe(X)),
izl

where as usual the multi-index k = (ky, ..., kp) runs through all strictly increas-
ing elements in {1,...,n}".
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For top degree forms one can say more. Let ¢ € prc(X)' In this case the
expansion (I can be simplified to

(1.9.4) 7x, = 2 fi-eij-dsi A= Adsy € Of (X)),
i=1

with e € O(X])
Now assume that the polyhedron X is oriented. We can choose the coordinate
system s = (sq,...,s,) so that it is orthonormal and positively oriented; and then
or(X) =ds; A--- Adsy.

For any j € J, we can integrate the continuous function Y3 f; - ¢;; on the ori-
ented n-dimensional simplex Xj, obtaining

Using this formula we deflne

(1.9.5) /'y _]EI / yER.

Proposition 1.9.6. For an n-dimensional oriented polyhedron X and a piecewise contin-
uous form y € Q. (X), the number Jx v is independent of the presentation (1.9.4) of
Y.

We leave out the easy proof.

More generally, suppose X is an n-dimensional polyhedron (not necessarily
oriented), Z is an oriented p-dimensional polyhedron, T : Z — X is a piecewise

linear map, and v € prc( ). Then () € ngc( ), and we can use to
integrate y along T as follows:

(1.9.7) /T'y:: /ZT*('y) ER.
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2. ESTIMATES FOR THE NONABELIAN EXPONENTIAL MAP

2.1. The Exponential Map. Nonabelian exponential map We need some prelim-
inary results on the exponential maps of Lie groups. Let G be a (finite dimen-
sional) Lie group over R, with Lie algebra g = Lie(G). The exponential map

exps:g— G

is an analytic map, satisfying exp-(0) = 1 and exp(—a) = exp(a)~!. The ex-
ponential map is a diffeomorphism near 0 € g. Namely there is an open neigh-
borhood Uy(g) of 0 in g, such that Vy(G) := exp;(Up(g)) is open in G, and
expg : Up(g) — Vo(G) is a diffeomorphism. Let log; : Vo(G) — Up(g) be the
inverse of exp;. We call such Vo(G) an open neighborhood of 1 in G on which log,
is defined. See [Val, Sections 2.10] for details.

The exponential map is functorial. Namely given a map ¢ : G — H of Lie
groups, the diagram

Lie(G) —2¢ 4 G

)
Lie<¢)l ¢
)

Lie(H) — " H

is commutative.

When there is no danger of confusion we write exp and log instead of exp
and log ., respectively.

The product in G is denoted by -, and the Lie bracket in g is denoted by [—, —].
Given a finite sequence (g1, ...,gm) of elements in the group G, we write

m
(2.1.1) [[si=¢1-82-gneG.
i=1

It is a basic fact that if a4, ..., € g are commuting elements, then

ﬁ exp(#;) = exp (sz:1 zxi).

The next theorem lists several estimates for the discrepancy when the elements
do not necessarily commute.

Theorem 2.1.2. Let G be a Lie group, with Lie algebra g. Let Vo (G) be an open neigh-
borhood of 1 in G on which log is well-defined, and let ||—|| be a euclidean norm on g.
Then there are real constants €3(G) and co(G) with the following properties:

(i) 0 < eg(G) <1and0 < cy(G).
(ii) Let aq,..., &y € g be such that Y1 ||a;|| < €9(G). Then

lﬁ exp(zxi) c V()(G),

[log (I Ty exp(a)) || < co(G) - Y1 lla]

and

[1og(TT}; explas)) = L i | < o(G) - (3 laill)

(iil) Let aq,ap € g be such that ||aq|| + ||az|| < €o(G). Then

o, 2]l < co(G) - flaal - [laz]],
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H log (exp(a1) - exp(az)) — (a1 +ap + %[“1,042]) H
< co(G) - g || - fleall - (e || + [z ]])-

and

|| log (exp(ar) - exp(az) - exp(a1) ™ - exp(az) ™) — [a1, a2] |
< co(G) - [laall - flazl - ([laal + [z ])-

(iv) Let w1,...,&m,B1,...,Bm € g be such that

m

Y (lleill + 11Bill) < eo(G)-

i=1
Then
[log (T, exp(ai+ Bi)) —log([ Ti, exp(a)) — Y i, Bi |
< co(G) - (L el + 18:ID) - (., 1Bil1)-

and

| log(l_[:il exp(a; + i) — log(]—[:.ﬂ:l exp(a;)) |
<co(G)- (21, 1B -

(v) Let ay,...,Bm be as in property (iv), and assume moreover that [w;, aj]
= 0foralli,j. Then

I log(l—[?il exp(a; + Bi)) — Z;n:l("‘i +8i) |
< co(G) - (0, (el + 1B:1D) - (L, 1B:]1)-

The theorem is proved at the end of Subsection 2.5} after some preparations.
The constants cg(G) and €y(G) are called a commutativity constant and a conver-
gence radius for G respectively. (If G is abelian one can take ¢y(G) = 0.)

2.2. The CBH Theorem. There is an element F(x,y) in the completed free Lie
algebra over Q in the variables x,y, called the Hausdorff series. See [Bo| Sections
I1.6 and I1.7], where the letter H is used instead of F. For any #,j > 0 let us denote
by F; j(x,y) the homogeneous component of F(x,y) of degree i in x and degree j
iny. So
F(x,y) = Y F(xy)
i,j>0

Now consider a Lie group G as before, with Lie algebra g. Choose a euclidean
norm || —|| on the vector space g. Given elements «, 8 € g we can evaluate F; ;(x, y)
on them, obtaining an element F; ;(«, B) € g.

The Campbell-Baker-Hausdorff Theorem says that there is an open neighborhood
U of 0in g (its size depending on the norm) such that the series F(«, f) converges
absolutely and uniformly for «, 8 € Uj, and moreover

(2.2.1) exp(F(a, B)) = exp(a) - exp(p).

This assertion is not explicit in the book [Bo]; it requires combining various
scattered results in Sections II.7 and II.4 of [Bo]. An explicit statement of the
CBH Theorem is [Val, Theorem 2.15.4]. However the treatment of the structure of
the Hausdorff series is not sufficiently detailed in [Val.

For a positive number r we denote by U(r) the open ball of radius r and center
0 in g, and by U(r) its closure (the closed ball).
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Lemma 2.2.2. There are constants €1 and ¢y, such that 0 < €1, U(e1) C Uy, 0 < ¢y,
and for every a, B € U(€q) the inequality

[ F(a, ) = (a+ B+ zlxyl) | < ca-llafl - 18I Cleell + 111D
holds.
Proof. Let us denote by f; ; the norm of the bi-homogeneous function
Fj:gxg—g

Namely
fij = sup {||Fj(a, B)I| | [|ll, [[BIl <1}

So for any &, 8 € g one has

IE:j(a, B < fij - all”- IIBIV.

In [Bo, Section I1.7.2] it is shown that there is a positive number €1, such that the
series }; i>0 fi,jeiﬂ converges (to a finite sum). By shrinking e; if necessary, we
may assume that U(e1) C Ujy.

Now in [Bo| Section 11.6.4] it is proved that

Fl,O(x/y) =X, FO,l(xfy) =Y Fl,l(x/y) = %[x/y]
and
Fio(x,y) = Foj(x,y) =0 for i,j# 1.

Thus for «, p € U(eg) we have

F(a,B) — (x+B+3[x,y]) = Y Fj(ap),

(i,j)el
where
I'={(i,j)|i,j>1andi+j> 3}.

Now if (i,j) € I and 0 < a,b < €, then

i i+j-3
a't/ <ab(a+0b) €.

Therefore for a, B € U(eq), with a := ||a|| and b := |||, we have the estimate
Iy Ejp) < X [IFp)l
(i,j)el (ij)el

< Y fijra v <ab(a+b)-e® Y fiioe
(et wet

Taking the number

does the trick. O
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2.3. Calculations with a Few Elements. We continue with the chosen open set
Vo(G) C G and norm ||—|| on the Lie algebra g. In this subsection we translate
the estimate for the CBH series to estimates on exp and log. Recall our notation:
U(r) is the open ball of positive radius r in g, and U(r) is the closed ball.
Lemma 2.3.1. There exist constants €5,cy € R such that

0<e <1 and 1<cy,

and such the following formulas hold for every w, p € U(ey).

(2.3.2) exp(a) - exp(B) € Vo(G),
(2.33) e, B < co- lall - 18Il
and

[ log(exp(a) - exp(B)) — (a + B+ 3a, B]) ||
<co-lafl - IBIF - (llall + IBII) -

Proof. The existence of a positive €, making formula true is easy (due to
continuity). We can assume €; < min(1,€7).

The existence of a number ¢, making inequality valid is also easy, be-
cause the function || [«, ] || is bilinear and g is finite dimensional. We can assume
that c; > max(1,¢q).

Finally, the validity of formula comes from Lemma and the CBH
formula (2.2.). O

Lemma 2.3.5. There is a real number c3 such that c3 > cy, and for any aq, 2, B1,B2 € @
satisfying ||a;|| + ||Bil| < €2 the inequality
1og (exp(e1 + B1) - explez + B2)) — log (exp(e1) - exp(a2)) |

< cz- (|1l + lIB21)-

(2.3.4)

(2.3.6)

holds.

Proof. Given a € U(e;) we have a smooth (in fact analytic) function f, : U(ep) —
g defined by

fu(B) := log(exp(a) - exp()).
Let g* be the dual space of g, and let dgfx € g* be the derivative of f, at f. Then
Taylor expansion of f, around B gives us

(2.3.7) fa(B+7) = fulB) + (dpfu) (7) + (R5? fu) (7)

for any v € U(ey). Here REZ fa is just the remainder, in other words the higher
order part of the Taylor expansion. The linear term (dgfs)(7) can be estimated
by

1(dpfu) (NI < a1 - 7]

for a suitable positive number a;. The remainder (RE2 fa)(7y) can be estimated by

IR f) (N < a2 [l

for some positive number a,.
These inequalities tell us that if a, B,y € U(ey) then

| log (exp(a) - exp(B + 7)) —log(exp(a) - exp(B)) ||
(2.3.8) = ||log(fu(B+7)) —log(f(B)) |
<ap- |yl +az- 7)1 < (a1 +az) - |1
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In a similar way we look at the function gg(a) := fu(pB), and we obtain con-
stants by, b, such that

(239) || log(exp(a+7) - exp(8)) — log(exp(a) - exp(B)) || < (b1 +b2) - 7]l
Therefore by taking
3 1= max{cZ, a +ay, b1+ bz}
all conditions are satisfied. O

Lemma 2.3.10. There exists a constant cy > c3 such that the following inequalities hold
for any «, B € g satisfying ||al|, || B < ex.
[log(exp(a) - exp(B)) — (a + B) || < ca - [la]| - |
and
[log(exp(a) - exp(B)) || < llall + 1B +ca- el - Il
Proof. From Lemma and the triangle inequality we get
[ log (exp(«) - exp(B)) — (a + B) |

<o lall- 181 (llall + 1BI1) + ze2 - laell - 1A
<3ca- el - 1B

This proves the first inequality, with ¢4 := max(c3,3c2). The second inequality is
an immediate consequence. U

2.4. Calculations with Many Elements. Let us define
(2.4.1) €4 1= %c;l “€.

Lemma 2.4.2. Let ay,...,0y € g be such that Yi* | ||a;|| < es. Then the relation and
inequalities below hold:

(2.4.3) Hexp ) € Vo(G),

@44 og(IT7, exp(en) | < 3 X e

and

(245) tog (T expla) = Xy i || < ea - (L2 lall)”

Proof. Recall that e; <1and ¢4 > 1.
For m =1 all is clear. Take m = 2. Then since ||a;|| < €2 we have

exp(aq) - exp(az) € Vo(G)
by Lemma Next, since [la1|| < Lc,?, it follows that

ey [laa]] - [laal] < Fllaz]] -
From this and Lemma we see that

[exp(ar) -exp(az) || < llall + a2l +ca- - llaall < 5 - (llag ]| + [laz])-
Hence (2.4.4) holds for m = 2. Again using Lemma [2.3.10| we have
| log (exp(a1) - exp(az)) — (a1 + az) ||
<yl - [laall < e (Jaall + [laal))>.

This finishes the case m = 2.
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Now assume the assertions are true for m > 2, and consider a;,...

11 € g such that Y41 [|;]| < e4. Define

B =log([ [, exp(a:)),

so that
m+1

[T exp(ai) = exp(B) - exp(am+1)-
i=1
By the induction hypothesis, i.e. inequality ([2:4.4) for m, we have

(2.4.6) gl < 3 letxlll <3 Z laill <33y ea=1c" .

This implies ||B|| < €. Since we also have ||a,, 11| < €2, Lemma says that

exp(B) - exp(ap+1) € Vo(G).

This verifies (2.4.3) for m + 1.
Using Lemma again we see that

[ log (exp(B) - exp(am+1)) || < Bl + llamsrll +ca- 18I - Namsall -

Because we also have the inequality ¢4 - ||8]| < 3, we conclude that

+
1B+ letmsr |+ ca- 18I letmer | < 3 - 181+ 3 lamsa ] <3+ 3 ] -
i=1
Thus inequality (2.4.4) holds for m + 1.
According to Lemma [2.3.10| we have

[[og (exp(B) - exp(ans1)) = (B+ans1) || < ca-[IB] - [lamall-
The induction assumption for inequality (2.4.5) says that

18— | < ea (L llal)
Combining these with the inequality we obtain
| 1og (exp(B) - explams1)) — Yt o |
< || log(exp(ﬁ) 'exp(“erl)) - (ﬁ + ‘xm+l) ||
1 (B o) = 105 |

< e 1B o + o (2 lll))®

<o (G ol - ol + (X sl ?)

< s (L0 lleal))*.

This proves (2.4.5).
Lemma 2.4.7. Let a1,...,&m, B1,---,Bm € 9 be such that

Y-l + 1) < es.

Then

og (T4 (exp(ai) - exp(By))
~tog (T2 expla)) - (TT" exp(8)) |
<acd- (X0 lell) - (20 1841

4
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and
1og (T2, exp(as + B:)) — log (T, (exp(w) - exp()) ) |
<2ci- Yo lleill - 1B
Proof. For the first inequality we note that for any i, j one has
log(exp(B;) - exp(as)) —log(exp(wi) - exp(;)) |
< 2 faill - Bl - (llewill + 11B;11) + 2 - llaill - 115
< 2¢p - fla| - (|-

This is due to Lemma Now for our inequality we have to move all the
exp(B;) in the product across all the exp(«;). According Lemma the “cost”
of each such move is at most 2c3 - 2¢; - || - [|;]|- So the total “cost” is at most

2?,1]':1 2c3-2¢5 - [l - 1Bl = 4eacs - (Y0, llacil]) - (ijzl 1B;11)-

Since ¢4 > ¢y, c3 this proves the first inequality.
For the second inequality we note that, due to Lemma [2.3.10} we have

| log (exp(a; + B;)) — log(exp(a;) - exp(B;)) || < ca - o] - [|Bill-

Since we have to make such a change for every i, according to Lemma [2.3.5] the
total “cost” is at most 2czcq - Y14 ||ai| - || Bill- O

Lemma 2.4.8. There exists a constant cs such that cs > max(C4,%), and for every
K1, &m, B, ..., Bm € g satisfying

Y (el +181) <4
one has:
249) log (T, expla; + Bi)) — log ([T, exp(ai)) — Y, 61|l
< s (i Ulaill +11B: 1)) - <2i:1||ﬁi\|)
and
(2.4.10) [ log (T, exp(a: + B)) —log ([T, exp()) |

<5 (L l1Bi) -
If moreover [a;, a;] = 0 for all i, j, then
| Tog (T Ty exp(ai+ Bi)) — Yoy (i + Bi) ||
< es - (L (el + 1B11)) - (2, i)
Proof. According to Lemma we have

|| 10g(H§-":1 exp(a; +,Bi)) _10g<(H1 1eXP( )) : (H;nﬂ exp(ﬁi))) ||
<22-Y il - 1Bl

i=1
By Lemma we know that

(2.4.13) [log ([T exp(B)) — Yooy Bill < o (0, 1101

(2.4.11)

(2.4.12)
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Combining Lemmas and 2.4.2) we get
|| 10%((1_[1 yexp(a)) - (T, exp(8) )
— (log(I—F1 Ny (i) —|—log(1—[;.11 exp(ﬁ-))) |
(2419 < - || 10g ([T, exp()) | - [ log (T T, exp(8) |
<y (% Zizl i) - (i 21‘:1 11B:ll)
=g (0 aill) - (2 1B -
Putting all these together we obtain the inequality
| log(H:il exp(a; + Bi)) — log(Hi exp(a Zz L Bill
<2cq- (30 aall) - (22, 118
(24.15) + 53 (T lleal) - (2, 1B
+e (L0 18101
<6t (L (el + 18iID) - (7 1B

This proves inequality (2.4.9) with c5 := 7c3.
Inequality (2.4.10) follows easily from (2.4.15), once we notice that

63+ (L (laill + 1Bil) < 66325 < ca
When [a;,&j] = 0 for all i, j we have

108(Hi:1 exp(a;)) = Zlm:l a
So inequality holds. O
2.5. Final Touches.

Lemma 2.5.1. There is a real number cq such that ce > c5, and for any «, p € g with
llall, [|Bll < €4 the inequality

(2.52) [ log (exp () - exp(B) - exp(a) " -exp(B) ") — [, ] |
< co - [leell - 1IBI- (lleell + 1B

holds.
Proof. Let’s write
a:=exp(a), b:=exp(p),
vh=atptilapl, 1= —a— Bt gl pl
6T :=log(a-b) =", 6 :=loglal-b71)—q".
According to Lemma we have
1870 Mo~ < o [lacll - 1IN~ (llecll + 1IN

and
vl My 1< Ml + 18I+ 32 - [l - [1BI < (14 c2) (lleell + [1BI]) -
Now
a-b=exp(y" +5")
and

a b bl =exp(y” +67).
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So by Lemma we have
[log((a-b) - (a=" - b)) —log(exp(7") -exp(77)) ||
<cz- (6T + 171D
< 2cac3 - [|af| - IBII- (llall + 11B1) -

On the other hand, since o 4+ 8 and —a —  commute, by formula (2.4.11) in
Lemma 2.4.8 we have

[log (exp(7") - exp(y7)) — [ Bl |
= ||log(exp((a+ B) + 3la, B]) - exp((—a — B) + 5[, B]))
— ((@+p) + 3 pl + (—a = B) + 5[0, B]) |

<cs- (2 flall+2-[IBI + I A - (e, BIT)

<5 (2+ca-ea) oo el - [IBI- (el + 1B -
In the last inequality we used

I, Bl < c2- llacl| - [IBII < c2-es- [|A]l-

Therefore holds with

C6 :=202c3 +C5- (2+ c2€q) " Ca -

Proof of Theorem 2.1.2} Take co(G) := cs and €g(G) := 4. Since €4 < €, and
c6 > c5 >max(ca, 3) > s >3 > 02,

the assertions of the theorem are contained on Lemmas [2.3.7] 2.4.2] 2.4.8] and
251 O
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3. MULTIPLICATIVE INTEGRATION IN DIMENSION ONE

Nonabelian multiplicative integration in dimension 1 is classical, dating back
to work of Volterra (cf. [DF]). In modern differential geometry it is usually viewed
as the holonomy of a connection along a path. We prefer to do everything from
scratch, for several reasons: this allows us to introduce notation; it serves as
a warm-up for the much more difficult 2-dimensional integration; and also to
cover the case of piecewise smooth differential forms.

3.1. Binary Tessellations. Recall that I' is the unit line segment in A! = A(R),
which we view as an oriented polyhedron (cf. Section ). The vertices (endpoints)
of I' are vy = 0 and v; = 1, and the coordinate function is #;.

Let X be a polyhedron. Consider a linear map ¢ : I' — X. The length of the
line segment Z := ¢(I') C X (possibly zero) is denoted by len(c). If ¢ is not
constant then it is a conformal map, and the scaling factor is precisely len(c). In
this case o determines an orientation on the 1-dimensional polyhedron Z. We
may choose an orthonormal linear coordinate function f; on Z, such that df; is
the orientation of Z. Then c*(df;) = len(c) - dt;.

Next consider a piecewise linear map ¢ : I' — X. By definition (cf. Subsection
there is a linear triangulation {Y;};c; of I' such that oly; 1 ¥j = X'is a linear
map for every j € J. We define

len(0) := ) _ len(cj).
j€h

It is convenient to have a composition operation for piecewise linear maps.
Suppose ¢ : I' — X and p : I! — I! are piecewise linear maps. Then the
set-theoretical composition ¢ o p is also a piecewise linear map I' — X. Given
finite sequences ¢ = (0j)i=1,.,m and p = (p;)j=1,..,» of piecewise linear maps
o; : I = X and pj I' — I!, we define the sequence of piecewise linear maps

o op:=(0;°0j)(ij)e{1,.m}x{1,.n}
in lexicographical order, i.e.
(3.1.1) cop=(010p1, 01002, ,02001, 02002, -+ ,0m O Pn) -
Definition 3.1.2. For any k > 0, the k-th binary tessellation of I is the sequence
tesk T! = (U{‘,...,ng)
A 0

of linear maps in 0; — I! defined recursively as follows.

e For k = 0 we define ¢ to be the identity map of I'.
e For k = 1 we take the linear maps o7, 03 defined on vertices by

i (vo,01) := (vo, %),

o2 (vo,01) = (3,01).
e For k > 1 we define
tes" 11! := (tes! I') o (tes* I'),
using the convention (3.1.1).

We call o) the basic map.
See Figure |§] for an illustration of tes? I'.
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11
of o o3 o
® ® ® ® ®
w=o b3 3w

FIGURE 6. The 2-nd binary tessellation of I'. The arrowheads
indicate the orientations of the linear maps o2 : I' — I!.

3.2. Riemann Products. Let g be a finite dimensional Lie algebra over R. For
any n-dimensional polyhedron X we then have the DG Lie algebra of piecewise
smooth g-valued differential forms

n
prs(X) ®g= @ ngs(X) ®g
p=0
(Subsection . The operations are as follows: for a; € QEQNS(X) and 7y; € g one
has
1
d(r1 ®@71) = d(a1) @11 € Qs (X) ® g
and
1 @ 1, 12 ® 72] = (a1 A a) ® [11,72] € Ofi* (X) @ g

By definition, any particular piecewise smooth differential form « belongs to
prs(X; T) ® g, for some linear triangulation T of X. This construction is func-
torial in the following sense. Suppose f : X — Y is a piecewise linear map of

polyhedra, and ¢ : g — b is map of Lie algebras. Then there is a homomorphism
of DG Lie algebras

fT00: Opws(Y) @9 = Qpws(X) ®b.

In case h = g and ¢ is the identity map, we shall often write f* instead of f* @ ¢.

From now on in this section we consider a Lie group G, with Lie algebra g,
and a polyhedron X. We fix some euclidean norm ||—|| on the vector space g. As
in Section [I| we also fix an open neighborhood V;(G) of 1 in G on which log. is
defined, a convergence radius €y(G), and a commutativity constant co(G). The
choices of Vp(G), €9(G) and cy(G) are auxiliary only; they are needed for the
proofs, but do not effect the results.

Definition 3.2.1. Let a € Q!

pws(I') @ g. The basic Riemann product of a on I' is the
element

RPy(a |1} € G
defined as follows. Let w := 1, namely the midpoint of I'.
e Suppose w is a smooth point of a. Then there is some 1-
dimensional simplex Y in I!, such that w € IntY and «|y is smooth. Let
& € O(Y) ® g be the coefficient of a|y, as in Definition namely
D(’y =& -dt.
We define
RPy(a| I') := expg ((w)).
e If w is a singular point of «, then we let RPy(a |I!) := 1.

Observe that the element &(w) € g in the definition above is independent of
the simplex Y.
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Definition 3.2.2. Let a € Q%,WS(X) ® g, and let ¢ : I' — X be a piecewise linear
map. Then o*(a) € Qll)ws(ll) ® g, and we define the basic Riemann product of «
along o to be

RPy(a | ) := RPy(c*(a) |T') € G.

Note that if ¢ is a constant map then ¢*(a) = 0, so RPy(«a | o) = 1.

Definition 3.2.3. Let w € Q;WS(X) ®g, and let ¢ : I' — X be a piecewise linear
map. For k > 0 we define the k-th refined Riemann product of « along o to be
2k
RP(a|0) := [ RPy(a|cocf) € G,
i=1
using the k-th binary tessellation tes* I' = (0{‘, ceey Ué‘k) and the convention 1)

3.3. Convergence of Riemann Products. As before we are given a form a ¢
Q%,WS(X) ® g. Recall ||a||sop, the Sobolev norm to order 2 of &, from Subsection

Lemma 3.3.1. There are constants c1(a) and e1(«) with the following properties.
(i) These inequalities hold:

(ii) For any piecewise linear map o : I' — X such that len(o) < €;(a), and for any
sufficiently large k, one has

RPi(a|0) € Vo(G)
and
og (RPi(a|0)) || < c1(w) - len(0).
(iii) Moreover, if the map o in (ii) is linear, then the assertions there hold for any
k> 0.

Proof. We are given a piecewise linear map o : I' — X. Let us write € := len(c).
Excluding the trivial case, we may assume that € > 0.

Take k > 0. For any index i € {1,...,25} let W; := ¢¥(I') and w; := o¥(});
so w; is the midpoint of the segment (1-dimensional polyhedron) W;. Define
€ :=len(co 0}‘), Z;:=0(W;) and z; := o(w;). Note that }_;€; = €.

We will say that an index i is good if the map ¢/, is linear and injective. In
this case Z; is a segment of length ¢; and midpoint z;. Otherwise we will call
i a bad index. The sets of good and bad indices are denoted by good(k) and
bad (k) respectively. Let m be the number of singular points of the map o. Then
|bad (k)| < m. In particular, if ¢ is linear then bad (k) = @.

Let

a =0*(a) € Qéws(ll) ®g.
For an index i we define an element A; € g as follows. If w; is a smooth point of
o/, then let & be the coefficient of &’ near w;, and let
A= (3)F- & (w)).

Otherwise we let A; := 0. In any case we have

expg(Ai) = RPo(a’ | alk) = RP;(« | anik).
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Therefore
2](
(3.3.2) [ expg(Ai) = RPi(a|0).
i=1
Furthermore, if 7 is a good index and w; is a smooth point of «', then z; is a
smooth point «|7,, and then
(3.3.3) Ai =€ &i(z;),

where &; is the coefficient of a|7, near z;.
Now here are the estimates. For any index i we have

Al < () Nl lsob -
If i is a good index then by (3.3.3) we have

Al < €~ llallsob -

Hence

2k

Yoall= Y all+ Y Al
(3.3.4) i=1 icgood (k) icbad(k)

< e |lallsop +m - (3)F- [l [[sob -
Let
er(a) := 3 (1+[laflsop) " - €0(G)

and

c1(a) =2 (1+¢o(G) - [[lso) -
Choose k( large enough so that
m - (5) - [|'||sob < min(3 - €0(G), 3 -c1(a) € (1+¢(G)) 7).

If o is linear then m = 0, and we may take kg := 0.
Now suppose that € < €1(a) and k > ky. According to inequality (3.3.4) we
have

ok
2 lIAill < eo(G).
i=1
Therefore by property (ii) of Theorem and by formula (3.3.2) we get
RPy(a]o) € Vo(G)

and
ok
I ogg (RPk(a |0)) [| < co(G) - (L, [IAill) < exa)-e.
a
Remark 3.3.5. Heuristically we think of € in the proof of the lemma above as a

“tiny” size. In the “tiny scale” we can measure things (i.e. [[log;(g)|| is defined),
and we can use Taylor series and CBH series.

Lemma 3.3.6. There are constants cy(a) and e () with the following properties.
(i) These inequalities hold:
0 <exa) <efa),
ca(a) > c1(a).
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(ii) Suppose o : I — X is a linear map such that len(c) < e(a), and |y is
smooth. Then for any k > 0 one has
| loge (RPx (x| 0)) — log (RPy(a | o)) || < ca(w) - len(o)>.
Proof.
Take
e2(w) := min(e1 (a), 1€0(G) - (1+ flllsan) ) -

Let ¢ be a linear map with € := len(a) satisfying 0 < € < e5(a). Let Z := o(I!),
which is a 1-dimensional oriented polyhedron, and z := (7(%), the midpoint of
Z. Choose a positively oriented orthonormal linear coordinate function s; on Z,
such that s1(z) = 0.

Let& € O(Z) ® g be the coefficient of «|z, i.e. |z = & - dt;. Consider the Taylor
expansion to second order of the smooth function & : Z — g, around the point z:

(33.7) &(x) = ag +s1(x) - ag +51(x)* - g(x)

for x € Z, where ay := &(z) € g, ;1 = (38715‘)(2) €gandg:Z — gisa
continuous function. We know that

llaoll, flaxl, [IgGo)I < llallsob -

And, as we have seen before,
(3.3.8) RP(a | o) = exp (eap).

Take k > 0. For i € {1,...,2"} let o; := O’OUik and z; := O’i(%). Since € < €3(a)
it follows that

2k
(33.9) Y (e aoll < e llallsob < Fe0(G)-
i=1

Because |s1(z;)| < 1e we also have
K

2
(3.3.10) 1(3)*e - s1(z:) -l < €+ ||allsop < 1€0(G)
i=1

and
2k

631D Y (e s1(z)? g0 < 26 allsop < Jeo(G).
i=1

Define

A= (%)ke : 5((21') € g.
By the Taylor expansion (3.3.7) we have
(3.3.12) A= (3)e-ag+ (3)e s1(z) a1 + (3 e s1(zi) - 8(z).
Since 0*(ds1) = € - dt1, we see that
RPy(a | 0;) = exps(Ai),
and hence

2k
(3.3.13) RP(a|0) =] ] expg (i)
i=1
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Because the constant terms in the Taylor expansions (3.3.12) of the A; are all
equal to (%)ke - ag, we can use property (v) of Theorem together with the

estimates (3.3.9), (3.3.10), (3.3.11), to deduce

H logg (1—[1'2:1 €Xpg (/\i>) - 2521 Ai H
(33.14) <co(G) - (e [lallsop - (1+ 3+ 1€%)) - (e llallsop - (3€ + 1€7))

<€ co(G) - lallFey 2.

Trivially the sum of the constant terms of the Taylor expansions of the A; is

ok

Z(%)ke-aozeao.

i=1
The linear terms satisfy

s1(2i) = —s1(2p_;)
because of symmetry; and therefore they cancel out:

ok

Y. (3)fe-s1(zi)-a =0.

i=1
Therefore, using the estimate (3.3.11) to eliminate the quadratic terms of the Tay-
lor expansions, we conclude that

2k
(3.3.15) 1Y Ai—eao || < §€° - [lallsop-
Finally we define
ca(w) := max(c1(a), 2c0(G) - [lallEop + 5 - 1llsob) -

Combining equations (3.3.8) and (3.3.13), plus the estimates (3.3.15) and (3.3.14),

we obtain

| log (RPy(a | 7)) — log (RPy(a| o)) || < ea(a) =
O

Definition 3.3.16. Let us fix a constant €;(«) as in Lemma A piecewise
linear map ¢ : I' — X with len(c) < e,(a) will be called an «a-tiny piecewise linear
map (in this section).

Remark 3.3.17. We shall use the term “tiny” several times in the paper, each
time with a new meaning, depending on context. The notion “tiny” should be
considered as “local to each section”.

Lemma 3.3.18. Let o : I' — X be an a-tiny linear map. Then there is a constant
c3(a, ) > 0, such that for any integers k' > k > 0 one has

| log (RPy (| o)) — log (RPx(a | 0)) || < c3(w, 0) - len(0) - (%)k

Proof. We may assume that len(c) > 0. Let Z := ¢(I') C X, and let m be the
number of singular points of the differential form «|.

Take k > 0. For an index i € {1,...,25} define 0; := c o c¥ and Z; := ¢;(1).
We say that i is good if a7z, is smooth, and otherwise i is bad. The set of good
and bad indices are denoted by good (k) and bad(k) respectively. Since for any
singular point x of |7 there is at most one index i such that x € Int Z;, it follows
that the cardinality of bad (k) is at most m.
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Next take k' > k > 0, and let | := k' — k. By the recursive definition of the
binary tessellations we have
2k
RP(a|0) = [ [ RPo(a|0y)
i=1

and
RP(a|0) HRPluc\ch

If i € good(k) then by Lemma we know that
| logc (RP;(a | 7)) —logg (RPo(a | 0);) || < ca(a) -len(c)® - (3)3*.
On the other hand, i € bad(k), then by Lemma we know that
|| log (RP;(a | 07)) —logs (RPo(a | 0);) || < 2 ¢1(a) - len(o) - (%)k
Therefore by property (iv) of Theorem we have
| logg (RPy (a | o)) — logg (RPx(a | o)) ||
zk
= || 1oge (TT7., RPi(a| 7)) —loge (RPo(x | 7)) |
< ¢o(G) - ([bad(k)|-2-c1(a) - len(o) - (%)k
+|good (k)| - c2(a) - len(0)* - (3)*).
Thus we may take
e3(o,0) :=co(G) - (2m - c1() + c2(a)) .
O

Theorem 3.3.19. Let X be a polyhedron, let o € prs( Y@g,andleto: 1" — X bea
piecewise linear map. Then the limit limy_, ., RPy(a | o) exists.

Proof. For any k we have

2k
RP;(a| o) =[] RPy(a|ooof) HRPO( o) () | T)
i=1

ok
_ Hl RP, (0" (a) | ) = RPy (0" (a) | 0?)

by definition. So after replacing a with ¢*(a), we can assume that X = I!, and
we have to prove that the limit limy_,, RP;(a | 07) exists.

Take k large enough such that for each i € {1,...,2%} the linear map o is
a-tiny. For any k' > 0 we have

RPkJrk/[X‘(Tl HRPk/tX|0')

Thus it suffices to prove that for any i the limit limy ., RPp (« | (le ) exists.
We have now reduced our problem to showing that for any a-tiny linear map
o : I — X the limit lim;_,, RP(a | &) exists. But this follows immediately from

Lemma [3.3.18] O
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Definition 3.3.20. In the situation of Theorem the multiplicative integral of
aon o is
MI(«|0) := lim RPy(a |0) € G.
k—o0
If X =1I' and ¢ = ¢}, the basic map, then we write MI(a [I!) := MI(« | 0?).

Remark 3.3.21. If the group G is abelian, then RPy(« | o) is the exponential of a
Riemann sum, and therefore in the limit we get

Ml(a|o) = expc(/azx).

Proposition 3.3.22. Let o : I' — X be a piecewise linear map.
(1) If o is a-tiny (see Definition (3.3.16), then MI(a | o) € Vo(G), and
[ loge (MI(a|0)) || < c1(a) -len(o).

(2) If o is linear and «-tiny, and if "“o(ﬂ) is smooth, then for any k > 0 one has

| loge (MI(a | ) —logs (RPy(a | o)) || < ca(a) - len(o)?.
(3) For any k > 0 one has

2k
MI(a|o) =] MI(a|oo k).
i=1

Proof. (1) By Lemma for sufficiently large k we have RPy (x| o) € Vp(G) and
| loge (RPk(a|0)) || < c1(a) -len(c) < 3 - €0(G) .

Let B be the closed ball of radius 1€¢(G) in g, and let Z := exp(B), which is
a compact subset of G. Since for every k one has RPy(« | o) € Z, it follows that
in the limit MI(a |0) € Z C Vy(G). The bound on |log. (MI(a|0)) || is then
obvious.

(2) This is immediate from Lemma [3.3.6
(3) For every k' > 0 we have by definition

zk
Ry, p(a|0) =[] RPu(a|coot).
i=1

Now pass to the limit k" — oo. a

3.4. Functoriality of the MI. The next results are on the functoriality of the mul-
tiplicative integral with respect to G and X.

Proposition 3.4.1. Let ® : G — H be a map of Lie groups, with induced Lie algebra
map ¢ = Lie(®) : g — h. Let f : Y — X be a piecewise linear map between polyhedra,
and let & € Q%,WS(X) ® g. Then for any piecewise linear map o : 1' — Y one has

(MI(a| foo)) = MI((f* ® ¢)(a) [7)
in H.
Proof. It suffices to consider f and ® separately; so we look at two cases.

Case 1. H = G and @ is the identity map. Here for every k > Oand i € {1,...,2¢}
we have

RPy(a | foooak)) =RPy((for)*(a)|cF) = RPy(f*(a)| o odt).
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Hence
RP(a| f o 0) =RPx((f 00)"(a) | T') = RP(f*(a) | 0).
Going to the limit in k we see that

Mi(a| f o 0) = MI((f 0 0)"() |1') = MI(f*(a) | ).

Case 2. Here we assume that Y = X and f is the identity map. Since
Ml(x | o) = MI(c*(a) | o7)

and
MI(¢(a) [0) = MI((0" @ ¢)(a) |07) = MI($(c"(a)) | 07),
we can replace ¢ with ¢{ and a with ¢*(«). Therefore we can assume that ¢ is a
linear map.
Put a euclidean norm on h such that ¢ : g — h has operator norm |[¢| < 1.
This implies that ||¢(a)|sop < [|&|lsop- SO we can assume that e1(¢p(a)) > e1(a)

and ¢1(¢(a)) < c1(a) (cf. proof of Lemma 3.3.1).
Take k large enough such that o o ¥ is a-tiny for every i € {1,...,25}. Then

i

o ook is also ¢(a)-tiny.

By part (3) of Proposition [3.3.22| we have
ok
Ml(a|o) =[] MI(a|cook)

i=1

and
2k

MI(¢(x) | o) = [ MI(¢(a) [0 oF).

i=1
So it suffices to prove that
O (MI(a|gock)) =MI(¢p(a)|ooof)

for every i.
By this reduction we can assume that o is a-tiny and also ¢(a)-tiny. Take any
k>0, and for every i € {1,...,2¢} letw; := ¢¥(3) € I'. If w; is a smooth point of

1
(1) € Qs (I ® g,
then it is also a smooth point of
(0" ®¢)(a) € Qs (1) ® .
In this case we have
(3.4.2) @ (RPy(a | ook)) = RPy(p(a) | o ock).

In case w; is a singular point of (0* ® ¢)(a), then it is also a singular point of
o*(«). Hence (3.4.2) also holds (both sides are 1).

The only problem is when w; is a smooth point of (¢* ® ¢)(a) but a singular
point of o™ (a).

Now we use the estimate provided by Lemma (noting that ¢ olog, =
log;; o ®):

[10g}; (®(RPy (| o0 07))) —logy; (RPo (¢(w) [ 0 o)) |
<2-c1(a) -len(o) - (%)k
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Let m be the number of singular points of ¢*(a). Then using property (iv) of

Theorem we get
logy; (@(RPx(a [0))) —logy (RPx(¢(a) | 0)) ||
< 2m-cy(a)-len(o) - (1)F.

Since m is independent of k, in the limit k — co we get

®(Mi(a | 0)) = MI((a) | ).
O
A particular case of the above is when we are given a representation of G,
namely a map of Lie groups ® : G — GL,,(R) for some m. The Lie algebra of
GL4(R) is gl,,(R) = M;,(R), the algebra of m x m matrices. For a matrix a €

M, (R) let us denote by ||a|| its operator norm, as linear operator 4 : R” — R™,
where R™ has the standard euclidean inner product.

Proposition 3.4.3. Let ® : G — GL,,(IR) be a representation, and let « € prs(X) ®
g. Then there is a constant c4(x, ®) > 0 such that the following holds:

(*) Given a piecewise linear map o : ' — X, let g :== MlI(a | ¢) € G. Then
I2(8)]| < exp(ca(a, @) -len(0)),
where exp the usual real exponential function.

Proof. Let's write H := GLy,(R), h = gl,(R) and &' := Lie(®)(x) €

Q},WS( ) @ b. We use the operator norm on h to determine the constants €7 (a')

and c¢1(a’) in Definition [3.3.16
k

Take k large enough so that o o of is a/-tiny for every i € {1,...,2K}. Let
d:=len(r) and d; :==len(coo0;),sod = sz d;. Define ; := MI(a' | o 0F) € H.
Then h; € Vy(H), and we can define v; := logH( i) €h.

Since the matrix 7; satisfies

il < er(a’) - dy,
it follows that its exponential /; satisfies
I7i]| < exp(er(a”) - i) -

Now

2k

®(g) =M |o) =] Iy,

i=1

so we obtain

[@(g)]| < exp(er(a’) - d).
Therefore we can take c4(a, @) := c1(a’).

O

3.5. Strings.

Definition 3.5.1. Let X be a polyhedron. A string in X is a sequence ¢ =
(01,...,0m) of piecewise linear maps ¢; : I' — X, such that 0;(v) = 07,1(vp)
for all i. The maps ¢; : I' — X are called the pieces of o. We write ¢ (vg) := o1 (vg)
and o(v1) := 0 (v1), and call these points the initial and terminal points of o,
respectively. The length of ¢ is len(c) := Y/ ; len(0;).
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FiGure 7. The strings ¢ = (07,02,03), T = (73, 2) and 0 * T in
the polyhedron X.

Suppose & € QL (X) ® g. We say that ¢ is an a-tiny string if len(c) < e1(a);
cf. Definition [m%l

Here are a few operations on strings. Suppose ¢ = (01,...,0m) and T =
(t1,...,7) are two strings in X, with 7(vg) = 0(v1). Then we define the concate-
nated string

(3.5.2) oxT:= (01, , O, T, -, T

See Figure [7] for an illustration.
The flip of I! is the linear bijection flip : I' — I' defined on vertices by

flip(vo, v1) == (1, v0).
Given a piecewise linear map o : I' — X we let
(3.5.3) c =00 flip : I' - X.
For a string 0 = (03, ..., 0m) in X we define the inverse string
(3.5.4) o 1= (Unjl,...,afl).

The empty string is the unique string of length 0, and we denote it by @. For
any string c welet 0+ @ :=c and @ * 0 := 0.

Let f : X — Y be a piecewise linear map between polyhedra, and let o =
(09,...,0m) be a string in X. We define the string f o o in Y to be

(3.5.5) foo:=(fooy,...,foom).

Remark 3.5.6. The reason for working with strings (rather than with paths, as is
the custom in algebraic topology) is that composition of strings, as defined above,
is associative, whereas composition of paths is only associative up to homotopy.

It will be convenient to integrate along a string. As before G is a Lie group
with Lie algebra g.

Definition 3.5.7. Suppose a € Q%,WS(X) ®gand o= (01,...,0m) is a string in X.
The multiplicative integral MI(« | ) of « on ¢ is

Ml(a|0) := lm—[ Ml(« | 0;) € G.
i=1
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Proposition 3.5.8. Let a € Qéws(X) ®g.
(1) Given strings o and T in X such that T(vy) = o(vy), one has

Ml(a|oxT) =Ml(a|0) -MI(a|T).
(2) Given a string o in X , one has
MI(a|o™) =MI(a|o) L.
(3) If o is an a-tiny string in X (i.e len(c) < €1(a)), then MI(a | o) € V(G), and
| logs (MI(a| o)) || < c1(«) - len(o).
Proof. (1) This is trivial.
(2) By part (1) it suffices to consider a piecewise linear map ¢ : I' — X. Since the
flip reverses orientation on 1!, it follows that
RPy(a o) = RPy(w | o).

From this, and the symmetry of the binary tessellations, it follows that for every
k > 0 one has
RP(a | 1) = RPy(a| o)7L

In the limit we get MI(a |o~1) = MI(a | o).

(3) Say ¢ = (0y,...,0m). Take k large enough so that 2€ > m. Let ¢/ : I' — X be
the unique piecewise linear map satisfying ¢’ o alk = 0; fori < m, and ¢’ o (le is
the constant map o'(v;) for i > m. Note that len(¢’) = len(¢). By Definition 3.5.7]
and Proposition 3) we have MI(a |¢’) = MI(a| o). Now use Proposition

33.22(1). O

Proposition 3.5.9. Let ® : G — H be a map of Lie groups, let f : Y — X be a piecewise
linear map between polyhedra, and let & € Q%,WS(X) ® g. Then for any string o in'Y one
has

O (Ml(x| for)) =MI((f* ®Lie(®))(a)|r) € H.
Proof. This is an immediate consequence of Proposition 1) and
Proposition 3.4.1] O
Proposition 3.5.10. Let ® : G — GL,,(IR) be a representation, and let o € Q%,WS(X) ®
g. Given a string o in X let ¢ :== MI(a | 0). Then the norm of the operator ®(g) on R™
satisfies
12(8) ]| < exp(ca(a, @) -len(0)),
where c4(a, @) is the constant from Proposition

Proof. By part (1) of Proposition the left side of this inequality is multiplica-
tive with respect to the operation *. And clearly the right side is also multiplica-
tive with respect to *. So it suffices to consider a piecewise linear map o : I' — X.
Now we can use Proposition [3.4.3] O

For a string 0 = (073, ...,04,) and a form a € Q%,WS(X) ® g we write

" m .
/zx::Z/zxeg,
JT i:1.(71'

/ﬁtx = /p o7 (a)

is the usual integral of this g-valued piecewise smooth differential form.

where
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Proposition 3.5.11. Let & € Of.s(X) ® g, and let o be an a-tiny string in X. Then

| log (MI(a | 7)) —/V,x|| < 0(G) - c1(@)? - len(0)? .

What this result says, is that in the tiny scale the nonabelian integral is very
close to the abelian integral.

Proof. Step 1. We begin the proof with a reduction to the case m = 1, and 0 = 0y
is a single linear map I' — X. First we append a few empty strings at the end
of 7, so that the number of linear pieces becomes m = 2F for some k. This does
not change len(c) nor MI(a |o). Let Z be an oriented 1-dimensional polyhe-
dron (a line segment) of length len(c), partitioned into segments Zy, ..., Z,,, with
len(Z;) = len(c;). Let ¢ : I' — Z be the unique oriented linear bijection. There is
a unique piecewise linear map f : Z — X, such that 0; = foo’ o (T,k as piecewise
linear maps I' — X for every i. Let &/ := f*(a) € Q%,WS(Z) ® g. According to

Propositions 3.3.22(3),[3.5.7 and [3.5.9| we have

Ml(a | o) = MI(a' | o).

/ac:/oc’.
o o’

Because the piecewise linear map f : Z — X is a linear metric embedding on
each of its linear pieces, it follows that |a|sop < [|&||sop; and hence we can
choose €1(a') > €1(a) and ¢1(a') < c1(a).

Note that

And clearly

len(c’) = len(Z) = len(0) < €1(a).
So we can replace X with Z, ¢ with o’ and « with «'. Doing so, we can now
assume that m = 1 and ¢ is a single linear map.

Step 2. Here we assume that ¢ is an a-tiny linear map, and we let € := len(c).
Take any k > 0. We know that

Zk
RP (x| o) =[] RPo(a| o oaf).
i=1
Also (by Lemma [3.3.1) we have
RPy (x| 0),RPy(a |0 0 0f) € Vo(G).
For any i let
A;:=log (RPy(a|cook)) € g,

SO
RPy(a|0) 1—[ expg (A
Let us write
RSy (« | o) Z Aj.

This is a Riemann sum for the usual mtegral.

By Lemma we have
Al < ex(@) - (3)F e
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for every i. Using property (ii) of Theorem we see that
| logg (RP(a | o)) — RSk (a | o) ||

2k 2
< co(G) - (i INll)™ < co(G) - ex(a)?- €.
In the limit k — oo we have

lim RSy (a | o) :/oc
k—o00

g
and
lim RPy (| o) = MI(a|0),
k—o0

so the proof is done. O

Corollary 3.5.12. Leta € Qll,WS(X) ® g, and let o be an a-tiny closed string in X which
bounds a polygon Z. Then

| loge (MI(a| o)) || < co(G) -c1()? -len(0)? + area(Z) - ||a||sgp -

Proof. Choose an orientation on Z. By the abelian Stokes Theorem (Theorem
1.8.3) we have

| [all =1l [ d@ || <area(z) - Jallsor-
Now combine this estimate with the Proposition above.

Proposition 3.5.13. Let @ : G — GL,,(IR) be a representation, and let a € QIl)WS(X ) ®
g. Then there are constants es(x, @) and c5(a, ) such that
0<es(a,®) <1 and cs5(a,®P) >1,

and such that conditions (i)-(iii) below hold for every string o in X satisfying len(o) <
e5(w, @). Let us write

W' = Lie(®)(a) € QO (X) ® gly (R),

and
g :==Ml(a'|0) = @(MI(x|0)) € GLu(R).
Let 1 be the identity operator on R™, and let ||— || denote the operator norm on R™. The
conditions are:
(i)
I§" = 1| < es(a, @) - len(c).
(ii)

I§'— @+ [ &) ] < csla @) ten(e)?.

(ili) Assume o is smooth. Let xo be the initial point of o, and let &' (xg) be the
constant form defined in Definition Then

I8 =t [ @) | < esle @) -len(o)?.

Proof. Let us write H := GL,,(R) and b := g[,(R). Define e5(x, ®) := €1(a’), in
the sense of Definition [3.3.16] and let d := ¢y (') - €1 (a’).

By reasons of convergence of analytic functions on compact domains, there is
a constant ¢ such that for every matrix A € h with ||A|| < d the inequalities

(3.5.14) [expy(A) 1] <c-[A]
and

(3.5.15) |expry(A) = (X +A) || <c-[JA]?
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hold.
Take a string ¢ with € := len(c) < e5(a, P). By Proposition 3) we have

¢ € Vy(H) and
Al < 1) -e<d,
for the elements ¢’ := MI(a’ | ) and A :=log,(¢’) € h. Inequality gives
(3.5.16) g =1 <c-cr(a) €.
Next, using Proposition and inequality we have
l¢ =@+ [@) ] <llg = @a+n]+Ir= [«

<c-c(@)? - +eq(al)? €.

(3.5.17)

Finally, assume that «’ is smooth. By Taylor expansion of the coefficients of «’

(cf. (3.3.7)) we have the estimate

[’ (x) = &' (x0) || < [la'llsob - €
for every point x in the image of the string ¢. Therefore
(3.5.18) I /(Tuc’ — /Utx’(xo) | < [1|Isob - €2

From the inequalities (3.5.16), (3.5.17) and (3.5.18) we can now easily extract a
constant c¢5(a, @) for which all three conditions hold. O
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4. MULTIPLICATIVE INTEGRATION IN DIMENSION TwoO

We pass up to dimension 2. Here it turns out that things are really much more
complicated, for geometrical reasons.

A rudimentary multiplicative integration on surfaces was already introduced
by Schlesinger in 1928, in his nonabelian 2-dimensional Stokes Theorem (see [DE,
Appendix A.IL9]). However we need stronger results, for which a more compli-
cated multiplicative integration procedure is required.

It turns out (this was already in Schlesinger’s work) that the correct multi-
plicative integral is twisted: there is a 2-form, say S, that is integrated, but this
integration is twisted by a 1-form a. The geometric cycles on which integration is
performed are the kites, to be defined now.

4.1. Kites. By a pointed polyhedron (X, xo) we mean a polyhedron X (see Section
, together with a base point x) € X. As base point for I*> we always take the

vertex vg; cf. (1.2.T).

Definition 4.1.1. Let (X, x¢) be a pointed polyhedron.

(1) A quadrangular kite in (X, xo) is a pair (o, T), where ¢ is a string in X (see
Definition , and 7 : I> — X is a linear map. The conditions are that
o(vg) = xp and o (v1) = T(vy).

(2) If T(I?) is 2-dimensional then we call (¢, T) a nondegenerate kite.

(3) If T(I?) is a square in X (of positive size), then we call (¢, T) a square kite.

See Figure [8] for illustration.

Until Section [9) where triangular kites are introduced, we shall only encounter
quadrangular kites. Hence is Sections [4}{§|a kite shall always mean a quadrangu-
lar kite.

Consider a kite (¢, 7). The image 7(I?) is a parallelogram in X. We denote
the area of T(I?) by area(t). If T(I?) is a square, then we denote the side of this
square by side(T).

We view (I2,vp) as an oriented pointed polyhedron. Suppose (¢, T) is a non-
degenerate kite in (I2,vp). If the orientation of T is positive, then we say that the
kite (o, T) is positively oriented.

We shall need the following composition operation on kites. Suppose (01, 71)
is a kite in (X, x9), and (02, ) is a kite in (I?,vg). Then 7y 0 7 : I*> — X is a linear
map, and 07 * (71 0 07) is a string in X. (See for the concatenation operation
x.) We define

(4.1.2) (o1, 11) 0 (02, 12) := (1% (omm), 1 om),

which is also a kite in (X, xp). Note that this composition operation is associative.
For an illustration see Figures [8|and

Let (0, 7) be a kite in (X,xp), and let f : (X,x9) — (Y,y0) be a piecewise
linear map between pointed polyhedra. Assume that the restriction of f to the
subpolyhedron 7(I?) C X is linear. As in formula we have a string f oo in
Y. We define

(413) folo,7)=(foo,for),

which is a kite in (Y, yo).
Given a kite (¢, 7) in (X, x¢), its boundary is the closed string d(c, T) defined as
follows. First we define

(4.1.4) oI% := (vg,v1) * (v1, (1,1)) * ((1,1),v2) * (v2,0p) .
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FIGURE 8. A linear quadrangular kite (o, 7) in the pointed poly-
hedron (X,xp), and a linear quadrangular kite (¢/,7") in the
pointed polyhedron (12, vy).

X

X0

F1GURE 9. Continued from Figure[8} the linear quadrangular kite
(0,7) o (¢/,7') in the pointed polyhedron (X, x).

X

aT

F1GURE 10. The boundary (o, ) = 0 * 9T * ¢! of the kite (o, T)
from Figure

This is a closed string in I?, based at vg. Next we let 9T := T o (dI?), where
composition is in the sense of (3.5.5). So 97 is a closed string in X. Finally we
define

(4.1.5) Ao, 7) :=0*(dT) %o 1,

where 0! is the inverse string from (3.5.4). See Figure
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FiGure 11. The map f|yuz : YUZ — X, where Z = Z1 UZy U Z3.

Here is a useful fact about the geometry of kites.

Proposition 4.1.6. Let (0, T) be a kite in (X, xo). Then there is a square kite (¢’, ")
in (1?,v9), and a piecewise linear map of pointed polyhedra f : (1?,v9) — (X, xo), such
that len(c”) < 1, f is linear on v'(12), and

(0,7) = fo(d,T)
as kites in (X, xq).

Proof. Say o = (074, ...,0) is the decomposition of ¢ into pieces. If m = 0 (i.e. 0 is
the empty string), then we let ¢’ also be the empty string, and we take 7/ := idp
and f:=T.

Otherwise, if m > 0, then we define the square kite (07, ') in (I?,vp) as follows.
The square map 7’ : I — I? is defined on vertices by the formula

T/(vO/ 771102) = ((%; %)/ (1/ %)/ (%, 1))

And we let Y := 7/(1?).

Next consider the oriented line segment Z going from v, to (%, %) We divide
Z into m equal pieces, labeled Zi,...,Z,. We let o/ : I' — Z be the positively
oriented linear map with image Z;. And we let ¢’ be the string 0’ := (07,...,07,).

The map f|y is defined to be the unique linear map Y — X such that fo 1’ = 7.
And for every i the map f[z, defined to be the unique piecewise linear map
Z; — X such that f o 0] = ;. We thus have a map f|yyz : Y UZ — X; see Figure
[[T for an illustration.

Finally let ¢ : I> — Y U Z be any piecewise linear retraction; for instance as
suggested by Figure [12} We define f := f|yz o g : I> — X. See Figure O
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To

FiGure 13. The piecewise linear map f := f|yz o g, and the kite
(¢!, ') such that f o (¢/,7') = (o, 7).

U2

20 U1

FiGUre 14. The 1-st binary subdivision sd! 12 of I2. Here w := (%, %)

4.2. Binary Tessellations of I2. For k > 0 the k-th binary subdivision of 1% is the
cellular subdivision sd* 12 of I2 into 4% squares, each of side (%)k The 1-skeleton

of sd* 12 is the set skj sd* I2 consisting of the union of all edges (i.e. 1-cells) in
sd* I2. Thus sk; sd* 12 is a grid. See Figure

Definition 4.2.1. Let k be a natural number.
(1) Let p = 0,1,2. A linear map o : I" — I? is said to be patterned on sdf 12 if
the image (1) is a p-cell of sd* I2.
(2) A string ¢ = (07,...,0) In 12 is said to be patterned on sd¥ 12 if each
piece ; : I' — I? is a linear map patterned on sd" 12,
(3) A square kite (o, ) in (I2,7) is said to be patterned on sd* 12 if both the
linear map T and the string ¢ are patterned on sd* 12,
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02

%) %

FiGURE 15. The probe oy, in I2. Here w := (3, 3).

The fundamental group of the topological space sk; sd* I2, based at vy, is de-
noted by 771 (sky sd* 12). It is a free group on 4% generators. Given a closed string
o patterned on sd*I2 and based at vy, we denote by [o] the corresponding ele-
ment of 771 (skj sd*12). In particular, if (¢, 7) is a kite patterned on sd*I2, then
the boundary d(c, T) represents an element

[9(c, T)] € 71 (sky sd* 12).
Recall the boundary 91? from equation (4.1.4).

Definition 4.2.2. Let k be a natural number. A tessellation of 1> patterned on sdf 12
is a sequence
p=((or,1) -, (04, Tyr))
of kites in (I, vy), satisfying these two conditions:
(i) Each kite (3, 7;) is patterned on sd* I2.
(ii) One has
4k

[ 9, m)] = [or?]

i=1
in the group 7ty (sky sd“12). The product is according to the convention
2.1.7).

Remark 4.2.3. Suppose p is a tessellation of I patterned on sd“I2. Then, in the
notation of the definition, each kite (cj, T;) is positively oriented, and each 2-cell
of sd* 12 occurs as 7;(I2) for exactly one index i.

This assertion (that we will not use in the paper) can be proved directly, by
a topological argument. But it also follows from Corollary by taking the
abelian Lie groups G := 1 and H := GL{(R), and the differential forms « := 0
and B := f-dt; Adt;, where f : I> — R is a smooth nonnegative bump function
supported in the interior of a given 2-cell of sdf 12,

The probe is the string
(4.2.4) opr = (v0,(0,%)) * ((0,3),(3,3))

(with two pieces) in I2. See Figure 15| for an illustration and Remark for an
explanation.

Definition 4.2.5. Let k be a natural number. The k-th binary tessellation of 12 is the
sequence

tesk 12 = (tes’l‘ Iz,...,tesik IZ) = ((a{‘, ™),..., (ai‘k,ri‘k))

of kites in (12, vp), patterned on sd¥ 12, that is defined recursively as follows.
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FIGURE 16. The 1-st binary tessellation tes! I2. The arrowheads
indicate the orientation of the linear maps.

U2

[0 7
FiGure 17. The kite (02, 72) in tes? I.

(1) For k = 0 let ¢ be the empty string, and let 70 be the identity map of I%.
(2) For k = 1 all four strings ¢} are the same; they are ¢} := 0pr- The four
linear maps 7! : I> — 12 are patterned on sd!' 12, positively oriented, and

have 7! (v9) = (3, 3). It remains to specify the points ! (vq):

(1) = (3,0), B(v1) = (L 3), (o) = (3,1), G(o1) = (0, 7).
(3) For k > 2 we define
tes" I2 := (tes' I?) o (tes" 1 12).

Here composition of sequences of kites is using the operations (4.1.2) and
(3.1.1).

See Figures[16|and [17|for an illustration.
It is clear that sequence tesk I2 is a tessellation of 12 patterned on sdk 12, in the
sense of Definition We call (09, 7)) the basic kite.
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Hopefully there will be no confusion between the linear map O'ik belonging
tes“ 1!, and the string alk belonging tes* I%; these are distinct objects that share the
same notation.

An easy calculation shows that

(4.2.6) len(cf) <2
for all k and i.

Definition 4.2.7. Let (¢, T) be a kite in (X, xo). Fork € Nand i € {1,...,4} let

tesk (0, 7) := (0,7) o tes’ I2 = (0, 7) o (0F, 7F),

which is also a kite in (X, xp). The sequence of kites
tes* (0, 7) := (tesi(o,7), .. .,tes’;k (0,7))
is called the k-th binary tessellation of (o, T).

Remark 4.2.8. The choice of strings for the kites in the binary tessellations (and
the ordering of the kites) is clearly artificial, and also very asymmetrical. As
we shall see later, in favorable situations this will not matter at all — any other
tessellation works! See Corollary[7.5.2]

4.3. Additive Twisting and Riemann Products. Let h be a finite dimensional
vector space (over IR). We denote by GL(}) the group of linear automorphisms of
h, which is a Lie group (noncanonically isomorphic to GL;(RR) for d := dim b).

Definition 4.3.1. A twisting setup is the data C = (G, H, ¥y ), consisting of:

(1) Lie groups G and H, with Lie algebras g and § respectively.
(2) A map of Lie groups ¥y, : G — GL(b), called an additive twisting.

Warning: we do not assume that the map ¥y(g) : b — b, for ¢ € G, is an
automorphism of Lie algebras!

Example 4.3.2. Let G be any Lie group. Take H := G and Y}, := Ady, the adjoint
action of H = G on its Lie algebra. Then (G, H,¥y) is a twisting setup. Here
¥y (g) is in fact an automorphism of Lie groups.

Let us fix, for the rest of this section, a twisting setup C = (G, H, ¥y,). The Lie
algebras of G and H are g and | respectively.

We choose some euclidean norm ||—|[4 on the vector space g. As in Section
we also choose an open neighborhood Vy(G) of 1 in G on which log; is well-
defined, a convergence radius €y(G), and a commutativity constant cy(G). Like-
wise we choose || —|y, Vo(H), €9(H) and co(H). Given g € G, the linear operator
¥y (g) € End(h) is given the operator norm ||[¥y(g)||. It should be noted that
these choices are auxiliary only, and do not effect the definition of the multiplica-
tive integration.

Piecewise smooth differential forms were discussed in Subsection The
string op; (the probe) was introduced in (#.2.4).

Definition 4.3.3 (Basic Riemann Product). Let (X, xg) be a pointed polyhedron,
let

xeOh(X)®g,
let

B e (X)®h,
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To o'pr Y

X0

FiGure 18. Calculating RPy(«, B |, T) in the smooth case. Here
Z =1(%),z=1(%1), and Y is a triangle in Z such that gy is
smooth.

and let (o, T) be a kite in (X, xg). We define an element
RPy(«,B|0,T) € H,

called the basic Riemann product of («, B) on (¢,7), as follows. Write Z := 7(I?)
and z := 7(%, 3) € Z. There are two cases to consider:

(1) Assume dimZ = 2 and z is a smooth point of the form B|z. Put on Z
the orientation compatible with 7. Choose a triangle Y in Z such that
z € IntY and By is smooth, and let B € O(Y) ® h be the coefficient of By
with respect to the orientation form of Y (see Definition . Also let

g:=Ml(a|o*(Tooy)) €G.
We define
RPy(a, B| 0, 7) := expy (area(Z) - ¥y (g) (B(2))-
(2) If dimZ < 2, or dim Z = 2 and z is a singular point of |z, we define
RPy(a, B0, 7) :=1.

It is obvious that case (1) of the definition is independent of the triangle Y. See
Figure (18| for an illustration.

Remark 4.3.4. We call the string o, “the probe” because it reaches into the middle
of the square I?. The “reading” it gives, namely the formula for RPy(a, 8|0, ) in
part (1) of the definition above, is better than , because it converges to the
limit faster: order of side(t)* versus side(t)3. Cf. Lemma below.

Suppose we are given a finite sequence of kites

p= ((o'l,Tl),...,(U'm,Tm))

in (X, xg). We write
m

(4.3.5) RPy(a,B|p) =[] RPo(a, B |0y, Ti).
i=1

Recall the binary tessellation tes* (¢, T) from Definition
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Definition 4.3.6 (Refined Riemann Product). Let (X, x¢) be a pointed polyhedron,
let w € Qlljws( )®g, let B e prs( ) ® b, and let (o, T) be a kite in (X, xg). For
k > 0 we define

RP;(a, B |0, 7) := RPy(a, B tes* (0, 7)) = HRPO(w B| (e, 7)o (cF,TF)).

Lemma 4.3.7. Let f : (X', x})) — (X, xo) be a piecewise linear map of pointed polyhedra,
and let (o, 7') be a kite in (X', x}y). Assume that f is linear on T’ (1%), and let

(0,7):=fo(c, ),
which is a kite in (X, xp). Let &’ := f*(a) and B’ := f*(B). Then
RPi(a, B |0, T) = RP(a/, B | 0/, T')
for any k > 0.
Proof. Take k > 0and i € {1,...,4k}. We will prove that
(43.8) RPy(a, B (,7) o (o, 7)) = RPo(a, B[ (¢, T') o (o, 7).

Let Z := 7(I?) C Xand Z' := 7/(I?) C X'. If dimZ < 2 then |z = 0 and
B'|z = 0, and hence both sides of equal 1.

If dim Z = 2 then the linear map f|, : Z' — Z is bijective. Letw := (1,1) € I2,
zi == (totF)(w) € Z and z} := (7' o 7¥)(w) € Z'. Then z; is a smooth point of
Blz if and only if z0 is a smooth point of p'|z. In the singular case again both

sides of (4.3.8) equal 1.
In the smooth case we know (by Proposition [3.5.9) that

MI(a | (Toof) * (Tothoop)) = MI(& |0/ * (T/ 0 0F) (T 0 TF 0 0r)).

This says the twistings are the same. Let j; be the coefficient of B near z;, as in
case (1) of Definition and let B} be the coefficient of ' near z/. Then

area(Z;) - Bi(z;) = area(Z]) - Bi(z}).
So in this case we also get equality in (4.3.8). O

4.4. Convergence of Riemann Products. We continue with the setup of Subsec-
tion 4.3| Fix differential forms a € Q%,WS( )®gand B € prs( ) ®h.

Lemma 4.4.1. There are constants c¢1(«, B) and €1(, B) with the following properties.
(i) The inequalities below hold:
1<ci(a,B)
0<er(a,p) <1
e1(a, p) - c1(a, p) < jeo(H).

(i) Suppose (o, T) is a square kite in (X, xo) such that side(t) < e1(w,B) and
len(o) < 4-diam(X). Then for any k > 0 one has

RPy(a,B| o, T) € Vo(H)

and
| logy (RPy(a, B0, 7)) || < c1(w, B) - side(T)?.
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FIGURE 19. The kite (0, T) in (X, xp) and the points z1, ...,z in
7(1%). Here k = 1.
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FiGure 20. The kite (0, 1) in (X, xg).

Proof. Let w := (3, 1) € I2. Given a square kite (¢, 7), let Z := 7(I?), z := T(w)
and € := side(T1).
Fori € {1,...,45} define
(44.2) (0;,7) := (0,7) o (cF,TF).
1

This is a square kite in (X, xo) satisfying side(7;) = ()€ and area(7;) = ()ke.

Let Z; := 7;(I?) and z; := T7;(w). see Figures [19 and [20| for illustration. Since
len(af‘) < 2and € < diam(X), we have
(4.4.3) len(o; * (T; 0 0pr)) = len(c) + € - len(oF) + (1)Fe < 7 diam(X).
Consider the group elements
gi = Ml(a|o;* (Tio0p)) €G

and
h; = RP()(OC,,B | i, Ti) € H.
By definition of the Riemann product we have

4k
RPk(tX,ﬁ | U',T) = H hi-
i=1

Take i € {1,...,4%}. If z; is a smooth point of | (this is the good case), then
let B; be the coefficient of B near z;, and let

A= ()€ ¥y (80 (Bi(z) €.
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Otherwise, if z; is a singular point of B|7 (this is the bad case), then we let A; := 0.
In any case, by definition we have ; = expy(A;).

According to Proposition and the inequality (4.4.3) we have

[¥4(8:) | < exp (cs(a, ¥y) -7 diam(X)

for some constant c4(a, ¥y ). Note that this bound is independent of k and (¢, 7).

Let

¢ :=exp (ca(a, ¥y) - 7 - diam(X)) - ||Bllsob + 1,

2

e1(a, B) = eo(H)? -c 2

and

c1(e, B) :=c- (co(H) +1).
Now assume our kite satisfies € < €1(«, ). Because ||B;(z;)| < ||Bllsop in the
good case, and A; = 0 in the bad case, we see that

1Al < ()F- € e < (DF - eo(H).

Hence Z?il IAill < eo(H), and by property (ii) of Theorem we can deduce
that
4k
[T, i€ Vo(H)
and

1 10gH(H?i1 hi) || < co(H) - (Zil [Aill) < co(H) - €*-c < ci(a, B) - €.
O

Lemma 4.4.4. There are constant €;(«, B) and c(«, B) with the following properties:
(i) ca(a, B) > c1(a, B) and 0 < ex(w, B) < €1(a, B).
(i) Suppose (0, 7) is a square kite in (X, xo) such that B|(y) is smooth, side(7) <
€x(a, B) and len(c) < 4 - diam(X). Then

| logy (RPx(a, B| o, 7)) —logy (RPo(a, B| o, 7)) || < c2(a, B) - side(7)*
for every k > 0.

The exponent 4 in “side(7)*” in the inequality above will be of utmost impor-
tance later on. On the other hand, the factor 4 appearing in “4 - diam(X)” is quite
arbitrary (any number bigger than 2 would probably do just as well).

Proof. Let w := (3,1) € I2. Suppose (v, T) is some square kite in (X, x). Write
Z = 1(1%), 29 := T(w) € Z and € := side(Z). Assume that ¢ > 0 and B|7 is
smooth (otherwise there is nothing to prove). Put on Z the orientation compatible
with T.

Let B € O(Z) ® b be the coefficient of |z, as in Definition Let

go:=Ml(a|o*(Toop)) €G,
and
Ay =€ - ¥ (g0)(B(20)) € b
So by definition
expy(Ao) =RPy(a, B0, T).

Suppose 7t is some string in Z, with initial point zj. Let z be the terminal point
of 7. See Figure
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FIGURE 21. A string 7 in Z = 7(I?), with initial point zy and
terminal point z.

We shall need the following variant of the Taylor expansion of (z) to second
order around zj:
B(z) = B(z0) + [ (dB)(z0) +R2(B, ).
Here df € QY(Z) ® b, and (dB)(z9) € Ol nt(Z) @ b is the associated constant
form (see Definition [1.3.5). Thus [ _(dj)(zo) is the linear term in the expansion

— it depends linearly on 7r. And the quadratic remainder term R*(j, 7r) € b has
this bound:

IR?(B, )| < Bllsob - len(rr)?.
Therefore we get the estimate

@45 (|G - (o) + [ (@B)0) | < Blsan - Ten(m)?.
Next let
g:=Ml(a|m)€G
and
o :=Lie(¥y)(a) € Qs (X) @ End(h).

Assume that len(7) < es(a,¥y). According to Proposition [3.5.13| we have this
estimate for the operator ¥y, (g) € End(h):

(4.4.6) | ¥(8) — (1+/ﬁzx’(zo)) | < cs(a, ¥y) - len(mr)?.
And by Proposition 3.5.10| we have the bound
(4.4.7) [ ¥ (8) || < explea(e, ¥y) - es(a, ¥yp)).

By combining inequalities (4.4.5), #4.6) and (#.4.7), we see that there exists a
constant ¢(&, B) such that

¥5(8)(Be) — (Bzo) + ([ &' (20)) Blzo)) + [ (@F)(z0)) |
< c(a,B) -len(m)?.
This holds for every string 77 in Z with len(7m) < es(a,¥y), m(v9) = zo and
n(v1) = z.
Now take k > 0. For any index i € {1,...,4} let 71; be the unique string in Z
such that

(4.4.8)

(Top) * 7 = (To0k) * (ToTf 0 0p)

as strings. This is a string with initial point zg, and with terminal point
zi = (To ) (w).

Notice that for i < 2k the strings 71; and 7Ty 4, are reflections of each other relative
to the point zg. See Figure
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23

zg |t m

|

FIGURE 22. The strings 71 and 713 in Z. Here k = 1.

Define
gi:=Ml(a|m;) €G
and
A= (1)F- - ¥y(g0-8i)(B(zi) €b
So we have

expy(Ai) = RPo(a, | (0,7) o (of, 7))
And the bound for A; is
(44.9) Il < ()F € (a, B),
where we write

c'(a, B) := exp(ca(a, ¥y) - 7 - diam(X)) - || Blsap + 1-
Using the abbreviation
T= e’ ‘Fh(gO)( IB) € Q}laws( )@,
formula (4.4.8), and the inequality len(7;) < €, we obtain
'(20)

2= Gt (ot ([ w0} (20) + [ 7))
< clwp)- (et

For this to be true we should assume that € < e5(a, ¥p).
Let us set

ex(a, B) := min(e(a, B), ¢ (&, B) /2 eo(H)Y?, e5(a, ¥y)),

We now assume furthermore that € < ep(a, ). In particular, from (4.4.9) we
obtain

(4.4.10)

4k
Y Al < eo(H).
i=1

We know that
4k

[T expy(to) = RPy(a, B0, 7).
i=1
Therefore we can use property (ii) of Theorem [2.1.2]to deduce that

|| log (RPx(a, B| 0, T)) 2/\ | <co(H)-€*-c'(a,B)?.
The geometric symmetry of the sequence of strings ;.. .., 7 implies that

() de)o=~(]  &0))

i Tok 4
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for i < 2k; and therefore

4k

Y (/ «'(z0))(Ao) = 0.
i=1 /7

Similarly

4k
1; /ﬂi’Y(Zo) =0.

Plugging in the estimate (4.4.10) we obtain

4k
Y A= 20| < c(w,B) - €.
i=1
We see that the constant

c2(w, B) = c(a, ) + co(H) - ¢'(a, f)* + c1(, B) -
works. g
Definition 4.4.11. Let us fix constants €;(a, ) and c;(«, B) as in Lemma A
square kite (0, T) in (X, xo) will be called (&, B)-tiny in this section if
side(7) < ex(a, B)
and
len(o) < 4-diam(X).

Definition 4.4.12. Let (0, T) be a nondegenerate kite in (X, xg). For k € IN and
i€{l,...,4% let Z; := (to1f)(I?) C X. An index i is called good if the forms
a|z, and B|z, are smooth. Otherwise i is called bad. The sets of good and bad
indices are denoted by good(7, k) and bad(7, k) respectively.

Lemma 4.4.13. Let Z be a 2-dimensional subpolyhedron of X. There exist constants
ao(a, B,Z) and ay(w, B, Z) such that for any nondegenerate kite (o, T) in (X, xg) with
7(1?) C Z, one has

lbad(7,k)| < ag(e, B, Z) + a1(a, B, Z) - 2F.

Proof. Let Z1,...,Zy be line segments in Z such that the singular locus of a and
the singular locus of B are contained in U}n:1 Z;. Take ag(w,B,Z) := 2m and

a1(a,B,2):=2- Z]m:l len(Z;). O

Lemma 4.4.14. Let Z be a 2-dimensional subpolyhedron of X. Then there is a constant
cs(a, B,Z) > 0, such that for any (w, B)-tiny kite (¢, 7) satisfying T(1*) C Z, and any
K >k >0, one has
104 (RPy (&, B |, ) — logy, (RPx(w, ] 0, 7)) |

< (%)k -e3(w, B, Z) - side(T)?.
Proof. Let (o, T) an (a, B)-tiny kite such that T(I?) C Z. Write € := side(t). For
i€ {1,...,4% let (0;, 7;) be as in equation , and let Z; := 7;(I?) C Z. Note
that side(Z;) = (3) - €.

Let [ :=k' — k. If i € good (7, k), then by Lemma [4.4.4 we know that
| 10g; (RP1(w, B 03, )) — logy; (RPo(w, B |01, ) | < cale, B) - ((1)F - €)*.

If i € bad(t, k), then by Lemma we know that

|| log; (RP;(, B| 03, 1)) — logy; (RPo (e, B 07, 7)) || < 2c1 (e, B) - ((3)F - €)2.
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Therefore by property (iv) of Theorem and Lemma we have

[ logy; (RPy (w, B| 0, 7)) — logy (RPx(w, B| 0, 7)) ||
= || logy (H?il RPy(x, B| 03, 77) — logy, (H?il RP(a, B |03, ;) ||
< co(H) - (|good(t, k)| - c2(a, ) - (3)* - €*
+ [bad(7, k)| - 2¢1(a, B) - (%)2" -€?)
<30 B,Z)- (3)F- €

where we take (very generously)

c3(a, B, Z) == co(H) - (ca(a, B) +2(ao(a, B, Z) + a1(w, B, Z)) - c1(a, B))-
0

Theorem 4.4.15. Let (X, xq) be a pointed polyhedron, let o € Qlljws(X) ®g, let B €
O2.s(X) @b, and let (o, T) be a kite in (X, xq). Then the limit

pws

lim RPy(a,B |0, T)

k—o0

exists in H.

Proof. According to Propositionand Lemmawe can assume that (X, xg) =
(I?,v9) and len(c) < 1.

Take k large enough such that for each i € {1,... ,4k} the kite (0;, 7;), in the
notation of , is («, B)-tiny. For any k' > 0 we have

4k
RP (o, B|0o,7) = [ RPp(w, B0y, 7).
i=1

Thus it suffices to prove that for any i the limit

lim RPy (&, B0y, 7))

k! — o0
exists. Now Lemma says that the sequence
(RPy (&, B1 01, T1))
is a Cauchy sequence in H; and therefore it converges. O

Definition 4.4.16 (Multiplicative Integral). Let (G, H, ¥y) be a twisting setup, let
(X, x0) be a pointed polyhedron, let & € Qll,ws(X) ®g, letp e Q}%WS(X) ® b, and
let (0, T) be a kite in (X, x9). We define the multiplicative integral of B twisted by «
on (o, T) to be

Ml(a,B |0, T) := klim RPy(a, 8|0, T) € H.
— 00
If (X,x0) = (I?,vp) then we write
Ml(a, B|I?) := MI(a, B | 0}, 7}),

where (07, 7)) is the basic kite.
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4.5. Some Properties of MI. We continue with the setup of the previous subsec-
tions.

Proposition 4.5.1. In the situation of Definition for any k > 0 one has

Ml(a, B |0, T) = 14—[ MI(a,B| (0, T) 0 (a{‘, Tik)).
i=1

Proof. For any k' > 0 we have

4k
RPy (2, Blo,7) =] RPy (B (0, 7) 0 (cF, 7).
i=1

Now take the limit limys_, 4. d
Proposition 4.5.2. Consider the situation of Definition and assume that (o, T)
is an («, B)-tiny kite.

(1) One has

Ml(a,B|0,7) € Vo(H),
and
| log s (MI(, B| o, 7)) || < c1(, B) - side(T)?.
(2) If Blr(r2) is smooth then

| logy;(MI(a, B| o, 7)) —logy; (RPo(a, B| 7, 7)) || < c2(a, B) - side(T)*.

(3) Let Z be a 2-dimensional subpolyhedron of X containing T(12). For any k > 0

one has
| togiy (MI(x, 7)) — logy; (RPy (s, 81 7,7)) |
< (%)k -c3(a, B, Z) - side(T)?.
Proof. Immediate from Lemmas [4.4.1} [4.4.4and |4.4.14] O

Proposition 4.5.3 (Functoriality in X). Let f : (Y, yo) — (X, x0) be a piecewise linear
map between pointed polyhedra, let o € Q. (X) @ g, let p € OF\(X) @, and let
(0,7) bea kite in (Y,yo). Assume that f is linear on T(1?). Then

Ml(a, B[ foo, fot) =MI(f*(a), f*(B) |0, T).
Proof. Immediate from Lemma [4.3.7] O

The next proposition says that “in the tiny scale the 2-dimensional MI is
abelian”.

Proposition 4.5.4. There are constant €y («, B) and ¢y («, B) with the following proper-
ties:

(1) cx (e, B) > ca(a, B) and 0 < ey (a, B) < €2(ax, B).
(ii) Suppose (o, T) is a square kite in (X, xg) such that side(t) < ey(a,B) and
len(o) < 4-diam(X). Let g := MI(« | 0) € G. Then

| 1og; (MI(a, 8| o, 7)) —‘I’h(g)(/T B) || < cx(a, B) - side(1)?.

Actually with more effort we can get a better estimate (order side(7)*) in prop-
erty (ii) above.
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Proof. This is very similar to Proposition |3.5.11] Take

ex(®,B) i= min(ea(w, B), es(a, ¥y)),
where e5(a, ¥y) is the constant from Proposition Let’s write € := side(T)
and Z := 7(I?). Assume that € < ey (a, B).
Take k > 0. Fori € {1,...,4"} let

(03,) = (0,7) o (o, Tf) = tesf (o, 7).
Write Z; := 7;(1%) and z; := 7;(w), where w := (4 % 6 I? as usual. The sets
good(t, k) and bad(t, k) were defined in Definition
Define
g0 =Ml(a|To0 opr) € G,
g =Ml(a|(tocf) x (totfooy))
and

i == logy (RPo(a, B| 03, 1)) €h
forie{1,..., 4"}. From Definition and Proposition [3.5.10, we know that
(4.5.5) A< ()€ 1 (8- DI [1Bllsop < (1)F-€2-c,
where we let

¢ := exp(ca(a,¢) - 6 diam(X))-||Bllsob -
According to property (ii) of Theorem we have

4k
|| log (RPx(a, B |0, 7)) — Zi:l A
4k 2
< co(H) - (0 IM0)? < colH) - (1% -t 2
For i € good(7, k) let B; be the coefficient of B|,. Define
V'._{(}l)k-eZ.‘I’h(g)(Bi(zi)) if i is good ,
i-=
0

otherwise

(4.5.6)

and
RS (a, B |0, T) Z Uj.
Now let us compare y; to A;. If i is a bad 1ndex, then

i = Adll = lIAdll < (1) € -
by (4.5.5). On the other hand, if 7 is a good index then

Mi="¥y(g-80- 8 -8 )(Ai)-
By Proposition [3.5.10 the operators ¥y(g) and V¥y(g~!) have known
bounds (since the length of the string ¢ is bounded by 4 - diam(X)). Hence there is
a bound for the conjugation operator Ad(¥(g)) on End(h). And by Proposition
3.5.13|there is an estimate for the norm of the operator ¥y (g, - gfl) —1, where 1

denotes the identity operator of . Since Ad(¥;(g)) fixes 1, we can conclude that
there is a constant ¢’ (independent of of (¢, T) or k) such that

[ ¥o(g-80-8 -8 ") —1|
= || Ad(¥y () (¥o(g0-87 ) —1) [ < -e
Hence using we get

i = Al < e (D)F- €.
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Summing over all i we see that

k
4k 4k :
| 21’:1 Ai = Zizl pill < X; i = Ad
=
< |good (T, k)| - ¢"-c- (1)F- €% + [bad(7, k)| - (3)F-€®-c
<dk oo (DR 4 (ag+ar -2 (DHF-ec.
Here ag := ag(a, B,Z) and a; := a1(«a, B, Z) are the constants from Lemma
Combining this estimate with (4.5.6) we obtain
| log (RPx(a, B |0, T)) — RSk (a, Bl o, T) ||
(4.5.7) <co(H)- () et 2445 o (DF-€8
+(ag+a1-29) - (F € -c.

Finally, by properties of the usual Riemann integration we have

lim RS (s, B0, 7) = ¥4 (3)( | B):

Hence in the limit k — oo we get

| 1og; (MI(a, 8|0, 7)) —Th(g)(Lﬁ) |<cc e,
and we can take cy (&, B) := ¢ - c. O

4.6. Transfer of Twisting Setups. Suppose H’ is another Lie group, with Lie
algebra b’. The vector space of R-linear maps h — b’ is denoted by Hom(h, b').
Consider the Opws(X)-module Opws(X) @ Hom(h, h’). An element

NS OpWS(X) ® HOTnIR(h/ f)’)

is called a piecewise smooth family of linear maps from b to h’. Indeed, we may view
¢ as a piecewise smooth map

¢ : X — Hom(h, b').
For any point x € X there is a linear map ¢(x) : h — b’

Definition 4.6.1. Suppose C = (G, H, ¥p,) and C" = (G, H', ¥},) are two twisting
setups. A transfer of twisting setups from C to C', parametrized by (X, x¢), is the
data

Ox = (0g,0OH,0y,x),
consisting of:
(1) Maps of Lie groups ©g : G — G’ and ®y : H — H'.
(2) An element Oy x € Opws(X) ® Hom(b, h’).
The following condition is required:
(*) The equality
Lie(®y) = Op,x(x0)
holds in Hom(h, ).
We denote this transfer by @x : C — C'.

Note that for x # x the linear map ¢(x) : h — b’ might fail to be a Lie algebra
homomorphism.
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Definition 4.6.2. Let ®x : C — C’ be a transfer of twisting setups as in Definition
and let a € Q%,WS(X) ® g. We say that « is a connection compatible with @x if
the following condition, called the holonomy condition, holds.

(0) Let o be a string in X, with xg = ¢(vg) and x; := ¢(v7). Define
g:=Ml(a|o) € G
and ¢’ := Og(g) € G'. Then the diagram

b ¥y (8) b

®h/X(XO)J J{®h,X(xl)

!/ /
b ‘F%/ (g h

is commutative.

Remark 4.6.3. The holonomy condition for  can be stated as a differential equa-
tion. We shall not need this equation in our treatment.

Consider a transfer of twisting setups @x as above. The family of linear maps
Oy, x induces, by tensoring, a homomorphism of graded Qpws(X)-modules

(4.6.4) Op,x : Qpws(X) @b = Qpws(X) @B’
Warning: usually Oy x does not commute with the de Rham operator d.

Proposition 4.6.5 (Functoriality in C). Let @x : C — C’ be a transfer of twisting
setups, let « € QL (X) @ g, and let B € Q2 (X) @ b. Assume that « is a connection

pws pws
compatible with ©x. We write

o = Lie(®g)(a) € Q%)ws(x) ®g
and
B =0y x(B) € Qpe(X) @V
Then for every kite (o, T) in (X, xo) one has
Oy (Ml(a, Bl o, 7)) =MI(a', B’ |0, T)
in H'.
Proof. Consider a kite (¢/,7') in (I?,7p) and a piecewise linear map f like in
Proposition By Proposition we have
Mi(, | 7, 7) = MI(f* (a), f*(B) |/, 7).
On the other hand (Og,®p, f*(@yx)) is a transfer of twisting setups
parametrized by (I2,v)), and by Proposition [4.5.3 we have
MI(a/, B'| o, ) = MI(f*(&’), f*(B') | o/, T')
= MI(Lie(®")(f"()), f* (O, x) (f*(B) | o, T').
Therefore we can assume that (X,xg) = (I?,09) and len(c) < 1. Using Proposi-
tion we can further assume that (o, 7) is (a, B)-tiny and (a/, p)-tiny.
Fixk > 0. Fori € {1,...,4} let
(03, 7) := (0, 7) o (0f, TF).

Define
gi:=Ml(a|o;* (tio0p)) €G
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and
gz/' = MI(‘X/ |oi* (7o Jpr)) e

By Proposition we have g/ = ©¢(g;). Also define Z; := 7;(I) and z; :=

11
Ti(5,2)-

Suppose that i € good(T, k), with notation as in Definition 4.4.12l Then there
is a function B; € O(Z;) @ b, called the coefficient of |z, satisfying

Blz, = Bi - dt Adto.
The function
Bi =0y x(Bi) € O(Z) @Y/,
is then the coefficient of |7,. Note that
Bi(zi) = Op,x(z) (B(zi))

in h’. By condition (x) of Definition and condition ({) of Definition we

have
Wi (80) (Bi(zi) = Yiy (81) (O x (i) (Bi(21)))
= Oy x(x (‘I’h 8i) (Bi(z1)))
= Lie(®n) (¥y(8:) (Bi(z)))-
By definition we have
RPy(a, B |07, ;) = expy ((3)* - area(t) - ¥y (8:) (Bi(21)))
and
RPo(a', ' |07, 71) = exppy ((3)" - area(7) - ¥y (1) (Bi(21)))-
Since
expyy o Lie(@p) = Oy oexpy
we conclude that
(4.6.6) RP()(OC/, ﬁ/ ‘ i, Ti) = @H (RPQ((X,IB ‘ i, Ti)).
Like in Lemma we can find a bound for |bad(7, k)|, and like in the proof
of Lemma [£.4.74 we can estimate
|| 1og (O (RPo(a, B |07, 7)) — logy (RPo (o, B | 07, 1)) ||
when i € bad(t, k). From these estimates and from (4 we conclude that there
is a constant ¢, independent of k, such that
| logy (O (RPx(a, B| 7, T))) — logy (RP («, B | 0, 7)) || < - (3)F.
In the limit k — oo we see that

Oy (Ml(w, B0, 7)) =MI(«, B | 0, 7).
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5. Quasi CROSSED MODULES AND ADDITIVE FEEDBACK

The full strength of multiplicative integration requires a more elaborate setup
than the twisting setup of Definition

5.1. Quasi Crossed Modules. Let (Y,yp) be a pointed analytic manifold. By
automorphism of pointed analytic manifolds we mean an analytic diffeomorphism
f Y — Y such that f(yo) = yo. We denote by Aut(Y,yp) the group of all such
automorphisms.

Let G be a Lie group. An analytic action of G on (Y, o) by automorphisms
of pointed manifolds is an analytic map ¥ : G x Y — Y having the following
properties. First, for any g € G the map ¥(g) : Y = Y, ¥(g)(y) := ¥(g,v), is
an automorphism of pointed analytic manifolds. Second, the function ¥ : G —
Aut(Y,yp), g — ¥(g), is a group homomorphism.

Given an analytic action of G on (Y, 1), and an element g € G, the differential

dy, (F(8)) : Ty Y = Ty Y
is an R-linear automorphism of the tangent space T,,Y. In this way we get a map
of Lie groups G — GL(T,,Y), which we call the linear action induced by '¥.

Let H be a Lie group, with unit element 1. We view it as a pointed analytic
manifold (H,1).
Definition 5.1.1. A Lie quasi crossed module is the data
C= (G HY, )
consisting of:
(1) Lie groups G and H.
(2) An analytic action ¥ of G on H by automorphisms of pointed manifolds,
called the multiplicative twisting.
(3) A map of Lie groups @ : H — G, called the multiplicative feedback.
The condition is:
(¥) Consider ¥ as a group homomorphism ¥ : G — Aut(H, 1). Then there is
equality
Yo CDO =Ad H
as group homomorphisms H — Aut(H, 1).

Remark 5.1.2. Let (G, H, ¥, ®)) be a Lie quasi crossed module. Suppose Gy is a
closed Lie subgroup of G such that the following hold: ®¢(H) C Gy; ¥(g) is a
group automorphism of H for any ¢ € Gp; and &g : H — Gy is Gp-equivariant
(relative to ¥ and Adg,). Then (Go, H, ¥, ®y) is called a Lie crossed module. See
[BM, BS]. In this situation condition (x) is called the Pfeiffer condition in the litera-
ture.

Note that we can always find such a subgroup Gy: just take Gy to be the closure
of ®y(H) in G. An easy calculation shows that this subgroup has the required
properties.

Here are three of examples of Lie quasi crossed modules.

Example 5.1.3. Suppose

15 NoHI G 51

is a central extension of Lie groups. Since Ady(h) is trivial for i € N, the action
Adp induces an action of G on H, which we denote by ¥. We get a Lie crossed
module (G, H, ¥, ®y).
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Example 5.1.4. A very special case of Example[5.1.3)is when H = G and @) = idg.
Namely

(G,H,¥,®) = (G,G,Adg,idg).

This is the situation dealt with in the classical work of Schlesinger.

Example 5.1.5. Let H be a unipotent Lie group, namely H is nilpotent and simply
connected, and let h := Lie(H). The map exp, : h — H is then an analytic
diffeomorphism. Take G := GL(h). The canonical action of G on h becomes, via
exp;;, and action of G on H by automorphisms of pointed manifolds, which we
denote by Y. The adjoint action Ady of H on b is a map of Lie groups &g : H — G.
Then (G, H,¥,®y) is a Lie quasi crossed module.

Next let Gy C G be the group of Lie algebra automorphisms of . Then
(Go, H,¥, ®y) is a Lie crossed module.

5.2. Additive Feedback and Compatible Connections. Let (G, H,'¥, ®() be a Lie
quasi crossed module. We write g := Lie(G) and h := Lie(H). Recall that the
Lie algebra  is the tangent space to H at the element 1. Hence the multiplicative
twisting ¥ induces a linear action

¥y, : G — GL().

We see that from the Lie quasi crossed module (G, H,'¥, ®y) we obtain a twisting
setup (G, H,¥y). As in Section [d] we call ¥y, the additive twisting.
Recall that Hom(h, g) is the space of R-linear maps h — g, and an element

¢ € Opws(X) ® Homg(h, 9)

is called a piecewise smooth family of linear maps from b to g.

Definition 5.2.1. Let (G, H, ¥, ®)) be a Lie quasi crossed module, and let (X, x¢)
be a pointed polyhedron. An additive feedback for (G, H,¥, ®g) over (X, xg) is an
element
®x € Opws(X) ® Hom(b, g)

satisfying this condition:

(x*) There is equality

Lie(dPg) = Px(xo)
in Hom(h, g).

Definition 5.2.2. Let (X, xg) be a pointed polyhedron. A Lie quasi crossed module
with additive feedback over (X, xo) is the data

C/X = (G, H,¥,®, dx)

consisting of:

e A Lie quasi crossed module C = (G, H, ¥, ).
e An additive feedback ®x for C over (X, xp).

When we talk about a Lie quasi crossed module with additive feedback C/X,
by default we use the notation of Definitions and and we write g :=
Lie(G) and b := Lie(H).

Let C/X be a Lie quasi crossed module with additive feedback over (X, x).
Given a piecewise linear map f : (Y,y0) — (X, xp) between pointed polyhedra,
consider

fH(®@x) € Opws(Y) @ Hompg (b, g).
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Then
(5.2.3) f(C/X):= (G HY, Py, f*(Px))
is a Lie quasi crossed module with additive feedback over (Y, yo).

Definition 5.2.4. Let C/X be a Lie quasi crossed module with additive feedback
over (X, xp). A connection compatible with C/X is a differential form

xe QL. (X)@g

satisfying the holonomy condition:
(0) Let o be a string in X, with xg = ¢(vg) and x; := ¢(v1). Define

¢:=Ml(a]o) € G.
Then the diagram

is commutative.
It could happen that C/X does not admit any compatible connection.

Example 5.2.5. Suppose (G, H, ¥, @) is a Lie crossed module (see Remark [5.1.2)
and (X, xp) is a pointed polyhedron. Define ®x := Lie(®Py); this is a G-equi-
variant Lie algebra map h — g, which we view as a constant element of Opws (X)®
Hom(h, g). In this way we obtain a Lie quasi crossed module with additive feed-
back C/X := (G, H, ¥, ®y, Px) over (X, xp). Since Px is G-equivariant, it follows
that any & € Q,(X) ® g is a connection compatible with C/X.

pws

An example of an additive feedback, and of a compatible connection, is given
in Subsection [5.6l

To a Lie quasi crossed module with additive feedback C/ X there are two natu-
rally associated twisting setups, namely (G, H,Yy) and
(G,G,Ady).

Proposition 5.2.6. Let
C/X = (G, H, ¥,y ®x)
be a Lie quasi crossed module with additive feedback over (X, xg). Then:
(1) The data ®x := (idg, Po, Px) is a transfer of twisting setups
(G, H,Yy) = (G,G,Ady)
parametrized by (X, xg), in the sense of Definition [4.6.1]

(2) Aforma € Q%,WS(X) ® g is a connection compatible with C/ X if and only if it
is a connection compatible with @, in the sense of Definition [4.6.2]

Proof. Immediate from the definitions. O

Proposition 5.2.7. Let C/X be a Lie quasi crossed module with additive feedback over
(X, x0), and let a be a compatible connection for C/X. Suppose f : (Y,yo) — (X, xq) is
a piecewise linear map between pointed polyhedra. Then f* () is a compatible connection

for f*(C/X).
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Proof. Take a string ¢ in Y with 0(vg) = yo, and let y1 := 0(v1). Then fooisa
string in X. According to Proposition we have

Mi(x | f o @) = MI(f*(a) | ).
Let’s call this element g. Let x := f(y1). Then

Dy (xi) = f(Px)(vi)
as homomorphisms ) — g, for i = 0,1. We see that the holonomy condition is
satisfied for f*(a), relative to f*(C/X). O
Definition 5.2.8. Suppose
C/X =(G,H,Y, &, Px)

and

C'/X = (G, H,Y, oy, Py)
are two Lie quasi crossed modules with additive feedbacks over (X, xo). A transfer
between them is a transfer of twisting setups

Ox = (0¢,0n,0yx) : (G H,¥y) — (G, H, ¥y)

parametrized by (X, x¢), in the sense of Definition [4.6.1] satisfying this condition:

@'y 0@y x = Lie(Og) o Px
in Opws(X) ® Hom(b, g').
5.3. Connection-Curvature Pairs.

Definition 5.3.1. Let C/X = (G, H,¥, Py, Px) be a Lie quasi crossed module
with additive feedback over a pointed polyhedron (X, xj); see Definition A
connection-curvature pair for C/X is a pair («, B), consisting of Lie algebra valued
differential forms

xe Q. (X)©g
and

B e, (X)®h,
satisfying the conditions below.

(i) « is a connection compatible with C/X (Definition [5.2.4).
(ii) The equation

holds in QI%WS(X ) ® g.

Remark 5.3.2. Condition (ii) above is often referred to as vanishing of the fake
curvature. See [BM|, BS].

Proposition 5.3.3. Let C/X be a Lie quasi crossed module with additive feedback over
(X, x0), and let («, B) be a connection-curvature pair for C/X.

(1) Let f:(Y,y0) — (X, x0) be a piecewise linear map between pointed polyhedra.
Then  (f*(a),f*(B)) is a  connection-curvature  pair  in

f*(C/X).
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(2) Let C'/ X be another Lie quasi crossed module with additive feedback over (X, x),
and let
Ox = (®G'®H/®h,x) :C/X — C//X
be a morphism of Lie quasi crossed module with additive feedback. Assume that

w is compatible with @y x. See Definitions [5.2.8|and Then
(Lie(®c)(a), @y x(B))

is a connection-curvature pair for C'/ X.
Proof. (1) By Proposition the form o’ := f*(«) is a connection compatible
with f*(C/X). Next let us write g’ := f*(B) and @ := f*(Px). . Since

Fr Qpus(X) @8 = Qs (Y) @
is a DG Lie algebra homomorphism, we have
Dy (B) = f1(@x(B)) = f*(d(0) + 3[a,a]) = d(a) + 5[, ).
(2) The fact that « is compatible with ©y x, and that @x satisfies the condition ()
in Definition imply directly that a’ := Lie(®g¢)(«) is a connection compati-
ble with C'/X.
Let B/ := @y x(B). Then
P (B') = Lie(Oc)(Px(B)) = Lie(Oc) (d(w) + 3w, a]) = d(a) + 3[a’,’].

We see that condition (ii) of Definition holds. O

Definition 5.3.4 (Tame Connection). Let C/X be a Lie quasi crossed module with

additive feedback over (X, xg). A form a € Q%,WS(X) ® g is called a tame connection

for C/X if there exists a form § € Q%WS(X ) ® b such that («, B) is a connection-
curvature pair (as in Definition [5.3.1).

In other words, « is a tame connection if it is a compatible connection (Defini-
tion , and its curvature d(a) + 5[, a] comes from Ofws(X) @b,

Corollary 5.3.5. In the situation of Proposition the forms f*(«) and Lie(®g)(a)
are tame connections.

The proof is trivial.

5.4. Moving the Base Point. In this subsection we consider the following setup:
C/X = (G HY, ¥y, Px)
is a Lie quasi crossed module with additive feedback over a pointed polyhedron
(X, xp). We are given a form a € Q%WS(X) ® g, which is a connection compatible
with C/X. And we are given a string p in X, with initial point p(vy) = xp and
terminal point x7 := p(v7). Let
g:=Ml(a|p) € G.

Recall that ¥(g) is an automorphism of the pointed analytic manifold (H,1).
We define a new multiplication on the manifold H, by the formula

hy 8 hy =¥ (g) (¥ (g) () - ¥(g) (M)
for hy,hy € H. In this way we obtain a new Lie group, that is denoted by H$, and
a Lie group isomorphism
Y¥(g): HS — H.
See Figure 23]
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Ficure 23. The string p from xg to x, the group element g :=
MI(« | p) € G, and the group isomorphism ¥(g) : HS — H.

The Lie algebra of HS is h8. So h3 = h as vector spaces (this is the tangent
space to H at 1), and

Fy(g): 05 = b
is a Lie algebra isomorphism. There is a commutative diagram of maps
¥
(5.4.1) b & b
eXpHJ/ leXpHg
¥(g)

H+—HS8

Note that if ¥(g) is not a group automorphism of H, then H¢ is not equal to H
as groups. In this case the maps of manifolds

expy,expys : b — H

could be distinct.

The data (G, H$,¥y) is a twisting setup (as in Definition [4.3.1), which in gen-
eral is distinct from the twisting setup (G, H, ¥, ), because of the possibly distinct
exponential maps. Given a form § € Q%WS(X) ® b and a kite (o, 7) in (X, x1), let
us denote by

(54.2) ME(a,B |0, T) € HE

the multiplicative integral with respect to the twisting setup (G, HS, ¥y).
We define a map of Lie groups @ : HS — G by the commutative diagram

Y

chJ J@g
Ad
G c(8) G
Proposition 5.4.3. The data
CS:= (G, HS, ¥, )
is a Lie quasi crossed module.

Proof. Let's write H := HS, G' := G, u := Adg(g) : G — G, v := ¥(g) :
H — H, ¥ := ¥ and ®) := ®. There are commutative diagrams of group
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homomorphisms
(5.4.4) H+ > H Gt ¢
<I>0J/ J% ‘I’J{ J‘I”
G+—— G Aut(H) «—— Aut(H')

Here Aut(H) = Aut(H’) is the group of automorphisms of the pointed manifold
H = H’, and v is seen as an element of this group. The first diagram is just the
definition of ®j. The second diagram is commutative since for every ¢’ € G’ we
have

Y(u(g)) =Yg g ¢ ) =Yg ¥(E) ¥
—0-¥(g) -0 = (Ad(0) 0 W) (g).

And by general group theory we have a commutative diagram

(5.4.5) H+«—* H

AdHl lAdH/

Aut(H) +—— Aut(H’)
Ad(v)

We are given that ¥ o &y = Ady (this is condition (*) of Definition for
the Lie quasi crossed module C). Therefore by combining the three commutative
diagrams we see that ¥/ o &) = Adyy O

Proposition 5.4.6. The element ®x is an additive feedback for the Lie quasi crossed
module C8 over the pointed polyhedron (X, x1). Thus

C8/X := (G, HS, Y, @5, Px)
is a Lie quasi crossed module with additive feedback over (X, x1).

Proof. In the notation used in the proof of the previous proposition, and with
D' := P, we have to show that & (x1) = Lie(P}), as linear maps b’ — g'. We
have commutative diagrams of linear maps

ie(v Y
b p 0
Lie(@o)l JLie(@é) <I>X(Xo)l Jéx(n)
Lie(u) Adg(8)
ge——g g9

The first diagram is the differential of the first diagram in (5.4.4), and the second
diagram is the holonomy condition for « relative to C/X. Since ®x is an additive
feedback for C over (X, xp) we have ®x(xp) = Lie(Py). We know that ¥y, (g) =
Lie(v) and Adg(g) = Lie(u). It follows that ®% (x1) = ®x(x;) = Lie(P}). O

Proposition 5.4.7. The form a is a connection compatible with C8/X.

Proof. We continue with the notation of the previous proofs. Let ¢ be a string
in X initial point ¢(v9) = x; and terminal point x, := ¢ (v;). Define g’ :=
MI(a | o) € G’ = G. Because « is a connection compatible with C/X, and because
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F1GURE 24. The string p from xg to x1, and the kite (o, 7) in (X, x7).

¢-¢ =Ml(a|p*0c), we have a commutative diagram

b
<I>x(’ﬁ)l
g

Yy(g) ' o¥y(g-8) =¥r(g)

¥y (g) ¥y(g8")

2
<

y b
prX(XO) J‘Px(xz)
g

Adg(s) 0 Adg(s)

Since

and
Adg(g)™" 0 Adg(g-g") = Adg(s')
we see that the diagram

, ‘I’;,(g’)
b <——h

CP,X(X])l J%(xz)
g, Adg/ (¢") ,
< g

!/

is commutative. O

Theorem 5.4.8. Let
C/X =(G,H,Y, &, Px)

be a Lie quasi crossed module with additive feedback over a pointed polyhedron (X, xp),
let « € Qéws(X) ® g be a connection compatible with C/X, and let p be a string in X,
with initial point p(vy) = xo. Define g :== MI(« | p), and let

C8/X = (G, H8, ¥, ®5, )

be the Lie quasi crossed module with additive feedback over (X, x1) constructed above.
Given a form B € Q}%WS(X) ® b and a kite (o, T) in (X, x1), consider the element

ME(a, 8|0, T) € HE
from (5.4.2). Then
¥ (g) (MI(a, B|7,7)) = MI(w, B 0,7)
in H.
See Figure 24]
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Proof. We can assume that the kite (o, T) is nondegenerate. Define Z := t(I?)
and ¢’ := MI3(« | 0). Choose a positively oriented orthonormal linear coordinate
system (sq,s2) on Z.
Take k > 0and i € {1,...,4%}, and define z; := (o t})(3,3) € Z and
g} = MI((| (o0) * (o Tk 0 0pr)).

So

MI(D(|p*0’>I<(TOO’Z-k)*(TOleOUpr)) =g¢-¢ g

Assume that z; is a smooth point of B|z. Let Y; be a triangle in Z, and let
Bi € O(Y;) ®b, such that z € IntY; and Bly, = [3,- -ds; Adsy. According to
Definition and the commutative diagram we have

RPy(a,B| (0%, 7)o (F, 1))
= expy ((1)" -area(Z) ¥y (g8 81) (Bi(z)))
= (¥(g) o expys) (1) area(Z) - ¥y (g~ 81)(Bi(21)))
=¥ (9) (RP§(a, B| (0, 7) o (0f, 7))
On the other hand, if z; is a singular point of S| then
RPo(a, B (p0,7) 0 (0, 7)) = 1= ¥(3) (RP§ (w, B | (¢, 7) o (o7, 1)))-
We see that
RP(a, B p+,7) = ¥(g) (RPS (a, |, 7))
for every k. Passing to the limit k — co finishes the proof. O
5.5. Partial Differential Equations. Leta € Q(I')®g. Forx € ' letoy : I — I!
be the linear map defined on vertices by 0x(vg, v1) := (vo, x). Let
(5.5.1) g(x) :=Ml(a|oy) € G.

It is well known that the function ¢ : I' — G defined in this way is smooth, and
moreover it satisfies the differential equation

(5.5.2) dlog(g) =«
with initial condition ¢(0) = 1. See [DF] for the case G = GL,(RR), in which

dlog(g) =g ' -dg
as matrices. This ODE determines the function g.
Now consider a Lie quasi-crossed module C, and a smooth connection-cur-
vature pair (a,f) in C/I2. For a point x € I? let 7, : I> — I? be the linear map
defined on vertices by

T (vo, v1,01) := (vo, (£1(x),0), (0, £2(x))).
And let o be the empty string, so that (o, 7y) is a kite in (I2,v9). Define
h(x) :=Ml(a, B| 0o, c) € H.

Presumably the function i : 1> — H is smooth, and it satisfies a partial differential
equation generalizing (5.5.2). We did not check this assertion.

In the very recent paper [BGNT] the authors consider a special case: the groups
G and H are unipotent, C is a crossed module, and the pair («, ) is algebraic.
They write down a partial differential equation, whose unique solution is de-
clared to be the multiplicative integral. Presumably this multiplicative integral
coincides with ours. For more in this direction see Subsection
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5.6. Quantum Type DG Lie Algebras. Here we explain how Lie quasi crossed
modules arise from deformation theory. This is continued in the following sub-
section.

A differential graded (DG) Lie algebra is a graded R-module f = @jcyz f
equipped with a graded Lie bracket [—, —] and a differential d (of degree 1)
that satisfy the graded Leibniz rule. For instance, if X is a manifold and g is a Lie
algebra, then f := Q(X) ® g is a DG Lie algebra. We say that § is a quantum type
DG Lie algebra if ff = 0 for alli < —1;i.e. f = @;>_1 f*.

Let us fix a quantum type DG Lie algebra f, and assume that f is nilpotent, and
finite dimensional in each degree. (The assumptions of finiteness and nilpotence
are for the sake of presentation; the construction works even when f is infinite
dimensional and pronilpotent.)

The Lie bracket [—, —] of f makes the vector space g := {* into a nilpotent Lie
algebra. We denote by G = exp(g) the corresponding unipotent group. In order
to be concrete, we take G to be the analytic manifold g, made into a Lie group
by the CBH formula (cf. Section ; in particular 15 := 04. The exponential map
expc : g — G is just the identity map here.

The Lie algebra g acts on the vector space fi (any i) by the adjoint action ad,
namely

ad(a)(B) = [a, ]
fora e gand B € fi. Clearly ad(«) is R-linear. There is a second action of g on i1,
which we call the affine action, and it is

af()(p) == d(a) — [w, ]

for B € f. The action af is usually not linear - it is an action by affine transfor-
mations. Both these actions integrate (or rather exponentiate) to actions Ad and
Af of the group G on the vector spaces § and f! respectively.

An element w € f' is called an MC element if it satisfies the Maurer-Cartan
equation

d(w) + 3w, w] = 0.

We denote by MC(f) the set of all MC elements. It turns out that the action Af
of G on f! preserves the subset MC(j). Namely if w € MC(f) and ¢ € G, then
w' := Af(g)(w) is also in MC(f). The quotient set by this action is denoted by
MC(¥).

Let us write h := §1. Say an MC element w is given. Define an R-linear map
dw : b — g by the formula

(5.6.1) dw(B) := d(p) +[w, ]
for B € . And define an R-bilinear operation [—, —],, on h by the formula
(5.6.2) [B1, B2)w := [dw(B1), B2]-

An elementary calculation shows that the vector space | is a nilpotent Lie algebra
with respect to the bracket [—, —],, and we denote this Lie algebra by h,. A
similar calculation shows that d, : ho — g is a Lie algebra map. Let us define
H, = exp(hw), the corresponding unipotent group, with multiplication hy -, hy
and inverse h; 1“’, for h; € Hy,. So as analytic manifolds we have H, = b, = b,
and expy; : hw — Hy is the identity map. There is a Lie group map exp(dw)
H, — G. It is easy to see from that for elements hq,h, € H,, one has

Ad(exp(do) (1)) (ha) = Adp, (1) (h2) = hy o ho - By 1.
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Suppose we are given w € MC(f) and g € G. Define w’ := Af(g)(w). A more
difficult calculation shows that there is a commutative diagram of Lie algebra
maps

Ad(g)
hw —g> bw’

d{ de,
Ad(g)

g—9

See [Ye5, Section 1]. Hence there is also a commutative diagram of Lie group
maps

xp(Ad
H, exp(Ad(g)) H,

exp(dw)l Jexp(dw/)
G exp(Ad(g)) G

Observe that if [—, =] # [—, —]. as Lie brackets, then b, # b, as Lie algebras,
H, # H,s as Lie groups, and ¥(g) := exp(Ad(g)) is not a Lie group automor-
phism of H,,; it is only an automorphism of pointed analytic manifolds. At least
we obtain in this way an action ¥ of G on H, by automorphisms of pointed
analytic manifolds.

Take an MC element w, and define the map of Lie groups

P, :=exp(dw) : Hy — G.

What we have said so far implies that the data
(563) w = (Gr HLUI‘II/ qu)
is a Lie quasi crossed module.
5.7. Cosimplicial DG Lie Algebras. Here we show how deformation quantiza-
tion gives rise to Lie quasi
crossed modules with additive feedback and connection-curvature pairs.

Suppose we are given a cosimplicial nilpotent quantum type DG Lie algebra f. So
f = {f""} pen, where each §** = @,~_; /' is a nilpotent quantum type DG Lie
algebra.

From the cosimplicial object f one constructs its Thom-Sullivan normalization
N(f), which is a nilpotent quantum type DG Lie algebra, involving algebraic

differential forms on all the simplices A¥, p > 0. For details see [Ye2| Section 2].
Suppose @ is an MC element of N(§). By definition @ = {@P7}, where

@l e QIAP) @17, peN, g€ {0,1,2}.
Let us fix a number p. We look at the components of @ with index p:
w:= @’ € O(AF) @ P,
a =@l € Q1(AP) @ PP
and
B =P e O*(AP) @ § L.

Now let us write g := 70, h := =1 and X := AP. With this notation w €
O(X)@f1,a e QY (X)®gand B € Q*(X) @ b.
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Choose some point xg € X. The element w(xg) € f/! turns out to be an MC
element of the DG Lie algebra 7. As in (5.6.3), we have a Lie quasi crossed
module

Catxo) = (G Ha(xg) ¥ Paixy)-
Next we define
Py :=dw € O(X) ® Hom(h, g);
see (5.6.1). This is an additive feedback for C,(,) over the pointed polyhedron
(X, xp), so we obtain a Lie quasi crossed module with additive feedback
(5.7.1) Cootr)/ X = (G Hoy(x) ¥ Poo(y) Px)-

Furthermore, it can be shown that the pair («,f) is a connection-curvature pair
in C(y,)/ X. Taking any kite (c, T) in (X, x9) we thus obtain a group element

Ml(a, B |0, T) € Hy(xy)-
In Subsection [9.5 we continue with this setup, and state Conjecture [9.5.2]
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6. STOKES THEOREM IN DIMENSION Two

The purpose of this section is to prove Theorem When H = G (see
Example this is just a fancy version of Schlesinger’s theorem.

Let (X, xg) be a pointed polyhedron. Recall the notions of Lie quasi crossed
module with additive feedback

(6.0.1) C/X = (G H,Y, oy, Px)

over (X,xp), connection-curvature pair («,f), and multiplicative integral
MI(«, B | o, T); see Definitions [5.2.2} [5.3.1|and 4.4.16| respectively.

6.1. Some Estimates. In this subsection we assume that (X, xy) = (I2,v9). We fix
a Lie quasi crossed module with additive feedback C/X over (I?,7p), in which
G = H, as in Example We also fix a connection-curvature pair («, ) for
C/X. Note that the equality

(6.1.1) B=d(a)+ i a]

holds in Q%WS(IZ) ® g. As in Section [1f we choose a euclidean norm ||—||4 on the
vector space g; an open neighborhood V5(G) of 1 in G on which log is well-
defined; a convergence radius €y(G); and a commutativity constant ¢o(G).

In Proposition we established certain constants cy(a,f) and

€o/ (0{, ‘3) .
Lemma 6.1.2. There are constants c3(a, ) and e3(w, B) with these properties:

(1) c3(a, B) > cor(a, B) and 0 < e3(a, B) < €y (a, B).
(2) Suppose (v,7T) is a square kite in (12,v9) such that side(t) < e3(«,B) and
len(c) < 5. Then

Ml(a, B | o, 7), MI(a|d(c, 7)) € Vo(G)
and
| log (MI(, B | 0, T)) logs (MI(a|9(c, 7)) || < cala, B) - side(T)?.

Proof. For MI(w, |0, T) we can use the estimate from Proposition

For the boundary we have to do some work. Let’s write € := side(t), and

suppose that € < 1ej(a), where €1(a) is the constant from Definition {3.3.16

Consider the closed string 07 of length 4e. Write g1 := MI(« | 9T) € G. According
to Proposition 3.5.11| we know that g1 € Vj(G), and

1086 (s1) = [ | < co(G)- ca(a)? (de)?.
By the abelian Stokes Theorem (Theorem [1.8.3) we have

/aroc:/rd((x).

| [ da) ] < area(e) - Il = 2 lson-

7

Now

We conclude that

logs(g1)ll < (co(G) - e1()? - 16 + [[allson) - € -

Next let g := MI(«a |0) € G. Consider the representation Ady : G — GL(g).
By Proposition [3.5.10| the norm of the operator Ady(g>) satisfies

[Adg(g2) [l < exp(ca(a, Adg) -5) -
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Z3

Z4 22

21

2

F1Gure 25. Computing RPy(«a | 97) for a tiny square kite (o, ) in (I%, vp).

Finally we look at ¢ := MI(«a|d(c, T)). By definition

§=888 =Adc(82)(s1)-
The logarithm is
log(g) = Adg(g2)(logs(81))-
By combining the estimates above we get
logg ()| < exp(ea(e, Adg) -5) - (co(G) - c1(a)? - 16 + [|alsop) - €* -
We see that we can take the following constants:
e3(w, ) 1= min(ex(w, B), 1€1(a))
and
cala, B) :=
max (ca(a, B), exp(ca(a, Adg) - 5) - (co(G) - c1(a)* - 16 + [la][sp ) -

Lemma 6.1.3. There are constants c4(a, ) and €4, B) with these properties:
(1) c3(a, B) < cala, B) and 0 < e4(w, B) < €3(a, B).
(2) Suppose (¢,T) is a square kite in (I?,vq) such that side(t) < e4(a, B),
len(o) <5, and a|(y2y is smooth. Then
| loge (MI(x, B| o, 7)) — log; (MI(a |9(0, 7)) || < ca(a, B) - side(t) .

Proof. Let € := side(t), Z := 7(I?), and z := 7(3, ), which is the midpoint of the
square Z. Denote by (p1,...,p4) the closed string 0. For any i € {1,...,4} let z;
be the midpoint of the edge p;(I'). See Figure [25| for an illustration. Let (s1,s5)
be the positively oriented orthonormal linear coordinate system on Z, such that

™(s;) =€ (t—3).

So in particular s;(z) = 0.
Since «|yz is smooth, there are functions &1, & € O(Z) ® g such that

a|z = &y - dsy + &y - dsp.

The Taylor expansion of &; around z to second order looks like this:

614) &) =8;(2)+ Y, (L&) () s+ Y, giaa(x) - s(x) - si(x)

1<k<2 1<k,1<2

for x € Z. Here g, : Z — g are continuous functions satisfying

(6.1.5) gkl < llallsop -
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We define elements A; € g as follows:
A =€ &(z1),
(6.1.6) Mo =ella),
A3 = —€-&1(z3),
Ay = —€-fp(zg).
Then, almost by definition,

RPy(a | p;) = expg(Ai)

and
4
(6.1.7) RPy(a|97) =] ] expg(Ai)-
i=1
Now

se(zi) € {0, Je, — %€},
and the value 0 occurs half the time. So the Taylor expansion (6.1.4) for the point
z; has only one summand of order 1 in € (instead of two). Let us define
pi=e-m(z), ppi= et (Za)(2),

pri=eda(e), phi= e (L)),

Hyi=—e-ii(z), pyi= —3e (Gh)(2),
pai=—€-Bp(z), pyi= g€t (%&2)(2)-

Then using the estimate (6.1.5) for the quadratic terms in (6.1.4) we obtain

(61.8) 12 = (ui+ ) | < € lallsap -

We also have these bounds:

(6.1.9) 1A:]] < €~ f[llsob

and

(6.1.10) liill < € - lcllson , 171 < 5 - [l sob -

According to property (iv) of Theorem the estimates (6.1.8) and (6.1.9)
yield

| log (H?:l eXPG(/\i)) —logs (H?:l expg (Wi + V:)) l
< 4€e%-co(G) - [lal|sop -
for sufficiently small e. Similarly the estimates give us
H logg (H?:l expg (wi + P‘f)) —logg (H?:l eXPG(ﬂi)) - 2?:1 ui H

<2 ¢y(G) - [lalldyp -

(6.1.11)

(6.1.12)
Now pz = —pq and pg = —pp, and hence

4
[T expg(pi) = expg(p1) - expg(p2) - expg(—p1) - expg(—p2).
i=1

According to property (iii) of Theorem we see that

(6:1.13) toge (TTiy expe (1)) — [, 2] || < 26+ co(G) - 1l -
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For the terms y; we have

4

(6.1.14) Youi= =€ (i) (z) + € (52)(2).
i=1

1
Putting together equations (6.1.7), (6.1.11), (6.1.12), (6.1.13) and (6.1.14) we con-

clude that for some ¢ > 1 (depending on («, B)) the estimate
[ log¢ (RPy(a [a7)) — € - ([&1(2), &2 (2)] — (3581)(2) + (32)(2)) ||
< e c
holds for sufficiently small e. Using Proposition [3.3.222) we get

[loge (MI(a |97)) — € - ([&1(2), 82(2)] — (3%81)(2) + (5282) (2)) ||
< 63 . C/

(6.1.15)

for a suitable constant ¢’.
Since equation 1i holds, we know that f is smooth on Z. Let B € O(Z) ® g
be such that |z = B - ds; A dsp. Then (6.1.1) becomes

B = [E, &) — (% &1) + (L),
as smooth functions Z — g. Thus we can rewrite (6.1.15) as
(6.1.16) [ loge MI(x|97)) — €% B(z)) || < € - ¢ .
Letting g := MI(a | o), we have (by Proposition 3.5.8):
MI(a|9(c, 7)) = g -MI(a|d7) - g ' = Adg(g) (MI(a|0T)).
The map log; sends Adg(g) to Adg(g), and therefore

log, (Ml(a |9(c, T))) = Ad4(g) (logc (MI(« | 87.'))).

Recall that the length of ¢ is bounded by 5, so by Proposition the norm of
the operator Ady(g) on g is also bounded. Plugging in the estimate (6.1.16) we
now arrive at

(6.1.17) [ loge (MI(a |9(0, 7)) — €* - Adg(8) (B(2)) || < € - "

for a suitable bound ¢’’, again depending on («, ).

Finally, by definition we have
log (RPo(w, |0, 7)) = € - Adg(g) (B(2))-
According to Proposition [4.5.2(2) we know that
| logc (RPy (e, B| 7, 7)) —loge (MI(a, B| 0, 7)) || < cal, B) - €*.
Combining this with we get
| logs (MI(a, B| o, 7)) — loge (MI(a |8(c, 7)) || < ca(a, B) - €

for a sufficiently large constant c4(«, ) and for all sufficiently small €. This gives
us a value for e4(a, B). O

Definition 6.1.18. Let us fix constants c4(«, f) and e4(, B) as in Lemma A
square kite (o, T) in (I?,09) will be called (a, B)-tiny in this section if side(t) <
€4, B) and len(o) < 5.
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Lemma 6.1.19. Let (o, T) be a kite in (12,vg). Take some k > 0. Fori € {1,...,45} let

(0;,7;) := (0,7) o (0F,7TF) = tesk (e, 7).

Then

4k

[ Mi(a|o(c;, 7)) = MI(a|0(0, T)).

i=1
Proof. By Proposition we get cancellation of the contribution of all inner
edges. O

6.2. Stokes Theorem.

Theorem 6.2.1 (Nonabelian Stokes Theorem in Dimension 2). Let (X, xq) be a
pointed polyhedron, let C/X be a Lie quasi crossed module with additive feedback over
(X, x0), and let («, B) be a connection-curvature pair for C/X. Then for any kite (o, T)
in (X, xo) one has
@)(Ml(a, B |0, 7)) =MlI(x|9(0, T))

in G.
Proof. According to Proposition 1) there is a transfer of twisting setups

(idg, ®o, Px) : (G, H,¥y) — (G,G,Ady)

parametrized by (X, xy). Hence by Propositions and [5.3.3(2) we can assume
that G = H. Next, using Propositions 4.1.6] [£.5.3 and [5.3.3(1) we can further
assume that (X, xg) = (I2,vp), (¢, T) is a square kite, and len(c) < 1. We need to
prove that

(6.2.2) MlI(a,B |0, 7) = MI(a | 9(c, T))
in G.

Take k large enough such that all the kites
(6.2.3) (07, 7;) := tesk (o, T)

in the k-th binary tessellation of (o, T) are (a,)-tiny. By Proposition we
have

4k

Ml(a, B| o, 7) = | MI(w, B| 07, T3).

i=1

Using Lemma [6.1.19| we see that it suffices to prove that
MI(«, B |0, 7) = MI(a |9(0;, T;))

for every i. In this way we have reduced the problem to proving that
(6.2.4) Ml(a, B |0, T) = MI(a|9(c, 7))

for any (a, B)-tiny kite (o, T) in (I?, 7).
So assume (0, 7) is («, B)-tiny, with € := side(t). Take some k > 0, and let
(07, ;) be like in 1» Then side(t;) = (%) - €. We know that

4k

(6.2.5) Ml(a,B|o,7) =] [ MI(a, B| 03, ;)
i=1

and
4k

(6.2.6) MI(a|d(o, 7)) = [ MI(a|9(0;, T7)).
i=1
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Let us do some estimates now. If i is a bad index (in the sense of Definition

4.4.12), then by Lemma we know that
[logg (MI(a, B |03, 7)) || < ca(a, ) - (5)%€?
and
[ log (MI(a (e, 7)) || < ea(a, /3) (3)%e.
On the other hand, if i is a index kite, then Lemma says that
[toge (MI(a, B 0, 1)) — logG (MI(a | a(oi, 7)) || < caa p)- (5)¥e.
Using these estimates, equations (6.2.5)-(6.2.6), Lemma [4.4.13|and property (iv) of

Theorem [2.1.2} we arrive at
[1og (Mi(a, p| 7, 7)) — logg (Mi(a | 0(, 7)) ||
<45 oy, B) - (1)%€® + (ag + a1 - 25) - c3(w, B) - (3)%€.
good indices bad indices

Here a; := a;(a, B,1%) are the constants from Lemma Since the right hand
side of this inequality tends to 0 as k — co, we conclude that (6.2.4) holds. O

Example 6.2.7. A special case of the corollary is the situation of Example
Take any differential form o € QPWS(X) ® g, and let B := d(a) + J[a,a]. Then
(a, B) is a connection-curvature pair, and the corollary says that

MlI(a, B |0, T) = Ml(x |9(0, T)).
This is just Schlesinger’s theorem [DEF].

6.3. The Fundamental Relation. Here is an important consequence of Theorem
6.2.1]

Theorem 6.3.1 (The Fundamental Relation). Let (X, xo) be a pointed polyhedron, let
C/X be a Lie quasi crossed module with additive feedback over (X, xo), let («, B) be a
connection-curvature pair for C/ X, and let (0, T) be a kite in (X, xq). Let us write

g:=MI(a|d(c,7)) €G
and

h:=Ml(a,p|0o,7) € H.
Then

¥(¢) = Adu(h)

as automorphisms of the pointed manifold (H,1). In particular, ¥(g) is a group auto-
morphism of H.

Proof. According to Theorem we have ¢ = ®g(h), and by condition (x) of
Definition we know that
¥(8) = ¥(Po(h)) = Adp(h).
(]

Corollary 6.3.2. In the situation of Theorem suppose (0!, ') is another kite in
(X, x0). We get a closed string d(o”, T') based at xo, and a kite (3(¢c’, ') * 0, 7).
Then, writing
W :=Ml(a,B|0’, ") € H,
one has
MlI(a, B|9(c’, ") x 0, T) = Ady (') (h)
in H.
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ag

X0

F1cure 26. Illustration for Corollary

See Figure [26]

Proof. Let p := 9(¢’,7’), which is a closed string based at xg, and let ¢’ :=
MI(«a|p) € G. By Theorem we have ¥(g') = Ady(F'), so this is a group
automorphism of H. Consider the “moving of the base point” corresponding to
p. Since ¥(g') is a group automorphism of H, it follows that H$ = H, and

M (a,Blo,T) =Ml(a,B|0,T) =h.
But from Theorem [.4.8 we get
¥(g') (ME (&, B| 0, 7)) = Mi(w, B| p %0, T).
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7. SQUARE PuzzLES

In this section we work with the pointed polyhedron (X, xo) := (I2,v). Let us
fix some Lie quasi crossed module with additive feedback

C/Iz - (G/ H/‘P/ CDO/ CDX)

over (I?,v9), and a piecewise smooth connection-curvature pair (a, ) in C/I2.
See Definitions and We will show that under certain homotopical
restrictions, moving little square kites around inside 12 doesn’t alter the multi-
plicative surface integral.

7.1. The Free Monoid with Involution. It will be helpful for us to have some
terminology for abstract words and cancellation.

Recall that a monoid is a unital semigroup. Suppose M, N are monoids. By
homomorphism of monoids we mean a function ¢ : M — N that preserves the
multiplications and the units.

Let S be some set, possibly infinite, whose elements we consider as symbols.
A word in S is by definition a finite sequence w = (s1,...,s,) of elements of S.
Thus w is a function

w:{l,...,n} = S.

The natural number 7 is the length of w. We denote the set of all these words
by Wrd(S). This is a monoid under the operation of concatenation, which we
denote by *, and the unit is the empty word 1 := (). We consider S as a subset
of Wrd(S), namely the words of length 1. In fact Wrd(S) a free monoid: any
function S — M, where M is a monoid, extends uniquely to a homomorphism of
monoids Wrd(S) — M.

Next suppose s = (sy,...,5,) is a sequence of distinct elements of S. We refer
to such a sequence of distinct elements as an alphabet. We denote by

Wrd(s) = Wrd(sy,...,5n)

the subset of Wrd(S) consisting of the words in the alphabet s only. More
precisely, a word w of length m belongs to Wrd(s) if and only if the function
w:{l,...,m} — S factors as w = s o @, for a function (necessarily unique)

w:{1,...,m}—{1,...,n}.

The elements of Wrd(s) are denoted by w(s), and are called words in s. Clearly
Wrd(s) is a sub-monoid of Wrd(S); and it is also a free monoid, on the n symbols
1,...,54. Given a homomorphism of monoids ¢ : Wrd(S) — M, and a word
w(s) € Wrd(s), we shall use the following “substitution notation”:

w(y) =w(y1,. .., ) = p(w(s)) € M,

where v is the sequence

Y= (r)/l/' . '/7") = ((P(Sl)/' . '/47(5”))

in M.

Let M be a monoid. By an anti-automorphism of M we mean a bijection
¢ : M — M that reverses the order of multiplication, and preserves the unit. An
involution of the monoid M is an anti-automorphism ¥ such that ¢ o ¢ = id. The
pair (M, ¢) is then called a monoid with involution.
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Let S be a set. Let S~ be a new copy of S; i.e. S~ is a set disjoint from §,
equipped with a bijection g : S = S, This bijection extends to an involution
s of the set SU S~ 1. We define

Wrd*1(S) := Wrd(SUS71).

This monoid has a canonical involution g, extending the involution on the set
SUS™ 1. We sometimes write w™! := yhg(w) for a word w € Wrd*!(S). Note
however that the product w x* w~! is not 1 (unless w = 1, the empty word).
Indeed, the length of w * w ™! is twice the length of w (as words in SUS™1).

The monoid Wrd*!(S) is a free monoid with involution. Here is what this means:
let (M, ¢) be any monoid with involution, and let f : S — M be a function. Then
there is a unique homomorphism of monoids ¢ : Wrd*1(S) — M that commutes
with the involutions and extends f.

Given a sequence s = (s1,...,s,) of distinct elements of S, we write

Wrd*(s) = Wrd* (s, ..., s)
:= Wrd(sq, . ..,sn,sl_l,. . .,s;l) C Wrdil(S).

This is also a free monoid with involution.
Suppose the words w and @’ in Wrd*!(S) satisfy this condition:

w=v;*%uxvy and w = v *vy,

Ly

where v1 and v, are some elements of Wrd*!(S), and u is either s * s~! or s~
s for some s € S. Then we say that w’ is gotten from w by cancellation. The
equivalence relation generated by this condition is called cancellation equivalence,
and is denoted by ~can. Thus words w, w’ € Wrd(S) satisfy w ~can @' if and only
if there are words
w=wy,wW,..., W =w

such that for each i either w;,; is gotten from w; by cancellation, or vice versa.
Note that the set of equivalence classes Wrdﬂ(S)/ ~cn 1s a free group, with
basis the image of S.

When we talk about Wrd*! (s1,...,5n), we always mean implicitly that it is the
free monoid with involution on some sequence (s, ...,s;) of distinct elements in
some set S (possibly S = {s1,...,5,}).

If T is a group, then by default we put on it the involution () := 7. In this
way I' becomes a monoid with involution.

Let (M, 1) be a monoid with involution. Given an element m € M, define the
operation Ad(m) : M — M by

(7.1.1) Ad(m)(m') = mxm' % p(m).

Warning: Ad(m) is not a homomorphism of monoids (unless M is a group).

Let Y be a finite graph (i.e. a finite 1-dimensional cellular complex), with base
point yg that’s a vertex, and n edges T, ..., 7;. Choose an orientation on each T;
(i.e. a homeomorphism I' 2 ;). The reversely oriented cell is denoted by Tlfl.
Take an alphabet s = (sq,...,s,). Any word w(s) € Wrd*!(s) gives rise, by the
evaluation s; — T; and s;l —> Tl.*l, a sequence of oriented cells w(Tty,...,T,),
which might or might not be a path in Y.

Lemma 7.1.2. In the situation described above, suppose w(Ty, ..., Ty) is a closed path in
Y based at yo, such that [w(7y, ..., T,)] = 1 in the fundamental group 7t1(Y,yo). Then
w(s) ~ean 1 in Wrd*1(s).
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Proof. We learned this proof from Y. Glasner. First consider a pointed tree (Y, o),
and a sequence (fy,...,0;) of edges in Y which is a path starting at §. If this
path is closed, then it is cancellation equivalent to a point. This can be seen
by induction on /. Indeed, let i be an index such that the endpoint of the path
(p1,--.,P;) is at maximal distance from the base vertex 7). Then we must have
Pit1 = ﬁl-_l ; so we can cancel these two edges, yielding a shorter closed path.
Getting back to our problem, write (p1,...,p0;) := [w(7y,..., Tn)], where p; €
{t, ..., ). Then w(s) ~can 1if and only if (o4, ..., 0;) is cancellation equiva-
lent to a point. Let p : (Y, 7o) — (Y, y,) be the universal covering map; so (Y, o)
is a pointed tree. Since the closed path (pj,...,p;) is trivial in the fundamental
group of Y, it lifts to a closed path (fy,...,5;) based at o in the tree Y. By the
first paragraph the path (py,...,0;) is cancellation equivalent to a point. Hence
sois (p1,...,p01)- O

7.2. Generating Sequences. Recall that for k > 0, the k-th binary subdivision
sd* 12 of 12 is the cellular decomposition of 1% into 4% squares, each of side (%)k .
The 1-skeleton of sd*I? is the topological space sk; sd" 12, and its fundamental
group, based at vy, is 771 (sk1 sdk 12). For a closed string ¢ based at vy and pat-
terned on sd* I2 we denote by [0] the corresponding element of 771 (sk; sd* 12).

Definition 7.2.1. Let k € IN, and let

pl = (((Tf,*rlu),..., ((Tik,’l’jk))

be a sequence of kites in (Iz, vp), all patterned on sd* 12. For any i let

ab = [3(0?,10)] € 71 (sky sd* 12).

(1) If the sequence (ai,. e aik) is a basis of the group 711 (sk; sd*12), then we
say that p” is a generating sequence for sdF 12,

(2) Let (0, 7) be a kite in (I2,vg) patterned on sd* I2. If T = Tih for some 7 then
we say that (o, T) is aligned with p°.

The k-th binary tessellation tes* I?> (see Definition [4.2.5) is an example of a
generating sequence for sdf 12,

Lemma 7.22. Let p? be a generating sequence for sd" 12, and let a? =

as in the definition above. Let w(s) € Wrd™'(s) = Wrd™!(sy,...,s,) be a word
such that

w(ai,. : .,aik) =1
in the group 7t1(skq sd* 12). Then
w(s) ~can 1
in Wrd*1(s).
Proof. This is because the sequence (ag,...,aik) is a basis of the free group

7T (Skl Sdk 12). U

Lemma 7.2.3. Let 0y, 0, be linear strings in 12, and let T : 12 — 12 be a linear map, all
patterned on sdf 12 for some k > 0.
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(1) Suppose 1,05 are closed strings based at vy, and [o7] = [oo] in

71 (skq sd* 12). Then
Ml(a |o7) = MI(« | o7)
in G.

(2) Suppose that 0;(vy) = vo and o;(v1) = T(vg) for i = 1,2; so that (o;, T) are
kites in 12 and oy * (71_1 is a closed string based at vy. If [0 * (71_1} =1in
7t1 (sky sd* 12), then

MI(a, B |01, T) = Ml(a, B| 02, T)
in H.
Proof. (1) Take n := 2K+1. (2% + 1), the number of 1-cells in sd“I2. Let us denote

these 1-cells by 1,...,7;, and let’s choose an orientation for these cells, as in
Lemma There are unique words

wi(s), wa(s) € Wrd*!(s) = Wrd™!(sy,...,sy)

such that wi(t,...,7w) = 0; as strings. Lemma implies that
. +1 . ...
w1(S) ~can wo(s) in Wrd™"(s). Now Definition and Proposition m tell
us that
MI(a|wy(T,..., 7)) = MI(a|wa(T,...,Tn)).

(2) Let g; :==MlI(a | 0;) € G. By part (1) we know that
g =Ml(a|c) Ml(a|oy!) =MI(a|myx0y ) =1;
so that g1 = g». Let g := g1 = go.
Let 0y denote the empty string. So 0; x 0y = 0; for i = 1,2. Now according to
Theorem 5.4.8 we have
Ml(e, B |0, T) = ¥(g) (ME (a, B ] 00, T)).
for i = 1,2. But the right hand side is independent of i. O

Lemma 7.2.4. Let p? be a generating sequence for sd* 12, let a? be as in definition m
and let
h._ L
hi :==Ml(a,B |0/, T/) € H.

Suppose (o, 7) is a kite in (12, vy) patterned on sd* 12 and aligned with p*. Then there is
a word
w(s) € Wrd*!(s) = Wrd*(sy,...,s,)
such that
B(c,7)] = w(al,...,a})
in 71 (sky sd* 12), and
Mi(a,B|o,7) = w(hj,..., )
in H.

Proof. Let i be an index such that T = Tl-t. Then o * (al.u)_1 is a closed string based
at vp and patterned on sdf 2. (See Figure |27 for an illustration where k = 1
p’ = tes' I2.) There is a word u(s) € Wrd™!(s) such that

o+ (61) ™) = u(al,...,a})

in the group 71 (sk sd* I12).
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D o

Vo ey} 00

FIGURE 27. A kite (0, 7) patterned on sd' I? and aligned with

tes! I?, the corresponding kite (¢, 7!), and the closed string o *

(0})~1. Here i = 2.

We can also consider the monoid M of finite sequences of closed strings pat-
terned on sd“I2 and based at vy, where composition is concatenation of se-
quences, and the involution is given by reversal of order and (3.5.4). Consider
the sequence

op’ = (a(af,rf),...,a(aik,rjk)).
The evaluation 1(dp") of the word u(s) on the sequence dp! is an element of M.
And we have

(7.2.5) [u(3p%)] = u(ai,...,aik)

in the group 71 (sky sd* I2).
Take
w(s) := u(s) *s;xu(s)~' € Wrd*!(s).
It is easy to check that
B(c,7)] = w(al,...,a})

holds in 71 (sk; sd* I2). Next, using Corollary recursively, equation (7.2.5)
and Lemma 2), we obtain

w(hl, . h) = u(hy,.. . h) hEu(hl, . )7
= MI(a, B| u(3p?) * Uih,rf)
=Ml(a,B|0,T).

Lemma 7.2.6. Let p bea generating sequence for sd* 12, and let
p= (e, 1), -, (O, Tin))
be some sequence of kites in (12,vg) patterned on sd* 12 and aligned with p°. Write
a; = [9(03, ;)] € 7r1(sky sd* I?)
and
hi :=Ml(a, B |0y, T;) € H.

Let
u(s) € Wrd*(s) = Wrd*(sy,...,sm)

be a word such that
u(ay, ..., a;m) =1
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16 1>
(0,7) flip(c, T)

<+ L. S N

L

) g
FIGURE 28. A kite (0, T) in (I%,vg), and the kite flip(c, 7).

Then
M(hl, .. .,hm) =1.
Proof. Using Lemma for each i € {1,...,m} we can find a word
w;(t) € Wrd® () = Wrd ™ (8, ..., ty)

such that

a; :wi(ai,...,aik)

and
hi = wi(h, ... )
(with notation as in the previous lemmas). Define
w(t) :=u(wi(t),..., wn(t)) € Wrd™(t).
Then
w(ai,. . .,aik) =1
in 7tq (sky sdk 12), and

w(t,. . ) = u(hy, ..., )

oy
in H.

Now according to Lemma we have w(t) ~can 1 in Wrd*!(#). Hence by
cancellation in the group H we get w(hi, e ,hik) =1 O

7.3. The Flip. The flip of I? is the linear automorphism whose action on vertices
is
flip(vo, v1,v2) = (vg, V2, v1).
Given a kite (o, T) in (1%, vp), its flip is the kite
flip(c, 7) := (o, T o flip).
See Figure [28| for an illustration.

Note that
flip(c,7) = (0,T) 0 ﬂip(U?, Ti)),
where (07, 7)) is the basic kite. By associativity of kite composition it follows that

given any two kites (0, 71) and (02, 13) in 12, one has
(7.3.1) flip((01,71) © (02, 72)) = (01, 71) 0 flip(02, 2)

If (0, 7) is a kite patterned on sd* I2 for some k, then the effect of flipping is:
(7.3.2) [0 flip(c, T)] = [0(c, T)] !

in 771 (skq sdf I2).
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Lemma 7.3.3. Let (0, T) be a kite in (I2,vg), and let k > 0. Then

1
(7.3.4) MI(a, B| flip(c, 7)) = [ MI(w, 8] flip((c, T) o (cF, 7F))).

i=4k

Note that the order of the product is reversed!

Proof. By moving the base point from vy to xg := 7(vg) along the string ¢, and
using Theorem we now have to prove that holds for a kite (o, 7) in
the pointed polyhedron (I?,xp), and moreover ¢ is the empty string. Next we
use Proposition for the map of pointed polyhedra 7 : (I2,v9) — (I2,x¢) to
reduce to proving (7.3.4) for (o, 7) = (¢?,10), the basic kite in (I2,v).

So we have to prove that

1
(7.3.5) M (a, B| flip(c), 7)) = [ Mi(a,B| flip(cF, 7F)).
i=4k
holds.
Forany i € {1,...,4%} define
(cf, %) := flip(e, 1) o (of, ).
Then
pli= ((Ulh,rlh),...,(aik,rik))

is a generating sequence for sd* I2. By Proposition we know that
4k

(7.3.6) MI(a, B| flip(of, ) = [ ¥,
i=1

where h? are as in Lemma m And it is clear from Definition 2) and
formula (7.3.2) that
4k

(7.3.7) [14 =137,
=1

b . S
where a; are as in Definition
Consider another sequence of kites
p = ((0’1,7’1), ey (U4krT4k))r
where we define
: k -k
(03, 1) := flip (07, T7°).
It is not hard to show, by induction on k, that these kites are aligned with the

generating sequence p°. Let a; and h; be as in Lemma [7.2.6, where we take
m := 4k of course. Again by induction on k one shows that

1
1_[ a; = [812]71.
i=4k
Combining this with (7.3.7) we deduce
a4k ceedp-aq (aik)_l e (ag)_l . (gi)_l =1
: ky2
in 7t1(sk; sd" I¥). Now Lemma says that

Iyl by (W) 7 ()T ()T =1



96 AMNON YEKUTIELI

in H. Using (7.3.6) we get

1
[T hi =Mi(w, | flip(c},7})).
i—ak

This is precisely (7.3.5). O

Definition 7.3.8. In this section, a kite (¢, T) in (I2,v9) will be called («, B)-tiny if
it is a square kite, len(c) < 5, and

side(7) < min(eq(a, B), €5(x, ¥y)) -

See Lemma and Proposition [3.5.13 regarding the constants e4(a, ) and
€5 (lX,‘Ph).

Lemma 7.3.9. Let (0, T) be a kite in (I?,vg). Then
(7.3.10) MI(a, 8] flip(c, 7)) = MI(a, 8|0, 7).

Proof. Step 1. Assume (0, T) is («, B)-tiny and B|.(p2) is smooth. We may assume
that € := side(7) is positive (since the case € = 0 is trivial).
Since the flip reverses the orientation, it follows that

RPy (, B| flip(c, 7)) = RPo(a, B |0, 7)Y

cf. Definition Next, by applying Proposition to both (o, 7) and
flip(o, T), we have

(7.3.11)
[ logy (MI(a, B | flip(c, 7)) —logyy (MI(w, |0, 7) ") || < 2-ca(w, B) - €*.

Step 2. Again we assume that (o, 7) is (a, )-tiny and € := side(7) is positive; but
we do not assume smoothness.
Take k > 0. For each index i € {1,. ..,4k} we let

(0'1', Tz) = (0-/ T) o (o-ikl le) = tes;‘(a, T)'

Note that side(7;) = (1)¥ - e. The subsets good(t, k) and bad(t, k) of {1,...,4%}
were defined in Definition According to Lemma there are constants

aj = aj(a, B, T(1%))
such that
bad (7, k)| < ag+ ay - 2.
If i is a good index, then by step 1 we know that
| log; (MI(a, B | flip(c;, 7;))) — logy (MI(a, B 07, 7)) ||
<2-erw ) ()% et
And if i is a bad index, then by Proposition [4.5.2(1) we have

|| log; (MI(a, | flip(cy, 77))) — logy (MI(a, B| 03, 7:) ") ||

(7.3.12) <2-01(a,B) - (L)% €.
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The conditions in property (ii) of Theorem are satisfied. Hence, using
Lemma and Proposition we obtain these estimates:

[1og; (MI(a, B| flip(c,7))) —log, (Mi(a, | o, 7)) |

1
= ||10gH( [T Mi(a, B ﬂiP(Ui,Ti)))
i—ak

1
—IOSH( IT MI(oc,ﬁI(Ti/ﬂ‘)il) I

i=4k
< |good(t, k)| -2 ca(a, B) - (1) - €*
+ |bad(t, k)| -2 c1(a, B) - (%)2k €
<452 cpa,B) - (D)t + (ag+ar-2) 201 (a, ) - ()P €2
As k — oo the last term goes to 0. Hence (7.3.10) holds in this case.

Step 3. Now (o, T) is an arbitrary kite in (I2,v9). We may assume that 7(I?) is
2-dimensional, for otherwise things are trivial. As done in the beginning of the
proof of Lemma we can modify the setup so that (¢, T) is a square kite and
len(c) < 1. Take k large enough so that all the kites

(Ui/ Ti) = (U/ T) o (U‘Zk/ Tik)/
i€{1,...,4, are (a, B)-tiny. By Step 2 we know that
Mi(a, B| flip(0;, ) = Ml(a, B | 03, ;) "
holds for all i. Hence, using Lemma and Proposition we conclude that
1
Mi(e, B flip(e, 7)) = [ ] Mi(x, B flip(ci, )
i=4k

1

4k 1
=TI Mi(a, B0z, m) 7" = (1j1 Mi(e, B3, 7))

i=4k
=Mil(a, B|o, 7)1
(]

7.4. The Turn. The (counterclockwise) turn of I? is the linear automorphism
turn : 12 — 12 defined on vertices by

turn(vo,v1,vz) = (01, (1,1),00).

The turn of the basic kite (09, 70) is
turn (o}, 7) :== ((vo, vl),turn).

Given any kite (o, T) in (I?,7), its turn is the kite

turn(c, 7) := (0, T) o turn(o}, ).

See figure
Observe that for kites (1, 71) and (0, 7o) in (I?,vg), one has

(7.4.1) turn((0q, 1) © (02, 2)) = (01, 7) o turn(oy, ).
If (¢, 7) is patterned on sd* I2, then the boundaries satisfy
(74.2) [0turn(c, T)] = [(0, 7)]
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(o,7) turn(c, 7)

) (2]
FIGURE 29. A kite (¢, T) in (I?,vp), and the kite turn(c, 7).

in 771 (sk; sd* I2).
Lemma 7.4.3. Let (0, T) be a kite in (Iz, vg), and let k > 0. Then

4k
MI(a, B | turn(c, 7)) = 11 MI(«, 8| turn((o,7) o (oF, F))).

Proof. The proof is very similar to that of Lemma As we showed there, it
suffices to consider the case (0, 7) = (07, 7). So we have to prove

4k
(7.4.4) Ml(a, 8| turn(o}, 7)) = [ ] MI(a, B turn(cf, 7).
i=1
Forany i€ {1,...,4%} let

(al.h, Tl-h) .= turn(c?, ) o (oF, ).

The sequence
pl = ((Uln,rln),...,(aik,rjk))

is a generating sequence of kites for sd* I2. Define elements a? and h? as in Def-
inition and Lemma with respect to the this new generating sequence
p’. By Proposition we know that
4k
(7.4.5) MI(a, B | turn(of, ) = T k2.
i=1
And by induction on k it is not hard to see that
4k
(7.4.6) [1 4 =[o13).
i=1

Next consider the sequence of kites

p = ((01,7) - (O ),
where
(07,7;) := turn(o¥, ).
These kites are all aligned with p’. Take a; and h; defined as in Lemma We
then have
4k

H a; = [812].

i=1
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Applying Lemma we conclude that

4k 4k
[Tm=T]r
i=1 i=1

Combining this equation with (7.4.5) we can deduce that equation (7.4.4) is true.
t

Lemma 7.4.7. Let (0, T) be a kite in (I?,v9). Then
(7.4.8) MI(«, 8| turn(c, 7)) = MI(s, B | 0, T).

Proof. The proof is organized like that of Lemma so we allow ourselves to
be less detailed.

Step 1. Here we assume that (o, 7) is an (&, B)-tiny kite, the number € := side(7)
is positive, and B|,(2) is smooth. Going back to Definition and using its
notation mixed with the present notation, we have
RPo(a, B |0, 7) = expy (e? - ¥5(8)(B(2))).
Recall that
g=MI(a|0*(Toop)).

The turn does not change the area of the square Z = 7(I?), nor its midpoint z;
it only changes the string that leads from vy to z. Indeed, the string that is related
to turn(c, T) is o * (T o p’), where p’ is the string

p/ = (7)0/01) * (Ulr]/) * (y,ZU),

in I2 with y := (%, 1) and w := (%, %) The formula for the Riemann product is

RPo(a, B | turn(c, 7)) = expyy (€* - ¥y (8) (B(2))),
with
g ==Ml(a|o*(Top)).
Let p” := U};rl * 0/, which is a closed string based at w. The group element
8" =Ml(a|Top")
satisfies ¢’ = ¢ - ¢”. Since len(t 0 p”) = 3¢, we know by Proposition [3.5.13| that
[ ¥p(g") — 1] < cs(a,¥y) - 3e.
But by Proposition [3.5.10| we have
5 (2)Il < exp(ca(a, ¥g) -5).
Therefore
|| log; (RPo(a, B| turn(c, 7))) —logy (RPy(a, B | o, 7)) ||
=€ (Yy(g) o (Yo(g") —1))(B(2)
S 63 -c,

where we write
c:=exp(ca(a, ¥y)-5) -3-c5(a,¥y) - [[Bllsob -
Combining this estimate with Proposition 2), we obtain
|| logy (MI(a, B| turn(c, 7))) — logy (MI(a, B | o, 7)) ||

7.4.9
( ) §2'cz(zx,/3)~e4+c~e3.
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Step 2. In this step we assume that (o, T) is an (&, B)-tiny kite and € := side(7) is
positive; but no smoothness is assumed.

Take k > 0, and define kites (0;, 7;) and sets good(7,k) and bad(z,k) like in
step 2 of the proof of Lemma If i € good(t,k) then by equation (7.4.9) in
step 1 we know that

|| logy (MI(a, B | turn(cy, 7;))) — logy (MI(w, B | 03, 7;)) ||
<2-co(a, B)- () et (D). €.
For i € bad(t, k) we use the estimate (7.3.12). As in the proof of Lemma but
using Lemma instead of Lemma we arrive at the estimate

|| logy (MI(a, B | turn(c, 7))) — logy (MI(a, B| o, 7)) ||

=| logH(fj Mi(a, | turn(c;, 7)) —logH(fj Mi(a, |0, 7)) |

< |good(t,K)| - (2- 2, B) - () - et - (3)%-€)
+ [bad(7, k)| - (2 c1(e, B) - (3)% - €2)
<4 (2 co(a, B)- ()* et e (3)F €
+(ag+ar-2%) - (2-cr(w, B) - (3)%-€7).
As k — oo the last term goes to 0. Hence holds in this case.

Step 3. For an arbitrary kite (c, 7) in (I?,09) we prove that (7.4.8) holds using
step 2, as was done in step 3 of the proof of Lemma but using Lemma [7.4.3]
instead of Lemma [7.3.3] O

7.5. Putting it all Together.
Theorem 7.5.1. Let
C/1*> = (G,H, ¥, ®y, D)
be a Lie quasi crossed module over (X,xq) = (I?,09), let (a,B) be a connection-
curvature pair in C/ 12, and let
p=((o1,1), -, (O, Tin))
be a sequence of kites in (12,vq) patterned on sd* 12, for some k € N. Fori € {1,...,m}
define
a; == [0(0;,7;)] € 71 (skq sd¥ I12)
and
hi :=Ml(a, B|0j, T;) € H.
Suppose
w(s) € Wrd*!(s) = Wrd*!(sy,...,5m)
is a word such that
w(ay, ..., am) =1
in 7r1(skq sd* 12). Then
w(hy,...,hm) =1
in H.
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Proof. We can find [; € {0,1} and j; € {0,1,2,3}, such that the kites
(o!,7!) := fliph (turn/i (7, 7;))
are aligned with the generating sequence tes* I?. Here the exponents [; and j;
refer to iteration of the corresponding operation. Let ¢; := (—1),
al = [3(0], )] € 71 (sky sd* 1)

and
hj:=Ml(a, B|0of,7/) € H.

Then 4’ = a, and by Lemmas and we also have i}’ = hl.
Consider the word

u(s) = w(s,..., sam) € Wrd™'(s).

Then
w(ay, ..., am) =u(ay,... a,)
and
w(hy, ..., hy) =u(hy,... h,).
Now we can finish the proof with the use of Lemma O

Corollary 7.5.2. Let

C/I* = (G, H, ¥, ®y, ®x)
be a Lie quasi crossed module over (X,xq) = (I?,v9), let (a,B) be a connection-
curvature pair in C/ 12, and let

p= ((0'1/ Tl)/ ey (U4k/ T4k))
be a tessellation of 1 patterned on sdf 12 (¢f. Definition [4.2.2). Then

4k

[T Mi(wBlo;7) = Mi(e, B| ).

i=1

Proof. This is an immediate consequence of the theorem, taking m := 4% + 1,

w(s) = (H?:ll Sz‘) Syt

and (o3, Ty ) the basic kite. O
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0
F1Gure 30. A cubical balloon (¢, T) in the pointed polyhedron (I3, ).

8. STOKES THEOREM IN DIMENSION THREE

The goal of this section is to prove Theorem which is the first version
of the main result of the paper. (The second version, dealing with the triangular

case, is Theorem [9.3.5])

8.1. Balloons and their Boundaries.

Definition 8.1.1. Let (X, x() be a pointed polyhedron. A linear quadrangular bal-
loon in (X, xp) is a pair (o, T), where ¢ is a string in X (see Definition 3.5.1), and
7:I® — X is a linear map. The conditions are that ¢(vg) = xo and ¢(v1) = T(vp).

In other words, a linear quadrangular balloon is the 3-dimensional version of
a linear quadrangular kite. See Figure [30| for an illustration.

All balloons in this section are linear quadrangular ones; so we shall simply
call them balloons. (This will change in Section [9]) If the image of T is a cube in
X, then we call (0, T) a cubical balloon. The length of the side of T is denoted by
side(7). If side(7) > 0 then (o, 7) is said to be nondegenerate.

If (o, 7) is a balloon in (X, x(), and (¢/, 7’) is a balloon (resp. a kite) in (I°, vp),
then the composition (o, T) o (¢/, T') (defined like ) is a balloon (resp. a kite)
in (X , JCO) .

The k-th binary subdivision of I® is its cellular decomposition into 8* little

3

cubes, each of side (1)¥. We denote this decomposition by sd" 3.

A map o : I" — I? is said to be patterned on sd® I3 if it is linear, and its image
is a p-cell in sd*I3. A string ¢ = (04,...,0,) in (I3,0) is said to be patterned
on sd* I3 if for every i the map o; : I' — I3 is patterned on sd*I>. A kite or
balloon (o, 7) in (I3,7) is said to be patterned on sd* I? if the string ¢ and the
map 7 : I — I? (p = 2,3) are patterned on sdf 3.

The k-th binary tessellation of I® is the sequence

k k k k -k k k
(8.1.2) tes I° = (tesy I?’,...,tesgk 13) = ((Ul,rl),...,(ask,rgk))

of balloons patterned on sd® I3, defined as follows. For k = 0 we have the basic
balloon (¢?,7?), where ¢! is the empty string, and 7 : I> — I® is the identity
map.
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For k = 1 we choose, once and for all, a sequence
tes' I = ((of,7}),...,(03,73))
balloons patterned on sd' I?, satisfying these conditions:

(a) Each of the 3-cells of sd' I occurs exactly once as 7! (I3) for some i.
(b) The maps 7/ are positively oriented.
(c) The length of each string 01-1 is at most 3.

This can be done of course.
For k > 1 we use the recursive definition

tes" 1 1 .= (tes! I%) o (tes" I%).

Here we use the convention (3.1.1) for composition of sequences.
Given a balloon (¢, T) in a pointed polyhedron (X, xp), an numbers k € N,
ic{1,...,8, let

(8.1.3) tesk (0, 7) 1= (0, 7) o tesf I = (0, 7) o (oF, 7).
The k-th binary tessellation of (¢, T) is the sequence (of length 8) of balloons

(8.1.4) tes* (0, 7) 1= (0,7) o (tes" ) = (tes (0, 7),. ..,tes’ék(a, 7).
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Ficure 31. The kites (O'Z-b,Tib), i = 1,...,6, that make up the
boundary of I°.

Definition 8.1.5.
(1) Fori € {1,...,6} let 9;,I® := (O'Z-b,Tib) be the kites depicted in Figure
The boundary of I® is the sequence of kites
P = (8113,...,8613) = ((Ulb,rlb),...,(ag,*rg)).
(2) Given a balloon (¢, T) in a pointed polyhedron (X, x¢), let

0;(c,7) = (0,7) 00,1 = (0,7) 0 (U'Z-b,’l'ib).

The boundary of (o, T) is the sequence of kites
9(0,7) := (01(0,7),...,06(0, 7))
in (X, Xo).

If (0, T) is a balloon in (I3, vy) patterned on sd* I3, then d(c, T) is a sequence (of
length 6) of kites patterned on sd* I, and 99(c, T) is a sequence of closed strings
patterned on sdf 3.

Definition 8.1.6. Let (X, x() be a pointed polyhedron, let C/X be a Lie quasi
crossed module with additive feedback over (X, xp), and let («, B) be a piecewise
smooth connection-curvature pair in C/X. Given a balloon (¢, 7) in (X, xg), we
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define
6

Ml(a, B19(0, 7)) := ] | MI(s, B|9;(c, 7)) € H.
1=1
8.2. Some Algebraic Topology. Let us denote by 73 (skg sd* 1) the fundamental
group of the topological space sk; sd* I3, based at vy. If o is a closed string
patterned on sd* I? and based at vp, then we denote its class in 7t (sky sd* 13 ) by
[o].

We now look at homology groups. Fix k > 0. On each p-cell T in sdf I3, p e
{0,1,2}, let us choose an orientation (there are two options for p > 0). We denote
by Cp(sky sd*I?) the free abelian group based on these oriented cells, called the
group of p-chains. The direct sum on all p is a complex (with the usual boundary
operator), and the p-th homology is the singular homology H, (sk» sdf I3) of the
topological space skj sd 1. The homology class of a cycle }; n;7; is denoted by
[Y; ;7). Observe that a string ¢ = (4, ...,0,) patterned on sd* I® represents an
element ¥, 0; € Cy(skpsd*I?). And a linear map 7 : 12 — I® patterned on sd* IZ
represents an element T € Cy(sky sd* I?).

Recall the free monoid with involution Wrd*!(s) from Subsection

Lemma 8.2.1. Let (((71, 7)., (0n, Tn)) be a sequence of kites patterned on sky sdF 18,
for some k > 0. Write

a; := [0(0;,7;)] € 71 (sky sdF IP).
Let w(s) € Wrd*(sy,...,s,) be a word such that w(ay,...,a,) = 1. Then the 2-chain
w(Tl, .. .,Tn) € Cz(skz Sdk 13)

is a cycle.

Proof. Say m is the number of 1-cells in sd* I3. We choose orientations, and ar-
range these oriented 1-cells in a sequence (p1,...,0m). For every i let u;(t) €
Wrd ™! (t1,...,tm) be the word such that
a(ai/ Tz) = ui(Plz e /Pm)
as strings patterned on sd* I3, Define
u(t) == w(uy(t),...,uy(t)) € Wrd*1 ().

Then u(p1, ..., pm) is a closed string, and its homotopy class is trivial in the group
71 (sky sd¥ I3). According to Lemma we have u(t) ~can 1in Wrd®!(¢).

On the other hand we have 9(T7;) = d(0;, ;) as additive 1-chains, i.e. as elements
of C; (skp sd* I3). Hence

d(w(ty,..., ) =w((o1,7),...,0(0n,T)) =u(p1,...,pm) =0

as elements of Cy(sky sd* I3). O
Lemma 8.2.2. Recall the boundary of 13 from Definition For any i let

Cl? = [a(ﬂ'ib, le)] € 7T1(Sk1 SCl0 13)

i
and

b =7 € Co(sky sd’ IP).
Then:
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(1) The fundamental group 1v1(sky sd° 13) is generated by the sequence of elements

(a?, .. .,a%), and there is one relation:

H a? =1
i=1,...6

Thus 71 (sky sd® 13) is a free group of rank 5.
(2) The homology group Hy(sky sd® I3) is a free abelian group of rank 1, with basis
[Eiz1,..6 Tl

Proof. This is obvious from looking at the pictures. O

Given a balloon (o, T), its boundary d(c, T) is a sequence of 6 kites, and 99(c, T)
is a sequence of 6 closed strings.
Lemma 8.2.3.
(1) The  fundamental — group  my(skysd'1®) is  generated by  the
sequence of closed strings
99(tes' 1) = (00(c¥, 17), ..., 00 (05, Tay )
This sequence has length 48. There are 20 relations, and they are of two kinds:
(a) For any two distinct kites (07, 7;), (0, 7;) in 99(tes I%) such that 7;(1%) =

Tj(IZ), namely for any of the 12 interior faces of sd' 13, there is a relation

001, 7)) = [8i] - 18(0, 1) '] - [577"]
for some word g; in the 48 genemtors
(b) For any of the 8 balloons (c¥, T¥) in tes! I2 there is a relation as in Lemma

BZ2(1).
Thus 7t1(sky sd' 13) is a free group of rank 28.

(2) The homology group Hy(sky sd! %) is a free abelian group of rank 8, with basis
the 8 boundaries of the 8 balloons in tes! I’.

Proof. Use Lemma together with the Van-Campen and Mayer-
Vietoris theorems. u

8.3. Inert Forms. Let (X, x() be a pointed polyhedron, and let
C/X = (G H,Y¥, Py, Px)

be a Lie quasi crossed module with additive feedback over (X, xg). Recall that
the additive feedback ®x is an element of Opws(X) @ Hom(b, g), so for any point
x € X we have a linear function ®x(x) : h — g.
Suppose Z C X is some sub-polyhedron. As in equation (#.6.4), but restricting
to Z, for every p we have an Opys(Z)-linear homomorphism
Dx|z: pws( )@h _>pr5( )@ g.

Note that for p = 0, an element
f € prs( ) ®bh= Opws(z) ®b

is a piecewise smooth function f : Z — bh; and in this case

Ox|z(f)(z) = Px(z)(f(z)) € g

for any point z € Z.
Definition 8.3.1. Let Z C X be a subpolyhedron.
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(1) A function f € Opws(Z) ® b is called an inert function (relative to C/X) if

Px|z(f) =0.
(2) A form vy € QEWS(Z) ® b is called an inert p-form (relative to C/X) if
@x|z(7) =0.

Lety € ngs(X) ® b. Choose some linear coordinate system s = (s1,...,5,) on
X. Also choose a smoothing triangulation { X;} ;e for 7; so that 7| x; € (OF (Xj) @b
for every j. See Subsection for details. For each index j let f;; € O(X;) ® h be
the coefficients of | X; relative to s, in the sense of Definition m Namely

(8.3.2) "}/|X], = Z fj,i . dSil VANEIEIVAN dS,’p € QP(X]) ®b,

i
where i = (iy,. ..,ip) runs over the set of strictly increasing multi-indices in
{1,...,n}*.

Lemma 8.3.3. In the situation above, the following are equivalent:
(i) The form v € QgWS(X) ® b is inert.
(iii) The functions f;; € C’)(Xj) ® b are all inert.

We omit the easy proof.

Definition 8.3.4. The closed subgroup
Hy := Ker(®y) C H
is called the inertia subgroup (relative to C/X). Its Lie algebra
ho := Lie(Hp) = Ker(Lie(Py))
is called the inertia subalgebra.

Proposition 8.3.5. The subgroup Hy is central in H, and the subalgebra by is central in
b.
Proof. Take h € Hy, so ®g(h) = 1. By the Pfeiffer condition (i.e. condition (x) of
Definition [5.1.1) we have
Adp(h) =¥ (Po(h)) =¥(1) =idp,
which says that
h € Ker(Ady) = Z(H).
Since Hy C Z(H) it follows that
ho C Lie(Z(H)) C Z(b).
(Note that H could be disconnected, in which case Z(h) could be bigger than
Lie(Z(H)).) O
Recall the notion of tame connection (Definition [5.3.4).

Lemma 8.3.6. Let a be a tame connection for C/ X, let o be a closed string in X based
at xg, and let g := MI(a | o) € G. Then for any A € b one has

Ty (8)(A) = A.

Proof. Let m be the number of pieces in ¢, and choose k large enough such that
m < 2k+2_ We may append to ¢ a few copies of the constant map xg at its end, so
that now ¢ has exactly 2¢+2 pieces. The group element g is unchanged.

Denote by ¢’ the closed string in I? which is “k-th subdivision” of the boundary
012, based at vp; so 0’ has 2k72 = 4. 2K pieces. We can construct a piecewise linear
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map f : I2 — X such that f(vg) = xg, and f o ¢’ = p as strings. According to

Propositions and [3.3.22(3) we have
g =MI(f*() |¢') = MI(f*(a) | O1?).
Let 8 € QI%WS(X) ® b be such that («,B) is a connection-curvature pair for

C/X. By Proposition the pair (f*(a), f*(B)) is a connection-curvature pair
in f*(C/X). Hence by Theorem we have g = @ (h), where

hi= MI(F* (@), £*(B) | ) € H.
Since A € Lie(Z(H)) it follows that
¥y (g)(A) = ¥y (@0())(A) = Ady(1)(A) = A,
(]

Remark 8.3.7. The lemma above shows that the holonomy group of a tame con-
nection & at xq acts trivially on the inertia subalgebra hy. Hence the names.

Lemma 8.3.8. Let C/X be a Lie quasi crossed module with additive feedback over
(X, x0), let « be a tame connection for C/ X, and let Z C X be a subpolyhedron.
(1) Let f € Opws(Z) @ b be an inert function relative to C/X. Then there is a
unique function
Yha(f): Z = bo
such that the following condition holds:
(x) Let o bea string in X, with initial point xo and terminal point z := o (vy) €
Z,and let ¢ :==Ml(a|0) € G. Then

0 (f)(2) = Y5 (8)(f(2))-

(2) The operation Yy 4 is linear over the ring Opws(Z).
(3) The function ¥y, o (f) is continuous.

Proof. Take a point z € Z. Choose any string ¢ connecting x( to z, and let

Ai=Yy(8)(f(2) €

as in condition (*). Since a is a compatible connection (see Definition [5.2.4), and
since f is inert, we know that

Lie(®g)(A) = Px(x0)(A) = Adg(8)(Px(2)(f(2))) = 0.

This shows that A € bj.
If we were to choose another string o’ with the same initial and terminal points,
then for ¢’ := MI(« | ¢’) we would have

(Y5(8) 0 ¥p(9)7H(A) =4,
this according to Lemma W Hence A = ¥y (g")(f(z)). We see that A is inde-
pendent of the string o, and we can define ¥y, ,(f)(z) := A. We obtain a function
Yy« (f) : Z — bo. This proves part (1).

Part (2) is true because the operator ¥y, (g) : h — b is linear.

It remains to prove part (3). We need to prove that the function
Yyo(f) : Z — bo is continuous. So let’s fix a point zy € Z, and a string ¢
starting at xp and ending at zg. Let ¢ := MI(a|c). For any point z € Z let
0 : I' — Z be the unique linear map with initial point zy and terminal point z,
and let g; := MI(«a | o). So

Yo,u(f)(2) = ¥o(g-82)(f(2)) = (¥ (8) 0 ¥p(82)) (f (2))-
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But according to Proposition 3.5.13|we know that ¥ (g,) — 1 € End(h) asz — z;
and f(z) — f(zo) by continuity of f. Therefore
F,0(f)(2) = ¥ou(f)(20)

as z — zp. O

To summarize, the lemma says that there is an Opws(Z)-linear homomorphism
(8.3.9) ¥4 ¢ {inert functions on Z} — Ocont(Z) ® o,

where Ocont(Z) is the ring of continuous functions Z — R.
Recall the module QEWC(X ) of piecewise continuous differential forms, from

Subsection

Proposition 8.3.10. Let a be a tame connection, and let v € ngs(X) ® b be an inert
form. Then there is a unique piecewise continuous form

Th,ac ('7) € QEWC(X) & [)o

with the following property:
() Choose a linear coordinate system s = (s1,...,5,) on X, and a smoothing tri-
angulation {X;}jey for v. Let fj; € O(X;) @b be the coefficients of y|x;, as in
(8.3.2). Then

You(7)lx; = Y Yoalfii) - dsi A Ndsj,.
i

Note that by Lemma [8.3.3] the functions f;; are inert, so the continuous func-
tions ¥y 2 (fji) € Ocont(X;) are defined.

Proof. This is immediate from the uniqueness of the coefficients f; ;, and the prop-
erties of the homomorphism ¥y , listed in Lemma [8.3.8| a

Remark 8.3.11. Actually a lot more can be said here. Presumably, one can show
that

Ker(®x) C Opws(X) @b
is the set of piecewise smooth sections of a piecewise smooth vector bundle E over
X, which is a sub-bundle of the trivial vector bundle X x h. And the operation
Yy, corresponds to a piecewise smooth isomorphism of vector bundles

E = X X .

If so, then it would follow that for any inert form y € QEWS(Z ) ® b, the form
¥y (7) is actually piecewise smooth (not just piecewise continuous). And we
would have an Opys(X)-linear bijection

¥y o : {inert p-forms on Z} — ngs(Z) ® bo.
However we did not verify these assertions.
Suppose we are given a piecewise continuous form J € ngc(X) ®bh and a

piecewise linear map 7 : I’ — X. Extending the formula (1.9.7) linearly to ho-
valued forms we obtain |. +0 € bo.

Definition 8.3.12 (Integration of Inert Forms). Let C/X be a Lie quasi crossed
module with additive feedback over (X, xg). Given a tame connection «, an inert
form v € Qbys(X) ® b and a piecewise linear map 7 : I — X, we define the
twisted multiplicative integral

MI([X,"}/ | T) € Hp
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as follows:
Mi(e, 7] 7) = expy (| ¥ya(1):

Proposition 8.3.13. Let f : Y — X and T : 1P — Y be piecewise linear maps between
polyhedra, let o € Q%,WS(X) ® g be a tame connection, and let y € QgWS(X) ® b be an
inert form. Then f*(a) € Q%,WS(Y) ® g is a tame connection, f*(7y) € Qbws(Y) @ b is
an inert form, and

Mi(a, 7| fot) = MI(f"(a), f*(7) | 7).
Proof. The connection f*(«) is tame for f*(C/X) by Corollary It is easy to
see directly from the definitions that f*(vy) is inert, and moreover
P00 (1) = F*(¥,0(7)) € Qpwe(Y) @ 1.
And Integration of piecewise continuous forms commutes with pullbacks (see

Subsection [T.9). 0

8.4. Combinatorics and Integration. In this subsection we work with the pointed
polyhedron (X, x0) =
(I3,v9). We fix a Lie quasi crossed module with additive feedback

C/13 = (GI H/ ‘P/ qDO/ CI>X)/

and a piecewise smooth connection-curvature pair («, 8) in C/I3. Let us also fix
a euclidean norm ||—|| on h, an open set Vy(H) in H, and constants €y(H) and
co(H) as in Section 2}
Lemma 8.4.1. Let (0, T) be a balloon in (13,vy). Then
MI(a, B|9(o, 7)) € Hy.
Proof. Let us write h := MI(«,f|d(c,7)) € H and g := MI(a|09(c, 7)) € G.
According to Theorem we have @y (h) = g.
On the other hand, consider the word w(s) € Wrd®! (sy,...,s12) such that
3813 = w(pl, . ,p12),
where p1,...,p12 are the oriented 1-cells of sd” I°. Then [w(py,...,p12)] = 1 in
71 (sky sd’ 1%). By Lemma we know that w(s) ~can 1 in Wrd*!(s). Now
writing g; := MI(« | p;) we have g = w(gy,...,812) = 1 in the group G. We see
that h € Ker(CDo) = H,. O
Lemma 8.4.2. Tuke k = 0,1. Let p = ((0;,7;))
all patterned on sd* 13. Write

a; = [9(03, ;)] € 7r1(sky sd* )

=1 be a sequence of kites in (13, vo),

and
hi :=Ml(a, B|0;, T;) € H.

Let w(s) € Wrd*(sy, ..., s,) be a word such that

w(ay, ..., ay) =1
in 7r1(sky sd* 13) and

[w(t,..., )] =0
in Hy (sko sd* I3). Then

w(hy, ... hy) =1
in H.
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Observe that by Lemma [8.2.1] m 1| the chain w(7, ..., T,) is a cycle, so we can talk
about its homology class.

Proof. First assume k = 0. Let p; € {1,...,6},d; € {0,1} and ¢; € {0,1,2,3} be
such that

= flip% (turn® (TZ ).
as maps I> — I®. Let a) := [E)((Tb T; ’)] and hb = Ml(«, ﬁ| ) in the notation of

Definition There are words vl( ) € WrdjEl (t1,..., t6) such that
[07] * [‘leirl = vi(u?,. .. az)

in the group 7y (skg sd’1%). According to Corollaries 7.5.2|and |6 repeated, we
have

dj
i = Adp (o1, ..., 1)) ((15,) V).
Define
i(t) == Adyy e ) (0 ()xy; >)<;WHdi%t)
using the conjugation operation from ( . Then h; = u; (h . hb) and g; =
ui(al,... a2).

Let
w (i a(t)) € Wrd* (¢).
We know that u(al, .. ) 1in 7'(1(sk1 sd0 ). Hence by Lemmas ul) and
[Z12l we have

u(t) ~~can Adwrdil(t) (U(t>) ((]/1 o 'y6)e)
in Wrd*!(t), for some word v(t) and integer e. Passing to the abelian group
H, (sk; sd’ I%), with additive notation, we get

e [0+ 41 = [u,..., )] = [w(t,..., )] =0.

Using Lemma 2) we conclude that e = 0, and hence u(t) ~can 1in Wrd*! (¢).
Finally, evaluating in the group H we get
w(hy, ... hy) =u(l,... B2) =1

For the case k = 1 the proof is the same, only using Lemma instead of
Lemma and working with the with words in the monoid Wrd™*! (t, .. ., t43)
instead of Wrd™!(t1, ..., tg). O

8.5. Estimates. We continue with the setup of Subsection

Recall the constants ¢y (a, ) and ey (a,f) from Proposition
Among other things, these numbers satisfy ¢y (a,f) > 1 and 0 < ey(a,pB)
<L

Lemma 8.5.1. There are constants c¢(a, B) and €g(, B) with these properties:
(i) ce(a, B) > cor(a, B) and
0< €6(£¥,‘3) < mm(% : Cﬁ(“/ﬁ)il : €0(H), €2/(06,‘B)) .

(ii) Suppose (o, ) is a cubical balloon (13,vq) such that side(t) < eg(a,B) and
len(c) < 6. Then

Ml(a, B|9(c, 1)) € Vo(H)
and
| logy (MI(&, B|9(c, 7)) || < co(a, B) - side(t)>.
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Proof. The proof is basically the same as that of Lemma but using Proposi-
tion instead of Proposition O

Suppose (o, T) is a nondegenerate cubical balloon in (I3,v). Let us write

€ :=side(7); Z := T(I3), which is an oriented cube in I3; and zj := ’L’(%, %, %), the

midpoint of Z. Let s = (s1, 5, 53) be the orthonormal linear coordinate system on
Z such that T*(s;) = € - t;.

Assume that the forms «|z and B|z are smooth. Let &1, &, &3 € O(Z) ® g be
the coefficients of | relative to s, namely

Dé‘z = Z &; - ds;.

1<i<3

And let B1 7, B13, B2z € O(Z) @ h be the coefficients of B|; relative to s, namely

IB|Z = Z ,Bi,j ~dSi/\dS]'.

1<i<j<3
Recall the Lie algebra map
yy = Lie(¥y) : g — End(h).
For any i we get a function
¥y (&) € O(Z) @ End(b);
so for any 7, j, k there is a function
¥y (&) (Bjx) € O(Z) @b.
Define the function
Y= 3%(52,3) - 3%(51,3) + aaTS(Bl,Z)
+ Py (81)(B23) — ¥ (82)(B13) + ¥y (83) (Br2) € O(Z) @ b.
Let opr be the following string in Z:
853 cpei= 7o (00, (1,0,0)) * (10,0, (3, 1,0)) = (5 1.0), (b 1 D).

So opr has initial point 7(vp) and terminal point zp; see Figure Define

(8.5.2)

(8.5.4) 8o :=MI(a|opr) and g:=Ml(a|0)
in G.
Fori e {1,...,6} we consider the points z; € Z defined as follows:
Z1 = T(j/ 1/ j)/ 2y = T(ll %/ %)/ 23 1= T(%/ %/1)/
z4:=1(3,0,1), z5:=7(0,1,3), z6 :==7(1,3,0).
See Figure 32| We define the strings
(8.5.5) pli=(to0}) * (ToT 0 0p),

where 0y is the probe in I%; see formula (4.2.4). So p} has initial point 7(vg) and
terminal point z;. Let

g = Ml(a|p}) € G.
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z3 k
7(v3)
Z1 0
Z =1(1®) 2
L P5 zd P2 . "2
Y
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*(®) T(v1)
e—

F1GuURE 32. Illustration for Subsection [8.5

Fori e {1,...,6} we define elements A; € h as follows:

M= =€ ¥y (8- 81) (Bra(z1),
Ay =€ ¥y (g 8h) (Pas(22),
As =€ Yy(g- 85) (Pr2(z3)),
Ayi=—e ¥y (g 84) (Pra(za),
As =€ ¥y(g - 85) (B23(25)),
Ag =€ ¥y(g-86) (Pr2(26)).
It is easy to see from Definition that
(8.5.7) expy(Ai) = RPo(a, B 0i(0, T)).

(8.5.6)

Lemma 8.5.8. There are constants cy(«, ) and €7(«, B) with these properties:
(i) c7(a, B) > co(a, B) and

0 < e7(x, B) < min(es(w, B), 15€1(a)) -

(ii) Let (o,T) be a nondegenerate cubical balloon in (I3,vq) with € = side(T).
Assume that € < e7(a, B), len(c) < 6, and the forms «|z and B|z are smooth.
Then, with A; as in (8.5.6), the following estimate holds:

6
|| logy, (MI(a, |9(c,7))) — Zi:l Ai|| < ez, B) - et
Proof. Let us set
¢ 1= 12 max(ca(a, B), explca(a, ¥y) -9) - [Bllson) -
According to Proposition [£.5.2(2), if € < €>(«, B) then
(8.5.9) | logy (MI(a, B|0i(c, 7)) — Ai || < cae, B) - €* < 5c- €.
And by Proposition we know that

Al < exp(caa, ¥y) - 9) - ||Bllsob - € < 15¢ - €.
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Hence
(8.5.10) | logy (MI(a, B|0i(c, 7)) || < ic- €.
We will take

e7(a, B) := min(eg(a, B), c /% - eo(H)?).

Now assume that € < €7(«, 8). Then by property (ii) of Theorem used in
conjunction with the bound (8.5.10), we get

1ogy (T, Mi(w, B|3;(0,7))) — Y0 Mi(a, 8| 3i(0, 7)) |

<co(H) - (c-€2)? =co(H) - - €*.

Combining this with (8.5.9) we obtain

(8.5.11) [ logy (H?:l Ml(a, B|0i(c, 7)) — Z?:l Ai
< (co(H) -+ c) - €*.

Thus the constant

c7(e, B) := max(co(H) - * + ¢, c6(a, B))
works. O

Definition 8.5.12. (1) Let (o, T) be a square kite in (I3,vg). We will say that
(0,7) is (a, B)-tiny (in this section) if side(7) < ey(a, ) and len(c) < 9.
(2) Let (o, T) be a cubical balloon in (I3,vg). We will say that (o, 7) is (a, B)-
tiny if side(T) < e7(a, B) and len(o) < 6.

Note that if (o, T) is an (&, B)-tiny cubical balloon, then the kites 9;(c, T) are all
(a, B)-tiny.

Let (0, T) be a cubical balloon in (I%,vg). For i € {1,...,6} let p; be the linear
map I' — Z such that p;(vy) = z and p;(v1) = z;. Recall the string Opr from
(85.3). For every i € {1,...,6} the string opr * p; has initial point T(vg) and
terminal point z;. Let

gi = Ml(a|p;) € G.
The form |z is smooth, and hence we have
o = Py (a|z) € O1(Z) ® End(h).
As in Definition there is an associated constant form at zg:
IX/(Z()) € ngrlst(z) ® End(h)

In this way for every i we get

/ a'(z9) € End(h).

Qi

Lemma 8.5.13. There is a constant cg(«, ) with this property:

(¥) Let (0,7) be a nondegenerate (w, B)-tiny cubical balloon in (13,vy), with € :=
side(t). Then, in the notation above, the estimate

I¥5(3-87) = ¥o(g-80) 0 (14 p &(20)) || < es(a, B) - €

holds for every i € {1,...,6}.
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Proof. Consider such a balloon. Recall the strings p} from formula . Since
€ < e7(n, B) < f5€1(w), we see that for every i the closed string p/ * (opr * p;) !
has

len(p; * (opr % ;) 1) < 10-€ < €1 (a).
And this closed string bounds an area less than 10 - €>. Hence by Corollary
we have

[ o (8i - (80-8:) ") || < co(G) - e1(a)? - (10 €)% + (10 €%) - [l s -
Therefore there is a constant ¢/, depending only on «, such that
(8.5.14) 15 (80) = ¥olgo- g || < '€
By Proposition [3.5.10| we know that
%5 (&)1l < exp(ea(a, ¥y) -9) - llllsop
and

¥ (g0) || < exp(ca(a, ¥y) - 2¢) - [|&]lsob -
Therefore

1'¥5 (8- 8) —¥n(g-80-8) || = || ¥n(8) o (¥r(gi) —¥n(0-8i) |

< || ¥o() ||| ¥n(gi) — Folgo-g) ||

< exp(ca(e, ¥p) - 9) - [|aflsop - ¢ - €.
On the other hand, by Proposition we have the estimate

[¥3(50) = (14 [ o(e0)) | < esla ) -4
We conclude that the constant
cs(a, B) := exp(ca(a, ¥y) -9) - lalsop - ¢’
+os(a, ¥y) - § - oxp(ca(a, ¥y) - 12) - [lall5y, -

works. O

Lemma 8.5.15. There is a constant co(x, B) with this property:
(¥) Let (0,7) be a nondegenerate (w, B)-tiny cubical balloon in (13,vy), with € :=
side(7). Then, in the notation above, the following estimate holds:

1320 A — € ¥y (g 20) (7(z0)) || < € - cola, B).

Proof. The strategy is to try to estimate the elements A;.
We begin with i = 1. Define

p1i= € ¥y(g- o) <_51,3(ZO) — 3 € 9y(@2(20)) (B13(20))
~3ee (Lhia)).

The Taylor expansion to first order of the function B 3 around zj gives us

(8.5.16) | Br3(21) — (B13(20) — 3€ - (35B13)(20)) || < §€* - [IBllsob -
And Lemma fori =1, gives

(8.5.17) | ¥y(g-8i) —¥r(g-g0)o(1— %e -8y (20)) || < es(a, B) €2,
Let

d:= eXP(C4(“rIYb) '9) : }I “NBllsob +cs(a, B) - 2+ || Bllsob
+exp(ca(a, ¥g) - 9) - 5 - |/ llsob - I Bllsob -
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By combining the estimates (8.5.16) and (8.5.17) we obtain
(8.5.18) A =l < d-e.

We do the same thing for A4: let
Hai= €2 ¥y (g 20) (B1(20) — 4 - €y (2(20)) (Brs(20))
- % € (%51,3)(20))-

The same sort of calculation that got us (8.5.18), now gives the inequality
(8.5.19) Ay = pal| < d-€*
And clearly

1+ pa = € ¥y (g 80) (P (82(20)) (B13(20)) — (35B13) (20))-
Plugging inequalities (8.5.18) and (8.5.19) into this we get

| (A1 +Aq) = (63 ~¥i (8- 80) (— 5 (@2(20)) (B13(20)) — (%51,3)(20))) I
<et.2d.

(8.5.20)

By a similar calculation for the pairs of indices (2,5) and (3,6) we get these
analogues of formula (8.5.20):

| (A2 +2As) — (€7 - ¥y (g - g0) (¥ (&1(20)) (B23(20)) + (32 B23)(20))) ||
<et.2d

and

| (A3 +26) = (€3 - ¥y (2~ 20) (Yo (F3(20)) (B12(20)) + (3% P12) (20))) ||
<e*-2d.

Thus, plugging in the value of ¥(zg) from (8.5.2) we get
6 -
1Y Ai—€-¥y(g-80)(F(20)) || < €*-6d.
To finish we take cg(«, B) := 6d. O
The last two lemmas combined give us:

Lemma 8.5.21. Let (¢, T) be a nondegenerate («, B)-tiny cubical balloon in (I3,v),
with € := side(1), Z := t(1¥) and z := (3,1, 1). Assume that a| and |z are smooth.
Let 4 € O(Z) ® b be the function from equation (8.5.2), and let g, o € G be the group
elements from equation (8.5.4). Then
[logy; (MI(a, 819(c, 7)) — € - ¥y (g - 80) (7(20)) || < €* - cro(a, B),
where
ClO(“l IB) = CS(D‘/ .B) + C9(“/ .B)
If, moreover, i happens to be an inert function, then

(8- 80)(7(20)) = ¥,a(7)(20),

and therefore

|| logH(MI(a,ﬁ | a(ffff))) —é “¥o,u(7)(20) || <et cio(a, B) .
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8.6. Stokes Theorem. Here again we are in the general situation: (X, xg) is a
pointed polyhedron,

C/X - (G/H/T/(DO/q)X)

is a Lie quasi crossed module with additive feedback, and («, B) is a piecewise
smooth connection-curvature pair in C/X.
The Lie group map ¥y : G — GL(b) induces a Lie algebra map

9y = Lie(¥y) : g — gi(h) = End(p).
By tensoring with Qpws(X) this induces a map of DG Lie algebras
P : Qpws(X) @ g = Qpws(X) @ End(h).
In this way from the pair & € Q! (X) ® gand B € Q2 (X) ® h we get

pws pws
P (@)(B) € Dpus(X) @ .

Definition 8.6.1. Let (X, x¢) be a pointed polyhedron, let
C/X = (G,H,Y, o, Px)

be a Lie quasi crossed module with additive feedback, and let («, ) be a piece-
wise smooth connection-curvature pair in C/X. The 3-curvature of («, B) is the
form

7= d(B) + Py (@) (B) € Qus(X) @ .

Recall the notion of orientation of a polyhedron (Subsection [1.8). If Z is an ori-
ented cube, and (sq,52,53) is a positively oriented orthonormal linear coordinate
system on Z, then

OI‘(Z) = dsq; Adsy Adss.

Lemma 8.6.2. Assume that (X,xo) = (13,v9), so that we are in the situation of Sub-
section Let Z C 13 be an oriented nondegenerate cube, such that a|z and B|z are
smooth. Let ¥ € O(Z) ® b be the function from formula (8.5.2). Then ¥ is the coefficient
of 7v|z; Namely

Y|z =7 or(2).

Proof. This amounts to expanding the formula in Definition into coordinates.
(]

Lemma 8.6.3. Let (0, T) be a balloon in (X, xg). Then
Ml(a, B|9(, 7)) € Hy.
Proof. By definition we have

Ml(a,B]0(c,7)) = [] Mi(a,B](0,7)0(07,7)))

i=1,...6

in the notation of Definition For every index i we have, by Theorem
an equality

@y (MI(a, B (0,7) 0 (07,77)) = MI(a |3((c,T) o (¢7,77)))
in the group G. Now from Figure [31| we see that the closed string

e = ] a7, 1)
i=1,...6
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is cancellation equivalent to the empty string in the monoid of strings in I>. There-
fore the closed string

() = TI 2@ )o@ w)

is cancellation equivalent to the empty string in the monoid of strings in X. By
Proposition we can conclude that
[T Mi(a,B|3((0,7)0(07,7))) =1
i=1,...6
in G. Hence
@y (MI(a, B|0(c,7))) = 1.
O

Lemma 8.6.4. Let (0, T) be a balloon in (X, xo). Then there is a piecewise linear map
f:(13,09) — (X, x0), and a cubical balloon (¢’,7') in (13,vy), such that len(¢’) < 2,
flo ) is linear, and

(0,7) = fo(d,T)

as balloons in (X, xg).
Proof. Just like the proof of Proposition O
Lemma 8.6.5. Let (0, T) be a balloon in (X, xo). Take any k > 0. Then

MI(a, B|9(tes* (0, 7))) = MI(, 8| 3(c, 7).

Proof. Due to the recursive nature of the tessellations it is enough to consider the

case k = 1. As in the first paragraph in the proof of Lemma and using

Lemma @ we can assume that (X,x9) = (I%,v9) and (0, 7) = (0}, 7)), the
basic balloon.

The assertion is now an easy consequence of Lemma and Corollary

]

Theorem 8.6.6 (Nonabelian 3-dimensional Stokes Theorem). Let (X, xo) be a pointed
polyhedron, let C/X be a Lie quasi crossed module with additive feedback, let (x, B) be
a piecewise smooth connection-curvature pair in C/X, and let «y be the 3-curvature of
(«, B). Then:

(1) The form <y is inert.

(2) For any balloon (o, ) in (X, xq) one has

MI(a, B|9(c, 7)) = Ml(a,y | T)
in H.
Note that assertion (1) of the theorem is a generalized Bianchi identity.

Proof. (1) Since 7 is a 3-form, it is enough to prove that the form |z € Q%WS(Z )®
b is inert for every cube Z in X. Given such a cube Z, choose a linear map f :
I — X such that Z = f(I®). Then 7| is inert if and only if f*(vy) € ngs(p) ®
b is inert, with respect to the induced Lie quasi crossed module with additive
feedback f*(C/X). Hence we might as well assume that (X, xo) = (I, vp).

Now the singular locus of « and the singular locus of B are contained in a finite
union of polygons in I®. So by continuity it is enough to show that 7|7 is inert
for cubes Z C 1% such that a|z and B|7z are smooth. In this case v is also smooth.

Given such a cube Z, choose an orientation on it, and let ¥ € O(Z) ® h be
the coefficient of 7|7 (in the sense of Definition [1.8.2). We have to prove that the



120 AMNON YEKUTIELI

function ¥ is inert; namely that §(z) € Ker(®x(z)) for every z € Z. Again by
continuity, it is enough to look at z € Int Z.

We are allowed to move the cube Z around the point z and to shrink it.
Hence it is enough to take an (&, f)-tiny balloon (¢, T), and to show that §(z) €
Ker(®x(z)) for the midpoint z := 7(3}, 3, 3) of Z := 7(I®).

Let ¢ and go be the group elements from equation (8.5.4). By Lemma we
have

MI(«, B |9(c, T) € Hy,
and by Lemma we have
Ml(a, B|9(0, 7)) € Vo(H).
Taking logarithms we see that

logy; (MI(a, B|9(c, 7)) € bo.

By Lemma [8.5.21] it follows that the distance of the element

Y (g-80)(7(z)) from the linear subspace by is at most cyg - €*.

Now by Proposition[3.5.10(1) there is a uniform bound on the norm of the oper-
ator ¥y (g-g0) % say . So the distance of 9(z) from the subspace Ker(®x(z)) C
hisatmostc’ -c-e.

Since we can make e arbitrarily small, we conclude that §(z) €

Ker(®x(z)).
(2) By the functoriality of MI(«, | d(c, 7)) and MI(«, 7 | T) (see Propositions
and [8.3.13), and using the construction of Lemma we can assume that
(X, x0) = (13,vp) and len(c) < 2.

Take any k > 0. Consider the sequence

P k -k
tes" (0, 7) = ((0,T) 0 (07, T/ ))izl,..‘,Bk

which was defined in Subsection The twisted multiplicative integration of
inert forms is multiplicative:

Mi(e,v|7)= [] Mi(a,y|T0T).
i=1,...,8¢
On the other hand, by Lemma we know that
Ml(«,B|0(c, 7)) = J] MI(a,B]3((0,T)0 (Uik, Tik))).
i=1,...,8¢

So it suffices to prove that
MI(a, 8|3((c, T) 0 (¢F,7F))) = MI(a, y| T 0 )

for every i € {1,...,8}.
If k is large enough then all the balloons in tes*(c, T) are (a, B)-tiny. We con-
clude that it suffices to prove the equality

MI(a, B|9(c, 7)) = Ml(a,y | T)

for an (&, B)-tiny balloon (¢, T) in (I3,vp).
Suppose we are given an («, B)-tiny balloon (¢, T), and a natural number k. Let
= side(T). For any index i € {1,...,8} let Z =
)(1%), which is an oriented cube in I® of side (})*-¢, and let z; := (7o
(1,1, 1). Define

good(7, k) := {i | a|z, and B|z, are smooth },
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and define bad(T, k) to be the complement of good(,k) in {1,...,8}. Since the
singular loci of @ and B are contained in a finite union of polygons, it follows that

Ibad (7, k)| < ax(a, B) - 4* 4 ap(a, B)

for some constants ag(«, B), a2(«, B), that are independent of k; cf. Lemma
For i € good(7,k) let 4; € O(Z;) ® b be the coefficient of |z, in the sense of
Definition and let

Hi = (3)% € ¥ou(%i)(2) € ho.
According to Lemmas and we know that
[ ogy; (MI(a, | 9((e, 7) o (F, 7)) — pi | < (3)* - €* - cro(a, B) -

On the other hand, for i € bad(7, k) let y; := 0 € h. According to Lemma 8.5.1]
we have the inequality

[logy; (MI(a, B[ 3((0, ) o (o, 7)) = i || < (3)°- € - co(a, B) -
Let

RSy, 7] 7) : Zuzeho
Applying property (iv) of Theorem [2.1.2] -w1th the inequalities above we get
| logy (MI(x, B |0, 7)) — RSk (a, v | T) ||
< co(H) - (8- (3)* - €* - cro(w, B)
+(a2(a, p) -4+ a(a, B)) - (3)™ - € co(a, B)).

We see that the difference tends to 0 as k — co. But
klim RSk (2, v | T) = logy (MI(a, v | T)).
— 00

Remark 8.6.7. Part (1) of Theorem is a variant of the Bianchi identity.
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9. MULTIPLICATIVE INTEGRATION ON TRIANGULAR KITES

In this section (X, xg) is a pointed manifold. Recall that by Convention [1.4.7]
this means that X is a smooth manifold with sharp corners (cf. Definition [1.4.2);
so it could be a polyhedron. We introduce triangular kites in (X, xp) and the
corresponding multiplicative integration.

9.1. Triangular Kites and balloons. Recall that the polyhedra I' and A! are iden-
tified via the linear isomorphism Al = I! that on vertices is (vg,v1) — (vg,v1).
A piecewise smooth path in X is a piecewise smooth map ¢ : I' — X. When
convenient we shall view such a path as a piecewise smooth map A! — X using
the identification above.
Suppose 01,07 : I' — X are piecewise smooth paths satisfying o1 (v1) = 02 (vp).
Their product is the piecewise smooth path
o %0y I' - X
defined as follows:
01(2a) if0<a<}
(07 * 02)(a) := 1 2
0o(2a—-1) if;<a<1.
Note that this is the standard product used in homotopy theory, and it is distinct
from the concatenation operation on strings. In particular this product is not
associative nor unital.
The inverse of a piecewise smooth path ¢ : I' — X is the piecewise smooth
path c=! : I' — X defined by
cl(a) :=c(1—a).

Suppose Z is a polyhedron, f : Z — X is a piecewise smooth map, and o =
(01,...,0m) is a string in Z, with m > 1. This data gives rise to a piecewise
smooth path f o ¢ in X defined as follows:

(9.1.1) foo:=((foom)*(form))*---*(foom).

In this formula we view each f o; as a piecewise smooth path in X, and the
multiplication * is that of paths. For the empty string ¢ (i.e. m = 0) the path foc
is not always defined; but if X has a base point xy, then we usually define f oo
to be the constant path xo.

Definition 9.1.2. A piecewise smooth triangular kite in (X, xo) is a pair (o, T), consist-
ing of piecewise smooth maps ¢ : I' — X and 7 : A% — X, satisfying c(vg) = xo
and o(v1) = T(vg).

See Figure|l|for an illustration.
The boundary of A? is the string

(9.1.3) 0A? := (vg,v1) * (v1,02) * (v2, V)
(consisting of 3 pieces) in AZ.

Definition 9.1.4. Let (0,7) be a piecewise smooth triangular kite in
(X, x0). Its boundary is the piecewise smooth path

(o, 7) = (0 (T0dA?)) xo .

See Figure 2}
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FIGURE 33. The boundary of A3.

Definition 9.1.5. A piecewise smooth triangular balloon in (X, xg) is a pair (o, T),
consisting of piecewise smooth maps ¢ : I' — X and 7 : A> — X, satisfying
o(v9) = xp and o(v1) = T(vp).

See Figure 3] for an illustration.

Let (Z, zp) be a pointed polyhedron. By linear triangular kite in (Z,zp) we mean
the obvious variant of linear quadrangular kite. Namely this is a pair (o, T),
consisting of a string ¢ in Z and a linear map 7 : A3 — X. These must satisfy
o(vo) = zp and o (v1) = T(vp). Likewise we define linear triangular balloons.

Definition 9.1.6. The boundary of A® is the sequence of linear triangular kites
0A® = (91A°%,0,A%,0;A%,0,A%)

in (A%,vg) defined as follows.
o Let ag, (Tg, UZ be the empty strings in A>. And let alb : 1! — A3 be the linear
map defined on vertices by
a1 (v9,01) := (vo, v1)-

e Let T/ : A> — A® be the linear maps given on vertices by:
b -
T (UO/ 01, ’02) = (01/ 02, 03)/
b —
7 (00, v1,02) = (0o, v1,03),

Tg (UOI 01, 02) = (UOI 03, '()2),

TZ (UOI 01, UZ) = (UOI 02, Ul).

o The kite are
0;A3 := (Ul-b,q-b).
See Figure [33]

Warning: the kites (O'Z-b, Tib) above should be confused with the quadrangular
kites from Definition despite the shared notation.
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Definition 9.1.7. Let (0, 7) be a piecewise smooth triangular balloon in (X, xg).
Its boundary is the sequence of piecewise smooth triangular kites

8(0‘, T) = (al (U/ T)/ 82<01 T)/ 83 (U/ T)/ a4 (U/ T))
in (X, xo), where
%(0,7) = (@, 7)o (07, 7)),
See Figure {4 for an illustration.
9.2. MI on Triangular Kites. As before, (X, xo) is a pointed manifold.
Let
C:= (G, H,Y,d)
be a Lie quasi crossed module (Definition [5.1.1). As usual we write g := Lie(G)
and b := Lie(H). An additive feedback for C over (X, x() is an element
Py € O(X) @ Hom(h, g)

satisfying condition (**) of Definition Just like in Definition we call
the data

C/X:= (G H, ¥,y dy)

a Lie quasi crossed module with additive feedback over (X, x).
Definition 9.2.1. Let a € Q'(X) ® g, and let ¢ be a piecewise smooth path in X.
Consider the piecewise smooth differential form

o =0"(a) € Qéws(ll) ® g.
We define

Ml(a|0) := MI(a' | T}) € G
(cf. Definition [3.3.20).
Proposition 9.2.2. Let « € QY(X) ® g.

(1) Suppose o1 and oy are piecewise smooth paths in X such that oy * 0y is defined.
Then

Ml(a |0y x0p) =MI(a|0q) - MI(a | 03).
(2) Let o be a piecewise smooth path in X. Then
MI(a|o™t) =MI(a|o) L.
(3) Suppose ¢’ is a string in a polyhedron Z, f : Z — X is a piecewise smooth map,
and o := f o ¢’ is the path in X gotten by the operation (9.1.1). Then
Mi(a|e) = MI(f*(a) | o).
Proof. (1) We could use the 2-dimensional Stokes Theorem; but there is an ele-
mentary proof. Let of,0} : I' — I! be the linear maps belonging to tes! I!, as in
Definition Leto : I' — X be the piecewise smooth map such that c oo} = 0;

fori =1,2. And let &’ := ¢*(«). Now by definition of * we have ¢ = 07 * 0, as
paths in X. Hence

MI(a |07 % 02) = MI(a| o) = MI(a’ | TV).
Likewise

MI(a|0;) = MI(a|coo}) = MI(a' | 0}).
On the other hand, by Proposition 3.3.22(3) we know that

MI(a' | 1) = MI(a | 0f) - MI(a’ | 03).
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2
(4] (1/1)

%) (4]
FIGURE 34. The piecewise linear retraction h : I? — AZ.

(2) This is immediate from Proposition 2).
(3) This follows part (1) and induction on the number of pieces in the string
o O

In order to define MI on triangular kites we shall need the following geometric
construction. Consider the linear triangular kite (¢/,7’) in (I?,vp), where the
string ¢’ has one linear piece ¢’ : I' — I? defined on vertices by

o' (vo,01) == (v0, (3, 3))-
The linear map 7’ : A> — I? is defined on vertices by
T/(U(), 01102) = ((%; %)/ (1/ %)/ (%, 1))

We also need the linear quadrangular kite (¢, ") in (I?,v), where the linear
map 7" : I> — 12 is defined on vertices by

TH(UOI Z)1/02) = ((%’ %)1 (1/ %), (%, 1))
We write Z := ¢/(I') and Y := 7/(A?).
Consider the canonical linear embedding A? — I> which on vertices is
(v0,01,02) = (0,01, 02)-

Let i : I> — A® be the piecewise linear retraction which is linear on A% and on
the the triangle complementary to it, and satisfies /(1,1) = v;. See Figure

Lemma 9.2.3. There exists a piecewise linear retraction g : 1> — Y U Z, such that
g o T// — T/ ° h
as piecewise linear maps 1> — 12,

Proof. Easy exercise. Cf. proof of Proposition And see Figure O

Let us fix such a retraction g, which we also view as a piecewise linear map
g: P I2
Definition 9.2.4. Let « € Q!(X)®g and B € Q'(X) ® h. Given a piecewise
smooth triangular kite (o, 7) in (X, x9) we define its multiplicative integral
MI(a,B|0,7) € H

as follows. Let f : I> — X be the unique piecewise smooth map such that:

e foo' =casmapsI! — X.

e fotr =7asmapsA?— X.

e f = fogasmapsI> — X, where g : I> — I? is the chosen retraction.
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(1,1)

Vo (41

FIGURE 35. The piecewise linear retraction g : 1> — Y U Z. Here

w = (%, %)

IZ

Uo

FIGURE 36. The piecewise smooth map f : I — X such that
fo(o,©) = (0,7).

(See Figure [36]) We get differential forms

o= f() € Qpys(P) ® g
and

B'=f"(B) € Ops(P) @,
We define

Ml(a, B |0, T) :=MI(a, ' | o/, T"),
where (¢/,7") is the linear quadrangular kite in (I?,0y) defined above, and
MI(a/, B’ | 0/, 7") is the multiplicative integral from Definition
This definition might seem strange; but we shall soon see that it has all the
expected good properties.
Proposition 9.2.5 (Functoriality in X). Let e : (Y,y0) — (X, xo) be a map of pointed
manifolds, let « € QY (X) ® g, let B € Q*(X) ® b, and let (o, T) be a piecewise smooth
triangular kite in (Y,yo). Then
Ml(a, Blecc,eot) =MI(e*(a),e*(B) |0, T),

where the latter is calculated with respect to the Lie quasi crossed module with additive
feedback e*(C/X).
Proof. This is immediate from the definition, since (eo f)* = f* o e* for a piece-
wise smooth map f : I? — Y. O
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Proposition 9.2.6 (Comparison to Quadrangular Kites). Let (Z,zg) be a pointed
polyhedron, e : (Z,zy) — (X, xo) a piecewise smooth map preserving base points,
(0, T) a piecewise smooth triangular kite in (X, xo), (¢/,T') a linear quadrangular kite
in (Z,z9), a € QN (X)@gand p € O*(X) @ b. Assume that ¢ = e o ¢’ as paths in X,
and Toh = eo T as maps 12 — X, where h : 12 — AZ is the retraction in Figure
Then
Ml(a, 8|0, T) = Ml(e*(a),e*(B) |, T'),

where the latter is calculated with respect to the Lie quasi crossed module with additive
feedback e*(C/X).

Proof. The piecewise smooth map f : I> — X used in Definition can be
factored as f = e o f’ for a piecewise linear map f’ : (I2,v9) — (Z,z) of pointed
polyhedra. The assertion now follows from Proposition O

The notion of compatible connection from Definition makes sense here
too, only we have to consider a € Q'(X) ® g (and replace “string” with “piece-
wise smooth path”).

Proposition 9.2.7 (Moving the Base Point). Let « € Q! (X) ® g be a connection
compatible with C/X, and let p be a piecewise smooth path in X, with initial point x
and terminal point x1. Define ¢ := MI(« | p), and let

C$/X = (G, HS, ¥, ®5, Px)

be the Lie quasi crossed module with additive feedback over (X, x1) constructed in Sub-
section Given a form B € O?(X) ® b and a piecewise smooth triangular kite (o, T)
in (X, x1), consider the element

MB(a, 8|0, T) € H8

calculated with respect to the Lie quasi crossed module with additive feedback C$/X.
Then

Y(g)(MIE(a, B0, 7)) =Ml(a, Bl p*0,T)
in H.

Proof. 1t is possible to find a polyhedron Z, points z9,z1 € Z, a string p’ in Z
with initial point zy and terminal point z;, a linear quadrangular kite (¢, 7") in
(Z,z1) and a piecewise smooth map e : Z — X, such that p = e o p’ as paths and
(0,7) =eo(0,7') as kites. Define &’ := e* () and B’ := e*(B).

Let C'/Z := ¢*(C/X) be the induced Lie quasi crossed module with additive
feedback over the pointed polyhedron (Z,z). By Proposition [9.2.2(3) we know
that MI(a’ | p') = g. Examining the definition of C8/X in Subsection [5.4| we see
that

e*(C8/X) = (C8/zZ
as Lie quasi crossed modules with additive feedback over the pointed polyhedron
(Z,z1). Therefore MI8(a/, B | 0/, T') is unambiguous.
By Proposition we know that

MEB (&, B |0/, ') = MI8(a, B| 0, T)
and
MI(a, B’ | o’ x o', T') = Ml(a, B| p * o, T).
Finally, by Theorem [5.4.8 we have
MIB(a/, B | o, T") =MI(&, B' | o' % &', T').
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9.3. Stokes Theorems. We continue with the setup from before: (X,x() is a
pointed manifold, and
C/X = (G,HY, ), Px)

be a Lie quasi crossed module with additive feedback.

Just like in Definition a connection-curvature pair for C/X is a pair (a, ),
with a € Q}(X) ® g and B € Q!(X) ® b, such that « is a compatible connection,
and the differential equation

holds in O?(X) ® g.
Recall that for a piecewise smooth triangular kite (¢, 7), its boundary 9(c, T)
was defined in Definition

Theorem 9.3.1 (Stokes Theorem for Triangles). Let (X, xg) be a pointed manifold, let
C/X = (G, H,\P,(Do, (Dx)
be a Lie quasi crossed module with additive feedback over (X,xg), let («,p) be a
connection-curvature pair for C/X, and let (o, T) be a piecewise smooth triangular kite
in (X,xg). Then
@y (MI(e, |0, 7)) = Ml(a, B| (0, T)).
Proof. As in the proof of Proposition we can find a pointed polyhedron
(Z,zp), a linear quadrangular kite (¢/, ') in (Z,z) and a piecewise smooth map
f : Z — X, such that (0,7) = fo(0/,7') as kites. Define &’ := f*(a) and
B’ := f*(B). According to Proposition 3) we have
Ml(a, B|9(c, 7)) = MI(a' |9(0, T')).
And by Proposition we have
Ml(a, B|o,T) = MI(/, B’ | o/, T').
Finally by Theorem we know that
MI(a'|9(c’, T')) = @o(MI(«, B | 0/, T')).
g
For the 3-dimensional Stokes Theorem we shall need an auxiliary geometric
construction, similar to the one in the previous subsection. Consider the linear
triangular balloon (¢’,7’) in (I%,vg), where the string ¢’ has one linear piece
o’ : ' — 1% defined on vertices by
o' (vo, 1) == (vo, (%, 3,0)).
The linear map 7’ : A®> — I® is defined on vertices by
T/(UO, 01,02, 03) = ((%r %r )/ (1/ %/ O)/ (%/ 1/ O)/ (%/ %/ %))
We also need the linear quadrangular balloon (¢/, T”) in (I3, vg), where the linear
map 7’ : I3 — I3 is defined on vertices by the same formula as /. We let
Z:=¢ (I')and Y := 7/(A%). See Figure
Consider the canonical linear embedding A®> — I> which on vertices is
(Uo,. . .,03) — (Do,. . .,2)3).

Let i : I3 — A3 be the piecewise linear retraction / := hy o hy, where hy and hy
are the retractions shown in Figure
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FiGure 37. The triangular linear balloon (¢/,7’) and the quad-
rangular linear balloon (¢/,7”) in the pointed polyhedron

<I3, Uo).
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FIGURE 38. The piecewise linear map h; retracts the cube I® to
a prism. The piecewise linear map h, retracts the prism to the
tetrahedron A°.

Lemma 9.3.2. There is a piecewise linear retraction ¢ : 13 — Z UY, such that
g ° T// — ,.LJ ° h
as maps I3 — 1.

Proof. Nice exercise in piecewise linear geometry.

O

Let us fix such a retractiong, which we also view as a piecewise linear map

g: B 1.

The notions of tame connection and inert differential form, from Subsections [5.3
respectively, make sense here, and all pertinent results hold. Given a tame
connection & € Q' (X) ® g, an inert form v € O3(X) ® h and a piecewise smooth

balloon (o, T) in (X, xg), we define the twisted multiplicative integral
MI(«, v |0, T) € Hy
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as follows. Let f : I> — X be the unique piecewise smooth map satisfying:
e foo! =casmapsI! — X.
e fot =7asmapsA®— X.
e f=fogasmapsI® — X, where g : I> — IZ is the chosen retraction.
Now
C'/P:= f*(C/X) = (G H,Y¥, P, f*(Px))
is a Lie quasi crossed module with additive feedback over (I3, 7y),
o= fH(a) € Qpus(P) @ g
is a tame connection for C’ /X, and
7= F(7) € Pus(P) @1
is an inert differential form. We define
(9.3.3) MI(a, 7y |0, T) :=MI(a’, 7| T"),

where 7 : I¥ — I is the linear map described above, and MI(«/, 7' | 7”) is the
twisted multiplicative integral from Definition [8.3.12

Remark 9.3.4. The reason that the path ¢ is explicit in the expression
MI(«,y |0, T) is that this operation could depend on the homotopy class of o,
in case the manifold X is not simply connected. Since polyhedra are always sim-
ply connected, we did not have to worry about strings in Definition

It is easy to see that MI(a,y |0, T) makes sense for an inert p-form < and a
“p-dimensional balloon” (¢, T), for any p > 0. Moreover, for p = 2 this coincides
with the nonabelian MI of Definition

Recall the boundary 9(, T) of a balloon (¢, T) in (X, x¢), from Definition[9.1.7}
As is our convention for the multiplicative integral of a sequence, we write
Ml(a, B|0(0, 7)) := [] Ml(a,B|9;(c,7)).
i=1,..4
As in Definition the 3-curvature of («, B) is the form

7 :=d(B) + ¥y (a)(B) € D’ (X) @ .
Here is the second version of the main result of the paper (the first version was

Theorem )

Theorem 9.3.5 (Stokes Theorem for Tetrahedra). Let (X, xg) be a pointed manifold,
let C/X be a Lie quasi crossed module with additive feedback, let («, B) be a connection-
curvature pair for C/ X, and let <y be the 3-curvature of («, B). Then:
(1) The differential form <y is inert.
(2) For any piecewise smooth balloon (o, T) in (X, xg) one has
MI(a, B|9(c, 7)) = Ml(a,y |0, T)
in H.
Proof. (1) It suffices to prove that for any piecewise smooth map f : I> — X the
form
'Y/ = f* (’Y) € Q%WS(IC)’) ®b
is inert. Define
o = f() € Qs (P) ® g
and

IBI = f*(ﬁ) € QIZ:'WS(IB) ®¥b.
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Then (a/, B') is a connection curvature pair in C’/I® (this is a variant of Propo-
sition 1)), and v/ is the 3-curvature of (a’, ). But according to Theorem

1) the form «/ is inert.

(2) Let f : (I3,u9) — (X, xq) be the pointed piecewise smooth map constructed
just before (9.3.3). By definition we have

MI(&, v |0, T) :=MI(a, o | T").
By Proposition we know that
Ml(a, B|9(o, 7)) = MI(«, B | 9(c’, T')).
And by Theorem [8.6.6(2) we know that
MI(a’, g"|9(c’, T")) = MI(«, " | T").
It remains to prove that
(9.3.6) MI(a’, B [0(c’, 7)) =MI(a/, B | 0(c’, T")).
By definition we have
MI(«, ' [0(c', 7)) = J] Ml(a,Bloi(c’, 7))
i=1,..4

and

MI(«, B |o(c’, 7)) = ] Ml(a,B|o;(0’,7")).

i=1,..6
Using Proposition and looking at Figures 37 ﬁ 33| and 31| we see that

MI(«, B |91(U ™)) =

M (o’ ﬁla 7)) =
MI(, B | 93(0", 7)) = MI(a/ ﬁ|31 ),
MI(a', B[40, ")) = MI(a’, B’ [92(c”, T')),
MI(«/, 8| 05(0’, ")) = MI(«’ ﬁ|83 7))

and
MI(a', B"| 96(c’, 7)) = MI(a’, B' | 94 (0, T')).
Thus equation (9.3.6) is true. O

9.4. Rationality of the Multiplicative Integral. Let K be a subfield of R. As com-
mon in algebraic geometry, let us denote by A"(K) the set of K-rational points
of A"(R); namely those points x € A"(R) whose coordinates satisfy t;(x) € K,
i=1,...,n

By (embedded) polyhedron defined over K we mean a polyhedron X C A"(R),
such that all the vertices of X belong to A" (KK). For such X, and for every field L
such that K C L C R, we can talk about the set X(L) of L-rational points of X.
The real polyhedron is of course X(RR).

Suppose Y is another polyhedron defined over K. It makes sense to talk about
linear maps f : X — Y defined over K. The condition is of course that for any
vertex v € X the point f(v) is in Y(K).

The simplices A? are defined over Q. Therefore we have the notion of linear
triangulation of X defined over K. This lets us consider piecewise linear maps
f Y — X defined over K. In particular we have kites in X defined over K.

The polyhedron X has a K-subalgebra O,4(X(K)) C O(X) of K-valued alge-
braic functions on X(K), which is the restriction to X(K) of the polynomial algebra
Klty, ..., ta] C O(A"(R)). Similarly one can define the DG algebra Q4 (X(K))
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of K-valued algebraic differential forms, which is contained in )(X). Using linear
triangulations defined over K we can also consider the K-algebra Opwa(X(KK)) of
K-valued piecewise algebraic functions, and the DG algebra Qpwa (X (K)) of K-valued
piecewise algebraic differential forms, which is a DG subalgebra of Qpws(X).

Suppose X is a polyhedron and Y C A™ is an affine algebraic variety, both
defined over K. A map f : X — Y is said to be algebraic and defined over K if
for every i the function t; o f : X(K) — R belongs to Oy (X(K)). Equivalently, f
extends to a map of algebraic varieties f : A" — A" that’s defined over K. Using
linear triangulations defined over K we can also consider piecewise algebraic
maps f : X — Y defined over K.

Now assume that we are given a Lie quasi crossed module with additive feed-
back

C= (Gr H/‘I{r CDOI (DX)
in which (X, x¢) is a pointed polyhedron defined over K, the groups G and H are

affine unipotent linear algebraic groups defined over K, the maps ¥ : G x H - H
and ®( : H — G are maps of algebraic varieties defined over K, and

Px € Opwa(X(K)) @k Homy (h(K), g(KK)).

We say that C/X is an algebraic unipotent quasi crossed module with additive feedback
defined over K. Note that the Lie groups in this setup are G(R) and H(R). Also
note that exponential maps exp : ¢ — G and expy : h — H are isomorphisms
of algebraic varieties defined over K - this is because the Lie algebras ) and g are
nilpotent.

The polyhedron I! is defined over Q. Suppose we are given a piecewise alge-
braic differential form

& € O (I'(K)) Ok 5(K).

It is not hard to show (using the ODE (5.5.2), and the fact that exp, is algebraic)
that the map g : I' — G of (5.5.1) is piecewise algebraic and defined over K. In
particular we get

g(1) =Mi(a | 1) € G(K).
From this it follows that for any polyhedron X defined over K, any

a € O, (X(K)) @k g(K)

and any piecewise algebraic string ¢ in X defined over K, one has
MI(a | o) € G(K).

We are led to make the following conjecture. A connection-curvature pairs
(a, B) is said to be algebraic if a € Q}ilg(X(]K)) @k ¢(K) and « € leg(X(lK)) ®K
h(K).

Conjecture 9.4.1. Let C/X be an algebraic unipotent quasi crossed module with

additive feedback defined over K, let («, ) be an algebraic connection-curvature
pair in C/X, and let (0, T) be a piecewise algebraic kite in (X, xp). Then

MI(a,B|0o,7) € HK) .

It seems that the very recent paper [BGNT] may have a proof of this conjecture
in the special case when C/X is a crossed module and the 3-curvature of («, )
vanishes. See Subsection 5.5
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9.5. A Conjecture on Descent Data. Suppose f is a cosimplicial nilpotent quan-
tum type DG Lie algebra, just like in Subsection Take an MC element
@ = {@P4} in the Thom-Sullivan normalization N(f). Then
(I)O'O c O(AO) ® fO,l — fO,l/
@l e 0l(Al) @ 10
and
@2 € 02(A%) @ 2L,
Let us write
w = @" e j1
(this notation is different from the one on Subsection [5.7),
g = MI(@ | Al) € exp(§10)

and

a:=MI(&*!,@** | A?) € exp(fz’*l)d,z/o%).

This last multiplicative integral takes place in the Lie quasi crossed module with
additive feedback

C‘I’Z’O(UO) /A2 = (G, H(DZ'O(’UO)’T’ q)(Dz'O(’UO)/ q)AZ)
as in (5.7.1). In this way we assign to each @ € MC(N(f)) a triple
(9.5.1) MI(@|A) == (w, g, a).

On the other hand, for every p the nilpotent quantum type DG Lie alge-
bra - has its Deligne 2-groupoid Del(fF"), also known as the Deligne crossed
groupoid; see [Ye5) Section 6]. The collection {Del(f")},cn is then a cosimpli-
cial crossed groupoid. As explained in [Ye3, Section 5], there is the set of descent
data Desc(Del(f)), and its quotient set Desc(Del(f)).

Consider an MC element @ € MC(N(f)), and the triple MI(@ |A) = (w, g,4)
from (9.5.1). The 2-dimensional Stokes Theorem (Theorem implies that
(w, g, a) satisfies the “failure of 1-cocycle” condition of [Ye3, Definition 5.2]. The
3-dimensional Stokes Theorem (Theorem implies that (w, g,a) satisfies the
“twisted 2-cocycle” condition of loc. cit. This means that (w, g, a) € Desc(Del(¥)).

Recall that the quotient set of MC(N(f)) by the action of the gauge group
exp(N(f)?) is denoted by MC(N(F)).

Conjecture 9.5.2. Let § be a cosimplicial nilpotent quantum type DG Lie algebra.
Then the function

MI(— | A) : MC(N(f)) — Desc(Del(f))

induces a bijection
MC(N(f)) — Desc(Del(f)).



NONABELIAN MULTIPLICATIVE INTEGRATION 135

REFERENCES

[BGNT] P. Bressler, A. Gorokhovsky, R. Nest and B. Tsygan, Formality for Algebroids I: Nerves of

[Bo]
[BM]

[BS]
[DF]

[FHT]
[Ge]

[Ha]
[ol
[KMR]
[Ko]

[Le]
[Pr]

[SW1]
[SW2]
[Va]
[Wa]
[Yel]

[Ye2]
[Ye3]

[Yed]
[Ye5]

[Ye6]

Two-Groupoids, eprint arXiv:1211.6603.

N. Bourbaki, “Lie Groups and Lie Algebras”, Chapters 1-3, Springer, 1989.

L. Breen and W. Messing, Differential geometry of gerbes, Advances Math. 198, Issue 2 (2005),
732-846.

J.C. Baez and U. Schreiber, Higher gauge theory, in “Categories in Algebra, Geometry and
Mathematical Physics”, Contemporary Mathematics 431 (2007), AMS.

J. D. Dollard and C. N. Friedman, “Product integration with applications to differential equa-
tions”, Encyclopedia of mathematics and its applications, Volume 10, Addison-Wesley, 1979.
Y. Felix, S. Helperin and ].-C. Thomas, “Rational Homotopy Theory”, Springer, 2001.

E. Getzler, A Darboux theorem for Hamiltonian operators in the formal calculus of variations,
Duke Math. ]. 111, Number 3 (2002), 535-560.

R. Hartshorne, “Algebraic Geometry”, Springer-Verlag, New-York, 1977.

D. Joyce, On manifolds with corners, eprint arXiv:0910.3518.

R.L. Karp, E. Mansouri and ].S. Rno, Product integral formalism and non-Abelian Stokes
theorem, J. Math. Phys. 40 (1999), 6033-6043.

M. Kontsevich, Deformation quantization of algebraic varieties, Lett. Math. Phys. 56 (2001),
no. 3, 271-294.

J.M. Lee, “Introduction to Smooth Manifolds”, Springer.

M. Prasma, Higher descent data as a homotopy limit, Journal of Homotopy and Related Struc-
tures (2013), DOI 10.1007 /540062-013-0048-1, eprint arXiv:1112.3072.

U. Schreiber and K. Waldorf, Parallel transport and functors, J. Homotopy Relat. Struct. 4
(2009), 187-244.

U. Schreiber and K. Waldorf, Smooth functors vs. differential forms, Homology, Homotopy and
Applications 13.1 (2011), 143-203.

V.L. Varadarajan, “Lie Groups, Lie Algebras, and Their Representations”, Springer, 1984.
EW. Warner, “Foundations of Differentiable Manifolds and Lie Groups”, Springer, 1983.

A. Yekutieli, Deformation Quantization in Algebraic Geometry, Advances Math. 198 (2005),
383-432. Erratum: Advances Math. 217 (2008), 2897-2906.

A. Yekutieli, Mixed Resolutions and Simplicial Sections, Israel ]. Math. 162 (2007), 1-27.

A. Yekutieli, Twisted Deformation Quantization of Algebraic Varieties, Advances in Mathamat-
ics 268 (2015), 241-305.

A. Yekutieli, Twisted Deformation Quantization of Algebraic Varieties (Survey), in "New
Trends in Noncommutative Algebra", Contemp. Math. 562 (2012), pages 279-297.

A. Yekutieli, MC Elements in Pronilpotent DG Lie Algebras, J. Pure Appl. Algebra 216 (2012),
2338-2360.

A. Yekutieli, Combinatorial Descent Data for Gerbes, to appear in J. Noncommutative Geome-
try, eprint arXiv:1109.1919.






NONABELIAN MULTIPLICATIVE INTEGRATION

DEPARTMENT OF MATHEMATICS, BEN GURION UNIVERSITY, BE'ER SHEVA 84105, ISRAEL
E-mail address: amyekut@math.bgu.ac.il

137



	0. Introduction
	1. Polyhedra and Piecewise Smooth Geometry
	2. Estimates for the Nonabelian Exponential Map
	3. Multiplicative Integration in Dimension One
	4. Multiplicative Integration in Dimension Two
	5. Quasi Crossed Modules and Additive Feedback
	6. Stokes Theorem in Dimension Two
	7. Square Puzzles
	8. Stokes Theorem in Dimension Three
	9. Multiplicative Integration on Triangular Kites
	References

