DERIVED CATEGORIES
BGU, 2016-17

course der cats IV | public 50 | date: 7 April 2017

AMNON YEKUTIELI

CONTENTS

|[First Part [in book]|
0. __Introductionl
0.1. A Motivating Discussion: Duality]|
[0.2. Synopsis ot the Book|
10.3. Recommended Bibliography|
0.4. Acknowledgments|
[L. Basic Facts on Categories|
[T.T. Set Theory]
1.2. Notationl
|1.3. Epimorphisms and Monomorphisms|
|I1.4. " Products and Coproducts|
|I1.5.  Equivalence ot Categories|
[1.6. Bifunctors|
|1.7.  Representable Functors|
2. Abelian Categories and Additive Functors|
[2.1. Linear Categories|
12.2. Additive Categories|
2.3.  Abelian Categories
2.4_Additive Funcfors
12.5. Projective Objects|
[2.6. Injective Objects|
13.  Difterential Graded Algebra)
[3.1.  Graded Algebral
13.3. DG Rings and Modules|
13.4. DG Categories|
3.0, DG Functors|
3.6.  Complexes in Abelian Categories
[3.7. The DG Category C(A, M)|
3.8, The Translation Functorl
13.9. The Standard Cone of a Strict Morphism)|
4. Properties of DG Functors|
4.1. The Gauge ot a Graded Functor|
1

10
12
13
15
15
15
16
17
17
18
18
21
21
22
23
26
29
30
35
35
40
41
43
45
46
48
50
53
95
99



2 AMNON YEKUTIELI

4.2. The Translation Isomorphism of a DG Functor| 56
4.3. Cones and DG Functors] 57
|4.4.  Examples of DG Functors| 60
[5. Pretriangulated Categorics and Triangulated Functors| 65
b.1. 'T-Additive Categories| 65
5.2. Pretriangulated Categories| 66
p.3.  Triangulated and Cohomological Functors| 68
p.4. The Homotopy Category is Pretriangulated) 71
[6.  Localization of Categories| 79
[6.1 e Formalism of Localization 79
6.2, Ore Localization| 80
16.3.  Localization of Linear Categories| 90
[6.4.  Localization of Pretriangulated Categories| 92
[7.” The Derived Category D(A, M) 97
[7.I._ Definition of the Derived Category]| 97
[7.2. Localization of Subcategories of K(A, M| 99
“onditi 100

[7.4. Thick Subcategories of M| 102
7.5. The Embedding of M in D(M 103
8. Derived Functors| 105
I8.1. 2-Categorical Notation| 106
18.2. Some Preliminaries on Triangulated Functors| 108
18.3.  Right Derived Functors| 109
8.4, Left Derived Functors| 116
19.Resolutions of DG Modules| 119
9.1.  K-Injective DG Modules| 119
19.2. K-Projective DG Modules| 123
19.3. K-Flat DG Modules| 125
10, Existence of Resolutions| 127
10.1.  Direct and Inverse Limits of Complexes| 127
10.2. K-Projective Resolutions in C_; M )l 131
10.3. K-Projective Resolutions in C 135
10.4. K-Injective Resolutions in C*(M 141
10.5. K-Injective Resolutions in C(A)| 143
New Materiall 153
[L1. Recalling Material from Last Year [Temporary || 153
iti 153

[11.2. DG Algebral 153
11.3. Translations| 154
IT.4Conesl 155
[11.5. DG Functors and Triangles| 155
|I11.6.  Pretriangulated Categories and "Iriangulated Functors| 156
[11.7.  Localization of Categories| 157
11.8. e Derived Categor 157
11.9. Derived Functors| 158
11.10. Resolutions of DG Modules| 159

111, Pxistence of Resolutions 161



course der cats IV | public 50 | date: 7 April 2017

T Deorved Bif |
2.1, DG Bifunctors|

12.2. 'Triangulated Bifunctor

12.3. ight Derived Bifunctors

12.4. Abstract Derived Functors|

[12.5. Right Derived Bifunctors (continued)|

2.7 Left Derived Bifunctors|

[12.8.  The Bifunctor ®"|

113.  Dualizing Complexes over Commutative Rings|
|113.1. Cohomological Dimension of Functors|

[13.2. Dualizing Complexes|

113.3.  More on Injective Resolutions|

[13.4. Residue Complexes|

[T4. Rigid Dualizing Complexes over Commutative Rings|
[14.1. The Squaring Operation and Rigid Complexes|
|114.2. Adjunctions|

|114.3.  Functoriality of the Squaring Operation|

|114.4. Functoriality of Rigid Complexes|

[14.5.  Interlude: DG Ring Resolutions|

114.6. Induced and Coinduced Rigid Complexes|

114.7. Rigid Dualizing Complexes|

14.8.  Rigid Residue Complexes|

15.  Derived Categories in Geometry [later]|

[15.1. Recalling Facts on Ringed Spaces|
15.2. K-Flat Resolutions in C(.A later|

15.3. K-Injective Resolutions in C(A) [later]]

15.4. K-Flasque Resolutions in C(A) [later]

15.5.  Standard Derived Functors in Geometry [later]|
15.6. Survey: Poincaré-Verdier Duality |[later, optionall|

15.7.  Survey: Applications to Birational Geometry |later, optionall|

16. Residues and Duality in Algebraic Geometry |later||
16.1.  Dualizing Complexes on Schemes [later]|

16.2. Rigid Residue Complexes on Schemes [later]|

16.3. The Residue Theorem [later||

16.4. Grothendieck Duality for Proper Maps [later||

16.5.  Perverse Coherent Sheaves on Schemes [later, optionall|

16.6. Survey of Related Material [later, optional]
17. Derived Categories in Noncommutative Algebra [later]|
17.1. Noncommutative Dualizing Complexes |later]|

17.2. Noncommutative Lilting Complexes [later]|

17.3. The Noncommutative Derived Picard Group of a Ring [later]|

17.4. Derived Morita Theory [later]

163
163
166
171
173
182
184
186
188
191
191
200
210
213
223
225
233
239
247
251
257
265
267
269
269
269
269
269
269
269
269
269
269
269
269
269
269
269
269
269
269
269
269
270






course der cats IV | public 50 | date: 7 April 2017 5

First Part [in book]

0. INTRODUCTION

This book develops the theory of derived categories, starting from the founda-
tions, and going all the way to applications in algebra and geometry. The emphasis
is on explicit constructions (with examples), as opposed to axiomatics. The most
abstract concept we use is probably that of abelian category (which seems indis-
pensable).

A special feature of this book is that most of the theory deals with D(A4, M), the
derived category of DG A-modules in M, where A is a DG (differential graded) ring
and M is an abelian category. This covers most important examples that arise in
algebra and geometry:

e The derived category D(A) of DG A-modules, for any DG ring A. This
includes ordinary rings.

e The derived category D(M) for any abelian category M. This includes
M = Mod A, the category of sheaves of .A-modules on a ringed space (X, .A).

Furthermore, we work with unbounded derived categories. We prove existence of
resolutions (bounded or unbounded) in several contexts.

The first half of the book (Sections|1H10) covers the general theory. This is done
in an unorthodox manner, using DG categories as the source of derived categories
and triangulated functors. Another departure from the tradition is that we only
consider pretriangulated categories, thus sparing ourselves the burden of the octa-
hedral axiom. In this part of the book we provide detailed proofs of all statements
(except the routine ones, that are left as exercises). A more detailed description of
the contents of the first half is in the Synopsis (subsection [0.2| of the Introduction).

The second half of the book (that is not yet written) shall start off with more of
the general theory: derived bifunctor, and derived categories in geometry. This is

in Sections [12115)).

After that we shall deal with a few specialized topics:

>> Derived Categories in Commutative Algebra.
> Residues and Duality in Algebraic Geometry.
>> Derived Categories in Noncommutative Algebra.

In this last portion of the book we shall leave out some of the proofs (but there are
precise external references). Much of the material here is the state of the art, and
is not included in any prior textbook.

The book is based on notes for advanced courses given at Ben Gurion University,
in the academic years 2011-12 and 2015-16. The main sources for the first part of
the book are [RD] and [KaScI]; but the DG theory component is absent from those
earlier texts, and is pretty much our own interpretation of folklore results.

0.1. A Motivating Discussion: Duality. By way of introduction to the subject
of derived categories, let us consider duality.

We begin with something elementary: linear algebra. Take a field K. Given a
K-module M (i.e. a vector space), let

D(M) := Homg (M, K),
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be the dual module. There is a canonical homomorphism
Oy : M — D(D(M)),

namely 0p7(m)(¢) := ¢p(m) for m € M and ¢ € D(M). If M is finitely generated
then ), is an isomorphism (actually this is “if and only if”).
To formalize this situation, let Mod K denote the category of K-modules. Then

D : Mod K — ModK
is a contravariant functor, and
0:1d > DoD

is a natural transformation. Here Id is the identity functor of Mod K.
Now let us replace K by any nonzero commutative ring A. Again we can define
a contravariant functor

D:ModA — ModA, D(M):=Homyu(M,A),

and a natural transformation 6 : Id — D o D. It is easy to see that 8y, : M —
D(D(M)) is an isomorphism if M is a finitely generated free module. Of course we
can’t expect reflexivity (i.e. 05 being an isomorphism) if M is not finitely generated;
but what about a finitely generated module that is not free?

In order to understand this better, let us concentrate on the ring A = Z. Since
Z-modules are just abelian groups, the category ModZ is often denoted by Ab.
Let Abg be the full subcategory of finitely generated abelian groups. Any finitely
generated abelian group is of the form M =T @ F, with F' free and T finite. (The
letters “T” and “F” stand for “torsion” and “free” respectively.) It is important
to note that this is not a canonical isomorphism. There is a canonical short exact
sequence

(0.1.1) 0TS M5 F o,

but the decomposition M = T ¢ F comes from choosing a splitting o : FF — M of
this sequence.

Exercise 0.1.2. Prove that the exact sequence is functorial (i.e. natural);
namely there are functors T, F' : Abs — Abg, and natural transformations ¢ : T — 1Id
and ¢ : Id — F, such that for any M € Abg, the group T'(M) is finite; the group
F(M) is free; and the sequence of homomorphisms

(0.1.3) 0 — T(M) 245 M 25 F(M) — 0
is exact.

Next, prove that there does not exist a functorial decomposition of a finitely
generated abelian group into a free part and a finite part. Namely, there is no
natural transformation o : F — Id, such that for every M, the homomorphism
oum : F(M) — M splits the sequence (0.1.3)). (Hint: find a counterexample.)

We know that for a free finitely generated abelian group F' there is reflexivity,
i.e. p : F — D(D(F)) is an isomorphism. But for a finite abelian group T we have

D(T) = Homgy(T,Z) = 0.

Thus, for a M € Abs with nonzero torsion subgroup 7', reflexivity fails: 8y, : M —
D(D(M)) is not an isomorphism.
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On the other hand, for an abelian group M we can define another sort of dual:
D'(M) := Homyz(M,Q/Z).

There is a natural transformation 6’ : Id — D’ o D’. For a finite abelian group
T the homomorphism 6. : T — D’(D’(T)) is an isomorphism; this can be seen
by decomposing T into cyclic groups, and for a finite cyclic group it is clear. So
D’ is a duality for finite abelian groups. (We may view the abelian group Q/Z as
the group of roots of 1 in C, via the exponential function; and then D’ becomes
Pontryagin Duality.)

But for a finitely generated free abelian group F we get D'(D'(F)) = F, the
profinite completion of F'. So once more this is not a good duality for all finitely
generated abelian groups.

We could try to be more clever and “patch” the two dualities D and D’, into
something that we will call D @ D’. This looks pleasing at first — but then we recall
that the decomposition M = T @ F of a finitely generated group is not functorial,
so that D & D’ can’t be a functor.

This is where the derived category enters. For any commutative ring A there is
the derived category D(Mod A). Here is a very quick explanation of it.

Recall that a compler of A-modules is a diagram

at 0

in the category Mod A. Namely the M* are A-modules, and the d%, are homomor-
phisms. The condition is that d%}' o d%, = 0. We sometimes write M = {M*};cz.
The collection dps = {d%; }iez is called the differential (or the coboundary operator)
of M.

Given a second complex

dyt 9
N = (-~-—>N‘1 N, NO d_N>N1 _>...)’
a homomorphism of complexes ¢ : M — N is a collection ¢ = {¢'};cz of homo-
morphisms ¢' : M* — N? in Mod A satisfying
o' ody = dy o ¢

The resulting category is denoted by C(Mod A).
The i-th cohomology of the complex M is

~ Ker(dy)

O = i

€ Mod A.

A homomorphism ¢ : M — N in C(Mod A) induces homomorphisms
H'(6) : H(M) — H'(N)

in Mod A. We call ¢ a quasi-isomorphism if all the homomorphisms HZ(¢) are
isomorphisms.

The derived category D(Mod A) is the localization of C(Mod A) with respect
to the quasi-isomorphisms. This means that D(Mod A) has the same objects as
C(Mod A). There is a functor

Q : C(Mod A) — D(Mod A)
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that is the identity of objects, and it sends quasi-isomorphisms to isomorphisms.
Furthermore, any morphism in D(Mod A) can be written as a fraction:

Q(9) o Qv) 7",

where ¢ is a morphism in C(Mod A), and ¢ is a quasi-morphism in C(Mod A). This
is studied in Section [l of the book.
A single A-module M° can be viewed as a complex M concentrated in degree 0:

(0.1.5) M=(-—=03M %0-...).
This turns out to be a fully faithful embedding
(0.1.6) Mod A — D(Mod A).

The essential image of this embedding is the full subcategory of D(Mod A) on the
complexes M whose cohomology is concentrated in degree 0 (i.e. H (M) = 0 for all
i # 0). In this way we have enlarged the category of A-modules.

Here is a very important kind of quasi-isomorphism. Suppose M is a module
and

dp? dpt
(0.1.7) s P2 P pt 2P0 S M0
is a free resolution of it. We can view M as a complex concentrated in degree 0, by
the embedding (0.1.6). Let P be the complex
dp? dzt
P=(--P? Pt 2Pl 50>,
concentrated in nonpositive degrees. Then e becomes a morphism of complexes
e:P—M

with trivial components in nonzero degrees, and the exactness of the sequence
(0.1.7) says that € is actually a quasi-isomorphism. Thus

Qle): P> M

is an isomorphism in D(Mod A).
Let us now return to A = Z. The functor D = Homy(—,Z) from Mod Z to itself
has a right derived functor

RD = RHomg(—,Z),
which is a contravariant triangulated functor
RD : D(ModZ) — D(Mod Z).
And there is a natural transformation of triangulated functors
0:1d - RDoRD.

Here is the way to calculate the value of the functor RD on a finitely generated
abelian group M. Let us choose a free resolution of M like in (0.1.7). To be easy
on ourselves, we can take it to be of this form:

-1
P:(~'~~>0%P71dL>PO%O~>~-):(~~'%O—>ZT1i)Z”’—)O-“),

where rg,71 € N and d is a matrix of integers. Because Q(e¢) : P — M is an
isomorphism in D(Mod Z), it suffices to calculate RD(P).
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It is known that RD(P) = D(P) for bounded complexes of free modules, where
D(P) is calculated term by term. Thus

RD(P) = D(P) = Homy(P,Z) = (--- = 0 = Z" <5 27 - 0...),

a complex concentrated in degrees 0 and 1, with the transpose matrix d* as its
differential.

Because RD(P) = D(P) is itself a bounded complex of free modules, its derived
dual is

RD(RD(P)) = D(D(P)) = Homy (Homz (P, Z), Z).
The canonical morphism
0p: P — D(D(P))
in C(ModZ) is an isomorphism in this case, because P’ and P~! are finite rank
free modules. Therefore
Oy : M — RD(RD(M))

is an isomorphism in D(ModZ). (For a more general statement see Subsection
) We see that RD is a duality that holds for all finitely generated Z-modules !

Here is the connection between the derived duality RD and the “classical” du-
alities D and D’. Take a finitely generated abelian group M, with short exact
sequence . There are functorial isomorphisms

HO(RD(M)) = Ext)(M,Z) = Homgz(M,Z) = D(M)

and
HY(RD(M)) = Exty,(M,Z) = D'(M).
The cohomologies H!(RD(M)) vanish for i # 0, 1.

Note that D(M) = D(F) and D'(M) = D'(T). We see that if M is neither free
nor finite, then HY(RD(M)) and H!(RD(M)) are both nonzero; so that the complex
D(M) is not isomorphic to an object of Mod Z, under the embedding .

This sort of duality holds for many noetherian commutative rings A. But the
formula for the duality functor

RD : D(Mod A) — D(Mod A)
is somewhat different — it is
RD(M) := RHomy (M, R),

where R € D(Mod A) is a dualizing complex. Such a dualizing complex is unique
(up to a degree translation and tensoring with an invertible module).

Interestingly, the structure of the dualizing complex R depends on the geometry
of the ring A (i.e. of the affine scheme Spec A). If A is a regular ring (like Z) then
R = A is dualizing. If A is Cohen-Macaulay (and Spec A is connected) then R is a

single A-module. But if A is a more complicated ring, then R must live in several
degrees.

Example 0.1.8. Consider the affine algebraic variety X C A3 which is the union
of a plane and a line, with coordinate ring

A =Rlty,ta,t3]/(ts t1, t3-ta).

See figure [T The dualizing complex R must live in two adjacent degrees; namely
there is some i s.t. H(R) and H**1(R) are nonzero.
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FIGURE 1. An algebraic variety that is connected but not equidi-
mensional, and hence not Cohen-Macaulay.

One can also talk about dualizing complexes over noncommutative rings. (This
is a favorite topic of mine!)

0.2. Synopsis of the Book. Here is a section-by-section description of the mate-
rial in the book (the first half only).

Sections These sections are pretty much a review of the standard material on
categories and functors (especially abelian categories and additive functors) that
is needed for the book. A reader who is familiar with this material can skip these
sections. We do recommend looking at our notational convention, that are spelled
out in Convention [L.2.1]

Section A good understanding of DG algebra (“DG” is short for “differential
graded”) is essential in our approach to derived categories. We aim to study both
the derived category D(M) of an abelian category M, and the derived category D(A)
of DG modules over a DG ring A. In order to accomplish this, we introduce a new
concept, that combines both these setups: the category C(A, M) of DG A-modules
in M. See Subsection

Actually, our methods can be expanded to handle the DG category C(A, M) of
DG A-modules in M, where A is a DG category (rather than a DG ring as above).
This includes as a special case (M = Ab) the category C(A) of DG A-modules, in
the sense of Keller; see Remark We have decided to stick to the less general
setup C(A4, M) for these reasons:

(1) The treatment is much more streamlined and intuitive.

(2) Virtually all DG categories that occur in practice (in algebra and algebraic
geometry) are full subcategories of C(A, M), for suitable A and M. A note-
worthy instance is derived Morita theory for schemes (see Section ,
that fits nicely within our framework.

There do not exist (to our knowledge) detailed textbook references for DG alge-
bra (by which we mean DG rings, DG modules, DG categories, DG functors and
related constructions). Therefore we have included a lot of basic material in this
section. Moreover, we present a new treatment of translations and cones, using
the “little t operator”, following our paper [Yell]. Among other things, we prove
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(in Theorem [3.8.7) that the translation functor T of C(A, M) is a DG functor, and
t: Id — T is a degree —1 morphisms of DG functors from C(A, M) to itself.

Section [4] This section consists mostly of new material, some of it implicit in the
paper [BoKal on pretriangulated DG categories.

Inside the DG category C(A, M) there is the strict category Cyr(A, M), that
has all the objects, but its morphisms are the degree 0 cocycles. Any morphism
¢ : M — N in Cg, (A, M) gives rise to a standard triangle

M % N £% Cone(¢) 2% T(M)

in Cg (A4, M).
Consider a DG functor

(0.2.1) F: C(A,M) — C(B,N),

where A and B are DG rings, and M and N are abelian categories. In Theorem
we show that there is a canonical isomorphism of DG functors

(0.2.2) p:FoT S ToF

called the translation isomorphism. Then, in Theorem [£.3.7] we prove that F' sends
standard triangles in the Cg, (A4, M) to standard triangles in Cg, (B, N).

We end this section with several examples of DG functors. These examples are
prototypes — they can be easily extended to other setups.

Section [5 We start with the theory of pretriangulated categories and triangulated
functors, following mainly [RD]. Because the octahedral aziom plays no role in
our approach, we exclude it from the discussion, and this is the reason we do not
talk about triangulated categories. In Subsection we prove that the homotopy
category K(A, M) is pretriangulated.

We conclude this section with Theorem[5.4.13] It says that given a DG functor F
as in , with translation isomorphism 7p from , the T-additive functor

(F,7r) : K(A,M) — K(B,N)

is triangulated. This is possibly a new result (unifying well-known yet disparate
examples).

Section[6} In this section we take a close look at localization of categories. We give
a detailed proof of the theorem on Ore localization (also known as noncommutative
localization). We then prove that the localization Ks of a pretriangulated category
K at a multiplicatively closed set of cohomological origin S is a left and right Ore
localization, the category Ks is pretriangulated, and the localization functor Q :
K — Ks is triangulated.

Section In the case of the pretriangulated category K(A, M), and the quasi-
isomorphisms S(A, M) in it, we get the derived category

D(A7 M) = K(Aa M)S(A,M)a
and the triangulated localization functor

Q: K(A,M) = D(A,M).
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We look at the full subcategories K*(A, M) of K(A4, M) corresponding to bound-
edness conditions =, and prove that their localizations with respect to quasi-iso-
morphisms embed fully faithfully in D(A,M). We also prove that the obvious
functor M — D(M) is fully faithful.

Section [8] In this section we talk about derived functors. To make the definitions
of the derived functors precise, we introduce some 2-categorical notation here.

The setting is general: we start from a triangulated functor F' : K — E between
pretriangulated categories, and a denominator set of cohomological origin S C K.
A right derived functor of F is a pair (RF,n), where RF : Ks — E is a triangulated
functor, and n : F' — RF o Q is a morphism of triangulated functors. The pair
(RF,n) has a universal property, making it unique up to a unique isomorphism.
The left derived functor (LF,n) is defined similarly.

We provide a general existence theorem for derived functors. For the right de-
rived functor we assume the existence of a pretriangulated category J C K that is
“right F-acyclic”. Likewise for the left derived functor. This is the original result
from [RD], but our proof is much more detailed.

Section [9} Here we specialize the general existence theorem from Section [§] to
the case of the pretriangulated categories K*(A, M), for a DG ring A, and abelian
category M and a boundedness condition x. We define K-injective DG modules, and
show they can be used to present any right derived functor (if there are enough of
them). We also define K-projective and K-flat DG modules, and explain how they
are used.

Section In this section we prove existence of K-injective, K-projective and
K-flat resolutions in several important cases of C*(A4, M) :

e K-projective resolutions in C~ (M), where M is an abelian category with
enough projectives. This is classical (i.e. it is already in [RD]).
e K-projective resolutions in C(A), where A is any DG ring. This includes
C(Mod A), the category of unbounded complexes of modules over a ring A.
e K-injective resolutions in C+(M)7 where M is an abelian category with
enough injectives. This is classical too.
e K-injective resolutions in C(A), where A is any DG ring. This includes
C(Mod A) for any ring A.
Our proofs are explicit, and we use limits of complexes cautiously (since this is
known to be a pitfall).

This ends the first half of the book. As mentioned before, the second half is yet
to be written.

0.3. Recommended Bibliography. For further discussion of categories (and the
related set theory), functors, and classical homological algebra, see the books
[Mac2|, [HiSt], [Rot], [GeMal, [KaScl], [KaSc2], [Nell], and [We].

Derived categories are treated in [RD] (the original reference), and in the last five
books in the previous list. None of these references has emphasis on DG categories
as the background out of which derived categories arise; indeed, most of these books
do not even mention DG algebra.

Sources for algebraic geometry and modern differential geometry are [Har] and
[KaScl]. For commutative ring theory see the books [Eis|, [Mats] and [AIKI]. For
noncommutative ring theory see [Row| and [Rot].
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Almost everything can be found in the evolving online reference [SP].
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Rodney Sharp and the anonymous referees for Cambridge Univesity Press. Special
thanks to Thomas Harris of CUP for his invaluable assistance.
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1. Basic FacTs ON CATEGORIES

1.1. Set Theory. In this book we will not try to be precise about issues of set
theory. The blanket assumption is that we are given a Grothendieck universe U.
This is a “large” infinite set. A small set, or a U-small set, is a set S that is an
element of U. We want all the products [],.; S; and disjoint unions [, S;, with
I and S; small sets, to be small sets too. (This requirement is not crucial for us,
and it is more a matter of convenience. When dealing with higher categories, one
usually needs a hierarchy of universes anyhow.) We assume that the axiom of choice
holds in U.

A U-category is a category C whose set of objects Ob(C) is a subset of U, and
for every C, D € Ob(C) the set of morphisms Homc(C, D) is small. If Ob(C) is
also small, then C is called a small category. See [SGA 4] or [KaSc2| Section 1.1].
Another approach, involving “sets” vs “classes”, can be found in [Nel].

We denote by Set the category of all small sets. So Ob(Set) = U, and Set is a
U-category. A group (or a ring, etc.) is called small if its underlying set is small.
We denote by Grp, Ab, Ring and Ring. the categories of small groups, small abelian
groups, small rings and small commutative rings respectively. For a small ring A
we denote by Mod A the category of all small left A-modules.

By default we work with U-categories, and from now on U will remain implicit.
The one exception is when we deal with localization of categories, where we shall
briefly encounter a set theoretical issue; but for most interesting cases this issue
has an easy solution.

1.2. Notation. Let C be a category. We often write C' € C as an abbreviation for
C € Ob(C). For an object C, its identity automorphism is denoted by idc. The
identity functor of C is denoted by Idc.

The opposite category of C is C°P. It has the same objects as C, but the morphism
sets are

Homcor (Cy, C1) := Home(Cq, Cp),

and composition is reversed. The identity functor of C can be viewed as a con-
travariant functor Idc : C — C°P. A contravariant functor F' : C — D is the same
as a covariant functor F : C°® — D. Since we prefer dealing only with covariant
functors, we make the following convention:

Convention 1.2.1. By default all functors will be covariant, unless explicitly men-
tioned otherwise.

We will try to keep the following font and letter conventions:

e f:(C — D is a morphism between objects in a category.

e F': C — D is a functor between categories.

e 7: F' — G is morphism of functors (i.e. a natural transformation) between
functors F,G : C — D.

f,¢,a: M — N are morphisms between objects in an abelian category M.
F : M — N is an additive functor between abelian categories.

The derived category of an abelian category M is D(M).

If M is a module category, and M € Ob(M), then elements of M will be
denoted by m,n,m;, . ...
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1.3. Epimorphisms and Monomorphisms. Let C be a category. Recall that
a morphism f : C — D in C is called an isomorphism if there is a morphism
g: D — C such that fog =1idp and go f = idg. The morphism g is called the
inverse of f, it is unique (if it exists), and it is denoted by f~!. An isomorphism is
often denoted by this shape of arrow: f: C' = D.

A morphism f : C — D in C is called an epimorphism if it has the right
cancellation property: for any ¢g,g' : D — E, go f = ¢’ o f implies ¢ = ¢'.
An epimorphism is often denoted by this shape of arrow: f:C — D.

A morphism f: C — D is called a monomorphism if it has the left cancellation
property: for any g,¢' : E — C, fog= fog implies g = ¢’. A monomorphism is
often denoted by this shape of arrow: f:C — D.

Example 1.3.1. In Set the monomorphisms are the injections, and the epimor-
phisms are the surjections. A morphism f : C'— D in Set that is both a monomor-
phism and an epimorphism is an isomorphism. The same holds in the category
Mod A of left modules over a ring A.

This example could be misleading, because the property of being an epimorphism
is often not preserved by forgetful functors, as the next exercise shows.

Exercise 1.3.2. Consider the category of rings Ring. (All rings have units, and
ring homomorphisms are unital.) Show that the forgetful functor Ring — Set
respects monomorphisms, but it does not respect epimorphisms. (Hint: show that
the inclusion Z — Q is an epimorphism in Ring.)

By a subobject of an object C' € C we mean a monomorphism f : ¢/ — C in
C. We sometimes write ¢’ C C in this situation, but this is only notational (and
does not mean inclusion of sets). We say that two subobjects fo : Cj — C and
f1:C} — C of C are isomorphic if there is an isomorphism g : C}, = ! such that
fieg= fo.

Likewise, by a quotient of C' we mean an epimorphism g : C — C” in C. There
is an analogous notion of isomorphic quotients.

Exercise 1.3.3. Let C be a category, and let C' be an object of C.

(1) Suppose fo : C) — C and f1 : C|{ — C are subobjects of C. Show that
there is at most one morphism g : C{; — C] such that f1 0g = fo; and if ¢
exists, then it is a monomorphism.

(2) Show that isomorphism is an equivalence relation on the set of subobjects
of C'. Show that the set of equivalence classes of subobjects of C' is partially
ordered by “inclusion”. (Ignore set-theoretical issues.)

(3) Formulate and prove the analogous statements for quotient objects.

An initial object in a category C is an object Cy € C, such that for every object
C € C there is exactly one morphism Cy — C. Thus the set Homc(Cp,C) is a
singleton. A terminal object in C is an object C, € C, such that for every object
C € C there is exactly one morphism C' — Co,.

Definition 1.3.4. A zero object in a category C is an object which is both initial
and terminal.

Initial, terminal and zero objects are unique up to unique isomorphisms (but
they need not exist).
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Example 1.3.5. In Set, @ is an initial object, and any singleton is a terminal
object. There is no zero object.

Example 1.3.6. In Mod A, any trivial module (with only the zero element) is a
zero object, and we denote this module by 0. This is allowed, since any other zero
module is uniquely isomorphic to it.

1.4. Products and Coproducts. Let C be a category. By a collection of objects
of C indexed by a (small) set I, we mean a function I — Ob(C), i — C;. We usually
denote this collection like this: {C;}ier.

Given a a collection {C;};cr of objects of C, its product is a pair (C, {p;}icr)
consisting of an object C' € C, and a collection {p;};c; of morphisms p; : C — Cj,
called projections. The pair (C,{p;}icr) must have this universal property: given
any object D and morphisms f; : D — C}, there is a unique morphism f: D — C
s.t. fi = pi o f. Of course if a product (C,{p;}icr) exists, then it is unique up to
a unique isomorphism; and we usually write [[,.; C; := C, leaving the projection
morphisms implicit.

Example 1.4.1. In Set and Mod A all products exist, and they are the usual
cartesian products.

For a collection {C;};ecr of objects of C, their coproduct is a pair (C,{e;}icr),
consisting of an object C and a collection {e; };c; of morphisms e; : C; — C, called
embeddings. The pair (C,{e;}icr) must have this universal property: given any
object D and morphisms f; : C; — D, there is a unique morphism f : C — D
s.t. fi = foe;. If a coproduct (C,{e;}icr) exists, then it is unique up to a unique
isomorphism; and we write [[;.; C; := C, leaving the embeddings implicit.

Example 1.4.2. In Set the coproduct is the disjoint union. In Mod A the coproduct
is the direct sum.

1.5. Equivalence of Categories. Recall that a functor F' : C — D is an equiva-
lence if there exists a functor G : D — C, and isomorphisms of functors (i.e. natural
isomorphisms) Go F = 1dc and F oG =5 Idp. Such a functor G is called a quasi-
inverse of F', and it is unique up to isomorphism (if it exists), and it is denoted by
F1.
The functor F': C — D is full (resp. faithful) if every Cy,C; € C the function
F: HOIIlc(Co, Cl) — HOIHD (F(Co),F(Cl))

is surjective (resp. injective).
We know that F': C — D is an equivalence iff these two conditions hold:
(i) F is essentially surjective on objects. This means that for every D € D

there is some C' € C and an isomorphism F(C) = D.
(ii) F is fully faithful (i.e. full and faithful).

Exercise 1.5.1. If you are not sure about the last claim (characterization of equiv-
alences), then prove it. (Hint: use the axiom of choice to construct a quasi-inverse
of F.)

Example 1.5.2. Let C and D be categories. A functor FF : C — D is called
an isomorphism of categories if it is bijective on sets of objects and on sets of
morphisms. It is clear that an isomorphism of categories is an equivalence. If F
is an isomorphism of categories, then it has an inverse isomorphism F~1': D — C,
which is unique. In practice, it is quite rare to find an isomorphism of categories.
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1.6. Bifunctors. Let C and D be categories. Their product is the category C x D
defined as follows: the set of objects is

Ob(C x D) := Ob(C) x Ob(D).
The sets of morphisms are
Homc « b ((CO, Dy), (C1, Dl)) := Homc(Cy, C1) x Homp(Dy, D1).
The composition is

(f1,91) © (fo,90) = (f1 0 fo,91 0 90),

and the identity morphisms are (id¢,idp).
A bifunctor
F:CxD—E

is by definition a functor from the product category C x D to E. We say “bifunctor”
because it is a functor of two arguments: F'(C, D) € E. This will be especially useful
when considering additive categories, because then we can talk about “bi-additive
bifunctors”.

1.7. Representable Functors. Let C be a category and C' € C an object. We get
a functor

Yo : CP — Set, Yo := Homc(—,C),

called the Yoneda functor. This functor sends an object C’ to the set Home(C’, C),
and a morphism v : C’ — C” in C to the function

Ye(2p) := Hom(4,id¢) : Home(C”, C) — Homc (C', C).

Now suppose we are given a morphism ¢ : Cy — C; in C. There is a morphism
of functors (a natural transformation)

Y¢ = Homc(f, ¢) : YCO — Y01~
Here is the first formulation of the Yoneda Lemma.

Proposition 1.7.1 (Yoneda Lemma v1). Let C be a category, let Cy,Cy € C be
objects, and let n: Yo, — Yo, be a morphism of functors C°P — Set.

(1) There exists a unique morphism ¢ : Co — Cy in C such that Yy = 1.
(2) If n : Yo, = Yo, is an isomorphism of functors, then ¢ : Co — Cy is an
isomorphism in C.

See [KaSc2l Section 1.4] for a proof. The proof is not hard, but it is very
confusing.

A functor F' : C°® — Set is called representable if there is an isomorphism of
functors f : F =» Y¢ for some object C' € C. By Proposition the pair (C, f)
is unique up to a unique isomorphism (if it exists). Note that the isomorphism of
sets fo : F(C) = Yo(C) gives a special element f € F(C) such that fo(f) = ide.

Here is a fancier way to state this result. Consider the category Fun(C°P, Set),
whose objects are the functors F : C°® — Set, and whose morphisms are the
morphisms of functors. There is a set-theoretic difficulty here: the sets of objects
and morphisms of Fun(C°P,Set) are too big (unless C is a small category); so this
is not a U-category, and we must enlarge the universe.
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Proposition 1.7.2 (Yoneda Lemma v2). The Yoneda functor
Y :C— Fun(C®,Set), C—Ye, o¢—Y,
is fully faithful.

In other words, the Yoneda Lemma says that the functor Y is an equivalence
from C to the category of representable functors C°P — Set.
Dually, any C € C gives rise to a functor

Y. : C— Set, Y/ :=Homc(C,—).
The identity automorphism id¢ is a special element of the set Y/ (C).
A functor F' : C — Set is called corepresentable if F = Y/, for some object
C € C. The object C is said to corepresent the functor F. The dual Yoneda

Lemma (v2) says that the functor Y’ is an equivalence from C°? to the category of
corepresentable functors C — Set.
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2. ABELIAN CATEGORIES AND ADDITIVE FUNCTORS

The concept of abelian category is an extremely useful abstraction of module
categories, introduced by Grothendieck in 1957. Before defining it (in Definition

2.3.8)), we need some preparation.
2.1. Linear Categories.

Definition 2.1.1. Let K be a commutative ring. A K-linear category is a cat-
egory M, endowed with a K-module structure on each of the sets of morphisms
Homp (Mo, M1). The condition is this:

e For all My, My, My € M the composition function

HOIHM (Ml,MQ) X HOIHM(MO,M1> — HOIHM (MQ,MQ)
(g2, ¢1) = @20 ¢1

is K-bilinear.
If K= Z, we say that M is a linear category.

Let K be a commutative ring. By central K-ring we mean a ring A, with a ring
homomorphism K — A, such that the image of K is inside the center of A. (Many
texts would call such A a “unital associative K-algebra”.)

Example 2.1.2. Let K be any nonzero commutative ring, and let n be a positive
integer. Then the ring of matrices A := Mat,,(K) is a central K-ring.

Proposition 2.1.3. Let M be a K-linear category.
(1) For any object M € M, the set

Endm(M) := Homm (M, M),

with its given addition operation, and with the operation of composition, is
a central K-ring.

(2) For any two objects My, My € M, the set Homm (Mo, My), with its given
addition operation, and with the operations of composition, is a left module
over the ring Endm(M1), and a right module over the ring Endm(Mp).
Furthermore, these left and right actions commute with each other.

Proof. Exercise. O

This result can be reversed:

Example 2.1.4. Let A be a central K-ring. Define a category M like this: there
is a single object M, and its set of morphisms is Homm (M, M) := A. Composition
in M is the multiplication of A. Then M is a K-linear category.

Because of the above, in a linear category M, we often denote the identity auto-
morphism of an object M by 1, :=idp € Endy(M).
For a central K-ring A, the opposite ring A°P has the same K-module structure
as A, but the multiplication is reversed.
Exercise 2.1.5. Let A be a nonzero ring. Let P, € Mod A be distinct free
A-modules of rank 1.
(1) Prove that there is a ring isomorphism Endmed a(P) = A°P. Is this ring
isomorphism canonical?
(2) Let M be the full subcategory of Mod A on the set of objects {P, @}. Com-
pare the linear category M to the ring of matrices Matsy(A°P).
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2.2. Additive Categories.

Definition 2.2.1. An additive category is a linear category M satisfying these
conditions:

(i) M has a zero object 0.

(ii) M has finite coproducts.

Observe that Homp (M, N) # @ for any M, N € M, since this is an abelian
group. Also
HomM (M, 0) = HOIIlM (O, M) = 0,
the zero abelian group. We denote the unique arrows 0 — M and M — 0 also
by 0. So the numeral 0 has a lot of meanings; but they are (hopefully) clear from
the contexts. The coproduct in a linear category M is usually denoted by €D; cf.

Example [[.4:2]

Example 2.2.2. Let A be a K-central ring. The category Mod A is a K-linear
additive category. The full subcategory F C Mod A on the free modules is also
additive.

Proposition 2.2.3. Let M be a linear category. Let {M;};cr be a finite collection
of objects of M, and assume the coproduct M = @,.; M; exists, with embeddings

€ Mi — M.
(1) For any ¢ let p; + M — M, be the unique morphism s.t. p; o e; = 1y,
and p; oe; =0 for j #i. Then (M,{pi}icr) is a product of the collection

el

{M;}ier.
(2) Yiereiopi=1um.
Proof. Exercise. (I

Part (1) directly implies:
Corollary 2.2.4. An additive category has finite products.

Definition 2.2.5. Let M be an additive category, and let N be a full subcategory
of M. We say that N is a full additive subcategory of M if N contains the zero object,
and is closed under finite direct sums.

Exercise 2.2.6. In the situation of Definition show that the category N is
itself additive.

Example 2.2.7. Consider the linear category M from Example built from a
ring A. It does not have a zero object (unless the ring A is the zero ring), so it is
not additive.

A more puzzling question is this: Does M have finite direct sums? This turns
out to be equivalent to whether or not A =2 A @ A as right A-modules. To see why,
choose a fully faithful additive functor F' : M — Mod A°P, that sends the unique
object M € M to a rank 1 free right A-module P. (We identify right A-modules
with left A°P-modules.) Compare to Exercise

Let I :={1,2}, and let {M,};cs be the only possible collection in M indexed by
I (i.e. M; = M). If there is a coproduct in M, then it must be M; & My = M.
According to Proposition [2.4.2] we get

P PX=F(M)® F(My) 2 F(M)

1

P
in Mod A°P.
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One can show that when A is nonzero and commutative, or nonzero and noe-
therian, then A 2 A @ A in Mod A°P. On the other hand, if we take a field K, and
a countable rank K-module N, then A := Endg(N) will satisfy A 2 A ® A.

Proposition 2.2.8. Let M be a linear category, and N € M. The following condi-
tions are equivalent:

(i) The ring Endm (V) is trivial.

(ii) N is a zero object of M.
Proof. (ii) = (i): Since the set Endym (V) is a singleton, it must be the trivial ring
(1=0).
(i) = (ii): If the ring Endm (V) is trivial, then all left and right modules over it
must be trivial. Now use Proposition [2.1.3(2). O

2.3. Abelian Categories.

Definition 2.3.1. Let M be an additive category, and let f : M — N be a
morphism in M. A kernel of f is a pair (K, k), consisting of an object K € M and
a morphism k : K — M, with these properties:

(i) fok=0.
(ii) If ¥ : K/ — M is a morphism in M such that f ok’ = 0, then there is a
unique morphism ¢ : K/ — K such that ¥’ = ko g.
In other words, the object K represents the functor M°? — Ab,
K' — {k' € Homgy(K',M) | f o k' = 0}.

The kernel of f is of course unique up to a unique isomorphism (if it exists), and we
denote if by Ker(f). Sometimes Ker(f) refers only to the object K, and other times
it refers only to the morphism k; as usual, this should be clear from the context.

Definition 2.3.2. Let M be an additive category, and let f : M — N be a
morphism in M. A cokernel of f is a pair (C, ¢), consisting of an object C € M and
a morphism ¢ : N — C, with these properties:

(i) co f=0.
(ii) If ¢ : N — (' is a morphism in M such that ¢/ o f = 0, then there is a
unique morphism g : C — C’ such that ¢ = goec.

In other words, the object C' corepresents the functor M — Ab,
C' — {¢ € Homu(N,C") | ¢ o f = 0}.
The cokernel of f is of course unique up to a unique isomorphism (if it exists), and
we denote if by Coker(f). Sometimes Coker(f) refers only to the object C, and

other times it refers only to the morphism c; as usual, this should be clear from the
context.

Example 2.3.3. In Mod A all kernels and cokernels exist. Given f: M — N, the
kernel is k : K — M, where

K = {me M| f(m) =0},

and the k is the inclusion. The cokernel is ¢ : N — C, where C' := N/ f(M), and ¢
is the canonical projection.

Proposition 2.3.4. Let M be an additive category, and let f : M — N be a
morphism in M.
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(1) If k : K — M is a kernel of f, then k is a monomorphism.
(2) If c: N — C is a cokernel of f, then c is an epimorphism.

Proof. Exercise. U

Definition 2.3.5. Assume the additive category M has kernels and cokernels. Let
f: M — N be a morphism in M.
(1) Define the image of f to be
Im(f) := Ker(Coker(f)).
(2) Define the coimage of f to be
Coim(f) := Coker(Ker(f)).
The image is familiar, but the coimage is not. The next diagram should help.

We start with a morphism f : M — N in M. The kernel and cokernel of f fit into
this diagram:

KLhminsc
Inserting a := Coker(k) = Coim(f) and /3 := Ker(c) = Im(f) we get the following
commutative diagram (solid arrows):

k f c

(2.3.6) K M N c
N
N Y
\E\{ h %/{
N
M - -+ N’
f

Since co f = 0 there is a unique morphism v making the diagram commutative.
Now ook = fok=0;and § is a monomorphism; so v o k = 0. Hence there is
a unique morphism f’ : M’ — N’ making the diagram commutative. We conclude
that f: M — N induces a morphism
(2.3.7) f: Coim(f) — Im(f).
Definition 2.3.8. An abelian category is an additive category M with these extra
properties:

(i) All morphisms in M admit kernels and cokernels.

(ii) For any morphism f: M — N in M, the induced morphism f’ in equation

(2.3.7)) is an isomorphism.

Here is a less precise but (maybe) easier to remember way to state property (ii).
Because M’ = Coker(Ker(f)) and N’ = Ker(Coker(f)), we see that

(2.3.9) Coker(Ker(f)) = Ker(Coker(f)).
From now on we forget all about the coimage.

Exercise 2.3.10. For any ring A, prove that the category Mod A is abelian.
This includes the category Ab = Mod Z, from which the name derives.

Definition 2.3.11. Let M be an abelian category, and let N be a full subcategory
of M. We say that N is a full abelian subcategory of M if N is closed under finite
direct sums, kernels and cokernels.

Exercise 2.3.12. In the situation of Definition [2.3.11f the category N is itself
abelian.
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Example 2.3.13. Let M; be the category of finitely generated abelian groups,
and let Mgy be the category of finite abelian groups. Then M; is a full abelian
subcategory of Ab, and My is a full abelian subcategory of M.

Exercise 2.3.14. Let N be the full subcategory of Ab whose objects are the finitely
generated free abelian groups. It is an additive subcategory of Ab (since it is closed
under direct sums).

(1) Show that N is closed under kernels in Ab.

(2) Show that N is not closed under cokernels in Ab, so it is not a full abelian
subcategory of Ab.

(3) Show that N has cokernels (not the same as those of Ab). Still, it fails to
be an abelian category.

Exercise 2.3.15. The category Grp is not linear of course. Still, it does have a zero
object (the trivial group). Show that Grp has kernels and cokernels, but condition

(ii) of Definition fails.

Exercise 2.3.16. Let Hilb be the category of Hilbert spaces over C. The morphisms
are the continuous C-linear homomorphisms. Show that Hilb is a C-linear additive
category with kernels and cokernels, but it is not an abelian category.

Exercise 2.3.17. Let A be a ring. Show that A is left noetherian iff the category
Mod; A of finitely generated left modules is a full abelian subcategory of Mod A.

Example 2.3.18. Let (X, .A) be a ringed space; namely X is a topological space
and A is a sheaf of rings on X (see [Har, Sections II.1-2]). We denote by PMod A
the category of presheaves of left A-modules on X. This is an abelian category.
Given a morphism f : M — N in PMod A, its kernel is the presheaf K defined by

I'(U,K) == Ker (f : (U, M) = I(U,N))
on every open set U C X. The cokernel is the presheaf C defined by
I'(U,C) := Coker (f : T(U, M) — T(U,N)).

Now let Mod A be the full subcategory of PMod A consisting of sheaves. It is a
full additive subcategory of PMod A, closed under kernels. We know that Mod .4
is not closed under cokernels inside PMod A, and hence it is not a full abelian
subcategory.

However Mod A is itself an abelian category, but with different cokernels. In-
deed, for a morphism f : M — N in Mod A, its cokernel Cokeryog.a(f) is the
sheafification of the presheaf Cokerpmod 4(f).

Here is a general result about abelian categories.

Theorem 2.3.19 (Freyd & Mitchell). Let M be a small abelian category. Then M
is equivalent to a full abelian subcategory of Mod A, for a suitable ring A.

This means that most of the time we can pretend that M C Mod A. This is a
helpful heuristic; although in practice it is not a very useful fact.

Proposition 2.3.20. (1) Let M be an additive category. Then the opposite
category M°P is also additive.
(2) Let M be an abelian category. Then the opposite category M°P is also
abelian.
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Proof. (1) First note that
Homper (M, N) = Homm (N, M),

so this is an abelian group. The bilinearity of the composition in M°P is clear, and
the zero objects are the same. Existence of finite coproducts in M°P is because of
existence of finite products in M; see Proposition ).

(2) M°P has kernels and cokernels, since Kerpor(f) = Cokerm(f) and vice versa.
Also the symmetric condition (ii) of Definition holds. O

Proposition 2.3.21. Let f : M — N be a morphism in an abelian category M.

(1) f is @ monomorphism iff Ker(f) = 0.
(2) f is an epimorphism iff Coker(f) = 0.
(3) f is an isomorphism iff it is both a monomorphism and an epimorphism.

Proof. Exercise. 0

2.4. Additive Functors.

Definition 2.4.1. Let M and N be K-linear categories. A functor F : M — N is
called a K-linear functor if for every My, M; € M the function

F : Homy (Mg, M) — Homy(F (M), F(My))

is a K-linear homomorphism.
A Z-linear functor is also called an additive functor.

Additive functors commute with finite direct sums. More precisely:

Proposition 2.4.2. Let F : M — N be an additive functor between linear cate-
gories, let {M;};cr be a finite collection of objects of M, and assume that the direct
sum (M, {e;}icr) of the collection {M;};cr exists in M. Then (F(M),{F(e;)}icr)
is a direct sum of the collection {F(M;)}ier in N.

Exercise 2.4.3. Prove Proposition (Hint: use Proposition [2.2.3])

Note that the proposition above also talks about finite products, because of
Proposition 2:233]

Example 2.4.4. Let A — B be a ring homomorphism. The corresponding forgetful
functor

F : Mod B — Mod A

(also called restriction of scalars) is additive. The functor
G : Mod A — Mod B
defined by G(M) := B®4 M, called extension of scalars, is also additive.

Proposition 2.4.5. Let F' : M — N be an additive functor between linear cate-
gories. Then:

(1) For any M € M the function
F : Endw (M) — Endy (F(M))

s a ring homomorphism.
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(2) For any My, My € M the function
F: HOI’HM(M(), Ml) — Homy (F(Mo),F(Ml))

is a homomorphism of left Endm(Mi)-modules, and of right Endm(Mo)-
modules.
(3) If M is a zero object of M, then F (M) is a zero object of N.

Proof. (1) By Definition the function F' respects addition. By the definition
of a functor, it respects multiplication and units.

(2) Immediate from the definitions, like (1).
(3) Combine part (1) with Proposition [2.2.8] O

Definition 2.4.6. Let F' : M — N be an additive functor between abelian cate-
gories.
(1) F is called left exact if it commutes with kernels. Namely for any morphism
¢ : My — My in M, with kernel k : K — My, the morphism F(k) : F(K) —
F(Moy) is a kernel of F(¢) : F(My) — F(M).
(2) F is called right ezxact if it commutes with cokernels. Namely for any
morphism ¢ : My — M7 in M, with cokernel ¢ : M; — C, the morphism
F(c): F(My) — F(C) is a cokernel of F(¢) : F(My) — F(My).
(3) F is called exact if it is both left exact and right exact.

This is illustrated in the following diagrams. Suppose ¢ : My — M; is a mor-
phism in M, with kernel K and cokernel C. Applying F to the diagram

K— s My—2 M —C
we get the solid arrows in
F(k F F
FE) — 0 pvy) — 22 pony) — 29 (e
S T \ _

~ - | | _ -

Yo S | <4 - - X
Kern(F(¢)) Cokern(F(¢))

Because N is abelian, we get the vertical dashed arrows: the kernel and cokernel
of F(¢). The slanted dashed arrows exist and are unique because F(¢) o F((k) =0
and F(c) o F(¢) = 0. Left exactness requires ¢ to be an isomorphism, and right
exactness requires x to be an isomorphism.

Definition 2.4.7. Let M be an abelian category. An ezxact sequence in M is a
diagram

~~—>M0¢—°>M1ﬂ>M2—>-~
(finite or infinite on either side), such that for every index i for which ¢;_; and

¢; are both defined, the composition ¢; o ¢;_1 is zero, and the induced morphism
Im(¢;—1) — Ker(¢;) is an isomorphism.

As usual, a short exact sequence is one of the form
(2.4.8) 0— My — M; — My — 0.

Proposition 2.4.9. Let F': M — N be an additive functor between abelian cate-
gories.
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(1) The functor F is left exact iff for every short exact sequence (2.4.8) in M,
the sequence

is exact in N.

(2) The functor F is right exact iff for every short exact sequence (2.4.8)) in M,
the sequence

is exact in N.

Exercise 2.4.10. Prove Proposition [2.4.9] (Hint: My = Ker(M; — M>) etc.)

Example 2.4.11. Let A be a commutative ring, and let M be a fixed A-module.
Define functors F,G : Mod A — Mod A and H : (Mod A)°® — Mod A like this:
F(N):=M®a N, G(N) :=Homu(M,N) and H(N) := Hom4 (N, M). Then F is
right exact, and G and H are left exact.

Proposition 2.4.12. Let F : M — N be an additive functor between abelian cate-
gories. If F' is an equivalence then it is exact.

Proof. We will prove that F respects kernels; the proof for cokernels is similar.
Take a morphism ¢ : My — M; in M, with kernel K. We have this diagram (solid
arrows):

M
‘ N
wloN
<4 N
[}
K —* 3 M, M,

Applying F' we obtain this diagram (solid arrows):

N = F(M)
RN
F) | ~0

+ N
F(E) — () 22 Fny)

in N. Suppose 6 : N — F(My) is a morphism in N s.t. F(¢) o6 = 0. Since F
is essentially surjective on objects, there is some M € M with an isomorphism
a: F(M) = N. After replacing N with F(M) and 6 with 6 o o, we can assume
that N = F(M).

Now since F is fully faithful, there is a unique # : M — M, s.t. F(f) = 6;
and ¢ o = 0. So there is a unique ¥ : M — K s.t. 0 = ko . It follows that
F() : F(M) — F(K) is the unique morphism s.t. = F(k) o F(). O

Here is a result that could afford another proof of the previous proposition.

Proposition 2.4.13. Let F : M — N be an additive functor between linear cate-
gories. Assume F is an equivalence, with quasi-inverse G. Then G : N — M is an
additive functor.

Exercise 2.4.14. Prove Proposition [2.4.13
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2.5. Projective Objects. In this subsection M is an abelian category.

A splitting of an epimorphism v : M — M" in M is a morphism « : M" — M
s.t. poa = 1pw. A splitting of a monomorphism ¢ : M’ — M is a morphism
B:M — M st. 8o¢=1y. A splitting of a short exact sequence
(2.5.1) 0= M &M% M 0

is a splitting of the epimorphism 1, or equivalently a splitting of the monomorphism
¢. The short exact sequence is said to be split if it has some splitting.

Exercise 2.5.2. Show how to get from a splitting of ¢ to a splitting of ¢, and vice
versa. Show how any of those gives rise to an isomorphism M = M’ & M.

Definition 2.5.3. An object P € M is called a projective object if for any morphism
v : P — N and any epimorphism 1 : M — N, there exists a morphism 7 : P —- N
such that ¢ o5 = ~.

This is described in the following commutative diagram in M :

P

s

¥ -

% JV
4

M T» N

Proposition 2.5.4. The following conditions are equivalent for P € M:

(i) P is projective.
(ii) The additive functor

Homp (P, —): M — Ab

18 exact.
(iii) Any short exact sequence (2.5.1) with M" = P is split.
Proof. Exercise. O

Definition 2.5.5. We say M has enough projectives if every M € M admits an
epimorphism P — M from a projective object P.

Exercise 2.5.6. Let A be a ring.

(1) Prove that an A-module P is projective iff it is a direct summand of a free
module; i.e. P ® P’ = @ for some module P’ and free module Q.
(2) Prove that the category Mod A has enough projectives.

Exercise 2.5.7. Let M be the category of finite abelian groups. Prove that the
only projective object in M is 0. So M does not have enough projectives. (Hint:
use Proposition [2.5.4])

Example 2.5.8. Consider the scheme X := Pk, the projective line over a field
K. (If the reader prefers, he/she can assume K is algebraically closed, so X is
a classical algebraic variety.) The structure sheaf (sheaf of functions) is Ox. The
category Coh Ox of coherent O x-modules is abelian (it is a full abelian subcategory
of Mod Ox, cf. Example . One can show that the only projective object of
Coh Ox is 0, but this is quite involved.



30 AMNON YEKUTIELI

Let us only indicate why Ox is not projective. Denote by ¢, t; the homogeneous
coordinates of X. These belong to I'(X,Ox (1)), so each determines a homomor-
phism of sheaves t; : Ox (i) = Ox (i +1). We get a sequence

[ %]

Lo ta], Ox(-1)? =2 0x — 0

0— Ox(—2)

in Coh O, which is known to be exact. Because I'(X, Ox) = K, and I'(X, Ox (—1))
= 0, this sequence is not split.

2.6. Injective Objects. In this subsection M is an abelian category.

Definition 2.6.1. An object I € M is called an injective object if for any morphism
~v : M — I and any monomorphism) : M ~— N, there exists a morphism 4 : N — I
such that ¥ oy = ~.

This is depicted in the following commutative diagram in M :

M — N
Proposition 2.6.2. The following conditions are equivalent for I € M:
(i) T is injective.
(ii) The additive functor
Homp(—, 1) : M°? — Ab

1S exact.
iii) Any short exact sequence (2.5.1)) with M' = I 1is split.
(iii) Any
Proof. Exercise. ([l

Example 2.6.3. Let A be a ring. Unlike projectives, the structure of injective
objects in Mod A is very complicated, and not much is known (except that they
exist). However if A is a commutative noetherian ring then we know this: every
injective module [ is a direct sum of indecomposable injective modules. And these
indecomposables are parametrized by Spec A, the set of prime ideals of A. These
facts are due to Matlis; see [RD] pages 120-122] for details.

Definition 2.6.4. We say M has enough injectives if every M € M admits a
monomorphism M — I to an injective object I.

Here are a few results about injective objects. Recall that modules over a ring
are always left modules by default.

Proposition 2.6.5. Let f : A — B be a ring homomorphism, and let I be an
injective A-module. Then J := Homa (B, I) is an injective B-module.

Proof. Note that B is a left A-module via f, and a right B-module. This makes J
into a left B-module. In a formula: for ¢ € J and b,b’ € B we have (b-¢)(V/) =

ot -b).

Now given any N € Mod B there is an isomorphism
(2.6.6) Hompg (N, J) = Homp(N,Hom (B, I)) = Homa (N, I).
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This is a natural isomorphism (of functors in N). So the functor Hompg(—, J) is
exact, and hence J is injective. (]

Theorem 2.6.7 (Baer Criterion). Let A be a ring and I an A-module. Assume
that every A-module homomorphism a — I from a left ideal a C A extends to a
homomorphism A — I. Then the module I is injective.

Proof. Consider an A-module M, a submodule N C M, and a homomorphism
v : N — I. We have to prove that v extends to a homomorphism M — I. Look
at the pairs (N’,v') consisting of a submodule N’ C M that contains N, and a
homomorphism ' : N’ — I that extends . The set of all such pairs is ordered by
inclusion, and it satisfies the conditions of Zorn’s Lemma. Therefore there exists a
maximal pair (N',~"). We claim that N/ = M.

Otherwise, there is an element m € M that does not belong to N’. Define
N":=N'+A-m,so NN CN"C M. Let

a:={a€A|a-me N},
which is a left ideal of A. There is a short exact sequence
0saS3N&A—>N' =0

of A-modules, where a(a) := (a-m,—a). Let ¢ : a — I be the homomorphism
#(a) := 4/(a-m). By assumption, it extends to a homomorphism ¢ : A — I. We
get a homomorphism

~ + (/3 N oA—1T
that vanishes on the image of a. Thus there is an induced homomorphism ~” :
N — I. This contradicts the maximality of (N’,v’). O

Lemma 2.6.8. The Z-module Q/Z is injective.

Proof. By the Baer criterion, it is enough to consider a homomorphism v : a — Q/Z
for an ideal a = n-Z C Z. We may assume that n # 0. Say v(n) = r + Z with
r € Q. Then we can extend v to 5 : Z — Q/Z with ¥(1) :=r/n + Z. O

Lemma 2.6.9. Let {I,}.cx be a collection of injective objects of M. If the product
[L.cx Lz exists in M, then it is an injective object.

Proof. Exercise. 0
Theorem 2.6.10. Let A be any ring. The category Mod A has enough injectives.

Proof. Step 1. Here A = Z. Take any nonzero Z-module M and any nonzero m €
M. Consider the cyclic submodule M’ := Z-m C M. There is a homomorphism
v i M — Q/Z st. 7' (m) # 0. Indeed, if M’ = Z, then we take any r € Q — Z;
and if M’ = Z/(n) for some n > 0, then we take r := 1/n. In either case, we
define 7/(m) :=r +Z € Q/Z. Since Q/Z is an injective Z-module, 4" extends to a
homomorphism v : M — Q/Z. By construction we have y(m) # 0.

Step 2. Now A is any ring, M is any nonzero A-module, and m € M a nonzero
element. Define the A-module I := Homy(A, Q/Z), which, according to Lemma
m and Proposition is an injective A-module. Let v : M — Q/Z be a Z-
linear homomorphism such that v(m) # 0. Such v exists by step 1. Let 6 : I — Q/Z
be the Z-linear homomorphism that sends an element x € I to x(1) € Q/Z. The
adjunction formula gives an A-module homomorphism ¢ : M — [ s.t.
0 o1 =~. We note that (0 o1)(m) =~v(m) # 0, and hence (m) # 0.
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Step 3. Here A and M are arbitrary. Let I be as in step 2. For any nonzero
m € M there is an A-linear homomorphism v, : M — I such that v,,(m) # 0.
For m = 0 let 1yg : M — I be an arbitrary homomorphism (e.g. 1o = 0). Define the
A-module J :=[],,cp, 1. There is a homomorphism v := [, cp; ¥m : M — J, and
it is easy to check that 1 is a monomorphism. By Lemma J is an injective
A-module. O

Exercise 2.6.11. At the price of getting a bigger injective module, we can make
the construction of injective resolutions functorial. Let I := Homg(A,Q/Z) as
above. Given an A-module M, consider the set

X (M) :=Hom (M, I) = Homgz (M, Q/Z).

Let J(M) := HweX(M) I. There is a “tautological” homomorphism ¢y : M —
J(M). Show that ¢ps is a monomorphism, J : M +— J(M) is a functor, and
¢ : Id — J is a natural transformation.

Is the functor J : Mod A — Mod A additive?

Example 2.6.12. Let N be the category of torsion abelian groups, and M the
category of finite abelian groups. Then N C Ab and M C N are full abelian
subcategories. M has no projectives nor injectives except 0 (see Exercise
regarding projectives). The only projective in N is 0. However, it can be shown
that N has enough injectives; see [Har, Lemma II1.3.2] or [Yell Proposition 4.6].

Proposition 2.6.13. If A is a left noetherian ring, then any direct sum of injective
A-modules is an injective module.

Exercise 2.6.14. Prove Proposition [2.6.13] (Hint: use the Baer criterion.)

Remark 2.6.15. Actually, the converse of Proposition [2.6.13]is also true: if ev-
ery direct sum of injective A-modules is injective, then A is left noetherian. But
experience tells us that this fact is not very important...

Exercise 2.6.16. Here we study injectives in the category Ab = Mod Z. By Lemma
the module I := Q/Z is injective. Fgr a (positive) prime number p, we denote
by Z, the ring of p-adic integers, and by Q, its field of fractions (namely the p-adic
completions of Z and Q respectively). Define the abelian group I, := @p / 21,.

(1) Show that I, is an injective object of Ab.

(2) Show that I, is indecomposable (i.e. it is not the direct sum of two nonzero
objects).

(3) Show that I =P, I,.

(4) The theory tells us that there is another indecomposable injective object in
Ab, besides the I,,. Try to identify it.

Remark 2.6.17. Let K be a field and A := K[t], the polynomial ring in one
variable. As we very well know, the categories Mod A and Mod Z share many prop-
erties. Let A* := Homg (A, K), which is of course an injective A-module (because K
is an injective K-module). The structure of A*; as a direct sum of indecomposable
injectives, was used to cook up a counterexample in [Yedl Section 6].

The abelian category Mod A associated to a ringed space (X,.A) was introduced

in Example 2.3.18]



course der cats IV | public 50 | date: 7 April 2017 33

Proposition 2.6.18. Let (X, .A) be a ringed space. The category Mod A has enough
injectives.

Proof. Let M be an A-module. Take a point z € X. The stalk M, is a module
over the ring A,, and by Theorem we can find an embedding ¢, : M, — I,
into an injective A,-module. Let g, : {x} — X be the inclusion, which we may view
as a map of ringed spaces from ({z}, A;) to (X, .A). Define Z,, := g,,(I;), which is
an A-module (in fact it is a constant sheaf supported on the closed set {z} C X).
The adjunction formula gives rise to a sheaf homomorphism v, : M — Z,. Since
the functor g} : Mod A — Mod A, is exact, the adjunction formula shows that Z,
is an injective object of Mod A.

Finally let J := [[,cx Z.. This is an injective A-module. There is a homo-
morphism ¢ := [[,cx ¥z : M — J in Mod A. This is a monomorphism, since
for every point z, letting J, be the stalk of the sheaf J at x, the composition
M, 22 7. P25 T, is the embedding ¢, : My — I,. O
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3. DIFFERENTIAL GRADED ALGEBRA

In this section we fix a nonzero commutative base ring K. (It seems more relaxing
to have a base ring K around, rather than working with the universal base K = Z.)
Throughout, “DG” stands for “differential graded”.

3.1. Graded Algebra. Before entering the DG world, it is good to understand
the graded world.

A graded K-module is a K-module M equipped with a decomposition M =
D, M i into K-submodules. The K-module M? is called the degree i component
of M. The elements of M? are called homogeneous elements of degree i.

Suppose M and N are graded K-modules. For any integer ¢ let

(M &g N)' = @D (M7 @x N77).

JEZ

Then

(3.1.1) M@ N =P (M ek N),
i€EZL

is a graded K-module.

A K-linear homomorphism ¢ : M — N is said to be of degree i if ¢(M7) C NI+i
for all j. We denote by Homg (M, N)? the K-module of degree i homomorphisms
M — N. In other words

Homg (M, N)! = || Homg(M?, N7+").

JEL
Then
(3.1.2) Homg (M, N) := €D Homg (M, N)’
€L

is a graded K-module. A degree 0 homomorphism ¢ : M — N is sometimes called
a strict homomorphism of graded K-modules.

If My, My, My are graded K-modules, and ¢y : My_1 — M) are K-linear homo-
morphisms of degrees iy, then ¢o 0 ¢1 : My — M, is a K-linear homomorphism of
degree i1 + i2. The identity automorphism 1,; : M — M has degree 0.

A graded ring is a ring A, equipped with decomposition as an abelian group
A=@B,y A?, such that the unit element 1 € A®, and A*- A7 C A*T7. A central
graded K-ring is a graded ring A, together with a ring homomorphism K — A°,
such that the image of K is central in A (i.e. A-a=a-Afor all A € K and a € A).
A homomorphism of central graded K-rings f : A — B is a ring homomorphism
that respects the gradings and the homomorphisms from K. As always for ring
homomorphisms, f must preserve units, i.e. f(14) = 1p.

Example 3.1.3. Let M be a graded K-module. Then the graded module
Endg (M) := Homg (M, M),
with the operation of composition, is a central graded K-ring.

The manipulation of graded modules and homomorphisms involves the Koszul
sign rule, that says this (in deliberately vague terms): suppose a and b are homo-
geneous elements of degrees ¢ and j. Let f(...,a,b,...) be a multilinear graded
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expression, such that the expression f(...,b,a,...) is also defined (i.e. it makes
sense to transpose a and b), and for the ungraded expression f% there is equality

fo.ba,. ) = (. ab, ).
Then
fG. . boa,...) ==Y f(...,a,b,...).
The next examples ought to clarify how the Koszul sign rule is used.

Example 3.1.4. Suppose that for £ = 0,1 we are given graded K-module homo-
morphisms ¢y, : M — N of degrees i;. Then the homomorphism

$o ® ¢1 € Homy (Mo @k My, Nog @k Np)ot"
acts on a tensor mg ® my € My ®g My, with my, € M,Z’“, like this:

(¢0 ® ¢1)(mo @my) := (=1)""7° - go(mo) @ p1(ma) € No @k N
The sign is because ¢1 and m( were transposed.

Example 3.1.5. Suppose we are given graded K-module homomorphisms ¢q :
Ny — My and ¢1 : M7 — N; of degrees igp and i;. Then the homomorphism

HOm(¢0, le) € HOIHK(HOIDK(MO, Ml),HOmK(NO7N1))io+i1
acts on v € Homg (M, M;)? as follows: for an element ng € NF we have

Hom (¢, ¢1)(7)(n0) := (—1) 1) (¢1 0y 0 ) (ng) € Ny ot +7,
The sign is because ¢y jumped across ¢, and 7.

Example 3.1.6. Let A and B be central graded K-rings. Then A®xk B is a central
graded K-ring, with multiplication

(ao ® bo) - (a1 @ by) := (1) "7° - (ag - a1) ® (bo - by)
for elements a € A% and by, € B*.

Example 3.1.7. The Koszul sign rule influences the meaning of commutativity for
graded rings. A graded ring A is called weakly commutative if b-a = (—1)¥ -a-b
for all a € A® and b € A7.

Remark 3.1.8. Following [Yell], there are two variants of commutativity for DG
rings. Besides the weakly commutative graded rings from the example above, there
are also strongly commutative graded rings; the extra condition is that a? = 0 if the
degree i is odd. If K has characteristic 0 (i.e. it contains Q), then the two variants
of commutativity coincide.

Exercise 3.1.9. Let A be a central graded K-ring. Elements a € A* and b € AJ
are said to graded-commute if b-a = (—1)% -a-b. A homogeneous element a € A is
called graded-central if it graded-commutes with all other homogeneous elements.
The graded center of A is the K-linear span of all graded-central homogeneous
elements in A. Show that the graded center of A is a graded subring of A.

Let A be a central graded K-ring. A graded left A-module is a left A-module
M, equipped with a K-module decomposition M = @, , M", such that A"- M7 C
M*. We can also talk about graded right A-modules, and graded bimodules. But
our default option is that modules are left modules.
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If M is a graded K-module, A is a central graded K-ring, and f : A — Endg (M)
is a graded K-ring homomorphism, then M becomes a graded A-module, with
action a-m := f(a)(m). Any graded A-module structure on M arises this way.

Lemma 3.1.10. Let A be a central graded K-ring, let M be a right graded A-
module, and let N be a left graded A-module. Then the K-module M @4 N has a
direct sum decomposition

M®AN:@(M®AN)i,
€L

where (M ®4 N)' is the K-linear span of the tensors m ® n with m € M’ and
ne& NI,
Proof. There is a canonical surjection of K-modules

Mg N — M®aN.
Its kernel is the K-submodule L C M ®x N generated by the elements

(m-a)®@n—m® (a-n),

for m € M7, n € N¥ and a € A'. So L is a graded submodule of M ®x N,
and therefore so is the quotient. Finally, by formula (3.1.1) the i-th homogeneous
component of M ®4 N is precisely (M @4 N)*. O

Definition 3.1.11. Let A be a central graded K-ring, and let M, N be graded
A-modules. For any i € Z define Hom 4 (M, N)? to be the subset of Homy (M, N)*
consisting of the homomorphisms ¢ : M — N such that
ola-m) = (=1)"-a-p(m)
for all @ € A*. Next let
Hom 4 (M, N) := @) Hom (M, N)".
i€z
Suppose C is a K-linear category (Definition [2.1.1]). Since the composition of

morphisms is K-bilinear, for any triple of objects My, My, M € C, composition can
be expressed as a K-linear homomorphism

HOmc(Ml, Mz) ®K HOIII(;(]\407 Ml) — Homc(Mo, Mg)
P2 ® @1 = P20 P1.
We refer to it as the composition homomorphism. It will be used in the following
definition.
Definition 3.1.12. A graded K-linear category is a K-linear category C, endowed
with a grading on each of the K-modules Hom¢ (Mg, M1). The conditions are these:
(a) For any object M, the identity automorphism 1, has degree 0.
(b) For any triple of objects My, M1, My € C, the composition homomorphism
HOIH(:(Ml, Mg) QK }IOch(]\fo7 Ml) — Homc(Mo, Mg)
is a strict homomorphism of graded K-modules.

In item (b) we use the graded module structure on a tensor product from equation
(3.1.1). A morphism ¢ € Homc (M, M;)* is called a morphism of degree i.

Definition 3.1.13. Let C be a graded K-linear category. We define C° to be the
subcategory of C on all objects, but the morphisms are only the degree 0 morphisms.
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Example 3.1.14. Let A be a central graded K-ring. Define G(A) to be the category
whose objects are the graded A-modules. For M, N € G(A), the set of morphisms
is the graded module
Homg4)(M, N) := Homa (M, N)

from Definition [3.1.11] Then G(A) is a graded K-linear category. The morphisms
in the subcategory G’(A) are the strict homomorphisms of graded A-modules.
Definition 3.1.15. Let C and D be graded K-linear categories. A functor F': C —
D is called a graded K-linear functor if it satisfies this condition:

> For any pair of objects My, My € C, the function

F : Homc¢(My, M) — Homp (F(MO), F(Ml))
is a strict homomorphism of graded K-modules.

Example 3.1.16. Let A be a central graded K-ring. We can view A as a category
A with a single object, and it is a K-linear graded category. If f : A — B is a
homomorphism of central graded K-rings, then passing to single-object categories
we get a K-linear graded functor F : A — B.

Recall that “morphism of functors” is synonymous with “natural transforma-
tion”.
Definition 3.1.17. Let F, G : C — D be K-linear graded functors between K-linear

graded categories, and let i € Z. A degree i morphism of graded functorsn: F — G
is a collection = {nas} mrec of morphisms

nar € Homp (F(M), G(M))',

such that for any morphism ¢ € Homc(My, M;)?, there is equality
G(o) onm, = (—1)" - nag, o F(¢)
inside

Homp (F(Mo), G(M;))"™.

Definition 3.1.18. Let M be a K-linear category. A graded object in M is a
collection {M%};cz of objects M* € M.

Because we did not assume that M has countable direct sums, the graded objects
are “external” to M; cf. Example [3.1.21

Suppose M = {M%};c7 and N = {N};cz are graded objects in M. For any
integer ¢ we define the K-module

Homy (M, N)" := [ [ Homm (M7, N7+7).

jez
We get a graded K-module
(3.1.19) Homw (M, N) := @D Homw (M, N)".
=

Definition 3.1.20. Let M be a K-linear category. The category of graded objects
in M is the K-linear graded category G(M), whose objects are the graded objects
in M, and the morphism sets are the graded modules

Homgwy(M, N) := Homm (M, N)
from equation (3.1.19). The composition operation is the obvious one.
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Example 3.1.21. Suppose M = Mod A, the category of modules over a central
K-ring A. For any M = {M'}icz € G(M) let F(M) := @, M'. Then F(M) is a
graded A-module, as discussed earlier, so F'(M) is an object of the category G(A)
from Example It is not hard to verify that

F:G(M)— G(A4)
is an equivalence of K-linear graded categories.

In the next definition we combine graded rings and linear categories, to concoct
a new hybrid.

Definition 3.1.22. Let M be a K-linear category, and let A be a central graded
K-ring. A graded A-module in M is an object M € G(M), together with graded
K-ring homomorphism f : A — Endu(M).

What the definition says is that any element a € A? gives rise to a degree i
endomorphism f(a) of the graded object M = {M*};cz. In turn, this means that
for every j, f(a) : M7 — M’*% is a morphism in M. The operation f satisfies

f(1a) =1p and f(a1-a2) = f(a1) o f(a2)

Example 3.1.23. If A = K, then G(4,M) = G(M); and if M = ModK, then
G(A,M) = G(A).

The next definition is a variant of Definition B.1.11]

Definition 3.1.24. Let M be a K-linear category, and let A be a central graded
K-ring. For M, N € G(A,M) and i € Z we define Hom 4 m(M, N)* to be the subset
of Hompm (M, N)? consisting of the morphisms ¢ : M — N such that
¢o fula) = (=1)"* - fn(a)o ¢
for all a € A*. Next let
Homm(M, N) := €P Homu m(M,N)".
i€Z
This is a graded K-module.

Definition 3.1.25. Let M be a K-linear category, and let A be a central graded
K-ring. The category of graded A-modules in M is the K-linear graded category
G(A, M) whose objects are the graded A-modules in M, and the morphism sets are
the graded K-modules

HOHlG(AJ\A) (MO, Ml) = HOIHAJ\A(MO, Ml)
from Definition [3.1.24]

Notice that forgetting the action of A is a faithful K-linear graded functor
G(A,M) — G(M). As in any graded category, there is the subcategory G°(A, M) C
G(A, M) of strict morphisms.

Exercise 3.1.26. Show that if M is an abelian K-linear category, then G’(A, M)
is an abelian category.
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3.2. DG K-modules.

Definition 3.2.1. A DG K-module is a graded K-module M = P, M¢, together
with a K-linear operator dp; : M — M of degree 1, called the differential, satisfying
dM 9 dM =0.

When there is no danger of confusion, we may write d instead of d;.

Definition 3.2.2. Let M and N be DG K-modules. A strict homomorphism of
DG K-modules is a K-linear homomorphism ¢ : M — N that commutes with
the differentials and respects the gradings. The resulting category is denoted by
DGMody, K.

Remark 3.2.3. The name “strict morphism of DG modules”, and the correspond-
ing notation DGModg, K, are new. We introduced them to distinguish DGModg, K
from the DG category DGMod K that contains it; cf. Definitions and [3:4.4]

Suppose M and N are DG K-modules. Their tensor product M ®xg N was
defined, as a graded module, in equation (3.1.1). We put on it the differential

(3.2.4) dim®@n) :=dy(m)@n+ (=1)"-m @ dy(n)

for m € M? and n € N7. In this way M ®g N becomes a DG K-module. We
sometimes write darg, N for the differential.

The Hom graded module Homg (M, N) was introduced in equation(3.1.2). There
is a differential on it:

(3.2.5) d(¢):=dyoop—(—=1)"-¢pody

for ¢ € Homg (M, N)*. When we need to emphasize where d acts, we sometimes
denote it by dpomy (ar,n)-
Let M be a DG K-module. The module of degree i cocycles of M is

(3.2.6) 7' (M) == Ker(d| ;) € MY,
and the module of degree i coboundaries is
(3.2.7) BY(M) :=Im(d|pzi-1) € M.
Since d o d = 0 we have B'(N) C Z'(N). The i-th cohomology is
(3.2.8) H (M) := Z"(M)/ B"(M).
These are all K-modules, and in fact they are functors
7!, B, H' : DGMod, K — Mod K.

Let us record the following result, whose easy proof we leave out.

Proposition 3.2.9. For DG K-modules M and N, there is equality
Hompewmod,,, (M, N) = Z° (Homg (M, N))

of these submodules of Homg (M, N).
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3.3. DG Rings and Modules.

Definition 3.3.1. A DG ring is a graded ring A = @, ., A’, together with an
operator dg : A — A of degree 1 called the differential, satisfying the equation
d4 ody = 0, and the graded Leibniz rule

dA(a-b) = dA(a) b+ (—1)i ~a-dA(b)
for all @ € A* and b € A7.

We sometimes write d instead of d4.

Definition 3.3.2. Let A and B be DG rings. A homomorphism of DG rings
f : A — B is a ring homomorphism that commutes with the differentials and
respects the gradings. The resulting category is denoted by DGRing.

Rings are viewed as DG rings concentrated in degree 0 (and with trivial differ-
entials). Thus the category of rings Ring is a full subcategory of DGRing.

Definition 3.3.3. We say that A is a central DG K-ring if there is a given DG
ring homomorphism K — A, whose image is central in A.

We denote by DGRing /. K the category of central DG K-rings, in which the
morphisms f : A — B are the homomorphisms in DGRing that respect the given
structural homomorphisms from K.

Proposition 3.3.4. Let A be a central DG K-ring. Then the differential dy is
K-linear. In particular, the image of K is contained in ZO(A).

Proof. Exercise. O

Of course when K = Z we have DGRing /.. K = DGRing.
Here are few examples of DG rings. First a silly example.

Example 3.3.5. Let A be a central graded K-ring. Then A, with the trivial
differential, is a central DG K-ring.

Example 3.3.6. Let X be a differentiable (i.e. of type C°°) manifold over R.
The de Rham complex A of X is a central DG R-ring, with the wedge product
and the exterior differential. See [KaScll Section 2.9.7] for details. In fact A is a
commutative DG ring, in the sense of Remark

The next example is the algebraic analogue of the previous one.

Example 3.3.7. Let C' be a commutative K-ring. Then the algebraic de Rham
complex A := Qc/x = @p>0 QZ/K is a strongly commutative DG K-ring. See [Eis|,
Exercise 16.15] or [Mats, Section 25].

Example 3.3.8. Let M be a DG K-module. Consider the DG K-module
Endg (M) := Homg (M, M).

Composition of endomorphisms is an associative multiplication on Endg (M) that
respects the grading, and the graded Leibniz rule holds. We see that Endg (M) is
a central DG K-ring.

Example 3.3.9. Let C be a commutative ring and let ¢ € C' be an element. The
Koszul complex of ¢ is the DG C-module K(C;c) defined as follows. In degree 0
we let K%(C;¢) := C. In degree —1, K™'(C;¢) is a free C-module of rank 1, with



42 AMNON YEKUTIELI

basis element x. All other homogeneous components are trivial. The differential
d is determined by what it does to the basis element z € K_l(C’; ¢), and we let
d(z) := c € K%(Cs0).

To make K(C;¢) into a DG ring, we treat x as an odd variable (in the sense of
strongly commutative DG rings — see Remark . This dictates 22 = 0. It is
easy to verify that K(C;c¢) is a central DG C-ring,.

Example 3.3.10. Let A and B be central DG K-rings. The graded ring A ®x B
from Example with the differential (3.2.4)), is a central DG K-ring.

Example 3.3.11. Let C be a commutative ring and let ¢ = (¢1,...,¢,) be a
sequence of elements in C. By combining Examples [3.3.9) and we obtain the
Koszul complex

K(C;e) :=K(Csc1) @c -+ @c K(C; ¢p).

This is a strongly commutative DG C-ring. In the classical literature the multi-
plicative structure of K(C;¢) has been usually ignored; see [Eis] and [Mats].

Definition 3.3.12. Let A be a central DG K-ring. The opposite DG ring A°P is
the same DG K-module as A, but the multiplication -°P is reversed and twisted by
signs:

aPb:=(-1).b-qa
fora € A* and b € AJ.

Definition 3.3.13. Let A be a central DG K-ring. A left DG A-module is a graded
left A-module M = @,., M*, with an operator das : M — M of degree 1 called
the differential, satisfying da; o dpy = 0 and

dyr(a-m) =da(a) -m+ (1) -a-dy(m)
for a € A* and m € M7.

Right DG A-modules are defined likewise, but we won’t deal with them much.
This is because right DG A-modules are left DG modules over the opposite DG
ring A°P. More precisely, if M is a right DG A-module, then the formula

(3.3.14) a-m:=(-1)"Y.-m-a,

for a € A" and m € M7, makes M in to a left DG A°P-module.
So we make this convention for the rest of the book (analogous to Convention
1.2.1):

Convention 3.3.15. By default, DG modules are left DG modules. In particular,
a module over a ring is by default a left module.

Proposition 3.3.16. Let A be a central DG K-ring, and let M be a DG K-module.

(1) Suppose f : A — Endg(M) is a DG K-ring homomorphism. Then the
formula a-m = f(a)(m), for a € A* and m € M7, makes M into a DG
A-module.

(2) Conversely, any DG A-module structure on M, that’s compatible with the
DG K-module structure, arises in this way from a DG K-ring homomor-
phism f: A — Endg(M).

Proof. Exercise. O
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Definition 3.3.17. Let M and N be DG A-modules. A strict homomorphism
of DG A-modules is a K-linear homomorphism ¢ : M — N that respects the

differentials, the gradings and the action of A. The resulting category is denoted
by DGModg, A.

Exercise 3.3.18. Let A be a DG ring. Show that the cocycles Z(A) := @, Z'(A)
are a graded subring of A, and the coboundaries B(A) := @,., BY(A) are a two-
sided ideal of Z(A). Thus the cohomology H(A) := @,_, H'(A) is a graded ring.
(Compare to Definition [3.4.4])

Next show that given a DG A-module M, its cohomology H(M) is a graded
H(A)-module.

1€Z

Definition 3.3.19. Let A be a central DG K-ring, let M be a right DG A-module,
and let N be a left DG A-module. By Lemma3.1.10} M ® 4 N is a graded K-module.
We make it into a DG K-module with the differential from formula (3.2.4).

Definition 3.3.20. Let A be a central DG K-ring, and let M, N be left DG A-
modules. The graded K-module Hom 4 (M, N) from Definition [3.1.11]is made into
a DG K-module with the differential from (3.2.5).

Generalizing Proposition for DG A-modules M and N there is equality

Hompemod,,, 4(M, N) = Z°(Homa (M, N)).

str

3.4. DG Categories. In Definition [3.1.12| we saw graded categories. Here is the
DG version.

Definition 3.4.1. A K-linear DG category is a K-linear category C, endowed with
a DG K-module structure on each of the morphism K-modules Homc (Mo, M).
The conditions are these:

(a) For any object M, the identity automorphism 1,/ is a degree 0 cocycle in
Homc¢ (M, M).
(b) For any triple of objects My, My, My € C, the composition homomorphism

Homc(Ml, Mg) Rk HOIIlc(M(), M1) — Homc(Mo, Mg)
is a strict homomorphism of DG K-modules.

Definition 3.4.2. Let C be a K-linear DG category.
(1) A morphism ¢ € Homc (M, N)* is called a degree i morphism.
(2) A morphism ¢ € Homc(M, N) is called a cocycle if d(¢) = 0.
(3) A morphism ¢ : M — N in C is called a strict morphism if it is a degree 0
cocycle.

Lemma 3.4.3. Let C be a K-linear DG category, and fori=1,2,3 let ¢; : M;_1 —
M; be a morphism in C of degree k;.

(1) The morphism ¢2 o ¢1 has degree ki + ko, and

d(¢2 0 ¢1) = d(d2) 0 ¢1 + (—1)*2 - dy 0 d(¢h1).

(2) If ¢1 and ¢o are cocycles, then so is ¢ 0 ¢1.
(3) If ¢o is a coboundary, and ¢1 and @3 are cocycles, then ¢z o ¢o 0 ¢y is a
coboundary.
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Proof. (1) This is just a rephrasing of item (b) in Definition

(2) This is immediate from (1).

(3) Say ¢ = d(w2) for some degree ko — 1 morphism o : My — Ms. Then
¢30¢20¢1 = d((=1)* - @501z 0¢1).

The previous lemma makes the next definition possible.

Definition 3.4.4. Let C be a K-linear DG category.

(1) The strict category of C is the category Str(C) = Cg,, with the same objects
as C, but with strict morphisms only. Thus

Homgy,(c) (M, N) = Z°(Homc (M, N)).

(2) The homotopy category of C is the category Ho(C), with the same objects
as C, and with morphism sets

Homyyo(cy(M, N) := H’(Homc (M, N)).
(3) We denote by
P : Str(C) — Ho(C)
the functor which is the identity on objects, and sends a strict morphism
to its homotopy class.

The categories Str(C) and Ho(C) are K-linear. The inclusion Str(C) — C and P :
Str(C) — Ho(C) are K-linear functors. The first is faithful (injective on morphisms),
and the second is full (surjective on morphisms).

Example 3.4.5. If A is a K-linear DG category, then for every object € A, its set
of endomorphisms A := Enda(x) is a central DG K-ring. Conversely, any central
DG K-ring A can be viewed as a K-linear DG category with a single object.

Example 3.4.6. Let A be a central DG K-ring. The set of DG A-modules forms
a K-linear DG category DGMod A, in which the morphism DG modules are

Hompgmod a(M, N) := Hom 4 (M, N)
from Definition The strict category here is
Str(DGMod A) = DGModg, A;
cf. Definition

Remark 3.4.7. The fact that the concept of “DG category” includes both DG
rings (Example [3.4.5) and DG modules over them (Example [3.4.6)) is a source of
frequent confusion. See Remarks [3.4.9] and 3.7.7]

Here is the categorical version of Definition [3.3.12

Definition 3.4.8. Let C be a K-linear DG category. The opposite DG category
C°P has the same set of objects. The morphism DG modules are

Homcer (M, N) := Homc (N, M).
The composition is reversed with signs:
$oT = (-1)V ¢og¢

for composable homogeneous morphisms ¢ and 1 in C of degrees i and j.
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Remark 3.4.9. There is a vast theory on DG categories. See the relatively old
references [Kel|, [BoKal; for more modern accounts try to search the internet (there
are numerous accounts, of many flavors). In this book we shall be exclusively
concerned with the categories C(A, M), to be introduced in Subsection that
have a lot more structure than other DG categories. See Remark regarding
the DG category C(A) = C(A,ModK) of left DG modules over a K-linear DG
category A, in the sense of [Kell.

Here is a useful result.

Proposition 3.4.10. Let ¢ : M — N be a degree i isomorphism in the K-linear DG
category C. Assume ¢ is a cocycle, namely d(¢) = 0. Then its inverse =1 : N — M
is also a cocycle.

Proof. According the Leibniz rule (Lemma [3.4.3(1)), and the fact that 1, is a
cocycle, we have
0=d(ly)=d(¢ " od)=d(¢ ) og+(-1)""-¢ o d(¢) =d(¢™") 0.

Because ¢ is an isomorphism, we conclude that d(¢—1) = 0. |
3.5. DG Functors. Here Cand D are K-linear DG categories (see Definition|3.4.1)).
When we forget differentials, C and D become K-linear graded categories. So we
can talk about graded functors C — D, as in Definition [3.1.15

The differential of the DG K-module Hom¢ (M, M;), for objects My, M7 € C,
will be denoted by dc¢. Likewise in D.

Recall the meaning of a strict homomorphism of DG K-modules: it has degree
0 and commutes with the differentials.

Definition 3.5.1. Let C and D be K-linear DG categories. A functor F': C — D
is called a K-linear DG functor if it satisfies this condition:

> For any pair of objects My, My € C, the function
F : Homc (Mo, My) — Homp (F(Mo), F(M))
is a strict homomorphism of DG K-modules.
In other words, F' is a DG functor if it is a graded functor, and
(3.5.2) dpoF = Fodc
as degree 1 homomorphisms
Home (Mo, M;) — Homp (F(My), F(My)).

Example 3.5.3. Let f : A — B be a homomorphism of central DG K-rings. Define
the DG categories C and D as follows: Ob(C) := {z}, Endc(x) := A, Ob(D) := {y}
and Endp(y) := B. Then f becomes a K-linear DG functor F': C — D.

Other examples of DG functors, more relevant to our study, will be given in
Subsection L4l
Definition 3.5.4. Let F,G : C — D be K-linear DG functors.

(1) A degree i morphism of DG functors n: F — G is a degree i morphism of
graded functors, as in Definition [3.1.17]
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(2) Let n : ' — G be a degree i morphism of DG functors. For any object
M € C there is a degree ¢ + 1 morphism

do(num) : F(M) = G(M)
in D. We let
do(n) = {do () } pyec

(3) A strict morphism of DG functorsis a degree 0 morphism of graded functors
n: F — G such that dp(n) = 0.

Proposition 3.5.5. The collection of morphisms dp(n) defined above is a degree
i+ 1 morphism of DG functors F — G.

Proof. Exercise. 0

The categories Str(C) = Cg, and Ho(C) were introduced in Definition

Proposition 3.5.6. Let F': C — D be a K-linear DG functor. Then I induces
K-linear functors

Str(F') : Str(C) — Str(D)
and
Ho(F) : Ho(C) — Ho(D).

Proof. Because F is a DG functor, it sends 0-cocycles in Home (Mg, M;) to 0-
cocycles in Homp (F(My), F(My)). The same for 0-coboundaries. O

By abuse of notation, and when there is no danger for confusion, we will some-
times write F instead of Str(F) or Ho(F).

Exercise 3.5.7. Let A and C be K-linear DG categories, and assume A is small.
Define DGFun(A, C) to be the set of K-linear DG functors F : A — C. Show that
DGFun(A, C) is a K-linear DG category, where the morphisms are from Definition

1), and their differentials are from Definition 2).

3.6. Complexes in Abelian Categories. Here we recall facts about complexes
from the classical homological theory, and place them within our context. In this
subsection M is a K-linear abelian category.

Remark 3.6.1. Actually, almost everything we do here makes sense when M is just
a K-linear category (not necessarily abelian). However, requiring it to be abelian
eliminates the confusion between “ring-like” and “module-like” categories (only the
latter are abelian). Cf. Remark

A complex of objects of M, or a complex in M, is a diagram
a1 40 qat
(3.6.2) (o= MTT 2L MO 2 A M2 )

of objects and morphisms in M, such that dg}l od’,; = 0. The collection of objects
M := {M%};cz is nothing but a graded object of M, as defined in Subsection
The collection of morphisms dys := {d%, }icz is called a differential, or a coboundary
operator. Thus a complex is a pair (M,dys) made up of a graded object M and a
differential ds; on it. We sometimes write d instead of das or dj,. At other times
we leave the differential implicit, and just refer to the complex as M.
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Let N be another complex in M. A strict morphism of complexes ¢ : M — N is
a collection ¢ = {¢'};cz of morphisms ¢* : M — N* in M, such that

(3.6.3) diy 0 ¢' = ¢! o djy.

Note that a strict morphism ¢ : M — N can be viewed as a commutative diagram

M

¢1l ¢i+ll

Ni d Nitl ...

in M. The identity automorphism 1j; of the complex M is a strict morphism.

Remark 3.6.4. In most textbooks, what we call “strict morphism of complexes”
is simply called a “morphism of complexes”. See Remark for an explanation.

Let us denote by Cg; (M) the category of complexes in M, with strict morphisms.
This is a K-linear abelian category. Indeed, the direct sum of complexes is the
degree-wise direct sum, i.e. (M @ N)* = M?@® N*. The same for kernels and
cokernels. If N is a full abelian subcategory of M, then Cg,(N) is a full abelian
subcategory of Cg, (M).

Any single object M € M can be viewed as a complex

M:=( —=0=M=0—-),

where M is in degree 0; the differential of this complex is of course zero. The
assignment M — M’ is a fully faithful K-linear functor M — Cg,(M).

Let M, N be complexes in M. As in there is a graded K-module
Hompy (M, N). It is a DG K-module with differential d given by the formula

(3.6.5) d(¢) :=dyoop— (—1)-pody
for ¢ € Homm (M, N)®. It is easy to check that d od = 0. We sometimes denote
this differential by dpom,,(ar,n)-

Thus, an element ¢ € Hompy (M, N)? is a collection ¢ = {qﬁj}jez of morphisms
¢+ MI — NIt In a diagram, for ¢ = 2, it looks like this:

d d

MI

M+ it M3

¢j+1

d d d

NI+l Nit2 Nit+3
Since ¢ does not have to commute with the differentials, this is usually not a

commutative diagram!
For a triple of complexes My, M1, M>, there are K-linear homomorphisms

Hompy (M, M2)™ @ Homwm (Mo, M1)™ — Hompy (Mg, My)* 2,
¢2®¢)1 '—>(j)20¢1.
Lemma 3.6.6. The composition homomorphism

Homyp (]\417 MQ) ®x Hompy (Mo, Ml) — Hompm (Mo, Mg)

NI

is a strict homomorphism of DG K-modules.
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Proof. This is a good exercise. O

The lemma justifies the next definition.

Definition 3.6.7. Let C(M) be the K-linear DG category whose objects are the
complexes in M, and the morphism DG K-modules are Homy (M, N) from formulas
(B-1.19) and (3.6.5).

It is clear, from comparing formulas (3.6.5)) and (3.6.3)), that the strict morphisms
of complexes defined at the top of this subsection are the same as those from
Definition 1). In other words, Str(C(M)) = Cx;(M).

Remark 3.6.8. A possible ambiguity could arise in the meaning of Hompy (M, N)
if M, N € M: does it mean the K-module of morphisms in the category M 7 Or,
if we view M and N as complexes by the canonical embedding M C C(M), does
Homypy (M, N) mean the complex of K-modules defined for complexes? It turns out
that there is no actual difficulty: since the complex of K-modules Homp (M, N) is
concentrated in degree 0, we may view it as a single K-module, and this is precisely
the K-module of morphisms in the category M.

When M = Mod A for a ring A, there is no essential distinction between com-
plexes and DG modules:

Proposition 3.6.9. Let A be a central K-ring. Given a complex M € C(Mod A),
with notation as in (3.6.2), define the DG A-module

F(M) =D M,
i€Z
d%,. Then the functor
F : C(Mod A) — DGMod A

with differential d := 3",

is an equivalence of K-linear DG categories.

The proof is an exercise. The only hard part in it is to choose good notation.

3.7. The DG Category C(A,M). We now combine material from previous sub-
sections. The concept introduced in the definition below is new. It is the DG
version of Definition B.1.221

Definition 3.7.1. Let M be a K-linear abelian category, and let A be a central
DG K-ring. A DG A-module in M is an object M € C(M), together with a DG
K-ring homomorphism f : A — Endm(M).

If M is a DG A-module in M, then after forgetting the differentials, M becomes
a graded A-module in M; see Definition [3.1.22

Definition 3.7.2. Let M be a K-linear abelian category, let A be a central DG
K-ring, and let M, N be DG A-modules in M. In Definition we introduced
the graded K-module Hom 4 m(M, N). This is made into a DG K-module with
differential

d(¢) :=dyoop—(=1)"-pody
for ¢ € Homa m(M, N)'.
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When we have to be specific, we denote the differential of Homy m(M, N) by
dHom; daM; OF AHom 4 (M, N)-

As we have seen before (in Lemma [3.6.6, and Conversely in Lemma [3.4.3)), given
ér, € Homa m(Mg—1, M) for k = 1,2, we have

¢ 0 ¢1 € Homa m(Mo, M) %2,
and ‘
d(p2 0 ¢1) = d(¢2) 0o p1 + (—1)2 - P2 0 d(¢1).

Also the identity automorphism 1p; = idy belongs to Homa m (M, M), and
d(1p7) = 0. Therefore the next definition is legitimate.

Definition 3.7.3. Let M be a K-linear abelian category, and let A be a central DG
K-ring. The K-linear DG category of DG A-modules in M is denoted by C(4, M).
The morphism DG module are
Homc(A,M)(MO, Ml) = HOIIIA’M(M(), Ml)
from Definition The composition is that of C(M).
Notice that forgetting the action of A is a faithful K-linear DG functor C(A, M) —

C(M). On the other hand, forgetting the differentials is a fully faithful K-linear
graded functor C(A, M) — G(A, M).

Example 3.7.4. If A = K, then C(A,M) = C(M); and if M = ModK, then
C(A,M) = DGMod A. Because of this, we sometimes write C(A4) := DGMod A.

Definition 3.7.5. In the situation of Definition B.7.3t
(1) The strict category of C(A,M) (see Definition [3.4.4(1)) is denoted by

Catr (A4, M).
(2) The homotopy category of C(A, M) (see Definition 2)) is denoted by
K(4, M).

The next proposition is merely an interpretation of the definitions; but it is worth
mentioning.

Proposition 3.7.6. Let ¢ : M — N be a degree 0 morphism in C(A,M). The next
two conditions are equivalent:

(i) ¢ is strict.

(ii) podpy =dn o .
Remark 3.7.7. Here is a generalization of Definition [3.7.3] Instead of a central
DG K-ring A we can take a small K-linear DG category A. We then define the
K-linear DG category

C(A, M) := DGFun(A,C(M))

as in Exercise B.5.7

This is indeed a generalization of Definition [3.7.3} when A has a single object =,
and we write A := Enda(x), then the functor M +— M (z) is an isomorphism of DG
categories C(A,M) = C(A4, M).

In the special case of M = Mod K, the DG category C(A, M) is what Keller [Kel]
calls the DG category of left DG A-modules.

Practically everything we do in this book for C(A, M) holds in the more general
context of C(A,M). However, in the more general context a lot of the intuition is
lost, and some aspects become pretty cumbersome. This is the reason we decided
to stick with the less general context.
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Definition 3.7.8. Let M be a K-linear abelian category, and let A be a central
DG K-ring. For any integer ¢ let
H': Cyr(A,M) = M
be the K-linear functor, that sends a complex M to its i-th cohomology H’(M )eM
as in (3.2.8]), and that sends a strict morphism ¢ : My — M; to the morphism
H'(¢) : H'(Mo) — H'(M).

3.8. The Translation Functor. As before, we fix a K-linear abelian category M,
and a central DG K-ring A.

The translation functor goes back to the beginnings of derived categories — see

Remark [3.8.11} The treatment in this subsection (with the operator t) is taken
from [Yelll Section 1].

Definition 3.8.1. Let M = {M*};cz be a graded module in M, i.e. an object of
G(M). The translation of M is the object

T(M) = {T(M)"}icz € G(M)
defined as follows: the graded component of degree i of T(M) is T(M)? := M*+1.

Definition 3.8.2 (The little t operator). Let M = {M®};cz be a graded module
in M, i.e. an object of G(M). We define

tar 1 M — T(M)

to be the degree —1 morphism of graded objects of M, that in every degree i + 1 is
identity morphism

tar i= Lygin - MPHE S5 ML = T(M)?
of the object M**! in M.
Note that the morphism

tar € Homgqwy (M, T(M)) ™"
is invertible, with inverse

tyi € Homgw) (T(M), M)".
Definition 3.8.3. Let M = {M'},cz be a DG A-module in M, i.e. an object of
C(A,M). The translation of M is the object

T(M) € C(A,M)

defined as follows.

(1) As graded object of M, it is as specified in Definition m
(2) The differential dp(ysy is defined by the formula

dT(M) = —tpody o t]T/Il .
(3) Let far : A — Endm(M) be the DG ring homomorphism that determines
the action of A on M. Then

fT(M) A — Endy (T(M))
is defined by
fran(a) = (=1)7 - tag o far(a) oty
for a € AJ.
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Thus, the differential dp(y) = {dir( M)}z‘ez makes this diagram in M commutative
for every i :

diT(Iw)

T(M)! ———— T(M)*!

tMT TtM
_qitt

Mt M ari2
And the left A-module structure makes this diagram in M commutative for every i
and every a € A7 :

(M) frry(a) T(M)H'j
tMT TtM
MiJrl (71)j‘f1‘/f(a) Mi+j+1

Warning: tps is not a morphism in Cg, (A, M), because it has degree —1.

Proposition 3.8.4. The morphisms ty; and tﬁ are cocycles, in the DG K-modules
Homam (M, T(M)) and Homam (T (M), M) respectively.

Proof. We use the notation dpe, for the differential in the DG module
Hom g m (M, T(M)) Let us calculate. Because tj; has degree —1, we have

dHom (tar) = dr(ary o tar +tarodas
= (—tarody oty)) otar +tarodar = 0.

As for t;/ll : this is done using the graded Leibniz rule, just like in the proof
Proposition [3.4.10] O
Definition 3.8.5. Given a morphism

¢ € Homa m(M,N)",
we define the morphism
T(¢) € Homam (T(M), T(N))'
to be
T(¢) := (=1)"- tyopo tx/fl .

To clarify this definition, let us write ¢ = {¢’},ez, so that ¢/ : M9 — N7 is a
morphism in M. Then
T(¢) : T(M)? — T(N)*
is
T(¢) = (-1)'- tyod’ Hoty) .
The corresponding commutative diagram in M, for each i, j, is:

T(¢)’

(3.8.6) T(M) T(N)i+

Mit1 Niti
Theorem 3.8.7. Let M be K-linear abelian category and let A be a central DG
K-ring.

(=17 ™!
—_—
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(1) The assignments M — T(M) and ¢ — T(¢) are a K-linear DG functor
T:C(A,M) — C(A,M).
(2) The collection t := {tn}amrec(amy @5 a degree —1 isomorphism
t:1d—T
of DG functors from C(A, M) to itself.

Proof. (1) Take morphisms ¢; : My — M; and ¢g : My — My, of degrees i1 and iy
respectively. Then

T(pa0dr1) = (=1)"F2 - tag, 0 (20 ¢1) oty
= (=1)"*2 -ty 0050 (t)) otar) o ¢ oty
— ((—1)i2 “tar, 02 0 t;jl) o ((—1)i1 < tar, 0 d1 ot&lo)
= T(¢2) o T(¢1).
Clearly T(1a7) = 1a7, and
T +¢) =A-T(¢) + T(¥)

for all A € K and ¢, ¢ € Homy m(Mo, M1)*. So T is a K-linear graded functor.

By Proposition we know that dot = —tod and dot™! = —t~1od, This
implies that for any morphism ¢ in C(A, M), we have T(d(¢)) = d(T(¢)). So T is
a DG functor.

(2) Take any ¢ € Homa m (Mo, M1)*. We have to prove that
tan 0d = (=1)"- T(¢) o ts,
as elements of Hom 4 m(Mo, T(M7))**1. But by Definition we have
T(¢) o tary = ((=1)"- tar, 0P oty ) 0 tar, = (=1)"- tay, 0 .
O

Definition 3.8.8. We call T the translation functor of the DG category C(A, M).

Corollary 3.8.9.
(1) The functor T is an automorphism of the category C(A, M).
(2) For any k,l € Z there is an equality of functors T o TF = Tk,
(3) For any k the functor
T : C(A,M) — C(A, M)
is an auto-equivalence of DG categories.

Proof. (1) This is because the functor T is bijective on the set of objects of C(A4, M)
and on the sets of morphisms.

(2) By part (1) of this corollary, the inverse T~ is a uniquely defined functor (not
just up to an isomorphism of functors).

(3) By part (1) of the theorem above. O

Proposition 3.8.10. Consider any M € C(A,M).
(1) There is equality
trn = —T(ta)
of degree —1 morphisms T(M) — T*(M) in C(A,M).
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(2) There is equality
tT—l(M) = — T_l(t]ﬂ)
of degree —1 morphisms
T (M) - T(T™H(M)) = M = T~ (T(M))

in C(A,M).

Proof. (1) This is an easy calculation, using Definition m
T(ta) = —tran © tar oty = —tr(ar) -

(2) A similar calculation. O

Remark 3.8.11. There are several names in the literature for the translation
functor T : twist, shift and suspension. There are also several notations: T(M) =
M[1] = M. In the later part of this book we shall use the notation M[k] := T*(M)
for the k-th translation.

3.9. The Standard Cone of a Strict Morphism. As before, we fix a K-linear
abelian category M, and a central DG K-ring A. Here is the cone construction in
C(A, M), as it looks using the operator t.

Definition 3.9.1. Let ¢ : M — N be a strict morphism in C(A4, M). The standard
cone of ¢ is the object Cone(¢) € C(A, M) defined as follows. As a graded A-module
in M we let
Cone(¢) := N @ T(M).
The differential dcope is this: if we express the graded module as a column
N
Cone(¢) = [T(M)} ,
then dcone is left multiplication by the matrix
dy  ¢o tz_wl
dcone =
0 dT(M)
of degree 1 morphisms of graded A-module in M.

In other words,
éone : Cone(¢)® — Cone(¢)"*
is
Cone = diy +dpapy + 010 tars
where ¢! ot} is the composed morphism
T(M)® EMQ Mt 2 i

Let us denote by

(3.9.2) ep: N - N T(M)
the embedding, and by
(3.9.3) py: N @ T(M)— T(M)

the projection. Thus, as matrices we have

1
ey = [(J)V] and pg = [0 1T(M)] .
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The standard cone of ¢ sits in the exact sequence
(3.9.4) 0 — N =% Cone(¢) 2% T(M) — 0
in the abelian category Cg, (A, M).
Definition 3.9.5. Let ¢ : M — N be a morphism in Cy,(A, M). The diagram
M5 N Cone(¢) 22 T(M)
in Cgr (A, M) is called the standard triangle associated to ¢.
The cone construction is functorial, in the following sense.
Proposition 3.9.6. Let
Mo —22 Ny

||

M1 E— N1
be a commutative diagram in Cg, (A, M). Then

(3.9.7) (x, T(¢))) : Cone(¢g) — Cone(¢y)

is @ morphism in Cg, (A, M), and the diagram

My %o Ny o Cone(qﬁo) pL) T(Mo)
111[ X[ (XvT(w))l TW)J/
M1 o N1 il COH6(¢1) L T(Ml)

in Cstr (A, M) is commutative.

Proof. This is a simple consequence of the definitions.
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4. PROPERTIES OF DG FUNCTORS

In this section we fix central DG K-rings A and B, and K-linear abelian categories
M and N. The K-linear DG categories C(4, M) and C(B,N) were introduced in
Subsection Graded functors, DG functors, and morphisms between them, were
introduced in Subsection 3.5

Some of the material in this section is new — such as the gauge in Definition
[411] and its role in the the characterization of DG functors in Theorem [£.1.2] We
think that Theorem [4.3.7] which says that a DG functor commutes with cones, is
also a new result.

4.1. The Gauge of a Graded Functor. The next definition is new.
Definition 4.1.1. Let
F:C(A,M)— C(B,N)
be a K-linear graded functor. For any object M € C(A, M) let
1
YE,M = dF(M) — F(dM) S HOInBJ\](F(]W)7 F(M)) .
The collection of morphisms
T = {'VF,M}MGC(A,M)
is called the gauge of F'.
Theorem 4.1.2. E| The following two conditions are equivalent for a K-linear
graded functor
F:C(A,M) — C(B,N).
(i) F is a DG functor.
(ii) The gauge vr is a degree 1 morphism of graded functors vg : F — F.
Proof. Recall that F' is a DG functor (condition (i)) iff

(4.1.3) (Fodam)(¢) = (dpno F)(9)

for every ¢ € Homa m (Mo, M1)*. And 7r is a degree 1 morphism of graded functors
(condition (ii)) iff
(4.1.4) Yr s © F(¢) = (—1)"-F(¢)o YF,Mo

for every such ¢.
Here is the calculation. Because F' is a graded functor, we get

F(dam(9)) = F(da, 0¢ — (—1)"- ¢ odag)

(4.1.5) :

— F(das) o F(6) — (~1)} - F(6) o F(dag,)
and
(4.1.6) dB,N(F(¢)) =dp) o F(9) - (*Di “F(¢) o dp(ary)-

Using equations (4.1.5) and (4.1.6)), and the definition of vp, we obtain
(Fodam—dpnoF)(¢) = F(dam(e)) — dpn(F(9))
(4.1.7) = (F(dar,) —dpuy)) © F(¢) = (=1)"- F(¢) o (F(d,) — dp(ar))
= e © F() + (=1)"- F(9) 0 Yr,m,-

IThis theorem is due to Rishi Vyas.
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Finally, the vanishing of the first expression in (4.1.7)) is the same as equality
in (4.1.3); whereas the vanishing of the last expression in (4.1.7)) is the same as
equality in (4.1.4)). O

4.2. The Translation Isomorphism of a DG Functor. The translation functor
of C(A, M) will be denoted here by T4 m. Recall that for an object M € C(A, M),
we have the little t operator

ta € Homam (M, TA,M(M))_l

This is an isomorphism in C(4, M). Likewise for the DG category C(B, N).
Definition 4.2.1. Let
F:C(A,M)— C(B,N)

be a K-linear DG functor. For an object M € C(A, M), let

TFM - F(TA7M(M)) — TB7N(F(M))
be the isomorphism

TeM = tpny o F(tar) ™

in C(B, N), called the translation isomorphism of the functor F at the object M.

The isomorphism 7 ps sits in the following commutative diagram

TF,M

F(Tam(M)) ——— Tpn(F(M))

F(tM)T %

F(M)
of isomorphisms in the category C(B, N).
Proposition 4.2.2. 7 s is an isomorphism in Ce, (B, N).

Proof. We know that 7p ps is an isomorphism in C(B,N). It suffices to prove that
both 75 s and its inverse 75 }\4 are strict morphisms. Now by Proposition tam
and t;,; are cocycles. Therefore, F(tys) and F(tp)~' = F(t;;') are cocycles. For
the same reason, tx(y7) and t;éM) are cocycles. But 7r 3 = tp(ar) o F(ty)~t, and

T = F(tar) o tafyy- O
Theorem 4.2.3. Let
F:C(A,M)— C(B,N)

be a K-linear DG functor. Then the collection Tp = {Tpn}mec(am) 5 an iso-
morphism

Tr: FoTysm E%TB,NOF
of functors

Cstr(A, M) — Csi (B, N).

The slogan summarizing this theorem is “A DG functor commutes with transla-
tions”.
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Proof. In view of Proposition [£:2.2] all we need to prove is that 7p is a morphism
of functors (i.e. it is a natural transformation).
Let ¢ : My — M, be a morphism in Cy, (A4, M). We must prove that the diagram

TF, Mg

(FOTA,M)(MQ) (TB7NOF)(M0)

(FoTA.,M)(¢>)J( J/(TB,NOF)(d))
TF, My

(F o TA7M)(M1) —_— (TB,N OF)(Ml)

in Cg, (B, N) is commutative. This will be true if the next diagram

F(t t
(F o Tam) (M) ) p(agy) — 5 (T o F) (M)
<FoTA,M><¢>J F(% MTB,N o F)(@)
F(t t
(FoTam)(M) 2 pagy) —29% (T o F)(M))

in C(B,N), whose horizontal arrows are isomorphisms, is commutative. For this to
be true, it is enough to prove that both squares in this diagram are commutative.
This is true by Theorem 2) O

Recall that the translation T and all its powers are DG functors. To finish this
subsection, we calculate their translation isomorphisms.

Proposition 4.2.4. For any integer k, the translation isomorphism of the DG
functor TF is
Tk = (71)’c . idiJrl,

where idr+1 is the identity automorphism of the functor ThHL,

Proof. By Definition and Proposition [3.8.10(1), for £ = 1 the formula is
o0 = troany © T(bar) ™" = —idre(an,

where idpz(pz) is the identity automorphism of the DG module T?(M). Hence
77 = —idp2. For other integers k the calculation is similar. (]

4.3. Cones and DG Functors.

Definition 4.3.1. The subcategory C°(4, M) of C(A, M) is defined to be the sub-
category on all objects, but with degree 0 morphisms only.

There are inclusions of categories (faithful functors, identities on objects)
Cstr(A7 M) % CO(A7 M) £> C(Aa M)

Forgetting the differentials is a fully faithful functor
(4.3.2) C%(A,M) — G°(A4,M);
see Definition B.1.13

Let

F:C(A,M)— C(B,N)

be a K-linear DG functor. Given a morphism ¢ : My — M in Cg, (A, M), we have

a morphism
F(¢) : F(Mo) — F(M)
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in Cy, (B, N), and objects F(Coney m(¢)) and Conep n(F(¢)) in C(B,N). By def-
inition (and the fully faithful functor (4.3.2))) there is a canonical isomorphism
(4.3.3) CODeAM((Z)) =M & TA7M(MO)

in C°(A,M). Since F is an additive functor, it commutes with finite direct sums,
and therefore there is a canonical isomorphism

(4.34) F(Coneg m(¢)) = F(M1) ® F(Tam(Mo))
in C°(B,N). And by definition there is a canonical isomorphism
(435) COHGB7N(F(¢)) = F(Ml) D TB7N(F(M0))

in C°(B,N). Warning: the isomorphisms (4.3.3), (4.3.4) and (4.3.5) are usually
not strict! They are degree 0 isomorphisms of graded modules, but they might not
commute with the differentials; see Proposition [3.7.6] The differentials on the right
sides are diagonal matrices, but on the left sides they are upper-triangular matrices

(see Definition [3.9.1)).
Lemma 4.3.6. Let

F,G : C(4,M) = C(B,N)

be K-linear graded functors, and let n : FF — G be a degree j morphism of graded
functors. Suppose M = My & M, in C°(A, M), with embeddings e; : M — M and
projections p; : M — M;. Then

v = (G(BO)’ G(el)) o (nMoanM1> o (F(pO)a F(pl))7
as degree j morphisms F(M) — G(M) in C(B,N).
The lemma says that the diagram

(F(po)7F(p1))
F(M)——— F(My) & F(M)

TIMJ{ l(nMo’an)
(Geo).Gen))
G(M) «————— G(Mo) & G(M)
in C(B,N) is commutative.

Proof. Tt suffices to prove that the diagram below is commutative for i = 0,1 :

aor) —2 s oy —£P s q)
\T/

This is true because 7 is a morphism of functors (a natural transformation). O
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Theorem 4.3.7. Let
F:C(A,M)— C(B,N)
be a K-linear DG functor, and let ¢ : My — My be a morphism in Cg, (A, M).
Define the isomorphism
cone(F, ¢) : F(Conea m(¢)) — Conep n(F(¢))
in C°(B,N) to be
COHe(F, ¢) = (idF(Ml)aTF,Mo)'
Then:

(1) The isomorphism cone(F, @) is strict; namely it commutes with the differ-
entials.
(2) The diagram

F(pg)

F(Mo) —2s F(My) — F(Conea (@) F(Tan(Mp))
—J —‘/ cone(F,qb)J TF,IVIOJ(
F(My) —2 9 F(y) —29 Conep n(F($)) —2“ s T n(F(Mo))

in Cstr(B,N) is commutative.

When defining cone(F, ¢) above, we are using the decompositions @ and
in the category C°(B,N), and the isomorphism T M, from Definition @

The slogan summarizing this theorem is “A DG functor sends standard triangles
to standard triangles”.

Proof. (1) To save space let us write 6 := cone(F,$). We have to prove that
dpn(0) =0. Let’s write P := Coneg m(¢) and Q := Conep n(F(4)). Recall that

dB,N(G) = dQ ol — HOdF(p).

We have to prove that this is the zero element in Homp n (F(P), Q)l.
Writing the cones as column modules:
M,
Tam(Mo)

the matrices representing the morphisms in question are

A
) P =

)

] d Q*- F(M)
W e ()

0 TF,M,

L 0 dTA,M(Mo)

4 [dFuvzl) F() tp(ar)
Q =

0 drpnron)

Let us write v := 7p for simplicity. According to Theorem the gauge

v: F — F is a degree 1 morphism of functors C(4,M) — C(B,N). Because the

decomposition (4.3.3) is in the category C°(A, M), Lemma tells us that vp

decomposes too, i.e.
VM, 0
TP = .

0 YTam(M)
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By definition of yvp we have

dppy = F(dp) + vp € Homp n(F(P), F(P))".

It follows that
dppy = F(dp) +7p
[F(dy,)  F(ooty)) ] N [Wl 0 1

|0 F(dt, (o)) 0 Yram(Mo)
[F(dar,) + v, F(go tz@[t) 1
I 0 F(dr, (M) + YT u(Mo)
[drany  F(dotyy) ]

0 dpmam)

Finally we will check that fodp(py and dgof are equal as matrices of morphisms.
We do that in each matrix position separately. The two left positions in the matrices
# o dp(py and dg o 0 agree trivially. The bottom right positions in these matrices
are Tr,M, © Ap(T 4 (M) and dry, (F(My)) © TF,M, Tespectively; they are equal by
Proposition And in the top right positions we have F(¢ o tl\_/[lo) and F(¢) o
t;(lMO) o Tp M, respectively. Now F(¢ ot;/llo) = F(¢) OF(t]_Mlo); so it suffices to prove
that F(tz\_/flo) = t;(lMo) o Tp M, This is immediate from the definition of 7x a,.

(2) By definition of § = cone(F, ¢), the diagram is commutative in C°(B,N). But
by part (1) we know that all morphisms in it lie in Cg (B, N). O
Corollary 4.3.8. In the situation of Theorem the diagram

F(e T oF
FMy) — D5 pary) — ) p(Coneam(6)) Z2 TP Ty (P(Mo))

F(My) —2 9y p(My) —9 s Conep y (F(0)) —222

is an isomorphism of triangles in Cg, (B, N).
Proof. Just rearrange the diagram in item (2) of the theorem. O

4.4. Examples of DG Functors. Recall that M and N are K-linear categories,
and A and B are central DG K-rings. Here are three examples of DG functors, of
various types. These examples should serve as templates for constructing other DG
functors.

Example 4.4.1. Here A = B =K, so C(4,M) = C(M) and C(B,N) = C(N). Let
F : M — N be a K-linear functor. It extends to a functor

C(F):C(M)— C(N)
as follows: on objects, a complex
M = ({M'}iez, {d}y }iez) € C(M)
goes to the complex

C(F)(M) = ({F(M")}, {F(d})}) € C(N).
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A morphism ¢ = {¢’} in C(M) goes to the morphism C(¢) := {F(¢?)} in C(N). A
slightly tedious calculation shows that C(F') is a K-linear DG functor.
Given a complex M € C(M), let N := C(F')(M) € C(N). Then the translations
are
Tn(N) = C(F)(Tm(M));
and C(F)(tpr) = ty. So the translation isomorphism
TC(F) * C(F)oTwm = TnoC(F)

of functors Cg; (M) — Cgir(N) is equality.
Let ¢ : My — M be a morphism in Cg, (M), whose image under C(F) is the
morphism ¢ : Ng — Nj in Cg;(N). Then

Cone(y)) = Ny @ Tn(Ng) = C(F) (Cone((b))
as graded objects of N, with differential

q ot=! das, otit
N Yoty | )| L ) =€) (deones))-
0 dravy 0 drom)

dCone(w) = l

We see that the cone isomorphism 6 is equality, and the gauge v¢(r) is zero.

The next example is much more complicated, and we work out the full details
(only once — later on, such details will be left to the reader).

Example 4.4.2. Let A and B be central DG K-rings, and fix some
N € DGMod(B ®g A°P).

In other words, N is a DG B-A-bimodule. For any M € DGMod A we have a DG
K-module
F(M):=N®s M,
as in Definition [3.3.19] The differential of F(M) is
(443) dF(M) =dy ®idy +idy ®djpy.

See Example regarding the Koszul sign rule that’s involved. But F'(M) has a
structure of a DG B-module: for any b € B, n € N and m € M, the action is

b-(n®@m):=(b-n) @ m.
Clearly
F:C(A) =DGMod A — C(B) = DGMod B
is a K-linear functor. We will show that it is actually a DG functor.
Let My, M; € C(A), and consider the K-linear homomorphism

(444) FIHOI’IIA(MQ,Ml) —)HOIIIB(N XA Mo,N®A Ml)
Take any ¢ € Hom (Mg, M;)?. Then
F(¢) S HOIHB(N ®A MQ,N ®A Ml)

is the homomorphism that on a homogeneous tensor n ® m € (N ®4 Mg)*+9 | with
n € N¥ and m € M, has the value

F()(n@m) = (~1)" 0@ (m) € (N @4 M;)" 7+,
In other words,

(4.4.5) F(¢) = idy @ ¢.
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We see that the homomorphism F(¢) has degree i. So F is a graded functor.
Let us calculate vp, the gauge of F. From (4.4.5) and (4.4.3) we get

vyrMm = dy ®idp,

which is often a nonzero endomorphism of F'(M). Still, take any degree ¢ morphism
¢ My — My in C(A). Then

M, © F(¢) = (dN ®idM1) © (idN ®¢)
=dy ®¢ = (-1)"-(idy ®¢) o (dy ®idas,) = (1) F(¢) © Yo

We see that yp satisfies the condition of Definition 1), which is really Defi-
nition By Theorem F is a DG functor. (It is possible to calculate
directly that F' is a DG functor, but this takes more work.)

Finally let us figure out what is the translation isomorphism 77 of the functor
F'. Take M € C(A). Then

T 2 F(Ta(M)) — Tp(F(M))

is an isomorphism in C, (B). By Definition we have 75,1 := tp(ary 0 Ftar) ™t
Take any n € N* and m € M7t so that

n@ty(m) € (N @4 Ta(M))"7 = F(To(M))*,
a typical degree k + j element of F'(T 4(M)). But
n®ty(m) = (=1)F (idy @ta)(n@m) = (=1)%- F(ta)(n @ m).
Therefore
e (n @ tar(m)) = (=1)* - tpan(n @m) € Tp(F(M))F.

Observe that when IV is concentrated in degree 0, we are back in the situation of
Example £.4.T} in which there are no sign twists, and 7g s is “equality”.

Example 4.4.6. Let A and B be central DG K-rings, and fix some
N € DGMod(A @k B°P).

For any M € DGMod A we define
F(M) := Homua (N, M).

This is a DG B-module: for any b € B* and ¢ € Hom 4 (N, M)?, the homomorphism
b-¢ € Hom (N, M) has value

(- 0)(n) 1= (~1) 4 g(n-b) € M+
on n € N*. As in the previous example,
F: C(A) = DGMod A — C(B) = DGMod B

is a K-linear graded functor.
The value of the gauge vp at M € C(A) is

'YF,M = Hom(dN, ldM)
See Example regarding this notation. Namely for
Y € F(M)’ = Homa(N, M)’

we have .
VM (P) = (=1) - ody.
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It is not too hard to check that v is a degree 1 morphism of functors. Hence, by
Theorem [I.1.2] F is a DG functor.

The formula for the translation isomorphism 7 is as follows. Take M € C(A).
Then

T 2 F(Ta(M)) = Homy (N, T4(M)) = Tg(F(M)) = Tg(Homa (N, M))
is, by definition, 7p,p = tp(ary © F(tar) ™! Now
F(ta) ™" = Hom(idy, t,).
So given any ¢ € F(T4(M))*, we have
T (V) = tron (85 o) € Tp(F(M))*F.
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5. PRETRIANGULATED CATEGORIES AND TRIANGULATED FUNCTORS

In this section we introduce pretriangulated categories and triangulated functors.
“Pretriangulated” means that the octahedral axiom is not required to hold. There
is one result here that seems to be new: Theorem [5.4.13] which asserts that a DG
functor between DG module categories induces a triangulated functor between the
associated homotopy categories.

As in previous sections, we fix a base commutative ring K. All linear categories
and linear functors here are implicitly assumed to be K-linear. In particular, this
assumption says that all DG rings are central K-rings, and all DG ring homomor-
phisms are K-linear.

5.1. T-Additive Categories. Recall that a functor is called an isomorphism of
categories if it is bijective of sets of objects and on sets of morphisms; see Example
.02l

Definition 5.1.1. Let K be an additive category. A translation on K is an additive
automorphism T of K, called the translation functor. The pair (K, T) is called a
T-additive category.

Remark 5.1.2. Some texts give a more relaxed definition: T is only required to
be an additive auto-equivalence of K. The resulting theory is more complicated (it
is 2-categorical, but most texts try to suppress this fact).

Later in the book we will write M[k] := T*(M), the k-th translation of an object
M.

Definition 5.1.3. Suppose (K, Tk) and (L, T.) are T-additive categories. A T-
additive functor between them is a pair (F,7), consisting of an additive functor
F : K — L, together with an isomorphism

7:FoTk = TLoF
of functors K — L, called a translation isomorphism.
Definition 5.1.4. Let (K;, T;) be T-additive categories, for ¢ = 0, 1,2, and let
(Fiy1i) s (Kim1, Tio1) — (K, T))
be T-additive functors. The composition
(F,7) = (F2,72) o (F1,71)

is the T-additive functor (Ko, To) — (Ka,T2) defined as follows: the functor is
F := F5 o F1, and the translation isomorphism

T:FoTy = ThoF
is 7 := 19 0 Fy(11).
Definition 5.1.5. Suppose (K, Tk) and (L, T|) are T-additive categories, and
(F,7), (Gyv) = (K, T) = (L,T0)
are T-additive functors. A morphism of T-additive functors

n:(F71) = (G,v)
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is a morphism of functors 7 : F' — G, such that for every object M € K this diagram
in L is commutative:

F(Tk(M)) —— T (F(M)

)
WTK(M)J/ J{ nar)

Ty (
G(Tk(M)) = TL(G(M))

Definition 5.1.6. Let (K, T) be an additive category with translation. A triangle
in (K, T) is a diagram

in K.
Definition 5.1.7. Let (K, T) be a T-additive category. Suppose
L% Mm% N2 T

and

/

M 2 N2 )
are triangles in (K, T). A morphism of triangles between them is a commutative
diagram

L— L N (D)
ti’J/ 1#\[ XJ T(¢)J
U N ()

in K.
The morphism of triangles (¢,, x) is called an isomorphism if ¢, and x are
all isomorphisms.
Remark 5.1.8. Why “triangle”? This is because sometimes a triangle
LM% N 10

is written as a diagram

N
y B

But here v is a morphism “of degree 1.
5.2. Pretriangulated Categories.

Definition 5.2.1. A pretriangulated category is a T-additive category (K,T),
equipped with a set of triangles called distinguished triangles. The following axioms
have to be satisfied:

(TR1) (a) Any triangle that is isomorphic to a distinguished triangle is also a
distinguished triangle.
(b) For every morphism « : L — M in K there is a distinguished triangle

L% M— N —T(L).
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(¢) For every object M the triangle

M 5 M — 0 T(M)

is distinguished.
(TR2) A triangle

LM% N 10
is distinguished iff the triangle

M2 N 2 ) 2 T
is distinguished.
(TR3) Suppose
L sm— N T
U N ()

is a commutative diagram in K in which the rows are distinguished triangles.
Then there exists a morphism y : N — N’ such that the diagram

L— L N

Ll

L M

is a morphism of triangles.

Remark 5.2.2. The numbering of the axioms we use is taken from [RD]; the
numbering in [Sc], [KaScl] [KaSc2] and [Nel] is different.

In the situation that we care about, namely K = K(A, M), the distinguished
triangles will be those triangles that are isomorphic, in K(A, M), to the standard
triangles in C(A4, M) from Definition [3.9.5] See Definition [5.4.3|below for the precise
statement.

The object N in item (b) of axiom (TR1) is referred to as a coneon o : L — M.
We should think of the cone as something combining “the cokernel” and “the kernel”
of a.

Axiom (TR2) says that if we “turn” a distinguished triangle we remain with a
distinguished triangle.

Axiom (TR3) says that a commutative square (¢, 1) induces a morphism x on
the cones of the horizontal morphisms, that fits into a morphism of distinguished
triangles (¢, 1, x). Note however that the new morphism y is not unique; in other
words, cones are not functorial. This fact has some deep consequences in many
applications. However, in the situations that will interest us, namely when K =
K(A, M), the cones come from the standard cones in C(A, M); and the standard
cones in C(A4, M) are functorial (Definition [3.9.6).

Remark 5.2.3. There is a fourth axiom in the literature, called the octahedral
aziom; it is axiom (TR4) in [RD]. Keeping with the traditional usage, the name
triangulated category is reserved for a pretriangulated category that also satisfies
this extra axiom.
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Because the octahedral axiom is extremely cumbersome to state (and prove), and
also it does not play any role in the study of derived categories, we have decided to
ignore it completely in our book.

For the role of the octahedral axiom in the structure of abstract triangulated cat-
egories, see the book [Nel]. Tt is not known whether the octahedral axiom is a conse-
quence of the other axioms; there was a recent paper by Maccioca (arxiv:1506.00887)
claiming that, but it had a fatal error in it.

The reader should not confuse the meaning of the name “pretriangulated cat-
egory”, as used here, with the “pretriangulated DG category” from [BoKa)]. See

Remark (.4.15]

For a category K there is a canonical contravariant functor op : K — K°P,
that is the identity on objects, and reverses the arrows. Note that op is an anti-
isomorphism of categories (i.e. a contravariant isomorphism), so its inverse op~lis

unique.

Proposition 5.2.4. Let K be a pretriangulated category, and let op : K — KP
be the canonical contravariant functor from K to its opposite category. Define a
translation T°P on K°P by the formula T°° := opo T Y oop™t. The distinguished
triangles in K°° are defined to be the triangles

op(8) -T'(7)

N M op(a) L op( TOp(N)7

where L % M 2 N 2 T(L) is any distinguished triangle in K. Then (K°P T°P)
is a pretriangulated category.
Proof. This is an exercise. (Hint: use the proof of Proposition below.) O
Proposition 5.2.5. Let K be a pretriangulated category. If

L% Mm% N2 1)
is a distinguished triangle in K, then 8o a = 0.

Proof. By axioms (TR1) and (TR3) we have a commutative diagram

L—*51L 0 T(L)
RAE
-2 N7

We see that S o a factors through 0. a

5.3. Triangulated and Cohomological Functors. Suppose K and L are T-
additive categories, with translation functors Tk and T| respectively. The notion
of T-additive functor F' : K — L was defined in Definition In that definition
we also introduced the notion of morphism 7 : F' — G between T-additive functors.
Definition 5.3.1. Let K and L be pretriangulated categories.
(1) A triangulated functor from K to L is a T-additive functor
(F,7): K—L
that satisfies this condition: for any distinguished triangle

L% M5 N2 T(D)
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in K, the triangle

F(L) F(a) F(M) F(B) F(N) TLoF(v)

Tu(F(L))

is a distinguished triangle in L.

(2) Suppose (G,v) : K — L is another triangulated functor. A morphism
of triangulated functors n : (F,7) — (G,v) is a morphism of T-additive
functors, as in Definition [5.1.5] .

Sometimes we keep the translation isomorphism 7 implicit, and refer to F' as a
triangulated functor.

Definition 5.3.2. Let K be a pretriangulated category, and let M be an abelian
category. A cohomological functor F' : K — M is an additive functor, such that for
every distinguished triangle

LM% N 10

in K, the sequence

F(e) ) F(B)

F(L) F(M F(N)

is exact in M.

Proposition 5.3.3. Let F': K= M be a cohomological functor, and let
LM% N 10

be a distinguished triangle in K. Then the sequence

o= F(TY(L) 2D, perian)) 5D, perivy) S5O, perit(n))
i+l .
F(T () F(T1+I(M)) .

in M is exact.

Proof. By axiom (TR2) we have distinguished triangles

(=)' T(B)

) (71)7'-T1(Oc) Tz(M) T'L(N) (71)1'T1(7) Ti+1(L),

TH(L

i+l itl(g)

T8 (M) (=D T°(B) TH(N) (=D T'(v) (L) (=1

and

Ti—i—l(M)

(=D T'() (=)™ T (@)

. . . _1)it+1 . i+l .
TZ(N) Tz+1(L) T'LJrl(M) (-1 T (8) Tz+1(

N).
Now use the definition, noting that multiplying morphisms in an exact sequence by

—1 preserves exactness. ]

Proposition 5.3.4. Let K be a pretriangulated category. For any P € K the
functors

Homg(—, P) : K°®» — Ab
and
Homg(P,—) : K— Ab

are cohomological functors.
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Proof. We will prove the covariant statement; the contravariant statement is an
immediate consequence, since

Homg (M, P) = Homges (P, M),

and K°P is pretriangulated (with the correct pretriangulated structure to make this
true).
Consider a distinguished triangle

J AV QENG NN )
in K. We have to prove that the sequence

Hom(1p,a) Hom(1p,B)
E— _—

Homg (P, L) Homg (P, M) Homg (P, N)

is exact. In view of Proposition all we need to show is that for any ¢ : P — M
s.t. Bo1 =0, there is some ¢ : P — L s.t. ¢ = a o ¢. In a picture, we must show
that the diagram below (solid arrows)

1

P P 0 T(P)
! !
ST
: .
LM oN ().

can be completed (dashed arrow). This is true by (TR2) (= turning) and and
(TR3) (= extending). O

Proposition 5.3.5. Let K be a pretriangulated category, and let

LM N T
T
Ny

be a morphism of distinguished triangles. If ¢ and ¢ are isomorphisms, then x is
also an isomorphism.

Proof. Take an arbitrary P € K, and let F := Homg (P, —). We get a commutative
diagram

F(L) — s poy —22 s pvy) — 2 perny) S pr(a))
F(¢) F(4) F(x) F(T(9)) F(T(y))
F(L) —D poury 20 F(y F(T(L)) 2, per(ar))

in Ab. By Proposition 2) the rows in the diagram are exact sequences. Since
the other vertical arrows are isomorphisms, it follows that

F(x) : Homk (P, N) — Homg (P, N')

is an isomorphism of abelian groups. By forgetting structure, we see that F(y) is
an isomorphism of sets.
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We now use the Yoneda Lemma. Let us write Yy := Homg(—, N) and Yy :=
Homg (—, N'), viewed as functors K°? — Set. For any object P € K we have isomor-
phisms of sets Y (P) 2 F(N) and Yn/(P) & F(N’). The calculation above shows
that the morphism of functors Y(x) : Yn — Yn+ is an isomorphism. According to
Proposition m@), the morphism y : N — N’ in K is an isomorphism. |

Proposition 5.3.6. Let K be a pretriangulated category, and let
LM% N 10
be a distinguished triangle in it. The two conditions below are equivalent:
(i) @: L = M is an isomorphism.
(i) N 0.
Proof. Exercise. (Hint: use Proposition [5.3.5]) O

Question 5.3.7. Let K and L be pretriangulated categories, and let F': K — L be
an additive functor. Is it true that there is at most one isomorphism of functors
7: FoTk = T_oF such that the pair (F,7) is a triangulated functor?

5.4. The Homotopy Category is Pretriangulated. In this subsection we con-
sider an abelian category M and a DG ring A (everything over the base ring K).
These ingredients give rise to the K-linear DG category C(A, M) of DG A-module
in M, as in Subsection

The strict category Cgty(A, M) and the homotopy category K(A4, M) was intro-
duced in Definition Recall that these linear categories have the same objects
as C(A, M). The morphisms groups are

Homc,,, (am) (Mo, My) = Z° (Homea (Mo, My))
and
Homy a,m) (Mo, My) = H° (Home,m) (Mo, My)).
Thus the morphisms My — M, in K(A, M) are the homotopy classes ¢ : My — M,
of the morphisms ¢ : My — M in Cy, (A4, M).
Recall the full additive functor
(5.4.1) P: Cy (A, M) = K(A, M)
from Definition that is the identity on objects, and on morphisms it is P(¢) :=

¢.

Consider the translation functor T from Definition3.8.8 Since T is a DG functor
from C(A,M) to itself (see Corollary [3.8.9), it restricts to a linear functor from
C.i: (A, M) to itself, and it induces a linear functor T from K(A, M) to itself, such
that PoT =T o P.

Proposition 5.4.2.

(1) The category Csr(A, M), equipped with the translation functor T, is a T-
additive category.

(2) The category K(A,M), equipped with the translation functor T, is a T-
additive category.

(3) Let 7:PoT = ToP be equality. Then the pair

(P,7) : Cstr (A, M) = K(4, M)

1s a T-additive functor.
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Proof. (1) We need to prove that Cg, (A, M) is additive. Of course the zero complex
is a zero object. Next we consider finite direct sums. Let Mj,..., M, be a finite
collection of objects in C(A,M). Each M; is a DG A-module in M, and we write
it as M; = {M/}jez. In each degree j the direct sum M7 := @_, M} exists
in M. Let M := {M7};cz be the resulting graded object in M. The differential
dar @ M7 — MI+! exists by the universal property of direct sums; so we obtain a
complex M € C(M). The DG A-module structure on M is defined similarly: for
a € AF, there is an induced degree k morphism f(a) : M — M in C(M). Thus
M becomes an object of C(A,M). But the embeddings e; : M; — M are strict
morphisms, so (M, {e;}) is a coproduct of the collection {M;} in Cg, (A, M).

(2) Now consider the category K(A,M). Because the functor P : Cy, (4, M) —
K(A, M) is additive, and is bijective on objects, part (1) above and Proposition
say that K(A4, M) is an additive category.

(3) Clear. O
From now on we denote by T, instead of by T, the translation functor of K(A, M).
Definition 5.4.3. A triangle
L% m 2 N 2T
in K(A, M) is said to be a distinguished triangle if there is a standard triangle

’

o' M 2 N2 )
in Cg, (A4, M), as in Definition [3.9.5] and an isomorphism of triangles

RNV CONI o
¢>J wJ XJ T(d){
L— sm—" N7 1)

in K(A, M).
Theorem 5.4.4. The T-additive category K(A, M), with the set of distinguished
triangles defined above, is a pretriangulated category.

The proof is after three lemmas.

Lemma 5.4.5. Let M € C(A,M), and consider the cone N := Cone(1las). Then
the DG module N is null-homotopic, i.e. 0 — N is an isomorphism in K(A, M).

Proof. We shall exhibit a homotopy 6 from Oy to 1y. Recall from Subsection [3.9]

that
M

T(M)
as graded modules, with differential whose matrix presentation is

ay= M B ]
0 dpan

N =Cone(ly ) =MaT(M) =

And by the definition in Subsection [3.8| we have

dT(M) = 7tMOd]V[ Ot;j.
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Define 8 : N — N to be the degree —1 morphism with matrix presentation

0 0
0= .

Then, using the formulas above for dy and dr(ar), we get

I5Y; 0
dyof+60ody = =1n.
0 lran

|
Exercise 5.4.6. Here is a generalization of Lemma Consider a morphism
¢ My — My in Cy, (A, M). Show that the three conditions below are equivalent:
(i) ¢ is a homotopy equivalence.

(ii) ¢ is an isomorphism in K(A, M).
(iii) The DG module Cone(¢) is null-homotopic.
Try to do this directly, not using Proposition 2) and Theorem

The next lemma is based on [KaScll Lemma 1.4.2].

Lemma 5.4.7. Consider a morphism « : L — M in Cg(A,M), the standard
triangle

LM% N 10
associated to o, and the standard triangle

ME NPT

associated to B, all in Cgy(A,M). So N = Cone(a) and and P = Cone(f). There
is a morphism p : T(L) — P in Cy,(A, M) s.t. p is an isomorphism in K(A, M),
and the diagram

M— N o) =
ivY: 1NJ Pl 1T(1M)J
M—L N op Y T

commutes in K(A, M).

Proof. Note that N = M @ T(L) and P = N®T(M) = M @ T(L) ® T(M) as
graded module. Thus P and dp have the following matrix presentations:

M dy aotyt  ty)
P=|T(L)|, dp=|0 dpu 0
T(M) 0 0 dr(an

Define morphisms p : T(L) — P and x : P — T(L) in Cg,(A, M) by the matrix
presentations
0
p = 1T(L) y X = [O 1T(L) O} .
—T(a)
Direct calculations show that:
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e xop=I1py.
e poy=poyxod.
o pop=—T(a)
It remains to prove that po x is homotopic to 1p. Define a degree —1 morphism
6 : P — P by the matrix

0 00
=10 0 O
tar 0 0

Then a direct calculation, using the equalities
taprodas +dT(M) oty =0
and
T(a) =tyoa otz1
gives
fodp+dpof=1p —poyx.

Lemma 5.4.8. Consider a standard triangle
LM% N 10
in Cstr (A, M). For any integer k, the triangle

Tk(L) (0‘) Tk(M) T* (B) Tk(N) (— 1) () Tk+1(L)

is isomorphic, in Cy, (A, M), to a standard triangle.

Proof. Combine Corollary[3.8.9] Corollary [£:3.§ with F' = T, and Proposition [£:2.4]
]

Proof of Theorem [5.4:4, (TR1): By definition the set of distinguished triangles in
K(A, M) is closed under isomorphisms. This establishes item (a).

As for item (b): consider any morphism & : L — M in K(A, M). It is represented
by a morphism « : L — M in Cg,(A,M). Take the standard triangle on « in
C.tr (A, M). Its image in K(A, M) has the desired property.

Finally, Lemma shows that the triangle

M 250 =0 = T(M)

is isomorphic in K(A, M) to the triangle

M 2% 01 S Cone(1y) B T(M).
The latter is the image of a standard triangle, and so it is distinguished.

(TR2): Consider the triangles

(5.4.9) J N VNG SN G )
and
(5.4.10) M2 N 2y 25

in K(A,M). If (5.4.9) is distinguished, then by Lemma |5.4.7) so is (5.4.10).
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Conversely, if (5.4.10) is distinguished, then by turning it 5 times, and using the
previous step (namely by Lemma , we see that the triangle

T?(a) T2 (B) T2(9)

T*(L) —= T*(M) T?(N) —= T*(L)

is distinguished. According to Lemma (with k = —2), the triangle gotten by
applying T2 to this is distinguished. But this is just the triangle 1'

(TR3): Consider a commutative diagram in K(A, M) :

(5.4.11) LN 71D
L N ()

where the horizontal triangles are distinguished. By definition the rows in
are isomorphic in K(A, M) to the images under the functor P of standard triangles in
). These are the rows in diagram (5.4.12)) below. The vertical morphisms in
are also induced from morphisms in C(A M), i.e. ¢ = P(¢) and ) = P(z)).

5.4.11)) is isomorphic to the image under P of the following diagram
(5.4.12) L—2 M2 N 1)
|
N )

Warning: the diagram (5.4.12)) is only commutative up to homotopy in C(A, M).
Since the rows in e standard triangles (see Deﬁnition, the objects
N and N’ are cones: N = Cone(a) and N’ = Cone(a’). The commutativity up to
homotopy of this diagram means that there is a degree —1 morphism 6 : L — M’
in C(A, M) such that
o' op=1oa+d).
Define the morphism

M
x:N= (1) — N' = lT(L’)
by the matrix presentation
v bott
Yo T

An easy calculation shows that x is a morphism in Cg, (A, M), and that there are
equalities T(¢)oy =7 ox and xo3 = ' o1). Therefore, when we apply the functor
P, and conjugate by the original isomorphism between and the image of
(5.4.12)), we obtain a commutative diagram

5 —

T(L)
T((b)i

T(L')

«

-1
™

<
=
ze D

h\|
=
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in K(A, M), where Y is conjugate to P(x). O

We now add a second DG ring B, and a second additive category N. DG functors
were introduced in Subsection
Consider a DG functor

F: C(A,M) - C(B,N).

From Theorem [£:2.3] we know that the translation isomorphism is an isomorphism
of DG functors

Tp:FoTam — TpnoF

Therefore, when we pass to the homotopy categories, and writing F := Ho(F), we
get a T-additive functor

(F,7r) : K(A,M) — K(B,N).
Theorem 5.4.13. Let
F:C(A,M)— C(B,N)
be a DG functor, with translation isomorphism 7r. Then the T-additive functor
(F,7r) : K(A,M) = K(B,N)
is a triangulated functor.
Proof. Take a distinguished triangle
L% M2 N 2T

in K(A,M). Since we are only interested in triangles up to isomorphism, we can
assume that this is the image under the functor P of a standard triangle

LM% N 10

in Cyy (A, M). According to Theorem and Corollary there is a standard
triangle

R VA NN VG 7
in Cy, (B, N), and a commutative diagram

F(L) F(a) F(M) F(B)

1

r @ M’

Tr,LOoF(v)

F(N) T(F(L))

| o)

N’ i T(L')

B,

in Cg;(B,N), in which the vertical arrows are isomorphisms. (Actually, we can
take L' = F(L), ¢ = idp(p), etc.) After applying the functor P to this diagram, we
see that the condition in Definition 1) is satisfied. O

Corollary 5.4.14. For any integer k, the pair (Tk, (—1)F. idi+1) is a triangulated
functor from K(A, M) to itself.

Proof. Combine Theorems [5.4.13] and Proposition [£.2.4] O
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Remark 5.4.15. In [BoKal, Bondal and Kapranov introduce the concept of pretri-
angulated DG category. This is a DG category C for which the homotopy category
Ho(C) is canonically triangulated (the details of the definition are too complicated
to mention here). Our DG categories C(A, M) are pretriangulated in the sense of
[BoKal; but they have a lot more structure (e.g. the objects have cohomologies t00).

Suppose C and C’ are pretriangulated DG categories. In [BoKa) there is a (rather
complicated) definition of pre-ezact DG functor F: C — C'. It is stated there that
if ' is a pre-exact DG functor, then Ho(F) : Ho(C) — Ho(C') is a triangulated
functor. This is analogous to our Theorem [5.4.13] Presumably, Theorems
and imply that any DG functor F : C(4,M) — C(A’,M’) is pre-exact in the
sense of [BoKal; but we did not verify this.
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6. LOCALIZATION OF CATEGORIES

Most of this section is devoted to the general theory of Ore localization of cate-
gories. In the last subsection we talk about localization of a pretriangulated cate-
gory K with respect to a denominator set of cohomological origin S C K.

6.1. The Formalism of Localization. We will start with a category A, without
even assuming it is linear. Still we use the notation A, because it will be suggestive
to think about a linear category A with a single object, which is just a ring A. The
reason is that our localization procedure is the same as that in noncommutative
ring theory (the only change being that we allow multiple objects).

The emphasis will be on morphisms rather than on objects. Thus it will be
convenient to write

A(M,N) := Homa(M, N)

for M, N € Ob(A). We sometimes use the notation a € A for a morphism a €
A(M, N), leaving the objects implicit. When we write boa for a,b € A, we implicitly
mean that these morphisms are composable.

For heuristic purposes, we can think of A as a linear category (e.g. living inside
some category of modules), with objects M, N,.... For any given object M, we
then have a genuine ring A(M) := A(M, M).

Definition 6.1.1. Let A be a category. A multiplicatively closed set of morphisms
in A is a subcategory S C A such that Ob(S) = Ob(A).

In other words, for any pair of objects M, N € A there is a subset S(M,N) C
A(M,N), such that 1py € S(M, M), and such that for any s € S(L, M) and ¢ €
S(M, N), the composition t o s € S(L, N).

Using our shorthand, we can write the definition like this: 15, € S, and s,t € S
implies to s € S.

If A = A is a single object linear category, namely a ring, then S = S is a
multiplicatively closed set in the sense of ring theory.

There are various notions of localization in the literature. We restrict attention
to two of them.

Definition 6.1.2. Let S be a multiplicatively closed set of morphisms in a category
A. A localization of A with respect to S is a pair (As,Q), consisting of a category
As and a functor Q : A — Ag, called the localization functor, having the following
properties:
(L1) There is equality Ob(As) = Ob(A), and Q is the identity on objects.
(L2) For every s € S, the morphism Q(s) € As is invertible (i.e. it is an isomor-
phism).
(L3) Suppose B is a category, and F' : A — B is a functor such that F(s) is
invertible for every s € S. Then there is a unique functor Fs : As — B such
that Fs o Q = F as functors A — B.

In a commutative diagram:

S inc A

Fs
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In the ring case, F': A — B is a ring homomorphism, etc.

Proposition 6.1.3. A localization (in the sense of Definition s unique up
to a unique isomorphism. Namely if (As, Q') is another localization, then there
is a unique functor G : As — Ag which is the identity on objects, bijective on
morphisms, and GoQ = Q’.

Proof. Exercise. (I

A localization in this general sense always exists, but often it is of little value,
because there is no practical way to describe the morphisms in it.

6.2. Ore Localization. There is a better notion of localization. The references
here are [RD], [GaZi], [We], [KaScl], [Ste] and [Row]. The first four references talk
about localization of categories; and the last two talk about noncommutative rings.
It seems that historically, this noncommutative calculus of fractions was discovered
by Ore and Asano in ring theory, around 1930. There was progress in the categorical
side, notably by Gabriel around 1960.

In this subsection we mostly follow the treatment of [Ste]; but we sometimes use
diagrams instead of formulas involving letters — this is the only way the author was
able to understand the proofs!

Definition 6.2.1. Let S be a multiplicatively closed set of morphisms in a category

A. A right Ore localization of A with respect to S is a pair (As, Q), consisting of a

category As and a functor Q : A — Ag, having the following properties:

(RO1) There is equality Ob(As) = Ob(A), and Q is the identity on objects.

(RO2) For every s € S, the morphism Q(s) € Ag is an isomorphism.

(RO3) Every morphism q € As can be written as ¢ = Q(a)oQ(s)~! for some a € A
and s € S.

(RO4) Suppose a,b € A satisfy Q(a) = Q(b). Then aos = bo s for some s € S.

The letters “RO” stand for “right Ore”. We refer to the expression ¢ = Q(a) o
Q(s)~! as a right fraction representation of q.

Remark 6.2.2. There is an obvious notion of left Ore localization, with properties
(LO1)-(LO4) that are identical to (RO1)-(RO4) respectively, except that in the last
two the compositions are reversed: ¢ = Q(s)~!o Q(a) and soa = sob. The results
to follow in this section all have “left” versions, with identical proofs (just a matter
of reversing some arrows or compositions), and so they will be omitted.

To reinforce the last remark, we give:

Proposition 6.2.3. Let S be a multiplicatively closed set in a category A, and let
Q : A = Ag be a functor. Prove that Q : A — As is a right Ore localization of A
with respect to S if and only if QP : A°® — (A°P)ser is a left Ore localization of
A°P with respect to S°P.

Exercise 6.2.4. Prove Proposition [6.2.3

Lemma 6.2.5. Let (As, Q) be a right Ore localization, let ay,as € A and s1, 82 € S.
The following conditions are equivalent:

(i) Q(a1) o Q(s1)™' = Q(az) 0 Q(s2) ™" in As.

(ii) There are by, by € A s.t. a; 0by = az 0 by, and s10b; = sg0by €S.
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Proof. (ii) = (i): Since Q(s;) and Q(s; o b;) are invertible, it follows that Q(b;) are
invertible. So

Q(a1) 0 Q(s1) ™" = Q(a1) 0 Q(b1) 0 Q(b1) " 0 Q(s1) ™"
= Q(az) 0 Q(b2) 0 Q(b2) " 0 Q(s2) ™" = Q(az) 0 Q(s2) "

(i) = (ii): By property (RO3) there are ¢ € A and u € S s.t.

(6.2.6) Q(s2) 1o Q(s1) = Q(e) 0 Q(u) ™1,
Rewriting this equation we get
(6.2.7) Q(s10u) =Q(s20c¢).

It is given that
Q(a1) = Q(a2) 0 Q(s2) ™" 0 Q(s1).
Plugging into it we obtain
Q(a1) = Q(az) 0 Q(c) o Q(u) ™"
Rearranging this equation we get
(6.2.8) Qai ou) = Qaz o c).
By property (RO4) there is v € S s.t.
a1 0UOV =ay0Ccou.
Likewise, from equation and property (RO4), there is v’ € S s.t.
sjouov =sgocov.
Again using property (RO3), there are d € A and w € S s.t.
Qv) e Qv') = Q(d) 0 Q(w) ™.
Rearranging we get
Q' o w) = Qo d).
By property (RO4) there is w’ € S s.t.
v owow =vodow.
Define
by :==uovodow' , by :=covodow .

Then
/ / !
s1ob; =sjouovodow =sjouov ocwow

=s30cov owow = 830 b,
and it is in S. Also
a1oby =ajouovodow =asocovodow =ayobs.
O

Proposition 6.2.9. A right Ore localization (As, Q) is a localization in the sense

of Definition [6.1.2]
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Proof. Say B is a category, and F : A — B is a functor such that F(s) is an
isomorphism for every s € S.

The uniqueness of a functor Fs : As — B satisfying Fs o Q = F is clear from
property (RO3). We have to prove existence.

Define Fs to be F on objects, and

Fs(q) := F(a1) o F(s1) ™,
where
q=Q(a1)oQ(s1) " €As, a1 €A, 51 €S
is any presentation of ¢ as a right fraction, that exists by (RO3). We have to
prove that this is well defined. So suppose that ¢ = Q(az) o Q(s2)~! is another

presentation of g. Let b1,bs € A be as in Lemma Since F(s;) and F(s; o b;)
are invertible, then so is F'(b;). We get

F(CLQ) = F(al) o F(bl) 9] F(bg)il
and
F(SQ) = F(Sl) o F(bl) o F(bg)il.
Hence
F(ag) o F(sy)™! = F(a1) o F(s1)™ .
It remains to prove that Fs is a functor. Since the identity 15, of the object M
in As can be presented as 13y = Q(1a7) 0 Q(1a7) 71, we see that Fs(1y7) = Lpvy-
Next let ¢; and ¢o be morphisms in Ag, such that composition gz o g; exists
(i.e. the target of ¢; is the source of g2). We have to show that Fs(g2 o ¢1) equals
Fs(q2) o Fs(q1). Choose presentations ¢; = Q(a;) o Q(s;) ™!, so that

(6.2.10) Fs(q2) 0 Fs(q1) = F(ag) o F(so)™ o F(ay) o F(s1)™t.
By property (R03) there is a right fraction presentation
(6.2.11) Q(s2)7 0 Q(a1) = QD) 0 Q(t) ™!

for some b € A and ¢ € S. Because
Qay ot) = Q(s200),
by (RO4) there is some r € S such that
apotor=sy0bor.
Therefore
F(apotor)=F(syobor),
which implies, by canceling the invertible morphism F'(r) and rearranging, that
(6.2.12) F(sg) ' oF(a1)=F(b)o F(t)~!
in B.
Let us continue. Using equation we have
g2 0 q1 = Q(az) 0 Q(s2) ™" 0 Qa1) 0 Q(s1) ™"
= Q(a2) 0 Q(0) 0 Q(t) " o Q(s1) ! = Q(az0b) 0 Q(s1 0) 7.
Using this presentation of gs o g1, and the equality , we obtain
Fs(gaoqi) = F(agob)o F(sy0t) ' = F(ag) o F(b) o F(t) "t o F(s1)~!
= F(a) o F(sy) "o F(ay)o F(sy)™*.



course der cats IV | public 50 | date: 7 April 2017 83

This is the same as ((6.2.10)). ([

Corollary 6.2.13. Let S be a multiplicatively closed set of morphisms in a cate-
gory A. Assume that (As,Q) and (A5, Q') are either right Ore localizations or left
Ore localizations of A with respect to S. Then there is a unique isomorphism of
localizations

(As, Q) = (A5, Q),

as in Proposition 6.1.3]

Proof. By Proposition (in its right or left versions, as the case may be), both

(As, Q) and (A%, Q') are localizations in the sense of Definition Hence, by
Proposition there is a unique isomorphism (As, Q) = (Ag, Q). O

Definition 6.2.14. Let S be multiplicatively closed set of morphisms in a category

A. We say that S is a right denominator set if it satisfies these two conditions:

(RD1) (Right Ore condition) Given a € A and s € S, there exist b € Aand t € S
such that aot =sob.

(RD2) (Right Cancellation condition) Given a,b € A and s € S such that soa =
sob, there exists t € S such that aot =bot.

In commutative diagrams:

K K

s AN |

t// \\b ‘]

1% N +
M N M
L N

L

There is a similar left version of this definition, with conditions (LD1) and (LD2).
Here is the main theorem regarding Ore localization.

Theorem 6.2.15. The following conditions are equivalent for a category A and a
multiplicatively closed set of morphisms S C A.

(i) The right Ore localization (As, Q) exists.
(ii) S is a right denominator set.

The proof of Theorem [6.2.15]is after some preparation. The hard part is proving
that (ii) = (i). The general idea is the same as in commutative localization: we
consider the set of pairs of morphisms A x S, and define a relation ~ on it, with
the hope that this is an equivalence relation, and that the quotient set As will be
a category, and it will have the desired properties.

Let’s assume that S is a right denominator set. For any M, N € Ob(A) consider
the set

(AxS)(M,N):= [] AEL N)xS(L,M).
LeOb(A)
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Remark 6.2.16. The set (A xS)(M, N) could be big, namely not an element of
the initial universe U. This would require the introduction of a larger universe, say
V, in which U is an element. And the resulting category As will be a V-category.

We will ignore this issue. Moreover, in many cases of interest (derived categories
where there are DG enhancements, such as the K-injective enhancement), there
will be an alternative presentation of Ag as a U-category. We will refer to this when
we get to it.

An element (a,s) € (AxS)(M,N) can be pictured as a diagram

(6.2.17) L
7N
M N

in A. This diagram will eventually represent the right fraction
Q(a)oQ(s)™': M — N.
Definition 6.2.18. We define a relation ~ on the set A xS like this:
(a1,51) ~ (az, s2)
if there exist by, by € A s.t.
a10b; =agoby and s10b; =s90bg €8S.

Note that the relation ~ imposes condition (ii) of Lemma
Here it is in a commutative diagram, in which we have made the objects explicit:

(6.2.19) K
2
Ly Lo
SIJ laz
S2

M N

The arrows ending at M are in S.

Lemma 6.2.20. If the right Ore condition holds then the relation ~ is an equiva-
lence.

Proof. Reflexivity: take K := L and b; := 11, : L — L. Symmetry is trivial.

Now to prove transitivity. Suppose we are given (a1, s1) ~ (a2, s2) and (az, s2) ~
(as,s3). So we have the solid part of the first diagram in Figure and it is
commutative. The arrows ending at M are in S.

By condition (RD1) applied to K — M <+ J there are t € S and d € A s.t.

(s3ocg)od=(sy0by)ot.
Comparing arrows I — M in this diagram, we see that
sg0(bgot)=s10bjot=s30c30d=s90(ca0d).
By (RD2) there is u € S s.t.
(boot)ou=(cao0d)ou.
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H H
I
I
lu
I
34
I
/N biotou czodou
e AN
t 7 N d
7/ N
Ve
Ve AN
K N
K J
by o Ly Ls
by c3
81‘ ‘/ag
Ly Lo L3 ir s @ N
S1 s as as
S3 al
M N
FIGURE 2.

So all paths H — M are equal and belong to S, and all paths H — N are equal.
Now delete the object Lo and the arrows going through it. Then delete the objects
I,J, K, but keep the paths going through them. We get the second diagram in
Figure [2| It is commutative, and all arrows ending at M are in S. This is evidence

for (ay,s1) ~ (as, s3). (]
Proof of Theorem [6.2.15|

Step 1. In this step we prove (i) = (ii). Take a € A and s € S. Consider
q:=Q(s)"'oQ(a). By (RO3) there are b € A and t € S s.t. ¢ = Q(b) o Q(t)~!. So

Qs o) = Qaot).
By (RO4) there is u € S s.t.
(sob)ou=(aot)ou.

We read this as
so(bou)=ao(tou),
and note that towu € S. So (RD1) holds.
Next a,b € Aand s € S s.t. soa =sob. Then Q(soa) = Q(sob). But Q(s)
is invertible, so Q(a) = Q(b). By (RO4) there ist € S s.t. aot = bot. We have
proved (RD2).

Step 2. Now we assume that condition (ii) holds, and we define the morphism sets
As(M, N), composition between them, and the identity morphisms.
For any M, N € Ob(A) let
A M,N
AS(MvN) ::( XS)( ’ )a

~
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K
Ly Ly
S1 S2 az
ay
My M, Mo

FIGURE 3.
u/ C

’

ay s2 ,
S1 (%%

Sll ay 3/2 a
My M, M
FIGURE 4.

where ~ is the relation from Definition which is an equivalence relation by
Lemma

We define composition like this. Given ¢; € As(My, M) and g € As(My, M),
choose representatives (a;,s;) € (AxS)(M;—1,M;)). We use the notation ¢; =
(ai, s;) to indicate this. By (RD1) there are ¢ € A and v € S s.t. s0¢ = a3 o u.
The composition

q2 0 q1 € As(Mo, M>)
is defined to be

g20q1 = (azoc,s10u) € (AXS)(My, Ms)).

The idea behind the formula can be seen in the diagram in Figure [3|

We have to verify that this definition is independent of the representatives. So
suppose we take other representatives ¢; = (a}, s}), and we choose morphisms u’, ¢/
to construct the composition. This is the solid part of the diagram in Figure [d] and

it is a commutative diagram. We must prove that

(agoc,sy0u) = (ahod,s)ou).

There are morphisms b;,b; the are evidence for (a;,s;) ~ (al,s;). They are
depicted as the dashed arrows in Figure @] That whole diagram is commutative.
The morphisms J; — My, K — My, K’ — My and J, — M; are all in S.

Choose v1 € S and d; € A s.t. the first diagram in Figure [f]is commutative. This

can be done by (RD1).
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2

I I
N N
Ji K p” " K’ J
N A N
Ly L)

My
FIGURE 5.

Consider the solid part of the middle diagram in Figure El Since Jy — Mj is in
S, by (RD1) there are 92 € S and da € A s.t. the two paths Is — M; are equal. By
(RD2) there is © € S s.t. the two paths Iy — L) are equal. We get the commutative
diagram in the middle of Figure [5| Next, defining dy := JQ o and vy :=TVy00 € S,
we obtain the third commutative diagram in Figure [f]

We now embed the first and third diagrams from Figure [5] into the diagram in
Figure [ This gives us the solid diagram in Figure [f] and it is commutative. The
morphisms Iy — My belong to S.

Choose w € S and e € A, starting at an object H, to fill the diagram I; —
My < I, using (RD1). The path H — I; — My is in S, and all the paths H — M,
are equal. But we could have failure of commutativity in the paths H — L} and
H — Ls.

The two paths H — L} in Figure [f] satisfy

sho(bloviow)=s)0(u ovgoe).
Therefore there is w’ € S s.t.
(byoviow)ow = (v owvgoe)ow.
Next, the two paths H' — L, satisfy
syo(codiowow’) =sg0(byodyoeow);
this is because we can take a detour through L. Therefore there is w” € S s.t.
(codiowow’)ow” = (byodyoecow)ow”.

Now all paths H” — M in Figure [6] are equal. All paths H” — M, are equal and
are in S.

Erase the objects M, Ji, Jo and all arrows touching them from Figure [6] Then
erase H, H', but keep the paths through them. We obtain the commutative diagram
in Figure[7] This is evidence for

(agoc,s10u) ~ (ahod, sy ou).

The proof that composition is well-defined is done.
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"

H' - - 5H - -“ 5 H
/

AN
7 N
w 7 N e
7 AN
Ve N
7/ N
%4 N
Il [2
v d
1 " s 2
Ji K K’ Jo
b b
! by u’ c ba 2
u o
L L Ly L,
’
a1 82 ,
S1 ag
s, a1 sh az
M, M, My
FIGURE 6.
H"
wow’ ow’’ eow’ ow”’
I I
dq v2
K K’
u’ c
u ) < )
L L Ly A
S1 a'2
5/1 az
MQ M2

FIGURE 7.
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The identity morphism 13, of an object M is (1as, 1as).

Step 3. We have to verify the associativity and the identity properties of composition
in As. Namely that Ag is a category. This seems to be not too hard, given Step 2,
and we leave it as an exercise!

Step 4. The functor Q : A — Ag is defined to be Q(M) := M on objects, and
Q(a) := (a,1p) for a : M — N in A. We have to verify this is a functor... Again,
an exercise.

Step 5. Finally we verify properties (RO1)-(RO4). (RO1) is clear. The inverse of
Q(s) is (1, ), so (RO2) holds.
It is not hard to see that

(a,8) = (a,1)0o(1,s);
this is (RO3).
If Q(a1) = Q(az), then (a1, 1ar) ~ (a2, 1ar); so there are by, by € A s.t. a; 0by =

agoby and 1oby = 10by € S. Writing s := by €S, we get a; 0s = as 0o s. This
proves (RO4). O

Proposition 6.2.21. Let A be a category, let S be a right denominator set in A, and
let (As, Q) be the right Ore localization. For any two morphisms q1,q2 : M — N in
As there is a common denominator. Namely we can write

gi = Q(a;) o Q(s)~"
for suitable a; € A and s € S.

Proof. Choose representatives ¢; = Q(a}) o Q(s})~. By (RD1) applied to L; —

K2 K2

M < Lo, there are b € A and t € S s.t. the diagram above M commutes:

L
/ \
Ly Ly
SQJ/ 3’2 J{“z
M o *N

Write s := sy ot = sh0b, a; := a} ot and az := ab 0 b. By Lemma we get
¢ = Q(ai) o Q(s) . -

Exercise 6.2.22. Let A be a category, let S be a right denominator set in A. Let
Y be a subset of Ob(A), and let B and T be the full subcategories of A and S
respectively on the set of objects Y.

(1) Is T a right denominator set in B ?

(2) Show that if T is a right denominator set in B, then the inclusion functor
F : B — A extends uniquely to a functor F7 : Bt — As.

(3) Assume that T is a right denominator set in B. Is the functor Fr full or
faithful?

We will return to these questions later.
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6.3. Localization of Linear Categories. Until now in this section we dealt with
arbitrary categories. In this and the subsequent subsection, our categories will be
linear over some commutative base ring K (that will be implicit in everything).
This includes the case K = Z of course.

For convenience we only talk about right denominator sets here. All the state-
ments hold equally for left denominator sets; cf. Remark [6.2.2] and Proposition
0.2.0l

Theorem 6.3.1. Let A be a K-linear category, let S be a right denominator set in
A, and let (As, Q) be the right Ore localization.

(1) The category As has a unique K-linear structure, such that Q : A — Ag is
a K-linear functor.

(2) Suppose B is another K-linear category, and F : A — B is a K-linear
functor s.t. F(s) is invertible for every s € S. Let Fs : As — B be the
localization of F'. Then Fs is a K-linear functor.

(3) If A is an additive category, then so is As.

Proof. (1) Let ¢; : M — N be morphisms in As. Choose common denominator
presentations ¢; = Q(a;) o Q(s)~!. Since Q must be an additive functor, we have
to define

(6.3.2) Q(a1) + Q(az2) = Qa1 + az).

By the distributive law (bilinearity of composition) we must define

¢ + g2 7= Qa1 + az) 0 Q(s) ™",
For A € K we must define
A-gii= QA -ai) o Qs) 7

The usual tricks are then used to prove independence of representatives. For
instance, to prove that (6.3.2) is independent of choices, suppose that Q(a;) =
Q(a}) and Q(az2) = Q(ah). Then, by (RO4), there are t1,t2 € S such that a; oty =
aj oty and agote = ayoty. By (RD1) there exist b € Aand v € Ss.t. tjob =tg0w.
Let t3 :=ty 0v € S. Then

(a1 + az) otz = (a} + ab) ots,
and hence
Q(a1 +az) = Q(a} + a3).
In this way As is a K-linear category, and Q is a K-linear functor.

(2) The only option for Fs is Fs(q;) := F(a;) o F(s)~!'. The usual tricks are used
to prove independence of representatives.

(3) Clear from Propositions and O

Example 6.3.3. Let A be a ring, which we can think of as a one object linear
category A. In this context, Theorem [6.3.1]is one of the most important results in
ring theory. See [Rowl, [Ste].

Example 6.3.4. Suppose A is a commutative ring, and S is a multiplicatively
closed set in it. Because A is commutative, the denominator conditions hold auto-
matically. The localized category Ag is the single object category, with endomor-
phism set Ag. This is simply the usual commutative localization.

Note that if S contains a nilpotent element, then the ring Ag is trivial.
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The observation above should serve as a warning: localization can sometimes
kill everything. This is the singularity effect: dividing by zero!

Fortunately, the localization procedure , that gives rise to the derived
category, does not cause any catastrophe, as we shall see in Proposition [6.4.10

Remark 6.3.5. Suppose A is a ring and S is a right denominator set in it. Then
the right Ore localization Ag is flat as left A-module. See [Row, Theorem 3.1.20].
I have no idea if something like this is true for linear categories with more than one
object.

Proposition 6.3.6. Let (K, T) be a T-additive K-linear category, let S be a right
denominator set in K such that T(S) =S, and let Q : K — Ks be the localization
functor.

(1) There is a unique K-linear automorphism Ts of the category Ks, such that
TsoQ=QoT

as functors K — Ks.
(2) Let 7 be the identity automorphism of the functor QoT. Then

(Q)T) : (K7T) — (KS7TS)
is a T-additive functor.

Proof. (1) By the assumption the functor QoT : K — Kg sends the morphisms
in S to isomorphism. By the property (L3) of localization in Definition the
functor Ts : Ks — Kg satisfying TsoQ = Qo T exists and is unique. Similarly,
there is a unique functor Tgl : Ks — Kg satisfying Tgl 0Q = QoT ! An easy
calculation shows that

Tg'oTg=Id=TgoTs".
Hence Tg is an automorphism of Ks.

(2) This is clear. O

The composition of T-additive functors was defined in Definition [5.1.4]

Proposition 6.3.7. In the situation of Proposition suppose (K', T') is an-
other T-additive K-linear category, and

(F,v): (K,T) = (K, T)

is a T-additive K-linear functor, such that F(s) is invertible for any s € S. Let
Fs : Ks — K’ be the localized functor. Then there is a unique isomorphism

vs: FsoTs = T o Fs
of functors Ks — K', such that

(Fov) = (Fs,v5) 0 (Q,7)
as T-additive functors (K, T) — (K', T").

Exercise 6.3.8. Prove Proposition [6.3.7
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6.4. Localization of Pretriangulated Categories. Let K be a pretriangulated
category, with translation functor T.

Proposition 6.4.1. Suppose H : K — M is a cohomological functor, where M is
some abelian category. Let

S:={s e K| H(T'(s)) is invertible for all i € Z}.
Then S is a left and right denominator set in K.
Proof. Tt is clear that S is closed under composition and contains the identity

morphisms. So it is a multiplicatively closed set.
Let’s prove that condition (RD1) of Definition [6.2.14]holds. Suppose we are given

morphisms L < N < M with s € S. We need to find morphisms L By Ny Vi
with ¢t € S and such that aot =sob.
Consider the solid commutative diagram

K—tsrp-=p T(K)
! !
bl { —J T(b) |
4 v
M—=3N-—-"5P T(M)

where the bottom row is a distinguished triangle built on M = N, and and the top
row is a distinguished triangle built on L =% P, then turned 120° to the right.
By axiom (TR3) there is a morphism b making the diagram commutative. Thus
aot = sob. Since H(T'(s)) are invertible for all i € Z, it follows that H(T*(P)) = 0.
But then H(T'(t)) are invertible for all i € Z, so t € S.

Next we prove condition (RD2) of Definition Because we are in an addi-
tive category, this condition is simplified: given a € K and s € S satisfying soa = 0,
we have to find ¢t € S satisfying a ot = 0.

Say the objects involved are L < M 2 N. Take a distinguished triangle built
on s and then turned:

PY% M NS TP).

We get an exact sequence
Hom (L, P) 225 Homk (L, M) £2=5 Homk(L, N).

Since soa = 0, thereis ¢ : L — P s.t. a = boc. Now look at a distinguished
triangle built on ¢, and then turned:

K5 LS P—T(K).

We know that cot = 0; hence aot =bocot=0. But (s €S) = (H(T'(P)) =0
for all i) = (t € S).
The left versions (LD1) and (LD2) are proved the same way. O

Definition 6.4.2. A denominator set of cohomological origin in K is a denominator
set S C K that arises from a cohomological functor H, as in Proposition[6.4.1] The
morphisms in S are called quasi-isomorphisms relative to H.

Theorem 6.4.3. Let (K, T) be a pretriangulated category, let S be a denominator
set of cohomological origin in K, and let

(Q7) : (K, T) = (Ks, Ts)
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be the T-additive functor from Proposition . The T-additive category (Ks, Ts)
has a unique pretriangulated structure such that these two properties hold:

(i) The pair (Q, ) is a triangulated functor.
(ii) Suppose (K', T') is another pretriangulated category, and

(Fiv): (K, T) = (K, T')
is a triangulated functor, such that F(s) is invertible for every s € S. Let
(FSU VS) : (KSa TS) — (Kla TI)

be the T-additive functor from Proposition m Then (Fs,vs) is a trian-
gulated functor.

Proof. Since S is of cohomological origin we have T(S) = S. Recall that the trans-
lation isomorphism 7 is the identity automorphism of the functor Q o T; see Propo-
sition [6.3.6] So we will ignore it.

Step 1. The distinguished triangles in Kg are defined to be those triangles that are
isomorphic to the images under Q of distinguished triangles in K. Let us verify the
axioms of pretriangulated category.

(TR1). By definition every triangle that’s isomorphic to a distinguished triangle is
distinguished; and the triangle

M 2 M = 0 — T(M)

in Ks is clearly distinguished.

Suppose we are given a morphism « : L — M in Ks. We have to build a
distinguished triangle on it. Choose a fraction presentation o = Q(a) o Q(s)~*.
Using condition (LD1) we can find b € K and ¢ € S such that ¢ o a = bo s. These
fit into the solid commutative diagram

\/

in K. (The dashed arrow « is in Ks.)
Consider the solid commutative diagram below, where the rows are distinguished
triangles built on a and b respectively.

(6.4.4) K—"sM-—° T(K)
sl tJ T(s)
LK P T(L)

y (TR3) there is a morphism wu that makes the whole diagram commutative.
Slnce s,teS and H is a cohomological functor, it follows that u € S. Applying the
functor Q to , and using the isomorphism Q(t) : M — K to replace K with
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M, we get the commutative diagram

Q(a) Q(e) Q(c)

K M N T(K)
Q(S)J( Q(lm)l Q(u)l T(Q(S))h
G VAN GO NG SR O v

in Ks. The top row is a distinguished triangle, and the vertical arrows are isomor-
phisms. So the bottom row is a distinguished triangle. This is the triangle we were
looking for.

(TR2). Turning: this is trivial.

(TR3). We are given the solid commutative diagram in Ks, where the rows are
distinguished triangles:

(6.4.5) L—"—M N T(L)
\
c{ wJ x| T(¢)l
a, ﬂ/ \L 'Y/
L M’ N’ T(L")

and we have to find y to complete the diagram.
By replacing the rows with isomorphic triangles, we can assume they come from
K. Thus we can replace (6.4.5)) with this diagram:

(6.46) L Q@ Q) Q0
I
¢>‘ «{ x| T(aﬁ)J
OL/ ’ 4/ ’
Qe b Q% Q6

in which «, 8,7v,a’, 8',~" are morphisms in K. It is a commutative diagram. Let us
choose fraction presentations ¢ = Q(a) o Q(s)~! and ¢ = Q(b) o Q(¢)~!. Then the
solid diagram (|6.4.6)) comes from applying Q to the diagram

a M B N 8l

bJ{ T(a)

L —=— M N’

(6.4.7)

a

N
H
— D

in K. Here the rows are distinguished triangles in K; but the diagram might fail to
be commutative.
By axiom (RO3) we can find ¢ € K and u € S s.t.

Q)™ 0 Q(a) 0 Q(s) = Q(c) o Q(u) "
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This is the solid diagram:

AN AN

Thus
Q(aosou)=Q(toc).
By (RO4) there is u’ € S s.t.

(dosou)ou' = (toc)ou.

We get
6= Q) oQs) " = Qacuou)oQsouou) !

in Ks. Thus, after substituting L := L”, s := souou/, a := aouow’ and ¢ := cou/,
we get a new diagram

(6.4.8) L— s N 1)
T T T(sﬁ
L—S>M T(L)
1
- (L)

in K instead of . In this new diagram the top left square is commutative; but
maybe the bottom left square is not commutative.

When we apply Q to the diagram , the whole diagram, including the
bottom left square, becomes commutative, since is commutative. Again
using condition (RO4), there is v € S s.t.

(¢ oa)ov=(boc)ow.

In a diagram:

—

IN/

h(ibn
%Ez%i

N

Performing the replacements L := L', s := sowv, ¢ := cowv and a := a o v we now
have a commutative square also at the bottom left of (6.4.8)). Since yo 8 =0 and
v o B =0, in fact the whole diagram ([6.4.8) in K is now commutative.
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Now by (TR1) we can embed the morphism ¢ in a distinguished triangle. We
get the solid diagram

a B 8l

(6.4.9) L M N T(L)
0
ST t] w T(S)T
_ | )
L— i —" N 1)
\
aJ/ bJ d| T(a)J
a, /B/ \L ’Y/
r M’ N (L)

in K. The rows are distinguished triangles. Since 5 o # = 0, the solid diagram
is commutative. By (TR3) there are morphisms w and d that make the whole
diagram commutative. Now the morphism w € S by the usual long exact sequence
argument. The morphism

Y= Q(d) o Q(w) ! : N = N’
solves the problem.

Step 2. Suppose (F,v) is a triangulated functor as in condition (ii). By Proposition
this extends uniquely to a T-additive functor (Fs,vs). The construction of
the pretriangulated structure on (Ks,Ts) in the previous steps, and the defining
property of the translation isomorphism v in Proposition m show that (Fs,vs)
is a triangulated functor.

Step 3. At this point (Ks, Ts) is a pretriangulated category, and conditions (i)-(ii)
of the theorem are satisfied. We need to prove the uniqueness of the pretriangulated
structure on (Ks, Ts). Condition (i) says that we can’t have less distinguished tri-
angles than those we declared. We can’t have more distinguished triangles, because
of condition (ii). O

Proposition 6.4.10. Consider the situation of Proposition [6.4.1] and Theorem
643
(1) The cohomological functor H : K — M factors into H = Hs o Q, where
Hs : Ks — M is a cohomological functor.
(2) Let M be an object of K. The object Q(M) is zero in Ks iff the objects
H(T'((M)) are zero in M for all i.

Proof. (1) The existence and uniqueness of the functor Hs are by the universal
property (L3) in Definition We leave it as an exercise to show that Hs is a
cohomological functor.

(2) Since Hs is an additive functor, if Q(M) = 0, then so is H(M) = Hs(Q(M)).
And of course Q(M) = 0 iff Q(T*(M)) = 0 for all 4.

For the converse, let ¢ : 0 — M be the zero morphism in K. If H(T(M)) =
for all 4, then H(T"(4)) : 0 — H(T"(M)) are isomorphisms for all i. Then ¢ € S,
and so Q(¢) : 0 — Q(M) is an isomorphism in Ks. O

0
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7. THE DERIVED CATEGORY D(A, M)

In this section there is a commutative base ring K, that shall remain implicit most
of the time. We fix a central DG K-ring A, and a K-linear abelian category M. The
DG category C(A, M) was introduced in Subsection and the pretriangulated
category K(A, M) was introduced in Subsection

The functor H : K(4, M) — M is a cohomological functor, in the sense of Defi-
nitionm The resulting denominator set is denoted by S(A, M), and its elements
are called quasi-isomorphisms. The derived category of (A, M) is the pretriangulated
category

(701) D(A, M) = K(A, M)S(A,M)
7.1. Definition of the Derived Category.

Proposition 7.1.1. Let M be an abelian category and let A be a DG ring. The
functor

H? : K(A,M) = M
is cohomological.

Proof. Clearly H is additive. Consider a distinguished triangle
(7.1.2) LML NS 10

in K(A,M). We can assume that it is the image of a standard triangle in C(4, M),
namely that N is the cone associated to «, as in Definition B = e, and
v = po. By construction, the cone N sits in an exact sequence of complexes

(7.1.3) 0— M 25 N 2% T(L) — 0.
Consider the diagram

Ho(ea)

H™Y(T(L)) =22 — H(M) H°(N)

w1

0 a 0]
HO(L) —— o) 29 qo(v)

in M, where the first row is part of the long exact cohomology sequence for ,
and the second row comes from . The first square is commutative because
any lifting represents the connecting homomorphism (cf. [Rotl Theorem 6.2]). The
second square is also commutative. It follows that the diagram is commutative,
and that the bottom row is exact. (|

Definition 7.1.4. A morphism ¢ in K(A, M) is called a quasi-isomorphism if the
morphisms H'(¢) in M are isomorphisms for all i.
The set of quasi-isomorphisms in K(A, M) is denoted by S(A, M).

Note that H* = H® o T*. By Proposition the functor H° is cohomological.
Therefore S(A, M) is a denominator set of cohomological origin, Theorem
applies to it, and the next definition makes sense.

Definition 7.1.5. Let M be a K-linear abelian category and A a central DG K-ring.
The derived category of (A, M) is the K-linear pretriangulated category

D(Aa M) = K(Av M)S(A,M)-
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In our situation we have additive functors
Cor(A,M) 55 K(4, M) S D(A, M),

that are the identity on objects. Recall that the functor P sends a strict morphism
of DG modules to its homotopy class; and Q is the localization functor with respect
to quasi-isomorphisms.

Definition 7.1.6. Let M be an abelian category and let A be a DG ring. Define
the functor )
Q:=QoP:Cy(A,M)— D(A,M).

This definition will only be used in the present section.

It is sometimes convenient to describe morphisms in D(A, M) in terms of the
functor Q. A morphism s € Cqt: (A, M) is called a quasi-isomorphism if P(s) is a
quasi-isomorphism in K(A, M); i.e. if all the H’(s) are isomorphisms.
Proposition 7.1.7.

(1) Any morphism ¢ in D(A, M) can be written as a right fraction
¢=Q(a)oQ(s)™"
where a, s € Cyr (A, M) and s is a quasi-isomorphism.
(2) The kernel of Q is this: Q(a) = 0 in D(A,M) iff there ewists a quasi-
isomorphism s in Csr(A, M) such that a o s is a coboundary in C(A,M).

Proof. (1) This is because of property (RO3) of Definition and the fact that
P is full.

(2) Property (RO4) of Definition tells us what the kernel of Q is; and by
definition the kernel of P is the 0-coboundaries. O

Of course there is a left version of this proposition.
Recall that G(M) is the category of graded objects of M. For any DG module
M € D(A, M), its cohomology H(M) is an object of G(M), and this is a functor.

Corollary 7.1.8. The functor
H:D(A,M) = G(M)

is conservative. Namely a morphism ¢ : M — N in D(A, M) is an isomorphism if
and only if the morphism
H(¢) : H(M) — H(N)
in G(M) is an isomorphism.
Proof. One implication is trivial. For the other direction, assume that H(¢) is

an isomorphism. We can write ¢ as a right fraction: ¢ = Q(a) o Q(s)~! where
a € K(A,M) and s € S(A,M). Then

H(¢) = H(Q(a)) o H(Q(s)) "
By definition H(Q(s)) is an isomorphism. Hence H(Q(a)) is an isomorphism. But

then a € S(A, M) too, and therefore Q(a) is an isomorphism in D(A, M). It follows
that ¢ is an isomorphism in D(A, M). O

Exercise 7.1.9. Here M = ModK, so K(4,M) = K(A). Show that the functor
H : K(A) — ModK is corepresentable by the object A € K(A) (see Subsection

%)
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7.2. Localization of Subcategories of K(A, M).

Definition 7.2.1. Let K be a pretriangulated category. A full pretriangulated
subcategory of K is a subcategory L C K satisfying these conditions:

(a) L is a full additive subcategory (see Definition [2.2.5)).
(b) L is closed under translations, i.e. L € L iff T(L) € L.
(¢) L is closed under distinguished triangles, i.e. if

L' -L—L"—T(L)
is a distinguished triangle in K s.t. L', L € L, then also L € L.

Observe that L itself is pretriangulated, and the inclusion L — K is a triangulated
functor.

Denominator sets of cohomological origin were introduced in Definition [6.4.2}
By Theorem if S C K is a denominator set of cohomological origin, then the
localization Ks is a pretriangulated category.

Example 7.2.2. This is the most important example for us: K = K(4,M), H =
H° : K(A,M) = M and S = S(A, M). Here Ks = D(A, M), the derived category.

Proposition 7.2.3. Let K be a pretriangulated category, let S be a denominator
set of cohomological origin in K, and let K' be a full pretriangulated subcategory of
K. Then S' := K'N'S is a denominator set of cohomological origin in K', the Ore
localization K&, exists, and K& is a pretriangulated category.

Proof. Let H : K— M be a cohomological functor that determines S. The functor
H|yk : K" = M is also cohomological, and the set of morphisms S’ satisfies

S' = {s € K'| H|x/(T(s)) is an isomorphism for all }.
Hence Proposition and Theorem apply. [l

In the situation of the proposition, the localization functor is denoted by Q’ :
K' — Kg .

Proposition 7.2.4. In the situation of Proposition let F: K — E bea
triangulated functor into some pretriangulated category E. Assume that for every
s € S, the morphism F(s) is an isomorphism in E. Then there is a unique tri-
angulated functor Fs : Ky — E that extends F; Namely Fs o Q' = F as functors
K" — E.

Proof. This is part of Theorem [6.4.3 (]

In particular we can look at the functor F : K’ Ine, k@ Ks, and its extension

Fs : Ki — Ks. We are interested in sufficient conditions for the functor Fs/ to be
fully faithful.

Proposition 7.2.5. Let K be a pretriangulated category, let'S be a denominator set
of cohomological origin in K, and let K' C K be a full pretriangulated subcategory.
Define S’ := K'N'S. Assume either of these conditions holds:

(r) Let M € Ob(K). If there exists a morphism s : M — L in S with L €
Ob(K"), there exists a morphism t : K — M in S with K € Ob(K').
(1) The same, but with arrows reversed.

Then the functor Fsi : Ks — Ks is fully faithful.
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Proof. We will prove the proposition under condition (r); the other condition is
done the same way.

Let L1,Ly € Ob(K'), and let ¢ : Ly — Lo be a morphism in Ks. Choose a
presentation ¢ = Q(a) o Q(s)~! with s : M — L; a morphism in S and a : M — Ly
a morphism in K. By condition (r) we can find a morphism ¢ : K — M in S with
K € Ob(K").

K

1
7N

L1 ****** - L2
Then ¢ = Q(aot)oQ(sot)™!. But sot € S’ and aot € K', so ¢ is in the image of
the functor Fs/. We see that Fs is full.

Now let ¢’ : Ly — Lg be a morphism in Kg, such that Fs/(¢') = 0. Let us denote
the localization functor K" — Kg, by Q'. Choose a presentation ¢’ = Q' (a)oQ’(s)~ 1,
with s : N — L; a morphism in S’ and ¢ : N — L, a morphism in K. Because
Fs(¢') =0, and using Lemma there is a morphism u : M — N in K such that
aou=0and sou €S. Note that u € S. By condition (r), applied to u: M — N,
there is a morphism ¢t : K — M in S such that K € Ob(K').

!

Then we have
¢ =Q(aouot)oQ(souot) ™t =0.
This proves that Fs is faithful. O

7.3. Boundedness Conditions. A graded object M = {M};cz of M is said to
be bounded above if the set {i | M* # 0} is bounded above. Likewise we define
bounded below and bounded graded objects.

Definition 7.3.1. We define C~ (4, M), CT(4, M) and C*(4,M) to be full sub-
categories of C(A, M) consisting of bounded above, bounded below and bounded
complexes respectively.

Likewise we define K™ (4, M), KT(4,M) and K”(4, M) to be the corresponding
full subcategories of K(A, M).

Of course
CP(4,M) =C (A,M)NCT(A,M),
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and the same for KP(4, M). The subcategories K*(A4, M), for « € {—,+, b}, are full
pretriangulated subcategory of K(A, M); this is because the operations of transla-
tion and cone preserve the various boundedness conditions.

As the next example shows, sometimes the category K*(A, M) can be very de-
generate.

Example 7.3.2. Let A be the DG ring K[t,#!], the ring of Laurent polynomials
in the variable ¢ of degree 1, with the zero differential. If M = {M};c is a nonzero
object of C(A, M), then M* # 0 for all i. Therefore the categories C*(A, M) and
K*(A, M) are zero for x € {—, +,b}.

Let
S*(A, M) := K*(A, M) N S(A, M),
the category of quasi-isomorphisms in K*(A4, M). As already mentioned, Theorem
[6.4:3] applies here, so we can localize.
Definition 7.3.3. For x € {—, +,b} we define
D*(A, M) = K*(A, M)S*(A,M)a
the Ore localization of K*(A, M) with respect to S*(A, M).

Here is another kind of boundedness condition.

Definition 7.3.4. For x € {—, 4+, b} we define D(A, M)* to be the full subcategory
of D(A, M) on the complexes M whose cohomology H(M) is of boundedness type
*.

Of course D(A, M)* is a full pretriangulated subcategory of D(A, M).

The next proposition refers to the abelian case only — namely to D(M) =
D(K,M). See Exercise for a generalization to D(A, M) for a special sort
of DG ring A.

Proposition 7.3.5. For x € {—,+,b} the canonical functor D*(M) — D(M)* is
an equivalence of pretriangulated categories.

Proof. Step 1. Here we prove that '~ : D™ (M) — D(M) is fully faithful. Let
s M — L be a quasi-isomorphism with L € K™ (M). Say L is concentrated in
degrees < i. Then H (M) = H’(L) = 0 for all j > 4. Consider the smart truncation
of M at i:

(7.3.6) st S (M) o= (- = M2 S M S 7(M) 50— -

where Z'(M) := Ker(d : M? — M™?), the object of i-cocycles, is in degree i.
Then smt=*(M) is a subcomplex of M, smt=*(M) € K~ (M), and the inclusion
t:smtS{(M) — M is a quasi-isomorphism. According to Proposition with
K = K(M) and K" = K~ (M), and with condition (r), we see that F~ : D™ (M) —
D(M) is fully faithful.

Step 2. Here we prove that F'+ : DT(M) — D(M) is fully faithful. Let s : L — M
be a quasi-isomorphism with L € KT (M). Say L is concentrated in degrees > i.

Then H/ (M) = H/(L) = 0 for all j < i. Consider the other smart truncation of M
at e

(7.3.7) smtZ (M) = (- = 0= Y/(M) S M S it )
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where

(7.3.8) Y*(M) := Coker(d : M=t — M?)

is in degree i. Then smt=?(M) is a quotient complex of M, smt=*(M) € KT (M), and
the projection t : M — smt=*(M) is a quasi-isomorphism. According to Proposition
7.2.5, with condition (1), we see that F+ : DT(M) — D(M) is fully faithful.

Step 3. The arguments in step 1 we show that D*(M) — D™ (M) is fully faithful.
And by step 2, DT (M) — D(M) is fully faithful. Therefore D”(M) — D(M) is fully
faithful.

Step 4. Smart truncation shows that the functor D*(M) — D(M)* is essentially
surjective on objects. O

Remark 7.3.9. Most advanced texts write D*(M) instead of D(M)*, and do not
use the notation D(M)* at all. This is harmless by Proposition m

Remark 7.3.10. The object YP(M) = Coker(d%; ') that appears in formula
does not have a name. The naming conventions would indicate that is should be
called the “object of cococycles”, because it plays a role that’s dual to the role of
the object of cocycles ZP (M) = Ker(d},), and it can’t be called “cycles”. But the
name “cococycles” sounds a bit strange.

Definition 7.3.11. A DG ring A is called nonpositive if A* = 0 for all i > 0.

Exercise 7.3.12. Let A be a nonpositive DG ring and let M be an abelian category.

(1) Prove that differential on any M € Cg, (A, M) is A%linear.

(2) Prove that the smart truncations from formulas and are
functors from Cg, (A, M) to itself.

(3) Prove Proposition for Cyr (A, M).

7.4. Thick Subcategories of M. Let M be an abelian category. A thick abelian
subcategory of M is a full abelian subcategory N that is closed under extensions.
Namely if

0= M —-M-—M'"—0

is a short exact sequence in M with M’', M"" € N, then M € N too.
‘Let Dn(M) be the full subcategory of D(M) consisting of complexes M such that
H'(M) € N for every i.

Proposition 7.4.1. If N is a thick abelian subcategory of M then Dn(M) is a full
pretriangulated subcategory of D(M).

Proof. Clearly Dy(M) is closed under translations. Now suppose
M — M — M" — M|1]

is a distinguished triangle in D(M) such that M', M € Dy(M); we have to show
that M" is also in Dy(M). Consider the exact sequence

H (M) — H' (M) — H' (M") — HTY(M') - H (M),
The four outer objects belong to N. Since N is a thick abelian subcategory of M it
follows that H*(M") € N. O

Example 7.4.2. Let A be a noetherian commutative ring. The category Mods A
of finitely generated modules is a thick abelian subcategory of Mod A.
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Example 7.4.3. Consider ModZ = Ab. As above we have the thick abelian
subcategory Abgsen = Mods Z of finitely generated abelian groups. There is also
the thick abelian subcategory Abyos of torsion abelian groups (every element has
a finite order). The intersection of Abyors and Abggen is the category Abgy, of finite
abelian groups. This is also thick.

Example 7.4.4. Let X be a noetherian scheme (e.g. an algebraic variety over an
algebraically closed field). Consider the abelian category Mod Ox of Ox-modules.
In it there is the thick abelian subcategory QCoh Ox of quasi-coherent sheaves, and
in that there is the thick abelian subcategory Coh Ox of coherent sheaves.

For a left noetherian ring A we write
Df(MOd A) = DMode(MOd A)

Proposition 7.4.5. Let A be a left noetherian ring and x € {—,b}. Then the
canonical functor

D*(Mod; A) — D¢(Mod A)*
is an equivalence of pretriangulated categories.

Proof. Consider the functor
F : D (Mod¢ A) — D(Mod A).

Suppose s : M — L is a quasi-isomorphism in K(Mod A), such that L €

K~ (Mod; A). Then M € D¢(Mod A)~. A bit later (in Corollary [10.3.32) we will

prove that M admits a free resolution P — M, where P is a bounded above complex

of finitely generated free modules. Thus we get a quasi-isomorphism ¢ : P — M

with P € K™ (Mod¢ A). By Proposition with condition (r) we conclude that

F is fully faithful. This also shows that the essential image of F' is Dy(Mod A)~.
Next consider the functor

G : D”(Mod; A) — D™ (Mod; A).

Suppose s : L — M is a quasi-isomorphism in K~ (Mods A) with L € K (Mods A).
Say H(L) is concentrated in the integer interval [dy, d;]. Then t : M — smt=% (M)
is a quasi-isomorphism, and smt>% (M) € K”(Mod; A). By Proposition with
condition (1) we conclude that G is fully faithful. Therefore the composition

F oG : D”(Mod; A) — D(Mod A)

is fully faithful. Suitable truncations (smt=% and smt<%) show that the essential
image of F'o G is D¢(Mod A)P. O

7.5. The Embedding of M in D(M). Here again we only consider an abelian
category M.

For M,N € M there is no difference between Homwm (M, N), Homewm) (M, N)
and Homgwy(M, N). Thus the canonical functors M — C(M) and M — K(M) are
fully faithful. The same is true for D(M), but this requires a proof.

Let D(M)? be the full subcategory of D(M) consisting of complexes whose coho-
mology is concentrated in degree 0. This is an additive subcategory of D(M).

Proposition 7.5.1. The canonical functor M — D(M)° is an equivalence.
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Proof. Let’s denote the canonical functor M — D(M)? by F. Under the fully
faithful embedding M C C,(M), F is just the restriction of Q

Since the functor H’ : D(M) — M satisfies H o F = Idy. This implies that F is
faithful.

Next we prove that F' is full. Take any objects M, N € M and a morphism
q: M — N in D(M). By Proposition we know that ¢ = Q(a) o Q(s)~" for
some morphisms a : L — N and s : L — M in Cg, (M), with s a quasi-isomorphism.
Let L' := smt=Y(L), as in ; so there is a quasi-isomorphism u : I’ — L in
Cstr(M). Writing @’ := aow and s’ := s 0 u, we see that s’ is a quasi-isomorphism,
and g = Q(a') 0 Qs') .

Next let L := smt=(L/), as in ; so there is a surjective quasi-isomorphism
v: L — L" in Cy,(M). Because L” is a complex concentrated in degree 0, we can
view it as an object of M. The morphisms a’ and s’ factor as a’ = a” o v and
s’ = 5" ov, where a” : L” — N and s : L' — M are morphisms in M. But s” is a
quasi-isomorphism in Cg,(M), and so it is actually an isomorphism in M. Therefore
we have a morphism a” o (s”)~! in M, and

Qa” o ()7) = Q") 0 Q") = Qa) 0 Q) = ¢
Finally we have to prove that any L € D(M)? is isomorphic, in D(M), to a

complex L that’s concentrated in degree 0. But we already showed it in the
previous paragraphs. (Il

Proposition 7.5.2. Let M be an abelian category. Let

0L MY NS0

be a diagram in M. The following conditions are equivalent:
(i) The diagram is an exact sequence.
(ii) There is a distinguished triangle

JAReiaNg e iSOG NN T

in D(M).
Exercise 7.5.3. Prove Proposition (Hint: for the implication (i) = (ii) you
can take 6 = 0.)

The last two propositions say that the abelian category M can be recovered from
the pretriangulated category D(M).
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8. DERIVED FUNCTORS

As before, K is a commutative base ring, that shall remain implicit. Let A be
a central DG K-ring, and M a K-linear abelian category. The category C(4, M) of
DG A-modules in M was introduced in Subsection It is a DG category. The
pretriangulated categories K(A, M) and D(A, M) were introduced in Subsections
[6.4) and [7-1] respectively. There is a triangulated localization functor

Q:K(4,M) = D(A,M).
Let (B,N) be another pair of DG ring and abelian category. Suppose we are
given a DG functor
F :C(A,M) — C(B,N).
Then, according to Theorem [5.4.13] there is an induced triangulated functor
(Fﬂ_—F) : K(Aa M) — K(Ba N)

Most triangulated functors that we shall encounter arise this way. For convenience
of notation, let us suppress mentioning the translation isomorphism 7z, and let us
write F' instead of F.

By postcomposing with the localization functor of K(B,N) we obtain a triangu-
lated functor

(8.0.1) QoF : K(4,M) = D(B,N).

Again we denote this triangulated functor by F.
Our goal in this section is to extend F' to triangulated functors

RF,LF : D(A,M) — D(B,N).

These are the right and left derived functors of F', respectively.
It will be easier to state matters more generally. Thus we shall mostly work in
the setup below.

Setup 8.0.2. The following are given:

(1) Pretriangulated categories K and E.
(2) A triangulated functor F': K — E.
(3) A denominator set of cohomological origin S C K (see Definition [6.4.2)).

Recall that the morphisms in S are called quasi-isomorphisms.

By Proposition [6.4.1] and Theorem [6.4.3] the localization Ks exists, and it is a
pretriangulated category. The triangulated localization functor is Q : K — Ks.

This setup specializes to when we take K = K(A,M), S = S(A, M) and
E=D(B,N).

Remark 8.0.3. As far as we know, all previous textbooks only consider the special
case of the derived functors

RF,LF : D(M) — D(N)

of a triangulated functor
F: K(M) = K(N),
where M and N are abelian categories. The DG variant is not mentioned at all.
However, the definitions and the main existence results, as stated in this section,
are virtually the same.
Furthermore, previous textbooks avoid the 2-categorical notation, and that (in
our opinion) is a cause for undue difficulties in the presentation.
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8.1. 2-Categorical Notation. In this section we are going to do a lot of work with
morphisms of functors (i.e. natural transformations). The language and notation
of ordinary category theory that we used so far is not adequate for this purpose.
Therefore we will now introduce notation from the theory of 2-categories. (We will
not give a definition of a 2-category here; but it is basically the data mentioned
below, satisfying a few conditions, most of which will be mentioned below too.) In
the subsequent sections we will revert to the usual (i.e. 1-categorical) language. For
more details on 2-categories the reader can look at [Mac2] or [Ye8, Section 1].

Consider the set Cat of all categories. The set theoretical aspects are neglected,
as explained in Subsection (Briefly, the precise solution is this: Cat is the set
of all U-categories; so Cat is a subset of a bigger Grothendieck universe, say V, and
it is a V-category.)

The set Cat is the set of objects of a 2-category. This means that in Cat there
are two kinds of morphisms: 1-morphisms between objects, and 2-morphisms be-
tween 1-morphisms. There are several kinds of compositions, and these have several
properties. All this will be explained below.

Suppose Cgy, Cq,... are categories, namely objects of Cat. The 1-morphisms
between them are the functors. The notation is as usual: F' : Cy; — C; denotes a
functor.

Suppose F,G : Cy — C; are functors (with the same source and target objects).
The 2-morphisms from F to G are the morphisms of functors (i.e. the natural trans-
formations), and the notation is 7 : ' = G. The double arrow is the distinguishing
notation for 2-morphisms. When specializing to an object M € Cy we revert to the
single arrow notation, namely 1y : F(M) — G(M) is the corresponding morphism
in C;. The diagram depicting this is

F

S N

CO n C1

v S

G

We shall refer to such a diagram as a 2-diagram.

Each object (category) C has its identity 1-morphism (functor) Id¢ : C — C.
Each 1-morphism F has its identity 2-morphism (natural transformation) idg :
F=F.

Now we consider compositions. For functors there is nothing new: given functors
F; : C,_1 — C;, the composition, that we now call horizontal composition, is the
functor Fy o Iy : Co — Co. The diagram is

Fy Fy

Co C

\_/

FsoFy

Co

This can be viewed as a commutative 1-diagram, or as a shorthand for the 2-diagram

I Fy

CQ 7 C]

W

Fs o0 Fy

Co

in which id is the identity 2-morphism of F; o F.
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The complication begins with compositions of 2-morphisms. Suppose we are
given l-morphisms F;,G; : C;_; — C; and 2-morphisms n; : F; = G;. In a
diagram:

P Fy
/H\ /H\‘

C() m Cl 2 C2
\G/ \G/‘

The horizontal composition is the morphism of functors
ngon : FyoF1 = GooGh.

The diagram is
Fs o0 Fy
CO n2 © 771“ C2

\/’

G20G
Exercise 8.1.1. For an object M € Cy, give an explicit formula for the morphism
(m2om)ar = (Fp o F1)(M) — (G20 G1)(M)
in the category C.

Suppose we are given l-morphisms E,F,G : Cy — C;, and 2-morphisms
(:F= Fandn:F = G. The diagram depicting this is

The wvertical composition of ¢ and 7 is the 2-morphism
nx(: E—G.
Notice the new symbol for this operation. The corresponding diagram is
E
CO n2 * 771“ Cl

\/

G
Exercise 8.1.2. For an object M € Cy, give an explicit formula for the morphism
(n* Q) : E(M) — G(M)

in the category Cj.
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Something intricate occurs in the situation shown in the next diagram.

El E2

It turns out that

(M2 % G2) o (m * 1) = (m2om) * (o)
as morphisms Fs o F; = G5 o Gy. This is called the exchange property.

Exercise 8.1.3. Prove the exchange property.

Just like general categories, we can talk about pretriangulated categories. There
is the 2-category PTrCat of all pretriangulated categories (over K). The objects
here are the pretriangulated categories (K, T); the 1-morphisms are the triangulated
functors (F, 7); and the 2-morphisms are the morphisms of triangulated functors 7.
This is what we are going to use.

8.2. Some Preliminaries on Triangulated Functors.

Proposition 8.2.1. Let (F,7) : K — L be a triangulated functor between
pretriangulated categories. Assume F' is an equivalence (of abstract categories),

with quasi-inverse G : L — K, and with adjunction isomorphisms o : Go F' = Idk
and B: FoG = 1d,.
Then there is an isomorphism of functors
v:GoTL = TkoG

such that (G,v) : L — K is a triangulated functor, and o and 8 are isomorphisms
of triangulated functors.

Proof. Tt is well-known that G is additive (or in our case, K-linear); but since the
proof is so easy, we shall reproduce it. Take any pair of objects M, N € L. We have
to prove that the bijection

GILI,N : HOII’IL(M, N) — HOHIK (G(M), G(N))
is linear. But
Gun = Fé(lM)’G(N) o HomL(BM,Bg,l)
as bijections (of sets) between these modules. Since a&l’N and Fgr),qv) are
K-linear, then so is G n.
We define the isomorphism of triangulated functors v by the formula
v:=(aoidroq)* (idgoTo id(;)_l * (idgor, © ﬁ)_l,

in terms of the 2-categorical notation. This gives rise to a commutative diagram of
isomorphisms

idoToid

GoT oFoG<—————GoFoTko(G

idoﬁ\H/ ﬂaoid

GOTL z TKOG
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of additive functors L — K. So the pair (G, v) is a T-additive functor.

The verification that (G, v) preserves triangles (in the sense of Definition[5.3.1(1))
is done like the proof of the additivity of G, but now using axiom (TRl.a) from
Definition [5.2.1] . We leave this as an exercise. O

Exercise 8.2.2. Finish the proof above (the last assertion).
8.3. Right Derived Functors.

Definition 8.3.1. Assume Setup A right derived functor of F is a triangu-
lated functor

RF :Kg — E,
together with a morphism
n:F=RFoQ
of triangulated functors K — E. The pair (RF, n) must have this universal property:

(0) Given any pair (G,0), consisting of a triangulated functor G : Ks — E
and a morphism of triangulated functors 6 : F' = G o Q, there is a unique
morphism of triangulated functors p : RF = G such that 0 = (poidg) *n.

Pictorially: there is a 2-diagram

K— X% L E
|
Q RF
Ks

For any other pair (G, ) there is a unique morphism g that sits in this 2-diagram:

K— & S E

1

Ks

The 1-morphisms in this 2-diagram do not (necessarily) commute; but the diagram
of 2-morphisms (with * composition)

|~

RFoQ=——=GoQ
poidg

is commutative.

Proposition 8.3.2. If a right derived functor (RF,n) exists, then it is unique, up
to a unique isomorphism. Namely, if (G,0) is another right derived functor of F,

then there is a unique isomorphism of triangulated functors p : RF = G such that
0= (poidg) *n.
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Proof. Despite the apparent complication of the situation, the usual argument for
uniqueness of universals (here it is a universal 1-morphism) applies. It shows that
the morphism p from condition () is an isomorphism. ]

Existence is much harder. Here is a sufficient condition. It is a rephrasing of
[RD), Theorem 1.5.1], and the proof is basically the same (but we give many more
details).

Theorem 8.3.3. Given Setup [8:0.2] assume there is a full pretriangulated subcat-
egory J C K with these two properties:
(a) If ¢ : I — I' is a quasi-isomorphism in J, then F(¢) : F(I) — F(I') is an
isomorphism in E.
(b) Every object M € K admits a quasi-isomorphism p : M — I to some object
Iel
Then the right derived functor

(RE,n) : Ks — E
exists. Moreover, for any object I € J the morphism
nr P(I) — (RF 0 Q)(1)
in E is an isomorphism.

Remark 8.3.4. A quasi-isomorphism p : M — [ as in condition (b) is supposed to
be viewed as a “generalized injective resolution” of M. See Example where
this is made concrete.

We use the letter J for the category of “generalized injective complexes” because
the letter I, in this particular font, is too ambiguous.

The proof of the theorem follows some preparation. We we will sometimes sup-
press the localization functors Q and Q’, for the sake of clarity. For instance, given
a morphism s € S, we might say that s is invertible in Ks.

Definition 8.3.5. In the situation of Theorem by a system of right J-
resolutions we mean a pair (I, p), where I : Ob(K) — Ob(J) is a function, and
p = {pm}meon) is a collection of quasi-isomorphisms pps : M — I(M) in K.
Moreover, if M € Ob(J), then I(M) = M and py; = idyy.

Property (b) of Theorem m guarantees that a system of right J-resolutions
(I,p) exists.

Suppose we made a choice of a system of right J-resolutions. Let us denote by
U : J — K the inclusion functor, so I o U is the identity on the set Ob(J). Let us
define F' := FoU : J — E and S’ := JNS. The localization functor of J is denoted
by Q' :J — Js. There is a triangulated functor Us : Jg» — Ks extending U, and
there is equality Qo U = Uss o Q. These sit in a commutative diagram

I—Y 4k
Q'J JQ
Uss
Jg —— Ks

We know (from Theorem [6.4.3)) that the functor F” extends uniquely to a trian-
gulated functor FY, : Js» — E. Let ' := idp/, which is a 2-morphism

(8.3.6) N F = F,oQ.
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The 2-diagram is:

(8.3.7) J—5

Lemma 8.3.8. The pair (F¢,,1') is a right derived functor of F'.

Proof. We need to verify condition (¢) of Definition Say a triangulated
functor G’ : Jg» — E is given. Because Q' is the identity on objects, the data of a
morphism of triangulated functors u' : F{, = G’, namely a collection of morphisms
wy i F'(I) = G'(I) in E for all I € J, is the same data as a morphism of triangulated
functors

(8.3.9) 0 =y oidg = (p oidg ) *n' : F' = G o Q.

This implies that the function ' — 6’ is injective. Here is the relevant 2-diagram:

(8.3.10)

We have to prove that the function u/ — 6’ is surjective. This amounts to
showing that for any morphism ¢ : I — J in Jg/ there is equality

0 0 Fg(q) = G'(q) o 0]
of morphisms in E. Let us choose a right fraction presentation ¢ = a o s~!, with

a:K—=JinJand s: K = IinS. Because ¢ : F' = G’ o Q' is a morphism of
functors J — E, the solid diagram below

@

-7 Ty
FI(I) e F'(K) —— F'(J)
F(s) ' (a)

0, 0l o
G'(s G (a
()<< a1 ()
~ P
G

is commutative. But then, since F'(s) and G'(s) are invertible in E, the whole
diagram is commutative. [

Lemma 8.3.11. The functor Us : Jso — Ks is an equivalence of pretriangulated
categories.

Proof. By the proof of Proposition [7.2.5, with condition (1), together with Propo-
sition R2.1] O
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Lemma 8.3.12. Suppose a system of right J-resolutions (I,p) has been chosen.
Then the function I extends uniquely to a triangulated functor I : Ks — Js/, such
that Idy, = I o Us/, and p : Idgg = Us o I is an isomorphism of triangulated
functors.

In other words, the triangulated functor I is a quasi-inverse of Us/. The relevant
2-diagram is this:

% g
Uy
U I I
P
Q
K Ks ——— Ks

Proof. By Lemma|8.3.11]the functor Us is an equivalence. Take any pair of objects
M, N € K. There is a bijection

Us' : Homy,, (I(M),I(N)) — Homgg (I(M),I(N)),
and another bijection
Hom(py;, pn) : Homg, (M, N) — Hom, (I(M), I(N)).

These bijections say that to any morphism v : M — N in Kg there corresponds a
unique morphism () : I(M) — I(N) in Jg/, such that

Us/(1(¥)) o pm = pn 0.
An easy calculation shows that I : Ks — Jg/ is a functor. Moreover, there is equality
of functors I o Uss = Id,,, and an isomorphism of functors p : Idk, = Us o I.

This says that I is a quasi-inverse of Us,. Therefore, by Proposition 821 I is a
triangulated functor, and p is an isomorphism of triangulated functors. (Il

Lemma 8.3.13. Under the assumptions of the theorem, let G : Ks — E be trian-
gulated functor, and define G' := G oUss. Supposen’ : F' = G’ o Q' is a morphism
of triangulated functors J — E. Then there is a unique morphism n: F = G o Q of
triangulated functors K — E that extends n', namely such that noidy = n'.

Here are the corresponding 2-diagrams:

J——E J— Y K—LE
g |
Q = Q Q -
Js/ Js/ — Ks
s/
Here is another way to state the lemma. Let us denote by Hompq,ca(—, —)

the set of 2-morphisms (morphisms of triangulated functors). Then the operation
1 +— noidy is a function

— 0 idU . Hom%’TrCat(F’ Go Q) - HomI%TrCat(Flv G/ © Ql)v

and the lemma asserts that this is a bijection.
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Proof. Choose a system of right J-resolutions (I, p). For any object M € K the
morphism pys is invertible in Ks. Hence the morphism

Glpn) : G(M) — G(I(M))
is invertible in E. We are given the morphism
iy + F/I(M)) — G'(I(M))
in E. Recall that F'(I(M)) = F(I(M)) and G'(I(M)) = G(I(M)). Let us define
(8.3.14) e = Gpar) ™t © Nyary © Flpar),

which is a morphism F(M) — G(M) in E. We get a commutative diagram

(8.3.15) F(M) —" 5 G(M)
F(pm) G(pm)
F() 1 ar(r ()
in E.

It is now routine to check that 7 is a morphism of triangulated functors F' =
G oQ. By construction 7 extends 7’. The uniqueness of 1 follows from the fact that

the diagram (8.3.15)) must commute, and thus formula (8.3.14}) must hold. O
Proof of Theorem [8:3.3]

Step 1. We choose a system of right J-resolutions (I, p). For any object M € K we
define the object

(8.3.16) RF(M):=F(I(M)) €E
and the morphism

(8.3.17) v = F(py) : F(M) - RF(M)
in E. We still did not say what RF does to morphisms.

Step 2. For any object M € K we have, by construction, RF(M) = F'(I(M)). This
means that REF = FZ, o I on objects. The definition

(8.3.18) RF := Fl, ol :Ks — E.

upgrades RF to a triangulated functor. And there is a commutative diagram of
triangulated functors

m

Jg/ E

i“

4>K5

Step 3. Recall that we already defined 1y = F(pas). In this step we prove that n
is a morphism of triangulated functors n: F' — RF o Q.
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According to Lemma [8.3.13] the morphism of triangulated functors 7' : F' =
Fl, 0 Q' from (8.3.6) extends uniquely to a morphism of triangulated functors 7 :
F = RF o Q. The 2-diagram is

K—I LE

|

RF

Ks

We know that nQ(M) =idp(r(amy)) and RF = F{, o I. By construction of the functor
I we have I(pyr) = idj(ar) in Jsr. Plugging this and G = RF into formula ({8.3.14])
we obtain
i = (F& (I(par)) ™" o niary © Flpar)

= (idp )~ o idpaany) o Fpa) = Fpu).
So the morphism 7j; coincides with np;. As M varies we get 77 = 1.
Step 4. It remains to verify condition (¢) of Definition [8.3.1] Say a pair (G, 0) is
given. Define G’ := G o Us and ¢’ := 0 o idy. In Lemma |8.3.8] we proved that
(F&,n') is the right derived functor of F’. Therefore there is a unique morphism
p' : F, = G’ of triangulated functors Jss — E such that p' oidg: = 0. In terms of
vertical composition, and using the equality ' = idp/, this is
(8.3.19) (W oidg)xn =0

In a 2-diagram:

Recall that F¢, = RF o Us:. The functor Us is an equivalence. Hence (like
Lemma [8.3.13| but much easier) there is a unique morphism p : RF — G such that
poidy, = u'. We get this 2-diagram:

J U

Q Q

f———
Js Us Ks
We know that
idQ OidU = idUS/ OidQl .
Hence

(poidgoidy) * (noidy) = (uoidy,, oidg ) *n' = (1’ oidg) * 1’
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(this is the exchange condition). Taking this with formula (8.3.19), and using the
exchange condition once more, we deduce that
(noidg)*n)oidy =40,
The uniqueness in Lemma [8.3.13| now implies that
(8.3.20) (noidq)*n =6.

Finally we have to establish the uniqueness of . Suppose i is another morphism
RF = G satisfying . Then i’ := fioidy,, satisfies . But then, by
the uniqueness of y/; we have i/ = y/. Therefore (because Us: is an equivalence)
we see that i = u. O

Definition 8.3.21. The construction of the right derived functor (RF,7) in the
proof of the theorem above, and specifically formulas (8.3.16)) and (8.3.17)), is called
a presentation of (RF,n) by the system of right J-resolutions (I, p).

Of course any other right derived functor of F' (perhaps presented by another
system of right J-resolutions) is uniquely isomorphic to (RF, 7). This is according
to Proposition [8:3.2]

In Section [9 we shall give several existence results for the right derived functor

(RF,n) : D*(A,M) > E

of a triangulated functor
F:K*(A,M) — E,
under various assumptions on F', A, M and *. These existence results will be

based on Theorem [8.3.3} we will prove existence of suitable resolving subcategories
J C K*(A,M). The example below is one such case.

Example 8.3.22. Suppose we start from an additive functor F' : M — N. We know
how to extend it to a DG functor F : CT(M) — CT(N), and then to a triangulated
functor F : KT (M) — K*(N). By composing with Q we get a triangulated functor
Qo F : KT(M) — DT (N), that we also denote by F for simplicity.

Assume that the abelian category M has enough injectives (this means that any
object M € M admits an injective resolution). Define J to be the full subcategory
of K:= K+(M) on the bounded below complexes of injective objects; and let E :=
D (N). We will prove later that properties (a) and (b) of Theorem hold in
this situation. Therefore we have a right derived functor

RF : D" (M) — D*(N).
In case the functor F' is left exact, it has the classical right derived functors

RYF : M — N, ¢ > 0. Formula (8.3.16) shows that for any M € M there is equality
RIF(M) =HYRF(M)) as objects of N. We will prove that more is true:

RIF =H0RF
as functors M — N.

In the situation of Theorem let K™ be a full pretriangulated subcategory
of K. Define ST := KNS and J' := K'NJ. Denote by V : KI — K the inclusion
functor, and by Vg; : th — Ks its localization. Warning: the functor Vg is not
necessarily fully faithful; cf. Proposition [7.2.5]
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Proposition 8.3.23. Assume that every M € KI' admits a quasi-isomorphism
M — I where I € JT. Then the pair

(RF o Vgi,moidy)
is a right derived functor of FoV : K — E.
Loosely speaking, the proposition says that
R(FoV)=RF oVsi.
The proof is an exercise.

Exercise 8.3.24. Prove the last proposition. (Hint: Start by choosing a system
of right JT-resolutions of K. Then extend it to a system of right J-resolutions of
K. Now follow the proof of the theorem.)

8.4. Left Derived Functors. Left derived functors behave just like right derived
functors, except for a change of sides in the target category. Because of this our
treatment will be brief: we will state the definitions and the main results, but won’t
give proofs, beyond a hint here and there.

Definition 8.4.1. Assume Setup A left derived functor of F' is a triangulated

functor
LF:Ks—E,
together with a morphism
n:LFoQ=F
of triangulated functors K — E. The pair (LF,n) must have this universal property:

(0) Given any pair (G,6), consisting of a triangulated functor G : Ks — E
and a morphism of triangulated functors 6 : G o Q = F', there is a unique
morphism of triangulated functors 1 : G = LF such that § = n* (noidg).

Pictorially: there is a 2-diagram
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The 1-morphisms in this 2-diagram do not (necessarily) commute; but the diagram
of 2-morphisms (with % composition)

]~

LFoQ<——=G0oQ
poidg

is commutative.

Proposition 8.4.2. If a left derived functor (LF,n) exists, then it is unique, up
to a unique isomorphism. Namely, if (G,0) is another left derived functor of F,

then there is a unique isomorphism of triangulated functors p : G = LF such that
0 =mn=x(uoidg).

The proof is the same as that of Proposition with direction of arrows in E
reversed.
Theorem 8.4.3. Given Setup assume there is a full pretriangulated subcat-
egory P C K with these two properties:

(a) If ¢ : P — P’ is a quasi-isomorphism in P, then F(¢) : F(P) — F(P’) is
an isomorphism in E.

(b) Every object M € K admits a quasi-isomorphism p : P — M from some
object P € P.

Then the right derived functor
(LF,n):Ks — E
exists. Moreover, for any object P € P the morphism
np : (LF o Q)(P) — F(P)
in E is an isomorphism.

The category P is a “generalized category of projectives”.
The proof is the same as that of Theorem [8.3.3] with direction of arrows in E
reversed.

Definition 8.4.4. In the situation of Theorem by a system of left P-resolu-
tions we mean a pair (P, p), where P : Ob(K) — Ob(P) is a function, and p =
{prr}areon(k) is a collection of quasi-isomorphisms pys : P(M) — M in K. More-
over, if M € Ob(P), then P(M) = M and py = idp.

Property (b) of Theorem guarantees that a system of left P-resolutions
(P, p) exists.

Definition 8.4.5. The construction of the left derived functor (LF, ), when prov-
ing Theorem [8:4.3] along the lines of Theorem [8.3:3] and specifically the formulas

(8.4.6) LE(M) := F(P(M))
and
nu = F(pa) : LE(M) — F(M),
is called a presentation of (LF,n) by the system of left P-resolutions (P, p).
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In Section [9 we shall give several existence results for the left derived functor
(LF,n) : D*(A,M) — E
of a triangulated functor
F:K*(A,M) — E,
under various assumptions on F', A, M and *. These existence results will be

based on Theorem [8.4.3} we will prove existence of suitable resolving subcategories
P C K*(A,M). The example below is one such case.

Example 8.4.7. Suppose we start from an additive functor F': M — N. We know
how to extend it to a DG functor F' : C~ (M) — C™ (N), and then to a triangulated
functor F : K~ (M) — K™ (N). By composing with Q we get a triangulated functor
Qo F:K (M) — D™ (N), that we also denote by F' for simplicity.

Assume that the abelian category M has enough projectives (this means that any
object M € M admits a projective resolution). Define P to be the full subcategory
of K := K7 (M) on the bounded above complexes of projective objects; and let
E:= D" (N). We will prove later that properties (a) and (b) of Theorem hold
in this situation. Therefore we have a left derived functor

LF : D™ (M) — D~ (N).

In case the functor F is right exact, it has the classical left derived functors
L,F : M — N, ¢ > 0. Formula (8.4.6) shows that for any M € M there is equality
L,F(M)=H"9LF(M)) as objects of N. We will prove that more is true:

L,F=H %0LF
as functors M — N.

In the situation of Theorem let K be a full pretriangulated subcategory
of K. Define ST := KI'NS and P' := KT NP. Denote by V : KI — K the inclusion
functor, and by Vgi : K; — Ks its localization. Warning: the functor Vst is not
necessarily fully faithful; cf. Proposition [7.2.5]

Proposition 8.4.8. Assume that every M € K admits a quasi-isomorphism P —
M where P € PT. Then the pair

(LF o Vgi,moidy)
is a left derived functor of F oV : K - E.
The proof is just like that of Proposition |8.3.23| (which was an exercise...).
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9. REsoLuTIONS OF DG MODULES

In this section we are back to the more concrete setting: A is a DG ring, and M
is an abelian category (both over a base ring K). We will define K-projective and
K-injective DG modules in K(A, M). These DG modules form full pretriangulated
subcategories of K(A, M), and are concrete versions of the abstract categories J and
P, that played important roles in Subsections and respectively. For K(A)
we also define K-flat DG modules.

9.1. K-Injective DG Modules. For any ¢ we have an additive functor
H': Cyr (A, M) = M.

There is equality H* = H o T*. The functors H* pass to the homotopy category,
and

H?: K(A4,M) = M

is a cohomological functor in the sense of Definition [5.3.2]

Definition 9.1.1. A DG module N € C(4, M) is called acyclic if H/(N) = 0 for
all 1.

Definition 9.1.2. A DG module I € C(A, M) is called K-injective if for every
acyclic DG module N € C(A, M), the DG K-module Hom 4 m(N, I) is acyclic.

The definition above characterizes K-injectives as objects of C(A, M). The next
proposition shows that being K-injective is intrinsic to the pretriangulated category
K(A, M), with the cohomological functor H’ (that tells us which are the acyclic
objects).

Proposition 9.1.3. A DG module I € K(A,M) is K-injective if and only if
Homg(a,m)(IV, I) = 0 for every acyclic DG module N € K(A, M).

Proof. This is because for any integer p we have
H? (HOIHA’M(N, I)) ~ H° (HOIIIA’M(T_p(]\f)7 I)) = HOIIIK(AyM) (T"P(N),I),
and N is acyclic iff T™P(N) is acyclic. O

The concept of K-injective complex (i.e. a K-injective object of K(M)) was intro-
duced by Spaltenstein [Sp] in 1988. At about the same time other authors (Keller
[Kell, Bockstedt-Neeman [BoNe], Bernstein-Lunts [BeLul, ...) discovered this con-
cept independently, with other names (such as homotopically injective complex).
The texts [BeLu| and [Kel| already talk about DG modules over DG rings.

Remark 9.1.4. When the smart truncation functors exist (e.g. when A is a nonpos-
itive DG ring), it is enough to check for K-injectivity of a DG module I € K*(A, M)
against acyclic DG modules N € K*(A4,M). Cf. Definition |7.3.11] and Exercise
(0. 12

Definition 9.1.5. Let M € K(A,M). A K-injective resolution of M is a quasi-
isomorphism p : M — T in K(A, M), where I is a K-injective DG module.

Remark 9.1.6. In some other texts (and in our Section “resolution” refers to
a quasi-isomorphism p : M — I in Cy, (A, M). It usually makes no difference which
meaning is used (as long as we know what we are talking about).
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In the next section we will prove existence of K-injectives in several contexts.
Here is an easy one.

Exercise 9.1.7. Let I € K(M) be a complex of injective objects of M, with zero
differential. Prove that I is K-injective.

Definition 9.1.8. Let K be a full subcategory of K(A, M). The full subcategory
of K on the K-injective DG modules in it is denoted by Kiyj. In other words,

Kinj = K(4, M)im; NK.

Warning: the property of being K-injective is in general not intrinsic to the
subcategory K. Cf. Remark [9.1.4]

Proposition 9.1.9. If K is a full pretriangulated subcategory of K(A, M), then Kiy;
is a full pretriangulated subcategory of K.

Proof. It suffices to prove that K(A,M)i,; is a pretriangulated subcategory of
K(A, M). It is easy to see that K(A, M);y,; is closed under translations. Suppose

I—J—K-—T()

is a distinguished triangle in K(A, M), with I, J being K-injective DG modules. We
have to show that K is also K-injective. Take any acyclic DG module N € K(A4, M).
There is an exact sequence

Homg4,m)(V, J) — Homga,my (N, K) — Homga,m) (N, T(1))
in Mod K. Because J and T(I) are K-injectives, Proposition says that
Homga,m) (N, J) = 0 = Homga,m) (N, T(1)).
Therefore Homga,m) (N, K) = 0. But N is an arbitrary acyclic DG module, so K

is K-injective. (I

Example 9.1.10. Let x be some boundedness condition (namely b, 4+, — or noth-
ing). We know that K*(A,M) is a full pretriangulated subcategory of K(A, M).
Hence K*(A, M);y; is a pretriangulated subcategory too.

Definition 9.1.11. Let K be a full pretriangulated subcategory of K(A, M). We
say that K has enough K-injectives if any DG module M € K admits a K-injective
resolution inside K. I.e. there is a quasi-isomorphism p : M — I where I € Kjy;.

Here is the crucial fact regarding K-injectives.

Lemma 9.1.12. Let K be a full subcategory of K(A,M). Let s : I — M be a
quasi-isomorphism in K, and assume I is K-injective. Then s has a left inverse,
namely there is a morphism t : M — I in K such that t o s = idj.

Proof. Since K is a full subcategory of K(4, M), we can assume that K = K(A, M).
Consider a distinguished triangle

I35 M- N—T)

in K(A, M) that’s built on s. The long exact cohomology sequence tells us that N
is an acyclic DG module. So

HOInK(AﬁM)(Tp(N),I) = 0
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for all p. The exact sequence
HomK(AM)(N, I) — Homga,m)(M, I)
— Homg(a,my (I, I) — Homg 4wy (T~H(N), )
shows that ¢ — ¢ o s is a bijection
Homy (4 m) (M, I) = Homgam (I, ).
We take t : M — I to be the unique morphism in K(A, M) such that tos =id;. O

Theorem 9.1.13. Let A be a DG ring, let M be an abelian category, and let K
be a full pretriangulated subcategory of K(A,M). Denote by S the set of quasi-
isomorphisms in K. Then the localization functor

Q : Kinj — KS
is fully faithful.
Proof. Consider any pair of objects I, J € Kj,;. We must prove that the K-module
homomorphism

(9.1.14) Q : Homk (I, J) — Homg (1, J)
is bijective.

Suppose ¢ : I — J is a morphism in Ks. Let us present ¢ as a left fraction:
q=Q(s) ' oQ(a), where a : I — N and s : J — N are morphisms in K, and s is

a quasi-isomorphism. By Lemma [9.1.12] s has a left inverse ¢. We get a morphism
toa: I — Jin K, and an easy calculation shows that Q(t o a) = ¢ in Ks. This

proves surjectivity of ((9.1.14]).
Now let’s prove injectivity of (9.1.14). If @ : I — J is a morphism in K such

that Q(a) = 0, then by axiom (LO4) of Ore localization (the left version of axiom
(RO4) in Definition [6.2.1)), there is a quasi-isomorphism s : J — L in K such that
soa=01n K. Let ¢ be the left inverse of s. Then a =tosoa =0 in K. O

Corollary 9.1.15. Let K be a full pretriangulated subcategory of K(A,M). If K
has enough K-injectives, then the localization functor

Q : Kinj — KS
is an equivalence.

Proof. By the theorem the functor Q is fully faithful. The extra condition guaran-
tees that Q is essentially surjective on objects. [

Corollary 9.1.16. Let x be any boundedness condition. If K*(A,M) has enough
K-injectives, then the triangulated functor

Q : K*(A, M)inj — D*(AA7 M)
is an equivalence.

Proof. Since K*(A, M) is a full pretriangulated subcategory of K(A4, M), this is a
special case of the previous corollary. [l

Remark 9.1.17. This result is of tremendous importance, both theoretically and
practically. In the theory, it shows that the localized category D*(A, M), which is
too big to lie inside the original universe U (see Remark , is equivalent to a
U-category. On the practical side, it means that among K-injective objects we do
not need fractions to represent morphisms.
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Corollary 9.1.18. Let x and t be boundedness conditions such that
K*(A,M) C KT(4,M).
Assume these categories have enough K-injectives. Then the canonical functor

D*(A,M) — D'(4,M)

is fully faithful.
Proof. Combine Corollary with the fact that K*(A4, M) — K'(A4, M) is fully
faithful. O

Remark 9.1.19. Earlier we only proved that D*(A, M) — D(A, M) is fully faithful
in special cases (see Proposition and Exercise [7.3.12)).

Corollary 9.1.20. Let ¢ : I — J be a morphism in Cg, (A, M) between K-injective
objects. Then ¢ is a homotopy equivalence if and only if it is a quasi-isomorphism.

Proof. One implication is trivial. For the reverse implication, if ¢ is a quasi-
isomorphism then it is an isomorphism in D(A4, M), and by Theorem [9.1.13 for
K = K(A, M) we see that ¢ is an isomorphism in K(A4, M). O

Here is another useful definition. It is a variant of Definition [8.3.5

Definition 9.1.21. Let K be a full pretriangulated subcategory of K(A, M), and
assume K has enough K-injectives. A system of K-injective resolutions in K is a
pair (I, p), where I : Ob(K) — Ob(Kiy;) is a function, and p = {pn} meonk) is a
collection of quasi-isomorphisms pys : M — I(M) in K. Moreover, if M € Ob(Kiyj),
then I(M) = M and pp; = idjpy.

The proposition below is a variant of Lemma [8.3.12

Proposition 9.1.22. Suppose a system of K-injective resolutions (I,p) has been
chosen. Then the function I extends uniquely to a triangulated functor I : Ks —
Kinj, such that IdKinj =1Jo Q|Kinj; and p : Idkg, = Qol is an isomorphism of
triangulated functors.

Proof. The proof is the same as that of Lemma [8:3.12] except that here we use

Corollary [0.1.75 O

The next corollary is a categorical interpretation of the last proposition.

Corollary 9.1.23 (Functorial K-Injective Resolutions). Let K be a full pretrian-
gulated subcategory of K(A,M), and assume K has enough K-injectives.

(1) There are a triangulated functor I : K — K and a morphism of triangulated
functors p : Idx — I, such that for any object M € K the object I(M) is
K-injective, and the morphism ppr : M — I1(M) is a quasi-isomorphism.

(2) If (I, p') is another such pair, then there is a unique isomorphism of tri-
angulated functors ¢ : I = I’ such that p' = o p.

Exercise 9.1.24. Prove Corollary

Theorem 9.1.25. Let K be a full pretriangulated subcategory of K(A,M), and
denote by S the set of quasi-isomorphisms in K. Assume K has enough K-injectives.
Let E be any pretriangulated category, and let

F:K—E
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be any triangulated functor. Then F has a right derived functor

(RF,n) : Ks — E.
Furthermore, for any I € Kiyj the morphism ny : F(I) — RF(I) in E is an isomor-
phism.

Proof. We will use Theorem In the notation of that theorem, let J := Kiy;.
Condition (b) of that theorem holds (this is the “enough K-injectives” assertion).
Next, Theorem implies that any quasi-isomorphism ¢ : I — J in Ky is
actually an isomorphism. Therefore F(¢) is an isomorphism in E, and this is
condition (a) of Theorem [8.3.3] O

Example 9.1.26. Let A be any DG ring. We will prove later that K(A) has
enough K-injectives. Therefore, given any triangulated functor F' : K(A4) — E into
any pretriangulated category E, the right derived functor

(RF,n) :D(A) = E

exists.
Suppose we choose a system of K-injective resolutions (7, p) in K(A4). Then we
get a presentation of (RF,n) as follows: RF(M) = F(I(M)) and na = F(par)-

9.2. K-Projective DG Modules. This subsection is dual to the previous one,
and so we will be brief.

Definition 9.2.1. A DG module P € C(A,M) is called K-projective if for every
acyclic DG module N € C(A, M), the DG K-module Hom 4 m(P, N) is acyclic.

Proposition 9.2.2. A DG module P € K(A,M) is K-projective if and only if
Homg(a,my(P,N) =0 for every acyclic DG module N € K(A, M).
The proof is like that of Proposition [9.1.3

Definition 9.2.3. Let M € K(A,M). A K-projective resolution of M is a quasi-
isomorphism p : P — M in K(A, M), where P is a K-projective DG module.

Definition 9.2.4. Let K be a full subcategory of K(A, M). The full subcategory
of K on the K-projective DG modules in it is denoted by K. In other words,
Kprj = K(4, M)y NK.
The same warning after Definition applies here.

Proposition 9.2.5. IfK is a full pretriangulated subcategory of K(A, M), then Kpy;
is a full pretriangulated subcategory of K.

The proof is like that of Proposition [9.1.9

Example 9.2.6. Let * be some boundedness condition (namely b, +, — or noth-
ing). Since K*(A, M) is a full pretriangulated subcategory of K(A4, M), we see that
K*(A, M), is a pretriangulated subcategory too.

Definition 9.2.7. Let K be a full pretriangulated subcategory of K(A4, M). We say
that K has enough K-projectives if any DG module M € K admits a K-projective
resolution inside K. I.e. there is a quasi-isomorphism p : P — M where P € K.

Lemma 9.2.8. Let K be a full subcategory of K(A,M). Let s : M — P be a
quasi-isomorphism in K, and assume P is K-projective. Then s has a right inverse;
namely there is a morphism t : P — M in K such that sot = idp.
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Same proof as that of Lemma [0.1.12]

Theorem 9.2.9. Let A be a DG ring, let M be an abelian category, and let K
be a full pretriangulated subcategory of K(A,M). Denote by S the set of quasi-
isomorphisms in K. Then the localization functor
Q: Koy = Ks
is fully faithful.
The proof is the same as that of Theorem [9.1.13] with reversed arrow. The next
corollaries and proposition are also proved like their K-injective counterparts.

Corollary 9.2.10. Let K be a full pretriangulated subcategory of K(A,M). If K
has enough K-projectives, then the localization functor

Q : Koy = Ks
is an equivalence.
Corollary 9.2.11. Let x and 1 be boundedness conditions such that
K*(A,M) C K'(4,M).
Assume these categories have enough K-projectives. Then the canonical functor
D*(A,M) — Df(4, M)
is fully faithful.

Corollary 9.2.12. Let ¢ : P — Q be a morphism in Cy(A,M) between K-
projective objects. Then ¢ is a homotopy equivalence if and only if it is a quasi-
isomorphism.

Definition 9.2.13. Let K be a full pretriangulated subcategory of K(A4, M), and
assume K has enough K-projectives. A system of K-projective resolutions in K is
a pair (P, p), where P : Ob(K) — Ob(Kp,;) is a function, and p = {pa}areon)
is a collection of quasi-isomorphisms pys : P(M) — M in K. Moreover, if M €
Ob(Kprj), then P(M) = M and pp; = idy,.

Proposition 9.2.14. Suppose a system of K-projective resolutions (P, p) has been
chosen. Then the function P extends uniquely to a triangulated functor P : Kg —
Kprj, such that 1dk,,; = P o Qlk,,;, and p : Qo P = Idkg is an isomorphism of
triangulated functors.

Corollary 9.2.15 (Functorial K-Projective Resolutions). Let K be a full pretrian-
gulated subcategory of K(A, M), and assume K has enough K-projectives.

(1) There are a triangulated functor P : K — K and a morphism of triangulated
functors p : P — Idk, such that for any object M € K the object P(M) is
K-projective, and the morphism ppr : P(M) — M is a quasi-isomorphism.

(2) If (P',p') is another such pair, then there is a unique isomorphism of tri-
angulated functors ¢ : P' = P such that p=pol.

Theorem 9.2.16. Let K be a full pretriangulated subcategory of K(A,M), and de-
note by S the set of quasi-isomorphisms in K. Assume K has enough K-projectives.
Let E be any pretriangulated category, and let

F:K—E
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be any triangulated functor. Then F has a left derived functor

(LF,n):Ks — E.
Furthermore, for any P € K, the morphism np : LF(P) — F(P) in E is an
isomorphism.

The proof is like that of Theorem [9.1.25

Example 9.2.17. Let A be any DG ring. We will prove later that K(A) has
enough K-projectives. Therefore, given any triangulated functor F' : K(4) — E
into any pretriangulated category E, the left derived functor

(LF,n): D(A) - E

exists.
Suppose we choose a system of K-projective resolutions (P, p) in K(A). Then we
get a presentation of (LF,n) as follows: LF(M) = F(P(M)) and ny = F(pum)-

9.3. K-Flat DG Modules. Recall that A°P is the opposite DG ring. The objects
of C(A°P) are the right DG A-modules.

Definition 9.3.1. A DG module P € C(A) is called K-flat if for every acyclic DG
module N € C(A°P), the DG K-module N ®4 P is acyclic.

Proposition 9.3.2. If P € C(A) is K-projective then it is K-flat.

Proof. Let K* be an injective cogenerator of M(K) = ModK. This means that
K* is an injective K-module, such that any nonzero K-module W admits a nonzero
homomorphism W — K*. A universal choice is K* = Homyz (K, Q/Z). It is not hard
to see that a DG K-module W is acyclic if and only if Homg (W, K*) is acyclic. (Cf.

Exercise [10.5.6| for a stronger assertion.)
Take an acyclic complex N € C(A°P). Then by Hom-tensor adjunction there is

an isomorphism of DG K-modules
Homg (N ®4 P,K*) = Hom 4 (P, Homg (N, K*)).

The right side is acyclic by our assumptions. Hence so is the left side. It follows
that N ® 4 P is acyclic. (Il

The proof above also gives a hint to the next proposition.
Proposition 9.3.3. A DG module P € K(A) is K-flat iff
Homg 4) (P, Homg (N, J)) =0
for every acyclic N € C(A°P) and every injective J € Mod K.
Exercise 9.3.4. Prove Proposition [9.3.3

The next proposition will be subsumed later, in Section [I2] in a theorem about
the left derived tensor bifunctor.

Proposition 9.3.5. Let K be a full pretriangulated subcategory of K(A), and denote
by S the set of quasi-isomorphisms in K. Assume K has enough K-flat objects. Let
B be another central DG K-ring, let N € K(B ®g A°P), and define

F:K— D(B)
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to be the triangulated functor F(M) := Q(N ®4 M), as in Ezample and
Theorem [5.4.13 Then F has a left derived functor

(LF,n) : Ks — D(B).
Furthermore, for any object P € K which is K-flat, the morphism np : LF(P) —
F(P) in D(B) is an isomorphism.
Exercise 9.3.6. Prove Proposition m (Hint: look at the proof of Theorem
0.1.25))

Remark 9.3.7. In view of Proposition the reader might wonder why we
bother with K-flat DG modules. The reason is that on a ringed space (X, .A) there
are usually very few projective A-modules. But, as we shall prove, there are enough
K-flat complexes in C(A) = C(Mod.A). This will allow us to have a left derived
tensor functor for sheaves.
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10. EXISTENCE OF RESOLUTIONS

In this section we continue in the more concrete setting: A is a DG ring, and
M is an abelian category (both over a commutative base ring K). We will prove
existence of K-projective and K-injective resolutions in several contexts.

10.1. Direct and Inverse Limits of Complexes. We shall have to work with
limits in this section. Limits in abstract abelian and DG categories (not to mention
pretriangulated categories) are a very delicate issue. We will try to be as concrete
as possible, in order to avoid pitfalls and confusion.

Let C be an arbitrary category (not necessarily linear). A direct system in C is

data

({ My} ren, {p b ren),

where M}, are objects of C, and pg : My — Mj1 are morphisms, called transitions.
The direct limit

M = lim Mk
k—

need not exist in C; but if it does, then it is unique up to a unique isomorphism.
By an inverse system in the category C we mean data

({ M} wew, {pn tren),

where {Mj}ren is a collection of objects, and g : Mgy1 — My are morphisms,
also called transitions. The inverse limit

M = lim M,
«—k

need not exist in C; but if it does, then it is unique up to a unique isomorphism.

Proposition 10.1.1 (Sandwiched Systems). Let C be a category.

(1)

Let ({Mk}keN, {,uk}keN) and ({Nk}keN, {l/k}keN) be direct systems in C.
Assume there are morphisms ay : My — Ng and P : Ny — M1, such
that By o g = pig, and ag1q o P, = vg for all k. If the limit N = limg_, Ng
exists, then the limit M = limy_, My also exists, and the canonical mor-
phism o« : M — N is an isomorphism.

Let ({Mk}keN, {uk}keN) and ({Nk}keN, {Vk}keN) be inverse systems in C.
Assume there are morphisms «i : My — N and B : Ny — M_q,
such that P o ap = px—1 and ap_1 0 By = vg_1 for all k. If the limit
N = lim_ Ny exists, then the limit M = lim._j M} also exists, and the
canonical morphism o : M — N is an isomorphism.

In other words, sandwiched systems behave the same regarding limits. The direct
systems (item (1)) look like this:

Vi

o B Qg1 Brt1
M, N Mi+1 Ni41 My 42
123 Hk+1

Exercise 10.1.2. Prove Proposition |10.1.1

Proposition 10.1.3. Let C be a category.
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(1) Let {Mg}ren be a direct system in C, and assume the direct limit M =
limy_, My, exists. Then for any object N € C, the canonical function

Homc(M,N) — linkl Homc (My, N)
+—

is bijective.
(2) Let {My}ren be an inverse system in C, and assume the inverse limit M =
lim, , My, exists. Then for any object N € C, the canonical function

Hom¢(N, M) — liril Homc (N, My,)
«—
is bijective.
Exercise 10.1.4. Prove Proposition [10.1.3

Now we start talking about limits in the abelian category Cg, (A, M). We have
to be careful, because it often not true that limits exist in abelian categories.

Example 10.1.5. Let M be the category of finite abelian groups. The inverse
system {Mj}ren, where My := 7Z/(2F), and the transition up : M1 — My
is the canonical surjection, does not have an inverse limit in M. We can also
make {Mj}ren into a direct system, in which the transition vy : My — Mgy is
multiplication by 2. The direct limit does not exist in M.

Proposition 10.1.6.

(1) Let {My}ren be a direct system in Cg (A, M). Assume that for every i the
direct limit limy_, M} exists in M. Then the direct limit M = limg_, M
exists in Cgr(A, M), and in degree i it is M* = limy_, M,’e

(2) Let {Mj}ren be an inverse system in Cgr(A,M). Assume that for every
i the inverse limit lim Mlz exists in M. Then the inverse limit M =
lim, s, My, exists in Cser(A, M), and in degree i it is M* = limj M.

Proof. We will only prove item (1); the proof of item (2) is identical. For any
integer ¢ define M? := limj_, M,i € M. By the universal property of the direct
limit, the differentials d : M} — M;™" induce differentials d : M* — M+, and
in this way we obtain a complex M := {M*},cz € C(M). Similarly, any element
a € A’ induces morphisms a : M* — M7 in M, and thus M becomes an object of
C(A,M). There are morphisms My — M in Cy, (A, M), and it is easy to see that
these make M into a direct limit of the system {Mjy}ren. O

Since limits exist in M = Mod K, the proposition above says that they exist in
C(A). Similarly they exist in the category G(K) of graded K-modules.

We say that a direct system { My, }ren in M is eventually stationary if py : My, —
Mj.41 are isomorphisms for large k. Similarly we can talk about an eventually
stationary inverse system. The limit of an eventually stationary system (direct or
inverse) always exists: it is My, for large enough k.

Proposition 10.1.7.

(1) Let {My}ren be a direct system in Cg, (A, M). Assume that for each i the
direct system { M} }ren in M is eventually stationary. Then the direct limit
M = limg_, My, exists in Cgr(A, M), the direct limit limy_, H(My,) exists in
G"(M), and the canonical morphism

lim H(M,) — H(M)
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in G*(M) is an isomorphism.

(2) Let {My}ren be an inverse system in Cyr (A, M). Assume that for each i the
inverse system {M;i}keN in M is eventually stationary. Then the inverse
limit M = limj, M}, exists in Cgr (A, M), the inverse limit lim, j H(M})
exists in GO(M), and the canonical morphism

H(M) — lim H(M,)

in G°(M) is an isomorphism.
Proof. (1) As mentioned above, for each i the limit M? = limj_, M} exists in M.
By Proposition [10.1.6 the limit M = limy_, M}, exists in Cg, (A, M).

Regarding the cohomology: fix an integer i. Take k large enough such that
M,i/ — M,il, are isomorphisms for all k < k' and 1 —1 < ¢’ <i+1. Then M,él, — M
are isomorphisms in this range, and therefore HZ(M w) — H'(M) are isomorphisms
for all k < k. We see that the direct system {H'(M},)}ren is eventually stationary,
and its direct limit is H'(M).

(2) The same. O

When we drop the abstract abelian category M, i.e. when we work with M =
Mod K = M(K) and Cg; (A, M) = Cy,:(A), there is no problem of existence of limits.
The next proposition says that furthermore “direct limits are exact” in Cg,(A).

Proposition 10.1.8. Let { My }ren be a direct system in Cy(A). Then the canon-
ical homomorphism
lkim H(My) — H(M)
5

in G*(K) is bijective.

Exercise 10.1.9. Prove Proposition [10.1.8) (Hint: forget the action of A, and
work with complexes of abelian groups.)

Exactness of inverse limits tends to be much more complicated than that of
direct limits, even for K-modules. We always have to make some condition on the
inverse system to have exactness in the limit.

Definition 10.1.10. Let ({Mk}k-eN, {Mk}keN) be an inverse system in M(K). For
any | > k let M C M), be the image of the homomorphism
idopgo---opu—q: My — M.

Note that there are inclusions My C My, so for fixed £ we have an inverse
system {th}le.

We say that the inverse system { M} }ren has the Mittag-Leffler property if for
every index k, the inverse system {M; x};>1 is eventually stationary.

Example 10.1.11. If the system

({Mk}keNv {Mk}keN)

satisfies one of the following conditions, then it has the Mittag-LefHler property:
(a) The system has surjective transitions.
(b) The system is eventually stationary.
(c) For any k € N there exists some [ > k such that M, = 0. This is called
the trivial Mittag-Leffler property, and one says that the system is pro-zero.
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Theorem 10.1.12 (Mittag-Leffler Argument). Let { My }ren be an inverse system
in Cgir(A), with inverse limit M = lim, , My. Assume the system satisfies these
two conditions:

(a) For everyi € Z the inverse system {M} }ren in M(K) has the Mittag-Leffler
property. '
(b) For every i € Z the inverse system {H'(My)}ren in M(K) has the Mittag-
Leffler property.
Then the canonical homomorphisms
H (M) — lim H' (M)
—k
are bijective.

Proof. We can forget all about the graded A-module structure, and just view this
as an inverse system in Cg(Z), i.e. and inverse system of complexes of abelian
groups. Now this is a special case of [KaScll Proposition 1.12.4] or [EGA III, Ch.
0111, Proposition 13.2.3]. O

The most useful instance of the ML argument is this:
Corollary 10.1.13. Let {Mj}ren be an inverse system in Cgir(A), with inverse

limit M = lim,_; My. Assume the system satisfies these two conditions:

(a) For every i € Z the inverse system {M} }ren has surjective transitions.
(b) For every k the DG module My, is acyclic.

Then M is acyclic.

Proof. Conditions (a) and (b) here imply conditions (a) and (b) of Theorem[10.1.12
respectively. O

Exercise 10.1.14. Prove Corollary [10.1.13|directly, without resorting to Theorem
0. 1. 12

Remark 10.1.15. We will not attempt discussing direct or inverse limits in ab-
stract abelian categories. Such definitions do exist (e.g. for a Grothendieck abelian
category, cf. [KaSc2| Definition 8.3.24]), but this sort of thing is a source of anxiety
(and sometimes of errors).

Before going on, it is good to remember the roles of the objects of cocycles and
coboundaries. Let M € C(A, M). The object of coboundaries Z(M) C M is defined
by

Z'(M) == Ker(d: M" — M™t).
The object of cocycles B(M) C M is defined by
B'(M) :=Im(d: M~ — M.

Note that Z(A) is a DG ring with trivial differential, and the objects Z(M) and
B(M) live in C(Z(A), M), with trivial differentials too. There are exact sequences

(10.1.16) 0— Z(M) = M % T(B(M)) = 0
and
(10.1.17) 0—-BWM)—>ZM)—>H(M)—=0

in Cgr(Z(A), M).
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10.2. K-Projective Resolutions in C™ (M). Recall that M is some abelian cate-
gory, and C(M) is the DG category of complexes in M. The strict category Cgi, (M)
is abelian.

A filtration on a complex M € Cy, (M) is a collection {F;(M)};>_1 of subobjects
of M, such that F;(M) C Fj41(M). This is a particular kind of direct system in
Csir(M). We say that M = lim;_, F;(M) if this limit exists in Cg,(M), and the
canonical morphism lim;_, F;(M) — M is an isomorphism. There are also the
subquotients

(10.2.1) gri (M) == Fj(M)/F;_1(M) € Cyx(M)

for 7 > 0. Sometimes we will be interested in filtrations that have finite length, by
which we mean a direct system of subobjects {F;(M)}_1<,<p for some k < co. In
this case grf(M) is defined only for 0 < j < k.

The next definition is inspired by the work of Keller [Kel, Section 3.1].

Definition 10.2.2. Let P be an object of C(M).

(1) A semi-projective filtration on P is a filtration F = {F;(P)};j>_1 on P as
an object of Cy; (M), such that:

o F1(P)=0.
e Each grf (P) is a complex of projective objects of M with zero differ-
ential.

e P =lim;_, F;(P) in Cy:(M).
(2) The complex P is called a semi-projective complex if it admits some semi-
projective filtration.

Theorem 10.2.3. Let M be an abelian category, and let P be a semi-projective
complex in C(M). Then P is K-projective.

Proof. Step 1. We start by proving that if P = T* (Q), the translation of a projec-
tive object @ € M, then P is K-projective. This is easy: given an acyclic complex
N € C(M), we have

Homm (P, N) = Homm (T*(Q), N) = T~ (Homm(Q, N))
in Cg;(K). But Homm (@, —) is an exact functor M — M(K), so Homm(Q, N) is
an acyclic complex.

Step 2. Now P is a complex of projective objects of M with zero differential. This

means that
PP TQ)

keZ
in Cg; (M), where each Qy, is a projective object in M. But then

Homy (P, N) = [ Homwm (T*(Qx), N).
keZ
This is an easy case of Proposition [10.1.3] By step 1 and the fact that a product
of acyclic complexes in Cy,(K) is acyclic (itself an easy case of the Mittag-Leffler
argument), we conclude that Homp (P, N) is acyclic.

Step 3. Fix a semi-projective filtration F' = {F;(P)};>_1 on P. Here we prove
that for every j the complex F;(P) is K-projective. This is done by induction on
j > —1. For j = —1 it is trivial. For j > 0 there is an exact sequence of complexes

(10.2.4) 0 — Fj_1(P) = F;(P) — grj (P) = 0
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in C(M). In each degree i € Z the exact sequence
0= Fj_1(P)" = Fj(P)" — gr (P)" =0

in M splits, because grf(P)i is a projective object. Thus the exact sequence (|10.2.4))

is split exact in the abelian category GO(M) of graded objects in M.
Let N € C(M) be an acyclic complex. Applying the functor Homm(—, N) to the
sequence of complexes (10.2.4) we obtain a sequence
(10.2.5)
0 — Homw (gr} (P), N) — Homy (F;(P),N) — Hompw (Fj_1(P),N) =0

in Cg,(K). Because ((10.2.4) is split exact in G°(M), the sequence is split
exact in G°(K). Therefore (10.2.5) is exact in Cy, (K).

By the induction hypothesis the complex Hompy (Fj_l(P), N ) is acyclic. By step
1 the complex Homp (grf (P),N ) is acyclic. The long exact cohomology sequence

associated to ((10.2.5) shows that the complex Homyy (Fj(P)7 N) is acyclic too.

Step 4. We keep the semi-projective filtration F' = {F}(P)};>_1 from step 3. Take
any acyclic complex N € C(M). By Proposition [10.1.3| we know that

Hompm (P, N) = lim Hompy (Fj (P), N)
—j

in Cg:(K). According to step 3 the complexes Homy (F;(P), N) are all acyclic.
The exactness of the sequences (|10.2.5)) implies that the inverse system

{Homp (F;(P),N)}

j=z-1
in Cg,(K) has surjective transitions. Now the Mittag-Leffler argument (Corollary
10.1.13)) says that the inverse limit complex Hompm (P, N) is acyclic. |

Proposition 10.2.6. Let M be an abelian category. If P € C(M) is a bounded
above complex of projectives, then P is a semi-projective complez.

Proof. Say P is nonzero and sup(P) = i; € Z. For j > —1 define
Fj(P):==(—0—>P" 7 5...5prl 5 pr4...)CP
Then {F;(P)};>—1 is a semi-projective filtration on P. O
The next theorem is dual to [RD, Lemma 4.6(1)], in the sense of changing injec-

tives to projectives. (See Theorem [10.4.7| for the injective case.) We give a much
more detailed proof.

Theorem 10.2.7. Let M be an abelian category with enough projectives. Any
complex M € C (M) admits a quasi-isomorphism p : P — M in C (M), where P
is a bounded above complexr of projectives.

Proof. After translating M, we can assume that M i = for all 4 > 0. The differ-
ential of the complex M is di, : M* — M+,
We start by choosing an epimorphism p° : P® — M in M from some projective
object PY. We get a morphism
&M teP)— M
whose components are d&l and p°. Next we choose an epimorphism

Y=t Pt Ker(8%)
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from some projective object P~!. So there is an exact sequence
—1 0
Py M te P S MO .
The components of 1)~! are denoted by p~! : P~! — M~! and d;l P~ — PO,

Now to the inductive step. Here i < —1, and we already have objects P?,. .., PY,

and morphisms p', ..., p° and d%,...,dz", that fit into this diagram

di d%

(10.2.8) pi pi+l PO 0
o pitl 20
Mi—1 dzl Mt div Mt diy MO 0

in M. We still did not prove this diagram is commutative.
Define the morphism

S M~TtepP — M e P!
to be the one with components —di]\gl, p* and d. Expressing direct sums of objects

as columns, and letting matrices of morphisms act on them from the left, we have
this representation of §* :

(10.2.9) 5=

—dij\zl ot
|
Let us choose an epimorphism
Pt P Ker(6Y)
from a projective object P'~1. We get an exact sequence
(10.2.10) Pt Mt PSS A P

The components of the morphism "~ are denoted by p'~! : P71 — M~ and
dj;l : P! 5 P? In a matrix representation:

i—1
) P
1—1 __
¥ o [di—1‘| )
P

In this way we obtain the slightly bigger diagram

) it | )
(10.2.11) pt L pi T, pitl e PO 0
pi—l pi pi+1 PO
T Ao ;Ao
szl M? Merl . MO 0

We carry out this construction inductively for all ¢ < —1, thus obtaining a

diagram like (|10.2.11)) that goes infinitely to the left. _
Because §% 01"~ = 0 in (10.2.10)), it follows that d& o d?l = 0. Letting P*:=0

for positive ¢, the collection P := _{Pi}iez becomes a complex, with differential
dp = {d%}iez. The equality 6° o ¢'~! = 0 also implies that
(10.2.12) plodist =ditop™

so the collection p := {p*};cz is a strict morphism of complexes p: P — M.
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Let us examine this commutative diagram:

i—1 i ) )
(10.2.13) Pl pmitepi Y g i

(0,id) id id

Mi—2@ pi-1 5 ppi-l g pi 8 i pitl
The top row is exact, because it is (10.2.10)). An easy calculation using ((10.2.12))

shows that 6% 0 =1 = 0. These two facts combine prove that the bottom row is
also exact.

Let N = {N'},cz be the complex with components N* := M=t @ P fori < —1,
NO:= M% and N*:=0 for i > 0. The differential dy = {d% };ez is

=06 N = N1

As we saw in the paragraph above, the complex N is acyclic. On the other hand,
by the definition of the morphisms ¢* in (|10.2.9)), we see that N is just the standard
cone on the strict morphism of complexes

T 'p): TH(P) = T~ (M).
See Definition [3.9.1] Therefore p is a quasi-isomorphism. O

Corollary 10.2.14. If M is an abelian category with enough projectives, then
C™ (M) has enough K-projectives.

Proof. Combine Theorem [10.2.7, Proposition [I0.2.6] and Theorem [10.2.3] O

For a graded object N € G(M) we let
(10.2.15) sup(N) :=sup {i | N* # 0} C Z U {+o0}.
Note that sup(N) = —oo if and only if N = 0.

Corollary 10.2.16. Let M be an abelian category with enough projectives, and
let M € C(M) be a complex with bounded above cohomology. Then M has a K-
projective resolution P — M with sup(P) = sup(H(M)).

Proof. We may assume that H(M) is not zero. Let ¢ := sup(H(M)) € Z, and take
N := smt=!(M), the smart truncation from formula . Then N — M is a
quasi-isomorphism and sup(N) = i. An inspection of the proof of Theorem
shows that the resolution P — N can be made with sup(P) = i. The composed
quasi-isomorphism P — M has the desired properties. O

Remark 10.2.17. Let M be an abelian category, and let N C M be a thick abelian
subcategory. Assume that N has enough M-projectives, namely any object N € N
admits an epimorphism P — N where P € N and it is projective as an object
of M. Suppose M € C(M) is a complex satisfying these conditions: H'(M) € N
for all 4, and H (M) = 0 for i > 0. Then there is a quasi-isomorphism P — M
in Cg,(M), where the P’ are objects of N that are projective as objects of M,
and sup(P) = sup(H(M)). See [RD, Lemma 1.4.6(3)] for the reverse statement
(with injectives). We will prove a slightly less general result for noetherian rings in

Example [10.3.33]
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10.3. K-Projective Resolutions in C(A). In this subsection A is a DG ring
(without any vanishing assumption).

Recall that the translation T~*(A) is a DG A-module in which the element t~(1)
is in degree i. This element is a cocycle, and when we forget the differentials, the
graded module T~*(A)" is free over the graded ring A%, with basis t~*(1). Therefore,
for any DG A-module M there is a canonical isomorphism

(10.3.1) Homy (T™"(A), M) = T"(M)
in C(K), and canonical isomorphisms
(10.3.2) Homc,,, 4y (T*(A), M) = Z° (Homa(T~"(A), M)) = Z'(M)

in M(K). (Actually, is an isomorphism in Cg,(A), but this uses the DG
A-bimodule structure of T~*(A).)

We begin with a definition that is very similar to Definition Recall the
notion of a filtration F = {F;(P)};>_1 of a DG module P, and the associated

subquotients gr! (P) from formula (10.2.1).
Definition 10.3.3. Let P be an object of C(A).
(1) We say that P is a free DG A-module if there is an isomorphism
P=p T "(4)
seS

in Cg;(A), for some indexing set .S and some collection of integers {is}ses.
(2) A semi-free filtration on P is a filtration F' = {F;(P)};>_1 of P in Cg,(A),
such that:
o F_l(P) == 0
e Each grf(P) is a free DG A-module.
o P =\, F;(P).
(3) The DG module P is called semi-free if it admits some semi-free filtration.

Example 10.3.4. If A is a ring, then a free DG A-module P is a complex of free
A-modules with zero differential. A semi-free DG A-module P is also a complex of
free A-modules, but there is a differential on it, and there is a subtle condition on
P imposed by the existence of a semi-free filtration. If the complex P happens to
be bounded above, then it is automatically semi-free, with a filtration like the one
in the proof of Proposition [10.2.6]

Exercise 10.3.5. Find a ring A, and a complex P of free A-modules, that is not
semi-free. (Hint: Take the ring A = KJe] of dual numbers. Find a complex of free
A-modules P that is acyclic but not null-homotopic. Now use Theorem [10.3.6] and

Corollary [9.2.12 to get a contradiction.)

Theorem 10.3.6. Let P be an object of C(A). If P is semi-free, then it is K-
projective.

Proof. Tt is similar to the proof of Theorem

Step 1. We start by proving that if P = T7%(A), a translation of A, then P is
K-projective. This is easy: given an acyclic N € C(A4), we have

Hom 4 (P, N) = Hom4 (T7(A), N) = T*(Hom(A, N)) = T'(N)
in Cg;(K), and this is acyclic.
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Step 2. Now

P=P T (A
sesS
Then
Hom (P, N) = ] Homa (T (A),N).
seS
By step 1 and the fact that a product of acyclic complexes in Cg,(K) is acyclic, we
conclude that Homym (P, N) is acyclic.

Step 3. Fix a semi-free filtration F' = {F;(P)};>_1 of P. Here we prove that for
every j > —1 the DG module F;(P) is K-projective. This is done by induction on
7 > —1. For j = —1 it is trivial. For 7 > 0 there is an exact sequence

(10.3.7) 0 — Fj_1(P) = F;(P) — grj (P) = 0

in the abelian category Cg(A). Because grf(P) is a free DG module, it is a
projective object in the abelian category GO(Ah) of graded modules over the graded
ring A%, gotten by forgetting the differential of A. Therefore the sequence ((10.3.7))
is split exact in G°(A”).

Let N € C(A) be an acyclic DG module. Applying the functor Hom 4(—, N) to
the sequence we obtain a sequence

(10.3.8) 0 — Homy (gr] (P),N) — Homy (F;(P),N) — Homa (F;_1(P),N) =0

in Cy,(K). If we forget differentials this is a sequence in G(K). Because (10.3.7)
is split exact in G®(AY), it follows that (10.3.8) is split exact in G"(K). Therefore

(10.3.8) is exact in Cg, (K).
By the induction hypothesis the DG K-module Hom 4 (Fj,l (P), N) is acyclic. By

step 2 the DG module Hom 4 (grf (P),N ) is acyclic. The long exact cohomology
sequence associated to (10.3.8|) shows that the DG module Hom 4 (Fj(P),N) is
acyclic too.

Step 4. We keep the semi-free filtration F' = {F;(P)};>_1 from step 3. Take any
acyclic N € C(M). By Proposition [10.1.3| we know that

Hom (P, N) = lim Hom (F;(P), N)
~J

in Cg,(K). According to step 3 the complexes Hom4 (F;(P), N) are all acyclic.
The exactness of the sequences (|10.3.8]) implies that the inverse system

{Hom 4 (F;(P),N)}

j=-1
in Cg,(K) has surjective transitions. Now the Mittag-Leffler argument (Corollary
10.1.13)) says that the inverse limit complex Hom 4 (P, N) is acyclic. |

Here is a result similar to Theorem [10.2.7]

Theorem 10.3.9. Let A be a DG ring. Any M € C(A) admits a quasi-isomorphism
p: P — M in Cs,(A) from a semi-free DG A-module P.

Proof. Step 1. In this step we construct a free DG A-module Fy(P) and a ho-
momorphism Fy(p) : Fo(P) — M. For any i € Z the cohomology H*(M) is an
H°(A)-module. Choose a collection of H(A)-module generators of H (M), indexed
by a set Si. There is a canonical surjection Z(M) — H*(M), and we lift these
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generators to a collection {m;}.cg; of elements of Z'(M). Define the free DG
A-module

(10.3.10) Q=P T(A).
seS§

The collection {m,},cg; induces a homomorphism

(10.3.11) dh: Qh — M
in Cg,(A), as in formula (10.3.2)). Define the free DG A-module
(10.3.12) Fo(P) == EP Qi
i€z
and let
(10.3.13) Fo(p) : Fo(P) = M, Fo(p) = &g

be the resulting homomorphism in Cg,(A). By construction we see that
(10.3.14) H'(Fy(p)) : H(Fo(P)) — H'(M)
is surjective for all 1.
Step 2. In this step j > 0, and we are given the following: a DG A-module F;(P),
a homomorphism Fj(p) : F;(P) — M in Cy,(A), and a filtration {F;/(P)}_1<;/<;
of F;(P). These satisfy the following conditions: for all ¢ and all 0 < j’ < j the
homomorphisms
(10.3.15) H'(Fj(p)) : H'(F;/(P)) — H'(M)
are surjective; F_1(P) = 0; and the DG A-modules grf/ (P) are free for all 0 < j' <
J- ,

For any i € Z let K} be the kernel of H'(Fj(p)). So there is a short exact
sequence

(10.3.16) 0 — Ki — Hi(F;(P)) T wiar) - 0

in M(H%(A)). Choose a collection of H’(A)-module generators of K}, indexed by

a set S, . Using the canonical surjection Z'(F;(P)) — H'(F;(P)), lift these gen-

erators to a collection {ps}sesl;Jr of elements of the module of cocycles Z*(F;(P)).
41

Define the free DG A-module

(10.3.17) = P TA).

seS]%_H

The collection of cocycles {ps} ¢ iy, induces a homomorphism
J

(10.3.18) @ry1: Qiur — Fi(P)

in Cq,(A). Next define the free DG A-module

(10.3.19) Q=P Qs
1E€EL

and the homomorphism

(10.3.20) Gjy1: Qjr1 = Fj(P),  dj4q = Z¢§+1
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in Cstr (A)
Now let us define the DG A-module Fj1(P) by attaching Q41 to F;(P) along
¢;41- Namely, as a graded module we let

(10.3.21) Fj1(P)" = F(P) @ T(Qj41)%,
and the differential is

dpy Py = dpyp) T do(Q 1) + @)1 © £t

In other words, Fj11(P) is the standard cone on the strict homomorphism ¢, ;
see Definition We note that the basis of the free DG module Q; 1 sits inside
Fja(P)~1

By construction, F;(P) is a DG submodule of F;ii(P). Let us denote the
inclusion by

pj : Fj(P) — Fja(P).

Because the cocycles in Fj(P) representing K become coboundaries in Fji1(P),
it follows that for any ¢ we have

(10.3.22) K} C Ker(H'(u;) : H'(F;(P)) — H'(Fj31(P))).

Step 3. In this step we construct the homomorphism Fj;1(p), continuing from
where we left off in step 2. Consider the element p, € Z'(F;(P)) for some index s €
S?,,. Because the cohomology class of p, is in K}, the ellement Fi(p)(ps) € M* is
a coboundary. Therefore we can find an element m, € M*~! such that F;(p)(ps) =

dps(ms). From (10.3.19) we see that the collection of elements {ms}seu gi
i J+1
induces a strict homomorphism of DG modules

Pt T(Qya1) = M.
Define the homomorphism
Fipa(p) - Fija(P) = M
to be
Fii1(p) = Fj(p) + Pl
using the direct sum decomposition . It is easy to check that this is a strict

homomorphism of DG modules.

Step 4. After going through steps 2 and 3 inductively, we now have a direct system
{F;(P)};>-1 in Cs,(A), and a direct system of homomorphisms Fj(p) : F;(P) —
M. Define the DG A-module
P .= limj*) FJ(P)
and the homomorphism
p:=lim;, Fj(p): P - M
in Cg(A). The DG module P has on it the filtration {F;(P)}, and it is a semi-free

filtration. Indeed, there are isomorphisms gr§ (P) = @, , Q) and grerl(P) x~
T(Qj+1) for j = 0.
It remains to prove that p is a quasi-isomorphism. We know that the homomor-

phisms H'(F};(p)) are surjective for all ¢ and all j > 0. Define
Lf = TIm(H (p;) : H'(F;(P)) = H'(Fj41(P))) € H' (Fj41(P)).
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We get a commutative diagram

0 Kiv—1° s H(F;(P)) H' (M) 0

J

H (1) L:

<

H (Fj+1(p))

H'(Fj41(P))

in M(K). The top row is an exact sequence (it is (10.3.16))). Because ozé is surjective,
there is equality
Ker(8) = o (Ker(H'(F; (p))) = (i),

But by formula ([10.3.22) we know that a?(K;) = 0. The conclusion is that

(10.3.23) Bi: L — H'(M)

is an isomorphism. Hence, for every i the direct system {L; }j>0 has a limit, and
the homomorphism

(10.3.24) lim L} — H'(M)
J1—

is bijective. Now the direct systems {L; }i>0 and {Hi(Fj(P))}j>0 are sandwiched;
so by Proposition [10.1.1{(1) we know that the second direct system also has a limit,
and the the canonical homomorphism
(10.3.25) lim H'(F;(P)) — lim L}

j— j—

is bijective. Finally, according to Proposition [I0.1.7] we know that the canonical
homomorphism

(10.3.26) lim H'(Fj(P)) — H'(P)

Jj—

is bijective. The combination of the bijections (10.3.24)), (10.3.25) and (10.3.26)
implies that

H'(p) : H(P) — H'(M)

is bijective. (Il

Corollary 10.3.27. Let A be any DG ring. The category C(A) has enough K-
projectives.

Proof. Combine Theorems [10.3.6] and [10.3.9} |

The concept of nonpositive DG ring was introduced in Definition

Corollary 10.3.28. Assume A is a nonpositive DG ring. For any M € C(A) there
is a K-projective resolution P — M with sup(P) = sup(H(M)).
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Proof. If H(M) is unbounded above or zero, the assertion is trivial. So we may
assume that 4 := sup(H(M)) is an integer. In steps 1 and 2 of the proof of Theorem
We choose the indexing sets S;: to be empty whenever this is possible. Namely
Si = @ when H (M) = 0, and S}H = @ when K} = 0. We claim that with these
choices, the inductive construction will satisfy the following extra condition: the
homomorphisms

(10.3.29) H'(Fj(p)) : H'(F;(P)) — H' (M)

are bijective for all ¢ > 4;+1—j. This in turn implies that K;- =0foralli> i +1—j.
We see that K]i» =0 and H’(M) =0 for all ¢ > i; + 1. Since A is nonpositive, this
says that sup(F;(P)) < 41. Therefore in the limit we get sup(P) < 1.

Let us prove the claim, by induction on 7 > 0. For j = 0 this is trivial, because
both modules in vanish for ¢ > 1. Now assume that j > 0 and the claim
holds. So K;» =0 foralli >i;+1—j. Then, by formula , the DG module
F;11(P) coincides with its submodule F;(P) in degrees > i; — j. This implies that
these DG modules have the same cohomologies in degrees > i; —j+1, and the same
cocycles in degree i; — j. Thus the homomorphisms H*(Fj11(p)) remain bijective
for ¢ > 41 — j + 1. These homomorphisms are surjective for all <. But in Fj;1(P)
there are new coboundaries in degree i; — j, those coming from Q;:lj 1. These
cocycles cause the homomorphism H"* 77 (F;, 1(p)) to be injective. So the inductive
step is completed. O

Definition 10.3.30. Let A be a nonpositive DG ring. A DG A-module P is called
pseudo-finite semi-free if it admits a semi-free filtration F' = {F;(P)},;>—_1 satisfying
this extra condition: there are iy € Z and r; € N such that

gry (P) = T~ 4 (4)%7
in Cg,(A) for all j.
Exercise 10.3.31. Let A be a nonpositive DG ring and let P be a DG A-module.
Prove that the following two conditions are equivalent.

(i) P is pseudo-finite semi-free.
(ii) There are numbers ¢; € Z and r; € N, and an isomorphism

Ph @ T—i1+j(Ab)69rj
Jj=0
in G%(A").
In case A is a ring (i.e. A" = 0 for all i # 0), prove that these conditions are
equivalent to:

(iii) P is a bounded above complex of finitely generated free A-modules.

Corollary 10.3.32. Assume that A is a nonpositive DG ring, and the ring H (A) is
left noetherian. Let M be a DG A-module satisfying these conditions: each H’(M)
is a finitely generated H°(A)-module, and H (M) = 0 for i > 0. Then there is a
quasi-isomorphism P — M in Cg,(A) from a pseudo-finite semi-free DG A-module
P with sup(P) = sup(H(M)).

Proof. Like in the proof of Corollary [10.3:28] the key to the proof is to econo-
mize. Besides the choice of empty indexing sets S} that we imposed there, here we
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choose all these sets to be finite. This is possible, since the H°(A)-modules H*(M),
H'(F;(P)) and K; will all be finitely generated. O

Example 10.3.33. A special yet very important case of Corollary is this:
A is a left noetherian ring, and M is a complex of A-modules with bounded above
cohomology, such that each Hi(M ) is a finitely generated A-module. Then M has
a resolution P — M, where P is a complex of finitely generated free A-modules,
and sup(P) = sup(H(M)).

10.4. K-Injective Resolutions in C*(M). In this subsection M is an abelian
category, and C(M) is the category of complexes in M.

In subsection [I.3] we discussed quotients in categories. A cofiltration of a complex
I € C(M) is an inverse system G = {G4(I)}4>—1 of quotients of I in Cg,(M). We
say that I = lim, , G4(I) if this inverse limit exists in Cg,(M), and the canonical
morphism I — lim, ; G4(I) is an isomorphism. The cofiltration G gives rise to the
subquotients

(10.4.1) gr (I) == Ker(G4(I) = G4-1(I)) € C(M).

Definition 10.4.2. Let I be a complex in C(M).

(1) A semi-injective cofiltration on I is a cofiltration G = {G,(I)},>-1 in
Cstr (M) such that:
L] G_l(I) =0.
e Each gqu(I ) is a complex of injective objects of M with zero differential.
o [ =lim,, G,(I).
(2) The complex I is called a semi-injective complez if it admits some semi-
injective cofiltration.

Theorem 10.4.3. Let M be an abelian category, and let I be a semi-injective
complex in C(M). Then I is K-injective.

Proof. The proof is very similar to that of Theorem [10.2.3

Step 1. We start by proving that if I = T?(J), the translation of an injective object
J € M, then I is K-injective. This is easy: given an acyclic complex N € C(M), we
have

Hompw (N, I) = Hompy (N, TP(J)) = Tp(HomM(N, J))
in Cy;(K). But Hompm(—, J) is an exact functor M — M(K), so Hompm (N, J) is an
acyclic complex.

Step 2. Now [ is a complex of injective objects of M with zero differential. This

means that
1= 1] )
pEL

in Cy, (M), where each J, is an injective object in M. But then

Homy (N, I) = || Homw (N, T?(J,)).
pEZ
This is an easy case of Proposition [10.1.3(2). By step 1 and the fact that a product
of acyclic complexes in Cy,(K) is acyclic (itself an easy case of the Mittag-Leffler
argument), we conclude that Hompy (N, I) is acyclic.
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Step 3. Fix a semi-injective cofiltration G = {G4(I)}4>—1 of I. Here we prove that
for every ¢ the complex G4(I) is K-injective. This is done by induction on g. For
q = —1 it is trivial. For ¢ > 0 there is an exact sequence of complexes
(10.4.4) 0— grS(I) = G(I) > Gg—1(I) > 0
in Cg;(M). In each degree p € Z the exact sequence

0— gqu(I)p = Go(I)? = Gg-1(I)P =0

in M splits, because gr?([)p is an injective object. Thus the exact sequence (|10.4.4))
is split in the category G”(M) of graded objects in M.

Let N € C(M) be an acyclic complex. Applying the functor Homp (N, —) to the
sequence of complexes (|10.4.4)) we obtain a sequence

(10.4.5) 0 — Homw (N, gr (1)) — Homm (N, G¢(I)) — Homm (N, Gg—1(1)) = 0

in Cg,(K). Because ((10.4.4) is split exact in G°(M), the sequence is split
exact in G°(K). Therefore (10.4.5) is exact in Cy, (K).

By the induction hypothesis the complex Hompy (N, Gq_l(I)) is acyclic. By step
2 the complex Hompy (N , gqu(I )) is acyclic. The long exact cohomology sequence

associated to (|10.4.5) shows that the complex Homyp (N, Gq(I)) is acyclic too.

Step 4. We keep the semi-injective cofiltration G = {G4(I)}4>—1 from step 3. Take
any acyclic complex N € C(M). By Proposition [10.1.3| we know that

Hompm (N, I) = 11:2 Homp (N, G4(1))

in Cg,(K). According to step 3 the complexes Hompy (N, Gq(I)) are all acyclic.
The exactness of the sequences (|10.4.5)) implies that the inverse system

{HomM (N, Gq(I))}

g>—1

in Cg,(K) has surjective transitions. Now the Mittag-Leffler argument (Corollary
10.1.13)) says that the inverse limit complex Hompy (N, I) is acyclic. a

Proposition 10.4.6. Let M be an abelian category. If I is a bounded below complex
of injectives, then I is a semi-injective complex.

Proof. We can assume that I # 0. Let py be an integer such that I? = 0 for all
p < po. For ¢ > —1 let F,(I) be the subcomplex of I defined by F,(I)? := IP
if p>po+qg+1, and Fy(I)? := 0 otherwise. Then let G,(I) := I/F,(I). The
cofiltration G = {G4(I)}4>—1 is semi-injective. O

The next theorem is [RD], Lemma 4.6(1)]. See also [KaScll Proposition 1.7.7(i)].

Theorem 10.4.7. Let M be an abelian category with enough injectives. Any com-
plex M € CT (M) admits a quasi-isomorphism p : M — I in C} (M) into a bounded
below complex of injectives I.

Proof. The proof is the same as that of Theorem except for a mechani-
cal reversal of arrows. This is because of the symmetry of the axioms of abelian
categories, that exchanges projective and injective objects. O

Exercise 10.4.8. Try to write an explicit proof of Theorem You will see
that this requires a lot of patience. It is a bit like trying to write mirror-flipped
text (i.e. text that looks normal when reflected in a mirror).
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Remark 10.4.9. One must be careful about using the symmetry of the axioms of
abelian categories. It is valid for finitary constructions (as in the proof of Theorem
; but it might break down for constructions where limits are involved, such
as in the proof of Theorem [10.4.3

Corollary 10.4.10. IfM is an abelian category with enough injectives, then C+(M)
has enough K-injectives.

Proof. Combine Theorems [10.4.7] Proposition [10.4.6] and Theorem [10.4.3] O

For a graded object N € G(M) we let
(10.4.11) inf(N) :=inf {i | N* # 0} C ZU {£o0}.
Note that inf(N) = oo if and only if N = 0.

Corollary 10.4.12. Let M be an abelian category with enough injectives, and let
M € C(M) be a complex with bounded below cohomology. Then M has a K-injective
resolution M — I with inf(I) = inf(H(M)).

Proof. We may assume that H(M) is nonzero. Let p := inf(H(M)) € Z, and
let N := smt=P(M), the smart truncation from formula So M — N is a
quasi-isomorphism. By proof of Theorem (with sides flipped) we see that
there is a K-injective resolution N — I with inf(]) = inf(H(M)). The composed
quasi-isomorphism M — I is what we are looking for. 0

Remark 10.4.13. Let M be an abelian category, and let N C M be a thick abelian
subcategory. Assume that N has enough M-injectives, namely any object N € N
admits a monomorphism N — [ where I € N and it is injective as an object
of M. Suppose M € C(M) is a complex satisfying these conditions: H'(M) € N
for all i, and H (M) = 0 for i < 0. Then there is a quasi-isomorphism M — I
in Cg, (M), where the I? are objects of N that are injective as objects of M, and
inf(I) = inf(H(M)). See [RD) Lemma 1.4.6(3)] for a very sketchy proof.

An important example is this: (X,Ox) is a noetherian scheme, M = Mod Ox
and N = QCohOx. According to [RD) Proposition 11.7.6] the category N has
enough M-injectives.

10.5. K-Injective Resolutions in C(A4). Recall that we are working over a non-
zero commutative base ring K, and A is a central DG K-ring.

An injective cogenerator of the abelian category M(K) = ModK is an injective
K-module K* with this property: if M is a nonzero K-module, then Homg (M, K*)
is nonzero. These always exist. Here are a few examples.

Example 10.5.1. For any nonzero ring K there is a canonical choice for an injective
cogenerator:

K* := Homz (K, Q/Z).
See proof of Theorem Usually this a very big module!

Example 10.5.2. Assume K is a complete noetherian local ring, with maximal
ideal m and residue field k = K/m. In this case we would prefer to take the smallest
possible injective cogenerator K*, and this is the injective hull of k as a K-module.

Here are some special cases. If K is a field, then K* = K =k. If K = 21,, the
ring of p-adic integers, then k = IF),, and K* = @p / Zp, which is the p-primary part
of Q/Z. If K contains some field, then there exists a ring homomorphism k — K
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that lifts the canonical surjection K — k. After choosing such a lifting, there is an
isomorphism of K-modules

K* = Hom{*"*(K, k),
where continuity is for the m-adic topology on K and the discrete topology on k.

In this subsection we fix an injective cogenerator K* of M(K). For any p € Z
there is the DG K-module T~ ?(K*), which is concentrated in degree p, and has the
trivial differential.

Definition 10.5.3. A DG K-module W is called cofree if
w e ] 777 (K"
ses

in Cg;(K), for some indexing set S and some collection of integers {ps}scs.

The differential of a cofree DG K-module W is trivial. It is not hard to see that
W is a K-injective DG K-module. When we view W as a graded K-module, i.e. as
an object of the abelian category G°(K), it is injective.

A few more words on the structure of cofree DG K-modules. Let’s partition
the set S as follows: S =[] ., SP, where SP := {s € S | ps = p}. Then WP =
[I,csr K* as K-modules.

PEL

Remark 10.5.4. It will be convenient to blur the distinction between DG modules
with zero differentials and graded modules. Specifically, let N be a DG module such
that dy = 0. We are going to identify N with the graded modules N and H(N).
Typical examples are these: a cofree DG K-module W, and the DG modules Z(M)
and B(M) arising from any DG module M.

Lemma 10.5.5. Let M be a DG K-module, let W be a cofree DG K-module, and
let £ : M — W be a homomorphism in Cg,(K). If H(E) : H(M) — W is the zero
homomorphism, then £ is a coboundary in the DG module Homyg (M, W).

Proof. Because W has zero differential, the homomorphism H(§) is zero iff £[z(as) :
Z(M) — W is zero. Consider the exact sequence

0 — Z(M) — M* L2985 T(B(M)) = 0

in G’(K). Applying Homg (—, W), and taking only the degree 0 part, we obtain
the exact sequence

_1 Hom(d,id)
e

0 — Homg (B(M), W) Homy (M, W)°? — Homg (Z(M), W)? — 0.

We are using the fact that W is injective in G(K). The homomorphism ¢ lives in
the middle term, and it goes to zero in the right term; hence it comes from some ¢
in the left term. Thus £ = ¢ od for a degree —1 homomorphism ¢ : B(M) — W.
Again using the fact that W is injective in G°(KK), and considering the embedding
B(M) — M?", we see that ¢ extends to a degree —1 homomorphism ¢ : M% —
w. O

Exercise 10.5.6. In the situation of Lemma [T0.5.5 prove that there is a canonical
isomorphism

Homg (H(M), W) = H(HomK(M, W))
in . (Hint: look at the proof o , Corollary 2.12|.
G’(K). (Hint: look at th f of [PSY], Coroll 1)
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Lemma 10.5.7. Let M be a DG K-module with zero differential. There is an

injective homomorphism x : M — W into some cofree DG K-module W.

Proof. Tt is enough to prove that for any nonzero element m € MP there is a
homomorphism x,,, : MP — K* such that x,,(m) # 0. This is a direct consequence
of the fact that K* is an injective cogenerator; see the proof of Theorem [2.6.10] for
details. ]

Definition 10.5.8. Let W be a cofree DG K-module. The cofree DG A-module
coinduced from W is the DG A-module

Iy := Homg (A, W).
There is a homomorphism
Ow : Iw = W, 6(x) == x(1)
in Cg, (K). It is called the trace.

Definition 10.5.9. A DG A-module I is called cofree if there is an isomorphism
I = Iy in Cg,(A) for some cofree DG K-module .

A special cofree DG A-module is A* := Homg(A,K*). Any other cofree DG
module [ is built from A*, in the sense that there is an isomorphism

1= ] 177 (4"

ses

in Cq,(A), using the notation of Definition [10.5.3

Lemma 10.5.10 (Adjunction). Let W be a cofree DG K-module, and let M be a
DG A-module. The homomorphism

Hom(id s, 0w ) : Hom 4 (M, Iy ) — Homg (M, W)
in Cyr(K) is an isomorphism.
Proof. Given x € Homg (M, W)P, let ¢ : M — Iy be the function
B(m)(a) == (—1) - x(a-m) € W
for m € M7 and a € A'. Then ¢ € Hom (M, Iy )P, and
Hom(idps, 0)(¢) =00 ¢ = x.

We see that x — ¢ is an inverse of Hom(idy, 6). O

Recall that G°(A%) is the abelian category whose objects are the graded A®-
modules, and the morphisms are the A-linear homomorphisms of degree 0. The
forgetful functor

Cour(4) = G2(A%), M — M*,
is faithful.

Lemma 10.5.11. Let I be a cofree DG A-module. Then I? is an injective object
of G'(A").
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Proof. We can assume that I = Iy for some cofree DG K-module W. For any
M € G°(A") there are isomorphisms

Homgo( s (M, Ify) = Homu (M, Iy )°

=% Homg (M, W)" = || Homg(M?, W?).
PEZL

The isomorphism = is by Lemma For every p the functor G°(A?) —
M(K), M — MP, is exact. Because each WP is an injective object of M(K), the
functor Homg(—, W?) is exact. And the product of exact functors into M(K) is
exact. We conclude that the functor Homgo(s) (—, IE,V) is exact. O

The next definition is dual to Definition [10.3.3

Definition 10.5.12. Let I be an object of C(A4).

(1) A semi-cofree cofiltration on I is a cofiltration G = {G4(I)}4>—1 of I in
Cstr (A) such that:
o Gfl(.[) = 0.
e Fach gqu(I ) is a cofree DG A-module.
o [ =lim_q, Go(I).
(2) The DG A-module [ is called a semi-cofree if it admits a semi-cofree cofil-
tration.

Theorem 10.5.13. Let I be an object of C(A). If I is semi-cofree, then it is
K-injective.

Proof. The proof is very similar to those of Theorems[10.2.3]and [10.3.6] But because
the arguments involve limits, we shall give the full proof.

Step 1. Suppose [ is cofree; say I = [ .g T77*(A4*). The adjunction formula
(Lemma [10.5.10)) implies that for any DG A-module N there is an isomorphism

Hom4(N,I) = [] Homg (T (N),K*)
ses
of graded K-modules. It follows that if N is acyclic, then so is Hom4 (N, I).
Step 2. Fix a semi-cofree cofiltration G = {G,(I)}4>_1 of I. Here we prove that

for every ¢ > —1 the DG module G4(I) is K-injective. This is done by induction
on g > —1. For ¢ = —1 it is trivial. For ¢ > 0 there is an exact sequence

(10.5.14) 0= gri(I) = Go(I) = Gg—1(I) - 0

in the category Cyr(A). Because gr{(I) is a cofree DG A-module, it is an injective
object in the abelian category GO(Ah); see Lemma Therefore the sequence
(10.5.14)) is split exact in G°(Af).

Let N € C(A) be an acyclic DG module. Applying the functor Hom4 (N, —) to
the sequence we obtain a sequence

(10.5.15) 0 — Homa (N, gr$ (1)) — Homa (N, G,4(I)) = Homa (N, Gg—1(I)) = 0

in Cy.(K). If we forget differentials this is a sequence in G°(K). Because ((10.5.14)
is split exact in G°(A"), it follows that (10.5.15) is split exact in G°(K). Therefore

(10.5.15)) is exact in Cy, (K).
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By the induction hypothesis the DG K-module Hom 4 (N, Gg-1 (I)) is acyclic. By
step 1 the DG K-module Hom 4 (N, gr¢(I)) is acyclic. The long exact cohomology
sequence associated to (10.5.15)) shows that the DG K-module Hom 4 (N7 Gq(I)) is
acyclic too.

Step 3. We keep the semi-cofree cofiltration G = {G¢(I)}4>—1 from step 2. Take
any acyclic N € C(A). By Proposition [10.1.3| we know that

Hom 4 (N, I) = lim Homa (N, G4 (1))
~j

in Cy;(K). According to step 2 the complexes Hom 4 (N7 Gq(I)) are all acyclic. The
exactness of the sequences ((10.5.15)) implies that the inverse system

{Hom (N, Gq(l))}qu1

in Cg,(K) has surjective transitions. Now the Mittag-Leffler argument (Corollary
10.1.13)) says that the inverse limit complex Hom 4 (N, I) is acyclic. d

Theorem 10.5.16. Let A be a DG ring. Any DG A-module M admits a quasi-
isomorphism p: M — I in Cy,(A) to a semi-cofree DG A-module I.

We shall need three lemmas before the proof of the theorem.

Lemma 10.5.17. Let W be a cofree DG K-module, let M be a DG A-module, and
let x : H(M) — H(W) be a homomorphism in G°(K). Then there is a homomor-
phism ¢ : M — Iy in Cg,(A), such that the diagram

H H(6

HOM) " H () 2 H(W)

\/v

X
in G*(K) is commutative.

Proof. We can assume that

w=]T I] T"x"

pEZ seSP
for some graded set S =[] ., S?. Then
Iw =T I[ T,
pEZ seSP

where A* = Homg (A, K*) as before. The trace 0y is a product of translations of
the trace 6 : A* — K*. The homomorphism y : H(M) — H(W) is a product of
K-linear homomorphisms x, : H*(M) — K*. We see that it suffices to find, for
each p and each s € SP, a homomorphism ¢, : M — T P(A*) in Cg,(A), such that
0o H"(¢s) = Xs-

Now we consider the simplified situation: x : H?(M) — K* is a K-linear homo-
morphism, and we are looking for a homomorphism ¢ : M — T P(A*) in Cy,(A)
such that 6 o H?(¢) = x.

For any integer p let

YP(M) := Coker(d?,; " : MP~! — MP).
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See Remark [7.3.10] In each degree p there are canonical exact sequences of K-
modules

(10.5.18) 0— BP(M) = MP? = Y?(M) = 0
and
(10.5.19) 0— H?(M) — YP(M) S BPT (M) — 0.

Because K* is injective in M(K), we can extend x : H?(M) — K* to a homomor-
phism y : Y?(M) — K* in M(K), relative to the embedding H?(M) — Y?(M)
in (10.5.19). Next we compose with the surjection M? — YP(M) in (10.5.18) to
obtain a K-linear homomorphism x : M? — K*. Note that x o dﬁ/f_l = 0 by the

exact sequence (10.5.18]).

We now view x as a degree —p homomorphism x : M — K* in G(K) that
sends all other components of M to zero. As an element of the DG K-module
Homg (M, K*), x is a degree —p cocycle. By adjunction (Lemma we get
an element ¥ € Hom4 (M, A*), and it is a cocycle of degree —p. Then

p:=tPorp: M — T P(AY)
is a homomorphism in Cg,(A) with the desired property. O

Lemma 10.5.20. In the situation of Lemma [10.5.17, let N := Cone(T*(¢)), the
standard cone on the homomorphism

T1(6) s T (M) — T~ (I)
in Cstr(A). Consider the canonical exact sequence
(10.5.21) 0—=T ' Iw)—= NI M—=0
in Cyr(A), shown in formula . Then the composed homomorphism

x o H(m) : H(N) — H(W)
in G°(K) is zero.
Proof. Passing to the long exact sequence in cohomology of , and then
applying Homg (—, WP), we obtain this long exact sequence:
-+ = Homg (H? (Iw ), W?) — Homg (HP (M), WP) — Homg (HP(N), WP) — - --

in M(K). The homomorphism x? : H?(M) — W? in the middle term comes from
HP (0w ) : HP(Iyy) — WP in the left term. Therefore its image x? oH? () : HP(N) —
WP in the right term is zero. O

Lemma 10.5.22. In the situation of Lemma [10.5.20, suppose p : L — M is a
homomorphism in Cg,(A) such that H(6w ) o H(¢) o H(p) = 0. Then there exists a
homomorphism o : L — N in Cg,(A) such that wo o = p.

See the next commutative diagrams, in Cq(A) and G°(K) respectively.

N
A

o/

/J’T

/

Lo — sy
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H(N)
>
H(U)/ - lH(w)
O | H H(O
H(L) —0 1) —2 w1 (r,) 2O

H(£)=0

Proof. Tt will be convenient to express N = Cone(T *(¢)) in terms of matrices.
We will use the equality T(T~(M)) = M to write the graded A*-module N as a
column:

T~ (Iw)*
T(T~H(M))*
A small calculation, using Definition and Proposition [3.8.10(1), shows that

T71(¢) = tEEI(IW) © ¢ © tT*I(J\/I) .

(10.5.23) N =

T (Iw)"
M '

Note that
tr-1(ryy : T (Iw) = T(T (Iw)) = Iw
is an invertible degree —1 homomorphism, and its inverse

601 gy P w = T (Iw)

has degree 1. So the differential of N is

—1 —1 —1
(10.524)  dy = ldTlUw) T W”T*(M)} _ [dT*(Iw) bro1(y) 9|

Define £ := Oy o ¢ o p. This is a homomorphism £ : L — W in Cy,(K),
and by assumption H(§) = 0. According to Lemma ¢ is a coboundary in
the DG module Homg (L, W). So there is some w € Homg (L, W)~! such that
¢ =d(w) =wody. Let @ : L — Iy be the unique A-linear homomorphism of
degree —1 such that 6y o @ = w; see Lemma [10.5.10] Define the homomorphism
o: Lf — N in G°(A") to be the column

t7loa
o= ,
p

where from here to the end of the proof we write t := tp-1(7,,). It is clear that
mToo = p.
It remains to prove that o is strict, namely that o o dy, = dy o 0. Let us write

out these homomorphisms as matrices. We have
t7loaody
ocodp =
podgp

and
dp-1(py) t7'o¢ tTloa dp-1(pyy ot oa+t T ogop
o) = .
darop
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Since p is strict, there is equality p o dp = ds o p. We need to verify that
tloaod, = dr-1(1y) ot ltoa+ttogop

as A-linear homomorphisms L — T_l(IW). We are allowed to postcompose with
t; so now we have to verify that

aodL:todT71(IW)ot_1oa+¢0p

as A-linear homomorphisms L — Iy,. By adjunction (Lemma [10.5.10) it suffices
to verify that they are equal as K-linear homomorphisms after postcomposing with
9[/{/. But

9WotodT71(Iw)ot_loa:—Qwodjwoa:—dWOQWoa:O;
and
Owopop=E6=0woaodyg.
O

Proof of Theorem [10.5.16] The proof is morally dual to that of Theorem[10.3.9] but

the details are much more complicated. This is the strategy: we will construct an
inverse system {G4(I)}4>—1 in Cy,(A), and an inverse system of homomorphisms
Gq(p) : M — G4(I) in Cyr(A). Then we will prove that the DG module I :=
lim, , G4(I) is semi-cofree, and the homomorphism lim, , G4(p) : M — I is a
quasi-isomorphism.

Step 1. In this step we handle ¢ = 0. By Lemma [10.5.7] there is an injective
homomorphism x : H(M) — W in G*(K) for some cofree DG K-module W. Next,
by Lemma [10.5.17] there is a homomorphism ¢ : M — Iy in Cg,(A), such that

x = H(6w) o H(¢).
Define the cofree DG A-module Gy(I) := Iy and the homomorphism
Golp) :==¢: M — Go(I).
Then the homomorphism
H(Go(p)) : H(M) — H(Go(I))
is injective.
Step 2. In this step ¢ > 0, and we are given the following: a DG A-module G4(I),
a cofiltration {Gy (I)}_1<q<q of G4(I), and an inverse system of homomorphisms
Gy (p) : M — Gy (I) in Cgy(A). These satisfy the following conditions: the homo-
morphisms
H(Gy () - H(M) = H(Gy (1))
in G°(K) are injective for all 0 < ¢’ < ¢; G_;(I) = 0; and the DG A-modules
Ker(Gq/ (I)— Gq/,l(l))
are cofree for all 0 < ¢’ < g.
Let N be the cokernel of H(G,(p)). So there is a short exact sequence

(10.5.25) 0 = HM) XD e ) SN o

in G°(K). By Lemma [10.5.7] there is an injective homomorphism x : N — W
in G”(K) for some cofree DG K-module W. Next, by Lemma [10.5.17, there is a
homomorphism ¢ : G4(I) — Iy in Cg,(A), such that

x o a=H(0w) o H(¢)
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as homomorphisms H(G,(I)) — W. Define the DG A-module
Gy+1(1) := Cone(T~(9)),

the standard cone on the strict homomorphism T~*(¢). There is a canonical exact
sequence

(10.5.26) 0— T (Iw) = Ggu1(I) 2% G, (I) = 0
in Cg;:(A). According to Lemma the homomorphism
xoaoH(ug) : H(Gga (1)) = W

in GO(K) is zero. Since x is an injective homomorphism, we conclude that the
homomorphism « o H(p,) in the commutative diagram below is zero.

(10.5.27) H(Gg41(1)) 0
H(MQ)J \\
H(Go(1)) — N———W
M %
)

H(Iy

Step 3. We continue from step 2. We know from formula (10.5.25) and diagram
(10.5.27)) that
H(0w) o H(¢) o H(G4(p)) = 0.
According to Lemma [10.5.22] there is a homomorphism
Got1(p) : M — Ggya(I)

in Cg,(A) such that the diagram
(10.5.28) Gonr(I)

el

M ——G,(I
Gq(p) Q( )

in Cg;(A) is commutative.
The next diagram, in GO(K), is also commutative, and the bottom row is exact:

(10.5.29) H(Gg41(1))
H(Gq41(p)) l
H(pugq)
0 H(M H(G,(I N 0
M)~ HGaD) =

Let us define

Ly := Im(H(uy)) € H(G,(1)).
From diagram (|10.5.29) we see that the homomorphism
(10.5.30) H(G4(p)) : H(M) — L,
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in G°(K) is bijective. This implies that
H(Gg41(p)) : H(M) = H(Gg41(1))
in an injective homomorphism, a fact that is needed to keep the induction going.

Step 4. Proceeding with steps 2 and 3 inductively, we obtain an inverse system
{G4(I)}¢>—1 of objects in Cg,(A), and an inverse system Gq(p) : M — Gy(I) of
homomorphisms in Cg,(A). The DG module I := lim, , G4(I) comes equipped
with the semi-cofree cofiltration {G,(I)}s>—1, and thus it is semi-cofree.

It remains to prove that the homomorphism

pi= l(l_rg Gylp): M — 1

is a quasi-isomorphism. From formula we know that H(M) — lim, 4 L, is
bijective. The inverse systems {Lq}q>0 and {H(Gq(I ))}q>0 are sandwiched, so by
Proposition 2) the limit of the second inverse system exists, and the canonical
homomorphism

lim L, — lim H(G,(I))
+—

~q a
is bijective.
Finally, the inverse systems {G4(I)},>0 and {H(Gq(l))}qzo satisfy the ML
condition: the first has surjective transitions, and the images of the transitions
H(Gy(I)) — H(G4(I)) are stationary for ¢ > ¢ + 1. Therefore the homomorphism

H(T) = lim H(G, (D))

is bijective. Putting these facts together, we deduce that p is a quasi-isomorphism.
O

Corollary 10.5.31. Let A be any DG ring. The category C(A) has enough K-
injectives.

Proof. Combine Theorems [10.5.19] and [10.5.16} O

Corollary 10.5.32. Assume A is a nonpositive DG ring (Definition [7.3.11)). For
any M € C(A) there is a K-injective resolution M — I with inf(I) = inf(H(M)).

Proof. For any cofree DG K-module W, the cofree DG A-module Iy has inf(Iy ) =
inf(W). (Assuming that A is nonzero.) Looking at steps 1 and 2 of the proof of
Theorem we see that the DG modules G,(I) can be chosen such that
inf(Gy(I)) = inf(H(M)). O
Remark 10.5.33. The proof of Theorem is quite long and complicated. It
would be nice to have a quicker proof.

In Keller’s paper [Kel, Section 3.2] there is a slick proof of an even stronger result
than Theorem [10.5.76] — but we were unable to understand the details!

cmnt: ’ End of first part (in book)
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New Material
11. RECALLING MATERIAL FROM LAST YEAR [TEMPORARY]

11.1. Generalities. We fix a nonzero commutative base ring K (e.g. a field or
Z). All linear operations are by default K-linear. Thus a ring A is assumed to be
K-central; an additive category M is assumed to be K-linear; etc.

The concepts of classical homological algebra: abelian category, additive functor,
injective and projective objects, and so on, are all assumed to be familiar.

11.2. DG Algebra. Let me quickly go over the important ideas of DG algebra,
because they are not so well-known. This is a review of Section [3]

A DG ring is a graded ring A = @,, Al with a differential d of degree 1,
satisfying the graded Leibniz rule

d(ay -az) = d(ay) -as + (—1)" - a1 - d(az)

for elements a; € A%.

Over a DG ring A there are left DG modules, right DG modules and DG bimod-
ules. The default is always left modules.

Given DG A-modules M, N, we can form the DG K-module

(11.2.1) Hom 4 (M, N) = @5 Homa(M, N)'.
i€z
The i-th summand consists of degree ¢ homomorphisms that commute, in the graded
sense, with the action of A (this is a bit subtle).
If L is a right DG A-module, then

L@AMz@(LQ;AM)i
i€z
is also a DG K-module.

A strict homomorphism of DG A-modules is a homomorphism ¢ : M — N that
commutes with the grading, the action of A, and the differentials. Equivalently, ¢
is a O-cocycle in the DG module Hom 4 (M, N).

Generalizing the notion of DG ring, we get DG categories. A DG category C
is a K-linear category, whose Hom modules have a DG structure. Le. for any
pair of objects M, N € C, the set Homc(M, N) is a DG K-module. The identity
automorphism idy; = 1/ is a degree 0 cocycle. For three objects, the composition
is a strict homomorphism of DG K-modules:

—0—: HOHIC(]\fl7 Mg) KK Homc(Mo, Ml) — Homc(MO, Mg).

Generalizing the notion of homomorphism of DG rings, we obtain the notion of
DG functor

F:C—D

between a pair of DG categories. If G : C — D is another DG functor, we can
talk about a degree i morphism n : F — G of DG functors, and its differential
d(n) : F — G, that’s a degree i + 1 morphism.

To a DG category C we attach two other categories, with the same sets of objects
as C. There is the strict category Cgiy, whose morphisms are the strict morphisms:

Homc,_, (M, N) := Z°(Homc (M, N)).

str
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And there is the homotopy category Ho(C), whose morphisms are the homotopy
classes of strict morphisms:

Homy,(c) (M, N) := H°(Homc (M, N)).

One basic example of a DG category is C(A), the category of DG A-modules.
By definition we take

Homg(4)(M, N) := Hom4 (M, N),
the DG module from formula . We have special notation in this context:
C(A)str = Cstr(A)

and
Ho(C(A)) := K(A4).

Another basic example of a DG category is the category C(M) of complexes over
an abelian category M. Its strict category is Cg, (M), and the morphisms here are
what is classically called homomorphisms of complexes. The homotopy category is,
as usual, denoted by K(M).

A useful innovation in this course is the merging of these last two types of DG
categories into a single entity. Suppose A is a DG ring, and M is an abelian category.
For a complex M = {M*};c7 € C(M), its set of endomorphisms

Endc(M) := Homce (M, M)

is a DG ring (central over K). By definition, a DG A-module in M is a complex M €
C(M), together with a DG ring homomorphism A — Endc(M). There is an obvious
(once contemplating this long enough...) notion of degree ¢ A-linear morphism
between two such DG modules. In this way we obtain the DG category C(A4, M).
Its strict and homotopy categories are Cg, (A, M) and K(A, M) respectively. Note
that Cyr(A, M) is (secretly) an abelian category.

Just to state the relationship: when A = K we get

and when M = M(K) = Mod K, we get
C(A,M) =C(A).

11.3. Translations. The category G(M) of graded objects of M has an automor-
phism called the translation. Given a graded object M = {M?};c7, its translation
T(M) is the graded object whose degree i component is T(M)® := M1, There is
a canonical degree —1 morphism
tar e M — T(M)
in G(M), which is the identity after forgetting the grading. This is called the little
t operator. Observe that tj; is an isomorphism in G(M); its inverse t;;' is of degree
+1.
If  : M — N is a degree i morphism in G(M), we let

T(¢): T(M) — T(M)
be

T(¢) :=tnogoty, .
In this way T is indeed an automorphism of the category G(M).
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Now consider a complex M € C(M). Its differential dj; is a degree 1 morphism
in G(M), so we can define

dT(M) = T(dM),
and this is a differential on T(M).
All this works just as well for DG A-modules in M. We get a DG functor
T:C(A,M) = C(A,M),

and it is an automorphism of this DG category. The little t operator is a degree
—1 morphism of DG functors

t:Id — T,
and it is a cocycle.
11.4. Cones. In the DG category C(A, M) there is an intrinsic notion of standard

cone. Suppose ¢ : M — N is a strict morphism in C(A4, M). The standard cone of
¢ is the DG module

N

(11.4.1) Cone(¢) .= N T(M) = ()

)

in column notation. The differential dcone is the following matrix of degree 1 oper-
ators, acting on the column from the left:

d oty !
dCOne . N qs M .

The standard cone sits inside the standard triangle. This is the diagram
(11.4.2) M % N % Cone(¢) 2% T(M)

in Cy, (A, M), where ey and p, are the obvious morphisms.
The standard cone, and also the standard triangle, are functorial in the strict
morphism ¢.

11.5. DG Functors and Triangles. We now review Section [4]
DG functors respect all the structure mentioned above. Let me explain. Suppose
F:C(A,M) — C(B,N)

is a DG functor. Let us denote by T4 m and Tp n the two translation functors.
There is a strict isomorphism of DG functors

(11.5.1) T FoTam — TpnoF
called the translation isomorphism. This is the formula, for any DG module M €
C(A,M) :

e = tpan © Ftar) ™ s F(Tam(M)) = Tpn(F(M)).

Next, suppose we are given a strict morphism ¢ : My — M; in C(A4,M). Then
F(¢) is also a strict morphism. We can form the standard cones Coney m(¢) and

Conep n(F(9)).
It turns out that there is a strict isomorphism

(11.5.2) cone(F, @) : F(Coneam(¢)) = Conep n(F(¢))
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in C(B, N), whose formula is

idpary 0
cone(F, ¢) := Fan) .
0 TF,MO

The following diagram in Cg, (B, N) is commutative:

F F(e F
(11.5.3) F(Mo) — 2 p(ary) —20, p(Coneam(d)) — 22 s F(T 4 (M)

—J —J{ cone(F,d))J TF,MOl
F() eF(¢) PF(¢)

F(Mo) —_— F(Ml) _— ConeB,N(F((b)) TB7N(F(M0))

cmnt: ’to here on 2 Nov 2016 ‘

11.6. Pretriangulated Categories and Triangulated Functors. This is a re-
view of Section [

The translation isomorphism introduced above has an abstract version. This
is the notion of a T-additive category, which consists of an additive category K,
together with an additive automorphism T. Suppose (K, T) and (K’,T') are T-
additive categories. A T-additive functor

(F,7): (K, T) = (K, T')
consists of an additive functor F’ with an isomorphism of functors
7:FoT =T oF.

There is a rather obvious notion of composition of T-additive functors. See
Definition B.1.4l

Intrinsic to a T-additive category is the notion of triangle; it is a diagram like
this:

(11.6.1) LS M2 NS T0).

A pretriangulated category is a T-additive category (K, T), equipped with a set
of triangles, called the distinguished triangles. The set of distinguished triangles
must satisfy the following three axioms:

(TR1) It is closed under isomorphisms; every morphism « sits inside a distin-
guished triangle like ; and every object L sits inside a distinguished
triangle with a = id;, and N = 0.

(TR2) Closure under turning.

(TR3) Closure under extension (weak functoriality of the cone).

We are deliberately ignoring the octahedral axiom (TR4). This is because it is
hard to understand, hard to prove, and unnecessary for our purposes. The “price”
for ignoring it is that we only talk about pretriangulated categories — i.e. the prefix
“pre” is added everywhere.

Suppose now (K, T) and (K, T') are pretriangulated categories. A triangulated
functor

(F,7) (K, T) = (K, T)
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is a T-additive functor that respects distinguished triangles, in the following sense:
for any distinguished triangle (11.6.1)) in K, the triangle

F(a) ) F(B)

F(L) — F(M F(N) T'(F((L))
in K’ is distinguished. The composition of triangulated functors is their composition
as T-additive functors.
There is a vast source of pretriangulated categories and triangulated functors.
For any pair (A, M) the homotopy category K := K(A, M) inherits the translation
functor T from the DG category C(A, M), under the canonical full functor

P:C(A,M) = K(4,M).

TLoF(7)

By definition, the distinguished triangles in K(A, M) are those that are isomorphic
to the images, under the functor P, of standard triangles. A calculation (Theorem
shows that they satisfy the axioms of pretriangulated category.

We proved (Theorem that for any DG functor

F:C(A,M) — C(B,N),
the induced T-additive functor
(FaTF) : K(AvM) — K(B7N)

is triangulated.

Another source of triangulated functors is by composing other triangulated func-
tors. This will turn out to be of tremendous importance. A mere shadow of this
feature is the Grothendieck spectral sequence associated to a composition of func-
tors.

11.7. Localization of Categories. Here we review Section [f]

Suppose K is a category, and S is a multiplicatively closed set of morphism in it
(just like in a ring). There is always the formal localization of K with respect to S
— this is a category Ks, with a functor

Q: K — K,

that is the identity on objects, it sends any morphism s € S to an isomorphism,
and it is initial among all such pairs (Ks, Q).

The localization is manageable if it has a calculus of fractions, a.k.a. Ore lo-
calization. The set S is called a right denominator set if it satisfies the right Ore
condition (R1) and the right cancellation condition (R2). We proved in full detail
that S is a right denominator set iff (Ks, Q) is a right Ore localization. The same
is true on the left side.

11.8. The Derived Category. Now we recall Section We know that the ho-
motopy category K(A, M) is a pretriangulated category. A morphism ¢ : M — N
in K(A, M) is called a quasi-isomorphism if all the cohomologies
H'(y) : H(M) — H'(N)

are isomorphisms (in the category M). The set of quasi-isomorphisms is denoted
by S(A, M).

We proved that S(A, M) is both a left and right denominator set. The derived
category is the localization

D(Aa M) = K(Av M)S(A,M)-
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It is a pretriangulated category, and the localization functor
Q:K(A,M) = D(A,M)
is triangulated.

For a boundedness condition *, that could be +, — or b, we denote by K*(A4, M)
the full subcategory of K(A,M) on the DG modules with this condition. The
localization of K*(A, M) w.r.t. its quasi-isomorphisms is D*(A, M). If the relevant
truncation functor exists (this is always so for K(M)), then the functor K*(A, M) —
K(A, M) is fully faithful.

As before, in the special cases we write D(A) := D(A,ModK) and D(M) :=
D(K, M). In this latter case the canonical functor M — D(M), that sends an object
M to the complex M concentrated in degree 0, is fully faithful.

11.9. Derived Functors. This is a summary of Section [8] Since we want to treat
K*(A, M) for various boundedness conditions %, we now revert to the more general
setting of a pretriangulated category K with a denominator set S of cohomological
origin (like the quasi-isomorphisms in K(A, M)).

Setup 11.9.1. The following are given:

e Pretriangulated categories K and E.

e A triangulated functor F': K — E.

e A denominator set of cohomological origin S C K. The morphisms in it will
be called quasi-isomorphisms.

Definition 11.9.2. A right derived functor of F is a pair (RF,n), where
RF :Ks —E
is a triangulated functor, and
n:F=RFoQ

is a morphism of triangulated functors K — E. The pair (RF,n) must have this
universal property:
(0) Given any pair (G,0), consisting of a triangulated functor G : Ks — E
and a morphism of triangulated functors 6 : F = G o Q, there is a unique
morphism of triangulated functors  : RF' = G such that 8 = (poidg) * 7.

Above we used a bit of 2-categorical notation. It is pictured in the following
2-diagrams:

K— X L E K———E
|
Q RF Q
Ks
Ks
It is quite easy to prove that a right derived functor is unique (up to a unique

isomorphism).
Existence rests on the availability of suitable resolutions. Here is the theorem.

Theorem 11.9.3. Assume there is a full pretriangulated subcategory J C K with
these two properties:
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(a) If ¢ : I — I' is a quasi-isomorphism in J, then F(¢) : F(I) — F(I') is an
isomorphism in E.

(b) Every object M € K admits a quasi-isomorphism p : M — I to some object
Iel

Then the right derived functor
(RE,n):Ks — E
exists. Moreover, for any object I € J the morphism
nr F(I) — (RF o Q)(I)
in E is an isomorphism.

We refer to J as a category of right F-acyclic objects.
Analogously we can talk about left derived functors.

Definition 11.9.4. A left derived functor of F is a pair (LF,n), where
LF:Ks —E
is a triangulated functor, and
n:LFoQ=F
is a morphism of triangulated functors K — E. The pair (LF,7n) must have a

universal property opposite to the one in Definition [[1.9.2]

As for the right derived functor, there is a uniqueness here. And existence relies
on the availability of resolutions.

Theorem 11.9.5. Assume there is a full pretriangulated subcategory P C K with
these two properties:
(a) If ¢ : P — P’ is a quasi-isomorphism in P, then F(¢) : F(P) — F(P’) is
an tsomorphism in E.
(b) Ewvery object M € K admits a quasi-isomorphism p : P — M from some
object P € P.

Then the right derived functor
(LF,n):Ks = E
exists. Moreover, for any object P € P the morphism
np: (LF 0 Q)(P) — F(P)
in E is an isomorphism.

We refer to P as a category of left F-acyclic objects.

11.10. Resolutions of DG Modules. This is a review of Section [9] As we just
saw, a sufficient condition for existence of derived functors (left or right) of F is
the existence of enough acyclic objects.

In the original book [RD], existence of resolutions was proved for bounded (above
or below) complexes, or when the additive functor F' was finite dimensional (it was
called “way-out” there).

At around 1990 several mathematicians discovered, independently, the secret to
unbounded acyclic resolutions. It involves filtrations, and it goes by several names.
We prefer the name “K-something resolution”, following Spaltenstein.
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As before, A is a DG ring and M is an abelian category. A DG module N is
called acyclic if H* (V) = 0 for all 4.

Definition 11.10.1. A DG module I € C(A4, M) is called K-injective if for every
acyclic DG module N € C(4, M), the DG K-module Hom 4 m(N, I) is acyclic.

It turns out that K-injectives are right F-acyclic for any triangulated functor F'.

By K-injective resolution of a DG module M we mean a quasi-isomorphism
M — I into a K-injective DG module I.

For a full pretriangulated subcategory K C K(A, M), we denote by Kiy; the full
subcategory of K on the K-injectives in it. It too is pretriangulated.

Theorem 11.10.2. Let K be a full pretriangulated subcategory of K(A,M), and
denote by S the set of quasi-isomorphisms in K. Assume K has enough K-injectives.
Let E be any pretriangulated category, and let

F:K—E
be any triangulated functor. Then F' has a right derived functor
(RF,n) : Ks — E.

Furthermore, for any I € Kin; the morphism ny : F(I) — RF(I) in E is an isomor-
phism.

There is a bonus, already proved in [RD] for Kt (M) :

Theorem 11.10.3. Let K be a full pretriangulated subcategory of K(A,M). Denote
by S the set of quasi-isomorphisms in K. Then the localization functor

Q : Kinj — KS

is fully faithful.
Thus, if K has enough K-injectives, the functor Q above is an equivalence of
pretriangulated categories.

There is a dual notion, generalizing projective resolutions.

Definition 11.10.4. A DG module P € C(A, M) is called K-projective if for every
acyclic DG module N € C(A, M), the DG K-module Hom 4 m(P, N) is acyclic.

For a full pretriangulated subcategory K C K(A4, M), we denote by K, the full
subcategory of K on the K-projectives in it. It too is pretriangulated.

Theorem 11.10.5. Let K be a full pretriangulated subcategory of K(A, M), and de-
note by S the set of quasi-isomorphisms in K. Assume K has enough K-projectives.
Let E be any pretriangulated category, and let

F:K—=E
be any triangulated functor. Then F has a left derived functor
(LF,n): Ks — E.

Furthermore, for any P € K, the morphism np : LF(P) — F(P) in E is an
isomorphism.

Once more, for K-projectives there is no need to invert quasi-isomorphisms. This
was known in [RD] for K™ (M):
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Theorem 11.10.6. Let K be a full pretriangulated subcategory of K(A,M). Denote
by S the set of quasi-isomorphisms in K. Then the localization functor
Q : Koy = Ks

is fully faithful.
Thus, if K has enough K-projectives, the functor Q above is an equivalence of
pretriangulated categories.

11.11. Existence of Resolutions. This is a review of Section [[0] We consider
four situations where we can prove existence of resolutions. Further situations will
be considered later, in geometry.

First, a rephrasing of a semi-classical result from [RD].

Theorem 11.11.1. If M is an abelian category with enough injectives, and if M
is a complex in C(M) with bounded below cohomology, then M has a K-injective
resolution M — I with inf(I) = inf(H(M)).

This implies:
Corollary 11.11.2. IfM is an abelian category with enough injectives, then C+(|\/|)
has enough K-injectives.

Next a more recent result (from around 1990).

Theorem 11.11.3. Let A be any DG ring. The category C(A) has enough K-
injectives.

Here are two existence results for K-projective resolutions. First, a rephrasing
of a semi-classical result from [RD].

Theorem 11.11.4. If M is an abelian category with enough projectives, and if M
is a complex in C(M) with bounded above cohomology, then M has a K-projective
resolution P — M with sup(P) = sup(H(M)).

This implies:

Corollary 11.11.5. If M is an abelian category with enough injectives, then C~ (M)
has enough K-projectives.

Finally a more recent result (from around 1990).

Theorem 11.11.6. Let A be any DG ring. The category C(A) has enough K-
projectives.

There are notions of K-flat and K-flasque DG modules. We will talk about them
in details when we study derived categories in geometry.

cmnt: to here in class 9 Nov 2016
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12. DERIVED BIFUNCTORS

In this section we extend the theory of derived functors to the setting of bifunc-
tors, and study the important special cases of the Hom and tensor bifunctors.

12.1. DG Bifunctors. We had already talked about bifunctors in Subsection [1.6
That was for categories without further structure. Here we will consider K-linear
DG categories, and matters become more complicated.

Definition 12.1.1. Let C;, C; and D be K-linear categories. A K-linear bifunctor
F:CxC —=D
is a bifunctor such that for any objects M;, N; € C; the function
F : Homc, (M7, N1) x Homc, (M2, N2) — Homp (F(Ml,MQ),F(Nl,NQ))
is K-bilinear.

Thus, a linear functor F' induces, for every quadruple of objects, a K-linear
homomorphism
(12.1.2)
F: HOHIC1 (‘2\417 Nl) XK HOIIIC2 (MQ,NQ) — HOIHD (F(Ml, ‘2\42)7 F‘(‘Z\fl7 NQ))

We now upgrade this operation to the DG level. In order to treat sign issues
properly we make the next definition.

Definition 12.1.3. Let C; and Cy be K-linear DG categories. We define the DG
category C; ®g Cy as follows: the set of objects is

Ob(C; ®k Ca) := Ob(Cq) x Ob(Cy).
For any pair of objects
(My, Ms), (N1, N2) € Ob(Cy ®x Ca),
i.e. M;, N; € Ob(C;), we let
Homc, gy c, ((Ml, M), (Ny, Ng)) := Homc, (M1, N1) ®k Homc, (Ms, No).
The formula for the composition is this: given morphisms
¢; € Homc, (L;, M;)%

and
¥; € Homc, (M;, N;)
for ¢ = 1, 2, their tensors are morphisms
¢1 ® ¢ € Homg, g, ¢, ((L1, L), (M1, M>))
and

¢1 ®’l/}2 S Homcl Rk Co ((MlaMQ)v (NlaN2))'

Any morphism in C; ®g Cs is a sum of such tensors. We define the composition to
be

(1 @ h2) 0 (¢1 ® d2) == (—1)" "2 - (1 0 ¢1) ® (2 0 P2)
€ Home, gy ¢, (L1, L), (N7, Ny)) ®Heetertes,
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Example 12.1.4. Suppose C; and C; are single-object K-linear DG categories.
Then C; ®k C; is also a single-object K-linear DG category. Denoting this single
object by *, as the topologists like to do, the endomorphism DG rings satisfy

(C1 @k C2)(*) = Ci(x) ®x Ca(*).
See Examples [3.1.6] and [3:3:10]

DG functors between DG categories were introduced in Definition [3.5.1}
Definition 12.1.5. Let C;, C; and D be K-linear DG categories. A K-linear DG

bifunctor
F:CixCy—D
is, by definition, a K-linear DG functor
F:Ci®xCy — D,
where C; ®xk Cs is the DG category from Definition [12.1.3

Warning: due to the signs that odd morphisms acquire, a DG bifunctor F' is not
a K-linear bifunctor in the sense of Definition [12.1.1] Still, the induced functors on
the strict subcategories

Str(F) : Str(Cy) x Str(Cq) — Str(D)
and on the homotopy categories
Ho(F') : Ho(Cy) x Ho(C3) — Ho(D)

are genuine K-linear bifunctors.

cmnt: ’ Definition and ?? belong in Section [3]

‘We need to talk about contravariant DG functors.

Definition 12.1.6. Let C and D be DG categories. A contravariant K-linear DG
functor
F:C—D

is, by definition, a K-linear DG functor
F:C® - D.
Here C°? is the DG category from Definition
To make things explicit, a contravariant DG functor F' amounts to a function
F : Ob(C) — Ob(D),
together with a strict homomorphism of DG K-modules
F : Homc¢(M, N) — Homp (F(N), F(M))

for and pair of objects M, N, such that for any morphisms ¢ € Homc(L, M)? and
¥ € Homc (M, N)€ there is equality

F(yo @) =(-1)"* F(¢)o F(¢) € Homp (F(N), F(L))

And of course F(idys) = idp(ar). Once more, such F' is not a genuine contravariant
functor (because of the signs), but it induces genuine contravariant functors between
the strict categories and between the homotopy categories.

d+e
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Example 12.1.7. Let C be a DG category. The canonical operation op : C°? — C
is a contravariant DG functor.

The definitions above tell us what is a DG bifunctor that is contravariant in the
first or the second argument. They also tell us how to treat compositions of con-
travariant DG functors or bifunctors. And they tell us what are morphisms between
contravariant DG functors and between DG bifunctors. The rule is always to write
the opposite category in the first argument whenever there is a contravariance, and
that puts us in the covariant situation.

Here are the two main examples of DG bifunctors. We give each of them in the
commutative version and the noncommutative version (which is very confusing!).

Example 12.1.8. Consider a commutative ring A. The category of complexes of
A-modules is the DG category C(A), and we take C; = Co = D := C(A). For any
pair of objects M;, My € C(A) there is an object

F(MhMg) =My ®4 Ms € C(A)

This is the usual tensor product of complexes. We define the action of F' on mor-
phisms as follows: given

¢; € Home(a)(M;, N;)* = Homa (M;, N;)*,

we let

krt+k
F(¢1,¢2) := ¢1 ® ¢p2 € Homa (My ®4 Mz, N1 ®4 N3) e

k1+k
— Homg(a) (F(My, My), F(Ny, Na))™ .
The result is a DG bifunctor
F: C(A) x C(A) — C(A).

Example 12.1.9. Consider DG rings A, A1, A2 (possibly noncommutative, but
K-central). Let us define the new DG rings B; := A;_1 ®x A;® for i = 1,2. There
are corresponding DG categories C; := C(B;). An object of C; is just a DG A;_;-
A;-bimodule. Let us also define the DG ring C := Ay @ A5¥ and the DG category
D := C(C). For any pair of objects M; € C; and My € Cy there is a DG K-module

F(My, M) := My ®4, Ma;
see Definition [3.3.19] This has a canonical DG C-module structure:
(ap ® az) - (M1 @ mg) := (—1)72 F1+k2) (40 .m1) @ (Mg - ag)

for elements a; € Ai’ and m; € Miki. In this way F'(Mj, Ms) becomes an object of
D. We define the action of F' on morphisms as follows: given

¢i S HomCi<Mi; Ni)ki = HOI’IlBi (Mi,Ni)ki,

we let

F(¢17¢2) = (bl ®¢2 € HomD(F(MlaM2)7F(N17N2))k1+k2.

The result is a DG bifunctor
F: C1 X C2 —D.

Compare this example to the one-sided construction in Example [£.4.2]
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Example 12.1.10. Again we take a commutative ring A, but now our bifunctor
F' arises from Hom, and so there is contravariance in the first argument. In order
to rectify this we work with the opposite category in the first argument. (A certain
amount of confusion is unavoidable here!) So we define the DG categories C; :=
C(A)°P and Cy = D := C(A). For any pair of objects My, Ms € C(A) there is an
object
F(Ml,M2) = HOmA(Ml,MQ) € C(A)

This is the usual Hom complex. We define the action of F' on morphisms as follows:
given

¢1 € Homc, (M1, N1)* = Home(ayer (M1, N1) = Hom 4 (Ny, M;)*
and

¢o € Homc, (M, N2)*? = Home(ay(Ma, N2)* = Hom 4 (Mo, No)*2
we let

F(¢1, ¢2) := Hom(¢y, ¢s) € Hom 4 (Hom 4 (My, My), Hom 4 (N, Ny))
= Homp (F(My, M), F(Ny, Na))* 2.
The result is a DG bifunctor
F:CixCy—D.

Example 12.1.11. Consider DG rings A, A;, Ay (possibly noncommutative, but
K-central). There is DG bifunctor

F := Homu(—,—) : C(A ®x AP)P x C(A ®x AP) — C(A; ®x AP).

The details here are so confusing that we just leave them out. (We will come back
to this is Section when discussing noncommutative dualizing complexes).

12.2. Triangulated Bifunctors. Recall the notions of T-additive category and
pretriangulated category, from Section [5]

Suppose Let (Ki,T;) and (Kz,T2) are T-additive categories (linear over K).
There are two induced translation automorphism of the category Ky x Ks :

Tl(Ml,Mg) = (Tl(Ml), MQ)

and
Tg(Ml,MQ) = (M17T2(M2))

These two functors commute: TooT; =T 0Ts.

Definition 12.2.1. Let (K1, Ty), (K2, T2) and (L, T) be T-additive categories. A
T-additive bifunctor

(Fy11,72) : (K1, T1) x (Kg, T2) — (L, T)
is made up of an additive bifunctor
F: Ky xKgy — L,
as in Definition together with isomorphisms
7:FoT; = ToF
of bifunctors K; x Ko — L. The condition is that

T10T2 = —T20T1,
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as isomorphism
FoTyoTi=FoT;0Ty =y ToToF.

In the next exercises we let the reader establish several operations on T-additive
bifunctors.

Exercise 12.2.2. In the situation of Definition suppose
(G,7): (L, T) — (L', T)
is a T-additive functor into a fourth T-additive category (L', T'). Write the explicit
formula for the T-additive bifunctor
(G,7)o (F,71,m2) : (K, T1) x (Kg, Tg) — (L', T).
This should be compared to Definition

Exercise 12.2.3. In the situation of Definition [12.2.1] suppose
(FlvT{aTZ/) : (Klle) X (KQaTQ) — (LaT)

is another T-additive bifunctor. Write the definition of a morphism of T-additive
bifunctors

n: (FaTlaTQ) - (F/aTivTé)'
Use Definition as a template.
Exercise 12.2.4. Give a definition of a T-additive trifunctor. Show that if F' and
G are T-additive bifunctors, then G(—, F(—, —)) and G(F(—, —), —) are T-additive
trifunctors (whenever these compositions makes sense).

We now move to pretriangulated categories.

Definition 12.2.5. Let (Kq, T1), (Ka, T2) and (L, T) be pretriangulated categories.
A triangulated bifunctor
(F‘7 7'1,7'2) : (Kl,Tl) X (KQ, TQ) — (L,T)
is a T-additive bifunctor that respects the pretriangulated structure in each argu-
ment. Namely, for any distinguished triangle
Ly %5 My 25 Ny 25 Ty (L)

in Ky, and any object Lo € Ky, the triangle

F(a1,id F(pB1,id
F(L1, Lo) 29 poary, 1) 2999 oy L) T(F(L1, L2))

in L is distinguished; and the same for distinguished triangles in the second argu-
ment.

T10F (71,id)
_—

The operations on triangulated bifunctors are the same as those on T-additive
bifunctors (see exercises above).

We now connect DG bifunctors and triangulated bifunctors in our favorite setup:
DG modules in abelian categories.

Setup 12.2.6. We are given central DG K-rings Ay, A3, B, K-linear abelian cate-
gories M1, Ms, N, and a K-linear DG bifunctor

F C(Al, Ml) X (:(1427 MQ) — C(B7 N)
(Definition [12.1.5)).
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For any pair of objects (M, Ms), with M; € C(A;, M;), there are isomorphisms
(12.2.7) Tinty sy - F(Ti(My, Ma)) = T(F (M, Ms))
in C(B,N), arising from Definition Let us make it explicit (only for i = 2,
since the case ¢ = 1 is so similar). Fixing the object M; we obtain a DG functor

G: C(AQ,MQ) — C(B,N), G(Mg) = F(M17M2).
The isomorphism
o, M, ¢ G(T2(Mz)) = T(G(Mz))
is then
oy My = b © Gltar) ™
Lemma 12.2.8. Fizi € {1,2}. Letting the pairs of objects vary, we get an iso-
morphism
7, FoT; = ToF
of additive bifunctors
Cstr (A1, My) x Cytr (A2, M2) — Cyip (B, N).

Proof. This is an almost immediate consequence of the fact that the little t opera-
tors are morphisms of functors (see Theorem 2)), O

These pass to the homotopy categories.
Theorem 12.2.9. Under Setup [12.2.6|, the data

(F, Tl,TQ) : K(Al, Ml) X K(AQ, Mg) — K(B,N)

is a triangulated bifunctor.
Proof. The only challenge is to prove that (F, 71, 72) is a T-additive bifunctor; and
in that, all we have to prove is that
(12.2.10) TLOTy = —T20T1.

The rest hinges on single-argument considerations, that are handled in Theorems

A23 and 413l
So let us prove ([12.2.10)). Choose a pair of objects (My, M3). We have the
diagram

(12.2.11)
T1 M1 TQ Mg
F(Tq( M1 F(My, Ty(Ms))
1d F(id tM2

br(Ty (M), Mz) tF(Ml T2 (Mg))

F(Ty(My), Ms)) F(My, Ms) M17T2 M)
T(F(ty,, ,1d)) o M m T(F (id.t5,2))

M17M2 T 2

Tt

(M, M>))
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in C(B,N). Going from top to bottom on the left edge is the morphism 7y o 75, and
going on the right edge is the morphism 75 o 77. The bottom diamond is trivially
commutative. The two triangles, with common vertex at F'(Mj, Ms), are (—1)-
commutative, because t : Id — T is a degree —1 morphism of DG functors. Since
they occur on both sides, these signs cancel each other. Finally, the top diamond
is (—1)-commutative, because

(tarid) o (id, ty ) = (ts . tah) = —(id, t5L) o (tyy,,id).

cmnt: ’ The material below should be moved to Section [l ‘

We now address the contravariant case. Let K be a pretriangulated category. In
Proposition we explained how to make the opposite category K°P pretriangu-
lated. This is used in the next two definitions.

Definition 12.2.12. Suppose K and L are pretriangulated categories. A con-
travariant triangulated functor F : K — L is, by definition, a triangulated functor
F:KP L.

Let us provide an explicit formula. For this we need to bring in the translation
functors Tk and T\, and the translation isomorphism 7. Using Proposition
we see that the triangulated property of F' is this: for any distinguished triangle

L2 M2 N (L)
in K, the triangle

F(a) TNoF (=T ' (7))

F(8)
)

F(N F(M) F(L) TL(F(N))

is a distinguished triangle in L.

For bifunctors there are several options for contravariance.

Definition 12.2.13. Let K;, Ky and L be pretriangulated categories. A trian-
gulated bifunctor that is contravariant in the first or the second argument is, by
definition, a triangulated bifunctor

F KO x K2 — L

as in Definition [12.2.5] where the symbols {; and <, are either empty or op, as
the case may be.

This is nice and clean at first, until we try to employ Theorem [[2:2.9] - because
we still don’t know anything useful about the pretriangulated category C(A, M)°P.
This is our next task.

cmnt: following stuff should be moved to an earlier section ‘

Lemma 12.2.14. Let A be a DG ring and M an abelian category. There is a
canonical isomorphism of DG categories

G : C(A,M)°P =5 C(A°P, MP).
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Proof. In [KaScll, Remark 1.8.11] there is an explicit formula for an isomorphism of
categories G : C(M)°P = C(M°P). Tt goes like this. For a complex M = {M?};cz €
C(M) they define the complex
G(M) = {G(M)'}iez € C(MP)
to have components G(M)* := op(M~*). The differential dg ) = {dg(M)} is as
follows. The morphism
Ao 1 G(M)" — G(M)™!
is
(=17 op(dyy ) sop(MT7) = op(M ).

It was not mentioned in |[KaScl], but G is in fact an isomorphism of DG cate-
gories (i.e. a DG functor that is an isomorphism).
cmnt: ’this needs to be verified ! ‘

For any object M € C(M), its endomorphism DG ring in C(M)°P = C(M°P)
is the opposite of its endomorphism DG ring in C(M). Hence there is a DG ring
homomorphism from A°P to it. This makes G(M) into a DG A°P-module in M°P.
Lastly we need to check that this A°?-module structure is functorial — But that is
straightforward. O

cmnt: to here lecture 16 Nov 2016 ‘

Remark 12.2.15. Unlike what one might be tempted to think, the lemma above
does not say that C(A)°P, the opposite DG category of the category of DG A-
modules C(A), is equivalent to the category C(A°P) of right DG A-modules. What
it does say is that

C(A)°? = C(A,ModK)°? = C(A°P, (Mod K)°P).
On the other hand,

C(A°P) = C(A°P,Mod K).

But there is never (except for the trivial ring K) an equivalence between (Mod K)°P
and Mod K.

Since the homotopy category of C(A, M)°P is K(A, M)°P, the lemma above gives
rise to an isomorphism of additive categories

(12.2.16) G : K(A,M)°P — K(A°P M°P).

Now K(A,M)°P is a pretriangulated category, by virtue of being the opposite
of the pretriangulated category K(A,M). And K(A°P,M°P) is a pretriangulated
category on its own.

Lemma 12.2.17. There is an isomorphism of additive functors
T: G’ o TK(A’M)Op i} TK(AO[)’MOp) ] é

such that
(G,7) : K(A,M)°P — K(A°P, M°P).

is a triangulated functor.
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Proof.
cmnt: ’I hope it is true. Needs a proof! ‘

Corollary 12.2.18. Let
F:C(A;,M)¥1 x C(Az,M5)®1 — C(B,N)
be a DG bifunctor, where symbols {1 and o are either empty or op. Then the
induced bifunctor on the homotopy categories
F:K(A;, M)® x K(Ag,M3)®1 — K(B,N)
is a triangulated bifunctor

Proof. Using Lemma we can get rid of the symbols ;. Then we apply
Theorem [12:2.9] to get a triangulated bifunctor, including the data of translation
isomorphisms 71 and 75. Finally we use Lemma [I2.2.17] to re-insert the symbols

Qi O

12.3. Right Derived Bifunctors. We now tackle localized categories. Here, for
the sake of simplicity, we shall mostly ignore the translation functors (enough was
said about them in the previous subsection).

Setup 12.3.1. The following are given:

(1) Pretriangulated categories Ky, Ky and E.
(2) A triangulated bifunctor F': Ky x Ko — E.
(3) Denominator sets of cohomological origin S; C K; and Sy C K.

cmnt: ’merge setup with next def?

The morphisms in S;, for i = 1,2, are referred to as quasi-isomorphisms. The
localized category D; := (K;)s, is pretriangulated, and the localization functor
Q, : K; — D; is triangulated. On the product categories we get a functor

Q1XQ22K1XK2*>D1XD2.
In the next definition we use the 2-categorical notation from Subsection [8.1

Definition 12.3.2. Under Setup [12.3.1} a right derived bifunctor of F is a pair
(RF,n), where
RE: Dl X D2 — E

is a triangulated bifunctor, and
n:F=RFo(Q;xQ,)

is a morphism of triangulated bifunctors, such that the following universal property
holds:

(R) Given any pair (G, 0), consisting of a triangulated bifunctor
G: Dy xDy — E

and a morphism of triangulated bifunctors 6 : F = G o (Q; X Q,), there
is a unique morphism of triangulated functors g : RF = G such that

ez(lu’oidleQz)*n'
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Here is a diagram showing property (R):.

(12.3.3) KixKy—2 —  F

|

QX Qg

D1XD2

Proposition 12.3.4. If a right derived bifunctor exists, then it is unique up to a
unique isomorphism.

Proof. This is just like the proof of Proposition [8:3.:2] We leave the small changes
up to the reader. ([l

Existence in general is like Theorem [8:3.3] but more complicated.

Definition 12.3.5. Let K be a pretriangulated category, let S C K be a denomina-
tor set of cohomological origin, and let J C K be a full pretriangulated subcategory.
We refer to the morphisms in S as quasi-isomorphisms.
(1) Let M € K. A right J-resolution of M is a quasi-isomorphism p : M — [
to an object I € J.
(2) We say that K has enough right J-resolutions if every object M € K admits
a right J-resolution.

cmnt: ’this def should be moved to Sec 8 ‘

Theorem 12.3.6. Under Setup |12.3.1],
cmnt: ’ change wording - no setup?

assume there are full pretriangulated subcategories J; C Ky and Jo C Ko with these
two properties:

(a) Acyclicity: if ¢1 : Iy — Jy is a quasi-isomorphism in Jy and ¢o : Iy — Jo
18 a quasi-isomorphism in Jo, then

F(¢1,¢2) : F(Il,IQ) — F(Jl, JQ)

is an isomorphism in E.
(b) Abundance: Ky has enough right Ji-resolutions, and Ky has enough right
Ja-resolutions.

Then the right derived bifunctor
(RE,n) :Dy xDy — E
exists. Moreover, for any objects Iy € J1 and I € Jo the morphism
N1, F(I1, 1) = RF (I, I7)

in E is an isomorphism.
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In applications we will see that either J; = Ky or Jo = Kg; namely we will only
need to resolve in the second or in the first argument, respectively.

The proof of the theorem requires some more work on 2-categorical material. We
will therefore interrupt our discussion, and return to the proof of Theorem [12.3.6
in Subsection [12.5

12.4. Abstract Derived Functors.

) this subsec should be moved to Sec 6, just after Subsec 6.2
cmnt: o
cmnt: This subsection, and possibly also subsection [8.1] should be
' moved to Section 6, just after Subsec 6.2.

Here we deal with right and left derived functors in an abstract setup (as opposed
to the triangulated setup).

We first introduce functor categories; these will extend our understanding of
2-categorical ideas. All set theoretical issues (sizes of sets) are neglected; the justi-
fication is in Subsection [[.1l

Definition 12.4.1. Given categories C and D, let Fun(C, D) be the category whose
objects are the functors F' : C — E, and the morphisms are the morphisms of
functors 1 : F — F’, i.e. the natural transformations.

Remark 12.4.2. In the full-fledged 2-category framework, there is the 2-category
Cat. Its objects are the categories. The 1-morphisms are the functors, and the 2-
morphisms are the morphisms between functors. Thus using the categories
Fun(C, D) we can talk about part of the structure of Cat, without having to worry
about the whole 2-category story.

Suppose G : C" — Cand H : D — D’ are functors. There is an induced functor
(12.4.3) F(G,H) : Fun(C,D) — Fun(C’, D)
defined by F(G,H)(F):= Ho F o G.

Proposition 12.4.4. If G and H are equivalences, then the functor F(G, H) in
(12.4.3)) is an equivalence.

Exercise 12.4.5. Prove Proposition |12.4.4

Recall that for a category C and a multiplicatively closed set of morphisms S C C
we denote by Cg the localization. It comes with the localization functor Q : C — Cs.
See Definition [6.1.2)

For a category E let EX C E be the category of isomorphisms; it has all the
objects, but its morphisms are just the isomorphisms in E.

Definition 12.4.6. Given categories C and E, a multiplicatively closed set of mor-
phisms S C C, and a functor F' : C — E, we say that F is localizable to S if
F(S) € EX. We denote by Funsg(C,E) the full subcategory of Fun(C,E) on the
localizable functors.

Here is a useful formulation of the universal property of localization. Recall that
a functor is an isomorphism of categories iff it is an equivalence that is bijective on
sets of objects.
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Proposition 12.4.7. Let C and E be categories, and let S C C be a multiplicatively
closed set of morphisms. Then the functor

F(Q,Idg) : Fun(Cs,E) — Funs(C,E)
is an isomorphism of categories.

Exercise 12.4.8. Prove Proposition |12.4.7

By definition a bifunctor F': C x D — E is a functor from the product category
C x D. See Subsection It will be useful to retain both meanings; so we shall
write

(12.4.9) BiFun(C x D, E) := Fun(C x D, E),

where in the first expression we recall that C x D is a product.
The next proposition describes bifunctors in a non-symmetric fashion.

Proposition 12.4.10. Let C, D and E be categories. There is an isomorphism of
categories

= : Fun(Cx D,E) — Fun(C,Fun(D, E))
with the following formula: for a functor F': Cx D — E, the functor

Z(F): C— Fun(D,E))

is 2(F)(C) := F(C,-).
Exercise 12.4.11. Prove Proposition [12.4.10
Proposition 12.4.12. Let C and D be categories, and let S C C and T C D be

multiplicatively closed sets of morphisms. Then the canonical functor
©:(CxD)sx1— CsxDt
is an isomorphism of categories.
Proof. The functor © is the identity on objects. Thus © is an equivalence iff it is
an isomorphism. We will produce a functor
G:CsxDr = (CxD)sxr
that is inverse to ©.

Consider another category E. Invoking Propositions [[2.4.10] and [12.4.7] we get a
sequence of isomorphisms of categories

Fun(Cs x Dt,E) — Fun(Cs, Fun(Dt,E)) — Funs(C, Funt (D, E)).

A short examination shows that the isomorphism = restricts to an isomorphism on
the full subcategories

E: Funs « 7(C x D,E) — Funs(C, Funt (D, E)).
Thus we get a commutative diagram of categories

(12.4.13)  Fun(Cs x Dt, E) — Funs  1(C x D, E) «—— Fun((C x D)s x 1, E)

J

Fun(C x D, E)

in which the horizontal arrows are isomorphisms of categories.
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Now we take E := (C x D)s « 1, and look at the identity functor Idg as an object
in the rightmost category in diagram (12.4.13f). There is a unique object GG in the
leftmost category. It is the inverse of © we are looking for. (]

Denominator sets were introduced in Definition [6.2.14]

Proposition 12.4.14. In the situation of Proposition the following con-
ditions are equivalent:
(i) The multiplicatively closed sets S C C and T C D are left (resp. right)
denominator sets.
(i) The multiplicatively closed set Sx T C Cx D is a left (resp. right) denom-
inator set.

Exercise 12.4.15. Prove Proposition [12.4.14

Exercise 12.4.16. Assume the categories C, D and E are K-linear. Let’s denote by
AdFun(C, D) the category of K-linear functors F' : C — D, and by AdBiFun(C x D, E)
the category of K-linear bifunctors F': C x D — E. Give linear versions of Proposi-

tions [[2.4.4) (247}, [[Z4.10] and [[2.4.1T3

cmnt: ’to here lecture 23 Nov 2016

There is a mistake in the proof of Thm 8.3.3. The problem:

t:
cmn Lemma 8.3.13. Use Thm [12.4.20] instead.

Definition 12.4.17. Consider a category K and a multiplicatively closed set of
morphisms S C K, with localization functor Q : K — Ks. Let F' : K — E be a
functor. A right derived functor of F with respect to S is a pair (RF,n), where
RF:Ks — E
is a functor, and
n:F=RFoQ
is a morphism of functors, such that the following universal property holds:

(R) Given any pair (G, ), consisting of a functor G : Ks — E and a morphism of
functors 6 : F = G oQ), there is a unique morphism of functors u: RF = G
such that 0 = (noidg) * .

Here is a 2-diagram showing property (R):

(12.4.18) K— X  LE

Ks
Proposition 12.4.19. If a right derived functor (RF,n) exists, then it is unique,
up to a unique isomorphism. Namely, if (G,0) is another right derived functor

of F, then there is a unique isomorphism of functors pu : RF = G such that
0= (poidg) *n.
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Proof. Despite the apparent complication of the situation, the usual argument for
uniqueness of universals (here it is a universal 1-morphism) applies. It shows that
the morphism p from condition (R) is an isomorphism. g

Here is a rather general existence result.

Theorem 12.4.20. In the situation of Definition assume there is a full
subcategory J C K such the following three conditions hold:

(a) The multiplicatively closed set S is a left denominator set in K.

(b) For every object M € K there is a morphism p : M — I in S, with target
Iel

(¢) If v is a morphism in SN J, then F(v) is an isomorphism in E.

Then the right derived functor
(RE,n) : Ks - E
exists. Moreover, for any object I € J the morphism
nr: F(I) = RF(I)
in E is an isomorphism.
This same result is [KaSc2, Proposition 7.3.2]. However their notation is differ-

ent: what we call “left denominator set”, they call “right multiplicative system”.
We need a definition and a few lemmas before giving the proof of the theorem.

Definition 12.4.21. In the situation of Theorem by a system of right
J-resolutions we mean a pair (I, p), where I : Ob(K) — Ob(J) is a function, and
p = {pm}meonk) is a collection of morphisms pas : M — I(M) in S. Moreover, if
M € Ob(J), then I(M) = M and pp = idpy.

Property (b) of Theorem [12.4.20 guarantees that a system of right J-resolutions
(I,p) exists.
Let us introduce some new notation that will make the proofs more readable:

(12.4.22) K:=J, §:=JnS, D:=Ks and D' :=Kg .

The inclusion functor is U : K" — K, and its localization is V : D’ — D. These sit
in a commutative diagram

(12.4.23) K —Y 5K

Q'J{ J{Q
D'— D
Lemma 12.4.24. The multiplicatively closed set S’ is a left denominator set in K'.
Proof. We need to verify conditions (LD1) and (LD2) in Definition [6.2.14
(LD1): Given morphisms a’ : L’ — N’ in K" and s’ : L’ — M’ in S’, we must find
morphisms & : M’ — K’ in K and ¢/ : N’ — K’ in &', such that ' oa’ = b o s’
Because S C K satisfies this condition, we can find morphisms b : M’ — K in K
and t : N — K in S such that toa’ = bos’. There is a morphism p : K — K’

in S with target K’ € K'. Then the morphisms ¢’ := pot and b’ := p o b satisfy
toa' =V os' andt €5
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(LD2): Given morphisms a’,b’ : M’ — N’ in K and s’ : L’ — M’ in ', that satisfy
a'os' = b os’, we must find a morphism ¢’ : N’ — K’ in S’ such that ' oa’ =t/ o'.
Because S C K satisfies this condition, we can find a morphism ¢ : N' — K in S
such that toa’ =tob’. There is a morphism p : K — K’ in S with target K’ € K'.
Then the morphism ¢’ := p ot has the required property. O

Lemma 12.4.25. The the functor V : D' — D is an equivalence.

Proof. This is the same as the proof of Proposition |7.2.5| with condition (r).

In Proposition the labels (r) and (1) have to be flipped.
cmnt: (1) should go with “left denominator”... After the flipping,
above has to be “with condition (1)”.

O

Lemma 12.4.26. Suppose a system of right K'-resolutions (I, p) has been chosen.
Then the function I : Ob(K) — Ob(K’) estends uniquely to a functor I : D — D,
such that IoV = Idp/, and p : Idp = Vol is an isomorphism of functors. Therefore
the functor I is a a quasi-inverse of V.

The relevant 2-diagram is this:

Id

K' D’ D'

U I v I
]

K—2 .p D
Id

Recall that in a 2-diagram, an empty polygon means it is commutative, namely it
can be filled with 2.

Proof. Consider a morphism ¢ : M — N in D. Since V : D’ — D is an equivalence,

and since V(I(M)) = I(M) and V(I(N)) = I(N), there is a unique morphism
I(v) : I(M) — I(N)

in D’ satisfying

(12.4.27) V(I(4)) :== Qlpn) oo Qoar) ™"

in D.

Let us check that I : D — D’ is really a functor. Suppose ¢ : L — M and
¥ : M — N are morphisms in D. Then

V(I(%)oI(d)) =VI())oV(I(6))
= (Qlpn) 0¥ 0 Qlpar) ™) © (Qlpar) 0 p o Qlpr) ™)
= Qpn) o (Yo d)oQpr) !
=V({I(og)).

It follows that I(v) o I(¢) = I(v) o ¢).
Because pyyr 2 M’ — I(M') is the identity for any object M’ € K', we see that
there is equality I oV = Idp/. By the defining formula (12.4.27)) of I(¢)) we have a
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commutative diagram

V() 22 v )

Q(pM)T TQ(M)
M # N

in D. Hence p: Idp = V o[ is an isomorphism of functors. O

Proof of Theorem [12:4.20] Diagram (12.4.23) induces a commutative diagram of

categories:

F(U,Id)

(12.4.28) Fun(K', E) Fun(K, E)
f.f.inc f.f.inc
Funs (K',E) «— " Funs (K, E)
F(Q',Id) | isom isom | F(Q,Id)
Fun(D', E) F(:ulj) Fun(D, E)

The vertical arrows marked “f.f. incl” are fully faithful inclusions by definition. Ac-
cording to Proposition the vertical arrows marked “isom” are isomorphisms
of categories. And by Lemma the arrow F(V,Id) is an equivalence. As a
consequence, the arrow F(U,1d) is also an equivalence.

Step 1. We are given a functor F' that is an object of the category in the upper right
corner of diagram . Let F’ := F o U; it lives in the the upper left corner
of the diagram. But condition (c¢) says that F’ actually belongs to the middle left
term in diagram . Because the arrow F(Q’,Id) is an isomorphism, there is
a unique functor RF’ that is an object of the category in the bottom left of diagram
. It satisfies RF” o Q' = F’. See next commutative diagram.

(12.4.29) K —2 LE

| &

D/

Let 0 := idp. We claim that the pair (RF’,n’) is a right derived functor of F”.
Indeed, suppose we are given a pair (G’,0’), where G’ is a functor in the bottom
left corner of diagram , and 0’ : F = G’ o Q' is a morphism in the top
corner of that diagram. See the 2-diagram . Because the function

(12.4.30) Homgpyn (o g) (RF', G') = Hompynkr ) (F', G 0 Q')

is bijective — this is the left edge of diagram (|12.4.28]) — there is a unique morphism
1 RF' = G’ that goes to 6’ under ((12.4.30)).




course der cats IV | public 50 | date: 7 April 2017 179

(12.4.31) K— 1

D/

Step 2. Now we choose a system of right K’'-resolutions (I,p), in the sense of
Definition [12.:4.21] By Lemma [12.4:26] we get an equivalence of categories I : D —
D', that is a quasi-inverse to V, and an isomorphism of functors p : Idp S Vol.
See the following 2-diagram (the solid arrows).

(12.4.32) K’

Define the functor
(12.4.33) RF:=RF'olI:D—E.

It is the dashed arrow in diagram . So the functor RF lives in the bottom

right corner of (12.4.28), and RF' =RF o V.

Step 3. We will now produce a morphism of functors n : FF = RF o Q. This

morphism should live in the category upper right corner of diagram .
Take an object M € K. There is a morphism pps : M — I(M) in S, and the

target I(M) is an object of K'. Define the morphism

(12.4.34) nv = F(pm) : F(M) —» F(I(M)) =RF(M)
in E. We must prove that the collection of morphisms n = {nas} arex is a morphism

of functors (i.e. a natural transformation). Suppose ¢ : M — N is a morphism in
K. We have to show that the diagram

F
(12.4.35) o) — 29 p(vy
WIVIJ/ NN
RF(Q(6)

RF(M) ——=2 , RE(N)

in E is commutative.
Now by definition of RF there is a commutative diagram

(12.4.36) RE(M) — O R ey
RE(1(M)) —Z QD g o (7 (v))
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in E. Lemma [12.4.24] tells us that the morphism I(Q(¢)) in D’ can be written as a
left fraction

1(Q(¢)) = Q'(¢1) ™! 0 Q'(¥o)
of morphisms 1)y € K’ and ¢; € S’. We get a diagram

(12.4.37) M— % N

PMJ JPN
I
o) = 140 vy
N S
J
where the solid arrows are in the category K, the dashed arrow is in D’, and the
object J belongs to K'. This diagram might fail to be commutative; but after

applying Q to it, it becomes a commutative diagram in D. By condition (LO4) of
the left Ore localization Q : K — D, there is a morphism v : J — L in S such that

Yogopy =ypoYiopyod

in K. There is the morphism py, : L — I(L) in S, whose target I(L) belongs to K'.
Thus, after replacing the object J with I(L), the morphism g by pr, 0% o1, and
the morphism 1, by pr, 01 o)1, and noting that the latter is a morphism in S’, we
can now assume that the solid diagram in K is commutative.

Applying the functor F' to the solid commutative diagram we obtain
the solid commutative diagram

(12.4.38) F(M) o F(N)
F(pm) lF(PN)
FI()) - S CEDL L prr(vy)
Fm F' (1)
F'(J)

in E. But the morphism F’(¢) is an isomorphism in E; and
RF'(I(Q(¢))) = F'(¢1) ™" o F'(4o)

in E. It follows that the top square in (|12.4.38)) is commutative. Therefore, making
use of the commutative diagram ([12.4.36)), we conclude that diagram ((12.4.35) is

commutative. So the proof that n is a natural transformation is done.

Step 4. It remains to prove that the pair (RF,n) is a right derived functor of F'.
Suppose (G, 0) is a pair, where G is a functor in the category in bottom right corner
of diagram , and 0 : FF = G o Q is a morphism in the top right corner of
the diagram. We are looking for a morphism p : RF = G in the bottom right
category in diagram for which 8 = (ppoidg) *n. Let G’ := GoV, and let
¢’ : F' = G’ o Q' be the morphism in the top left corner of corresponding
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to 6. Because of the equivalence F(V,1d), finding such u is the same as finding a
morphism p’ : RF’ = G’ in the bottom left category in diagram ([12.4.28]), satisfying

(12.4.39) 0" = (1 oidg ) *n'.
Finally, by step 1 the pair (RF’,n’) is a right derived functor of F’. This says
that there is a unique morphism p’ satisfying (12.4.39). ]

Now to left derived functors.

Definition 12.4.40. Consider a category K and a multiplicatively closed set of
morphisms S C K, with localization functor Q : K — Ks. Let F' : K — E be a
functor. A left derived functor of F' with respect to S is a pair (LF,n), where
LF:Ks —E
is a functor, and
n:LFoQ=F
is a morphism of functors, such that the following universal property holds:

(L) Given any pair (G, 0), consisting of a functor G : Ks — E and a morphism of
functors 8 : GoQ = F, there is a unique morphism of functors p : G = LF
such that 0 = n* (uoidg).

Here it is in a 2-diagram:

Proposition 12.4.41. If a left derived functor (LF,n) exists, then it is unique,
up to a unique isomorphism. Namely, if (G,0) is another right derived functor

of F, then there is a unique isomorphism of functors p : G = LF such that
0 =n=x(poidg).

The proof is the same as that of Proposition only some arrows have to
be reversed.
Theorem 12.4.42. In the situation of Definition [12.4.40], assume there is a full
subcategory P C K such the following three conditions hold:

(a) The multiplicatively closed set S is a right denominator set in K.

(b) For every object M € K there is a morphism p: P — M in S, with source
PcP.

(¢) If v is a morphism in PNS, then F(v) is an isomorphism in E.

Then the left derived functor
(LF,n):Ks — E
exists. Moreover, for any object P € P the morphism
np : LF(P) — F(P)

in E is an isomorphism.
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The proof is the same as that of Theorem only some arrows have to be
reversed.
For reference we give the next definition.

Definition 12.4.43. In the situation of Theorem by a system of left P-
resolutions we mean a pair (P, p), where P : Ob(K) — ODb(P) is a function, and
p = {pm}meon(k) is a collection of morphisms pys : P(M) — M in S. Moreover, if
M € Ob(P), then P(M) = M and py; = idyy.

Property (b) of Theorem [12.4.42 guarantees that a system of left P-resolutions
(P, p) exists.

12.5. Right Derived Bifunctors (continued).
cmnt: ’ reorganize. no splitting of this material

After the interlude on general categories of functors, we return to the triangulated
setting.

cmnt: ’proof of Thm has to be fixed!! ‘

the lemmas below should be imported to Subsec[8-3|for prov-
cmnt: .
ing Thm [8:323]

Definition 12.5.1. Let K;, K5 and E be K-linear pretriangulated categories. We
denote by TrBiFun(K; x Ko, E) the category of K-linear triangulated bifunctors F :
Ki x Ky — E.

Implicit in the definition above is that each object of TrBiFun(K; x K3, E) is a
triple (F, 7y, 72). The morphisms in this category are compatible with the transla-
tion isomorphism. See Definitions [5.3.1} [5.1.0] and [5.1.5] The category TrBiFun is
K-linear.

Suppose U; : K; — K; are triangulated functors between pretriangulated cate-
gories. We get an induced additive functor

(12.5.2) F(Uy x Uy, 1d) : TrBiFun(K; x Kg, E) — TrBiFun(K} x K5, E)
with the same formula as in (12.4.3)).

Lemma 12.5.3. If the functors Uy and Us are equivalences, then the functor
F(U; x Uy,1d) in (12.5.2) is an equivalence.

Proof. This is basically the same as the proof of Proposition [12.4.4] (that itself was
an exercise...). The delicate change is that here we have to consider the translation
isomorphisms 7 and 7. But these are controlled by the equivalence

F(U; x Up,1dg) : AdBiFun(K; x Ky, E) — AdBiFun(K) x K}, E).

(]

Let S; C K; be denominator sets of cohomological origin. These are left (and
right) denominator sets. We know that the localizations D; := (K;)s, are pretrian-
gulated categories, and the localization functors Q; : K; — D, are triangulated. See
Theorem
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As in Definition we denote by
TrBiFuns, x s, (K1 X Ko, E) C TrBiFun(K; x Kg, E)
the full subcategory on the triangulated bifunctors F' such that F/(S; x So) C E*.
Lemma 12.5.4. In the situation above the functor
F(Q; X Qq,Idg) : TrBiFun(D; x Dy, E) — TrBiFuns, « s, (K; x Ko, E)
is an isomorphism of categories.

Proof. This is basically that same as the proof of Proposition[12:4.7 combined with
the isomorphism of pretriangulated categories

Q:(K1XK2)51X52 —>D1><D2

from Proposition [12.4.12] The fine point is that the translation isomorphisms 7;
are controlled by this isomorphism of categories:

F(Q, x Q,,Idg) : AdBiFun(D; x Dy, E) — AdBiFuns, x s, (K; x Ka, E).

We can now give:

Proof of Theorem [12.3.6] It will be convenient to change notation. For p = 1,2
let’s define K}, := J,,, S, := K, NS, and D), := (K;’)SL' The localization functors
are Q, : K, = D;,. The inclusions are U, : K}, = K,,, and their localizations are the
functors V, : D; — Dp. By Lemma [12.4.25| the functors V), are equivalences.

The situation is depicted in these diagrams. We have this commutative diagram
of products of triangulated functors between products of pretriangulated categories:

(12.5.5) KY x Kl —22%2 5 Ky x Ky
Qf x Q/zl J{Q1 x Qg
D, x D) — " , D, x D,

The arrow V; x V5 is an equivalence. Diagram (|12.5.5) induces a commutative
diagram of linear categories:

F(U1 X U2 ,Id)

(12.5.6) TrBiFun(K] x K}, E) TrBiFun(K; x Ko, E)

f.f.inc f.f.inc

(K/l % KIQ, E) F(U1><(.]2,Id)

’
2 equiv

TrBiFung; « s TrBiFuns, s, (K; x Ko, E)

F(Q) x Qb,1d) |isom isom | F(Qq X Qy,1d)

F(Vl X V2 ,Id)

TrBiFun(D/, x D, E) TrBiFun(D; x Da, E)

equiv

According to Lemmas [12.5.3] and [12.5.4] the arrows in the diagram above that
are marked “isom” or “equiv” are isomorphisms or equivalences, respectively. By
definition the arrows marked “f.f. inc” are fully faithful inclusions.
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We know that S; C K; are left denominator sets. Therefore (see Proposition
12.4.14)

51X52gK1XK2

is a left denominator set. Condition (a) of Theorem says that F' sends
morphisms in S| x S} to isomorphisms in E. Condition (b) there says that there
are enough right K} x Kj-resolutions in K; x Ka.

Thus we are in a position to use the abstract Theorem It says that there
is an abstract right derived functor

(RF,??) : D1XD24)E.

However, going over the proof of Theorem we see that all constructions
there can be made within the triangulated setting, namely in diagram
instead of in diagram :12.4.28 . Therefore RF' is an object of the category in the
bottom right corner of (|12.5.6f), and the morphism 7 : F' = RFoQ is in the category
in the top right corner of ((12.5.6)).

cmnt: ’there might be a general yoga to deduce the above... ‘

(]

12.6. The Bifunctor RHom. Consider a DG ring A and an abelian category M.
Like in Example [12.1.10| we get a DG bifunctor

F = Homum(—,—) : C(A,M)® x C(4,M) — C(K).

Passing to homotopy categories, and postcomposing with Q : K(K) — D(K), we
obtain a triangulated bifunctor

F = Homam(—, —) : K(4, M) x K(A,M) — D(K).

Next we pick full pretriangulated subcategories Kq, Ko C K(A, M). In practice this
choice would be by some boundedness conditions, for instance Ky := C+(M), cf.
Corollary or Ky := C™ (M), cf. Corollary We want to construct the
right derived bifunctor of the triangulated bifunctor

F =Homa m(—,—) : KI¥ x K = D(K).
This is done in the next theorem.

Theorem 12.6.1. Let Ky, Ky C K(A, M) be full pretriangulated subcategories, and

let D; denote the localization of K; with respect to the quasi-isomorphisms in it.

Assume either that Ky has enough K-projectives, or that Ky has enough K-injectives.
Then the triangulated bifunctor

Homa m(—, —) : KI” x Ko = D(K)
has a right derived bifunctor
RHoma m(—,—) : DI¥ x Dy — D(K).
Moreover, if Py € Ky is K-projective, or if Is € Ky is K-injective, then the morphism
np,.1, - Homa m(Pr, I2) — RHoma m(Pr, I2)

in D(K) is an isomorphism.
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Proof. If Ky has enough K-injectives, then we can take Jy := Kgipj, the full sub-
category on the K-injectives inside Ko. And we take J; := K;. We claim that the
conditions of Theorem are satisfied. Condition (b) is simply the assumption
that Ky has enough K-injectives. As for condition (a): this is Lemmabelow.

On the other hand, if K; has enough K-projectives, then we can take J{¥ :=
K'ff)prj, where K py is the full subcategory on the K-projectives inside K;. And
we take Jy := Ky. We claim that the conditions of Theorem [12.3.6] are satisfied
for J{? C KiP. Condition (b) is simply the assumption that K; has enough K-
projectives: a quasi-isomorphism p : P — M in K; becomes a quasi-isomorphism
p°P : M°P — P°P in KiP. As for condition (a): this is Lemma below.

The last assertion also follows from [12.6.21 O

Lemma 12.6.2. Suppose ¢1 : Q1 — Py and ¢ : Io — Jo are quasi-isomorphisms
in C(A,M), and either Q1, Py are both K-projective, or Is, Jy are both K-injective.
Then the homomorphism

Homa m(¢1, ¢2) : Homa m(P1, I2) — Homa m(Q1, J2)
in C(K) is a quasi-isomorphism.

Proof. We will only prove the case where @1, P; are both K-projective; the other
case is very similar.
The homomorphism in question factors as follows:

Homa m(¢1, ¢2) = Homa m(¢1,id,) o Homa m(idp, , #2).

It suffices to prove that each of the factors is a quasi-isomorphism. This can be done
by a messy direct calculation, but we will provide an indirect proof that relies on
properties of the homotopy category K := K(A4, M) that were already established.

Let K5 be the cone on the homomorphism ¢s : Is — Jo. So Ks is acyclic.
Because Py is K-projective it follows that Homg m(Pr, K3) is acyclic. Thus for
every integer [ we have
(12.6.3) Homy (T (Py), K») = H' (Homam(P1, Ka2)) = 0.
Next, there is a distinguished triangle
(12.6.4) L2 1 2 Ky 25 (1)

in K. Applying the cohomological functor Homk (T (P;), —) to the distinguished
triangle ((12.6.4]) yields a long exact sequence, as explained in Subsection From
it we deduce that the homomorphisms
Homk (T~ (Py), I) — Homy (T~ (Py), Ja)
are bijective for all [. Using the isomorphisms like (|12.6.3)) for I and J we see that
Homa m(idp, , ¢2) : Homa m(Pr, I2) — Homa m(P1, J2)

is a quasi-isomorphism.

According to Corollary the homomorphism ¢; : @ — P; is a homo-
topy equivalence; so it is an isomorphism in K. Therefore for any integer [ the
homomorphism

Homy (Q1, T'(J2)) — Homk (Py, T (J5))

is bijective. As above we conclude that

Homa m(¢1,1dy,) : Homg m(Q1, J2) = Homa m(Pr, J2)
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is a quasi-isomorphism. ([

Remark 12.6.5. Theorem should be viewed as a template. It has a variant
for C(A) where A is a commutative ring, as in Example[[2.1.10] There are bimodule
variants as in Example [[2.1.11] and Section And there are geometric versions
where the source and target are categories of sheaves — see Section [I5]

cmnt: ’to here lecture 30 Nov 2016 ‘

cmnt: ’no lecture 7 Dec 2016 ‘

We end this section with the connection between RHom and morphisms in the
derived category.

Definition 12.6.6. Under the assumptions of Theorem [12.6.1] for DG modules
My € Ky and M, € Ky, and for an integer i, we write

Ext’y y(My, Ms) := H' (RHoma m(M1, M2)) € M(K).

Exercise 12.6.7. Let A be a ring. Prove that for modules My, My € M(A) the
K-module Ext’y (M7, Ms) defined above is canonically isomorphic to the classical
definition.

Corollary 12.6.8. Under the assumptions of Theorem there is an isomor-
phism
EXtOA,M(_a -) = Hompa,my(—, —)
of additive bifunctors
D{P x D2 = M(K).
Exercise 12.6.9. Prove Corollary

12.7. Left Derived Bifunctors. The material here is opposite (left vs. right) to
that in Subsection [I2:3] Because of the similarity, we give only a few details.

The assumptions in the next definition are identical to those in Setup [12:3.1]
Definition 12.7.1. Assume the following are given:

(1) Pretriangulated categories K, Ko and E.
(2) A triangulated bifunctor F': K; x Ky — E.
(3) Denominator sets of cohomological origin S; C K; and Sg C Ka.

A left derived bifunctor of F is a pair (LF,n), where
LF:D;xDy —E
is a triangulated bifunctor, and
n:LFo(QxQy)=F

is a morphism of triangulated bifunctors, such that the following universal property
holds:

(L) Given any pair (G, 6), consisting of a triangulated bifunctor
G:DyxDy—E
and a morphism of triangulated bifunctors
0:Go(QyxQy) = F,
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there is a unique morphism of triangulated functors p : G = LF such that
0 =mnx*(poidg, xq,)-

Proposition 12.7.2. If a left derived bifunctor exists, then it is unique up to a
unique isomorphism.

Proof. This is the opposite of Proposition [12:3:4] and we leave it to the reader to
make the adjustments. ([

Definition 12.7.3. Let K be a pretriangulated category, let S C K be a denomina-
tor set of cohomological origin, and let P C K be a full pretriangulated subcategory.
(1) Let M € K. A left P-resolution of M is a morphism p: P — M in S from
an object P € P.
(2) We say that K has enough left P-resolutions if every object M € K admits
a left P-resolution.

cmnt: ’this def should be moved to Sec 8 ‘

Theorem 12.7.4. In the situation of Definition [12.7.1], assume there are full pre-
triangulated subcategories P1 C Ky and Py C Ky with these two properties:

(a) Acyclicity: if ¢1 : Py — Q1 is a morphism in P1 NSy and ¢a : Po — Q2 is
a quasi-isomorphism in Po NSy, then
F(¢1,¢2) : F(P1, P2) = F(Q1,Q2)

is an isomorphism in E.
(b) Abundance: Ky has enough left Pi-resolutions, and Ky has enough left Pa-
resolutions.

Then the left derived bifunctor
(LF,n): Dy xDy — E
exists. Moreover, for any objects Py € P1 and Py € Py the morphism
np, p, : LF (P, Py) = F(Py, Py)
in E is an isomorphism.

Proof. This is the opposite of Theorem [12.3.6] and we leave it to the reader to make
the necessary changes in direction. O

In applications we will see that either P; = K; or Py = Ks; namely we will only
need to resolve in the second or in the first argument, respectively.

Proposition 12.7.5. If a right derived bifunctor exists, then it is unique up to a
unique isomorphism.

Proof. This is just like the proof of Proposition [8.3:2] We leave the small changes
up to the reader. (I

Existence in general is like Theorem [8:4.3] but more complicated.

Definition 12.7.6. Let K be a pretriangulated category, let S C K be a denomina-
tor set of cohomological origin, and let P C K be a full pretriangulated subcategory.
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(1) Let M € K. A left P-resolution of M is a quasi-isomorphism p : P — M in
S from an object P € P.

(2) We say that K has enough left P-resolutions if every object M € K admits
a left P-resolution.

cmnt: ’this def should be moved to Sec 8 ‘

Theorem 12.7.7. In the situation of Definition [12.7.1), assume there are full pre-
triangulated subcategories Py C Ky and Py C Ko with these two properties:

(a) Acyclicity: if ¢1 : Py — Q1 is a morphism in P1 NSy and ¢ : Po — Q2 is
a morphism in Po NSy, then

F(¢1,¢2) : F(P1,P2) = F(Q1,Q2)

s an isomorphism in E.
(b) Abundance: Ky has enough left Py-resolutions, and Ko has enough left Po-
resolutions.

Then the left derived bifunctor
(LF,n): D1 xDy = E
exists. Moreover, for any objects P; € P1 and Py € Py the morphism
np, p, : LF (P, Py) = F(Py, Py)
in E is an isomorphism.

In applications we will see that either P; = Ky or Ps = Ks; namely we will only
need to resolve in the second or in the first argument, respectively.

Proof. Like that of Theorem [12:3.6] We leave the side changes to the reader. [0

12.8. The Bifunctor ®". Consider a DG ring A. Like in Example [12.1.9] we get
a DG bifunctor

F:=(—®4—):C(A%%) x C(A) — C(K).
Passing to homotopy categories, and postcomposing with Q : K(K) — D(K), we
obtain a triangulated bifunctor

F=(—®4—):K(A?) x K(A) —» D(K).
Next we pick full pretriangulated subcategories K; C K(A°P) and Ky C K(A).
In practice this choice would be by some boundedness conditions, for instance
Ky := C7(A°P) or Ky := C™ (A), cf. Corollary |10.2.14, We want to construct the
left derived bifunctor of the triangulated bifunctor

F:(—®A—)ZK1XK2%D(K>.

This is done in the next theorem.

Theorem 12.8.1. Let K; C K(AP) and Ky C K(A) be full pretriangulated sub-
categories, and let D; denote the localization of K; with respect to the quasi-iso-
morphisms in it. Assume that either K1 or Ko has enough K-flat objects.

Then the triangulated bifunctor

(*@A *) : K1XK24)D(K)
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has a left derived bifunctor
(—®Y4 —) : Dy x Dy — D(K).

Moreover, if either P, € Ky or Py € Ky is K-flat, then the morphism
N,y PL®@% Py — PL®a Py

in D(K) is an isomorphism.

Note that a DG module P; € Kj is checked for K-flatness as a right DG A-
module; and a DG module P, € Ks is checked for K-flatness as a left DG A-module.

Proof. If Ky has enough K-flats, then we can take Py := Ky gat, the full subcategory
on the K-flats inside K. And we take Py := K;. We claim that the conditions of
Theorem are satisfied. Condition (b) is simply the assumption that Ko has
enough K-flats. As for condition (a): this is Lemma below.

The other case is proved the same way (bur replacing sides). The last assertion
also follows from [12.8.2] ([l

Lemma 12.8.2. Suppose ¢1 : P, — Q1 and ¢ : Po — Q2 are quasi-isomorphisms
in C(A°P) and C(A) respectively, and either of the conditions below holds:

(i) Q1 and Py are both K-flat.

(ii) Py and Qo are both K-flat.
Then the homomorphism

P1 @ P2 P @4 P — Q1 ®a Q2
in C(K) is a quasi-isomorphism.

Proof. We will only prove the lemma under condition (i); the other case is very
similar. The homomorphism in question factors as follows:

1 ® ¢2 = (¢1 ®idp,) o (idp, ® ¢2).

It suffices to prove that each of the factors is a quasi-isomorphism. This can be
done by a messy direct calculation, but we will provide an indirect proof that relies
on properties of the DG categories C(A°P) and C(A) that were already established.

First we shall prove that idp, ® ¢2 is a quasi-isomorphism. Let Rs be the stan-
dard cone on the strict homomorphism ¢35 : Po — Q2. So there is a standard
triangle

(12.8.3) P, Q2 — Ry — T(P2)

in Cy,(A), and Ry is acyclic. Applying the DG functor Py ® 4 — to the triangle
, and using Theorem we see that there is a standard triangle
(1284) P ®a P [dpy @92 Py ®AQ2 — P ®4 Ry — T(Pl ®AP2)

in C(K). This becomes a distinguished triangle in the pretriangulated category
K(K). Thus there is a long exact sequence in cohomology associated to . Be-
cause P is K-flat it follows that P; ® 4 R is acyclic. We conclude that H'(id p, ®¢-2)
is bijective for all .

Now we shall prove that ¢, ® idp, is a quasi-isomorphism. Let Ry € C(A°P) be
the cone on the homomorphism ¢; : P; — Q7. It is both acyclic and K-flat. Using
standard triangles like (12.8.3]) and (12.8.4)) we reduce the problem to showing that
Ry ®4 P is acyclic. According to Corollary [10.3.27 and Proposition [9.3.2 there is a
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quasi-isomorphism P, — P, in C(A) from some K-flat DG module P,. As already
proved in the previous paragraph, since R; is K-flat, the homomorphism

Ri®@aP— Ri®aPs
is a quasi-isomorphism. But R; is acyclic and P, is K-flat, and therefore Ry @ 4 Ps
is acyclic. We conclude that Ry ® 4 P» is acyclic, as required. O

Remark 12.8.5. Theorem should be viewed as a template. It has a variant
for C(A) where A is a commutative ring, as in Example There are bimodule
variants as in Example and Section And there are geometric versions
where the source and target are categories of sheaves — see Section
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13. DUALIZING COMPLEXES OVER COMMUTATIVE RINGS

In this section we finally explain what was outlined, as a motivating discussing,
in Subsection [0.1] Dualizing complexes are perhaps the most compelling reason
to study derived categories. In the commutative setting of the current section
the technicalities are milder than in the geometric setting (Section and the
noncommutative setting (Section [I7).

We will start with some more technical facts on functors.
cmnt: ’move them to an earlier location, ‘

Then we will learn about dualizing complexes and residue complexes over commu-
tative rings, as defined by Grothendieck in [RD] in the 1960’s.

The initial plan was to also talk about Local Duality, MGM Equivalence and
perfect complezes in this section; but for lack of time and space, these topics will
be confined to short remarks. See Remark [13.4.25], 777
cmnt: ]ﬁnish \

13.1. Cohomological Dimension of Functors. The material here is a refine-
ment of the notion of “way-out functors” from [RD] Section II.7]. It is taken from
[Yel(]. As always, there is a fixed base ring K.

cmnt: ’ maybe move this material to an earlier location? ‘

By generalized integers we mean elements of the ordered set Z U {+oco}. Recall
that for a subset S C Z, its infimum is inf(S) € Z U {£oo}, where inf(S) = +o0
iff S = @. Likewise the supremum is sup(S) € Z U {£o0}, where sup(S) = —oo iff
S =g. Fori,j € ZU{oco}, the expressions i + j and —i — j have obvious values in
ZU{xoo}. And for i,j € ZU{xoo}, the expression 7 < j has an obvious meaning.

Let M = ,c, M be a graded K-module. We write

(13.1.1) inf(M) :=inf {i | M* #0} and sup(M):=sup{i| M"# 0}.
The amplitude of M is
(13.1.2) amp(M) := sup(M) — inf(M) € NU {£o0}.

(For M = 0 this reads inf(M) = oo, sup(M) = —oco and amp(M) = —oc.) Thus
M is bounded (resp. bounded above, resp. bounded below) iff amp(M) < oo (resp.
sup(M) < oo, resp. inf(M) > —o0).

Given ig < 47 in Z U {£oo}, the integer interval with these endpoints is the set
of integers

There is also the empty integer interval &.

A nonempty integer interval [i, i1] is said to be bounded (resp. bounded above,
resp. bounded below) if ig,i; € Z (resp. i; € Z, resp. ig € Z). The length of this
interval is i1 —ip € NU{oo}. Of course the interval has finite length iff it is bounded.
We write —[ig, 1] := [—i1, —ig]. Given a second nonempty integer interval [jo, 1],
we let

[i0, 31] + [Jo, J1] := [io + Jo, i1 + j1]-

The the empty integer interval @ is bounded, and its length is —oco. If S is any

integer interval, then the sum is the integer interval S + @ := @. And —@ := @.



192 AMNON YEKUTIELI

Definition 13.1.4. Let M = @,., M’ be a graded K-module.
(1) We say that M is concentrated in an integer interval [ig, 1] if

{i € Z| M" # 0} C lio, ia]-
(2) The concentration of M is the smallest integer interval con(M) in which M
is concentrated.
In other words, if M # 0 then
ig = inf(M) < iy = sup(M),

the concentration of M is the interval con(M) = [ig, 1], and the amplitude amp(M)
is the length of con(M). Furthermore, con(M) = @ iff M = 0.

The next definition is in conflict with Definitions [7.3.3 and [7.3.4} but we already
warned that this change will take place (see Remark . The reason for the
change: the new definition is more practical.

Definition 13.1.5. Let A be a DG ring and M an abelian category. The expression
D*(A, M), where “x” is either “+”, “—~” or “b”, refers to the full subcategory of
D(A,M) on the DG modules with bounded below (resp. bounded above, resp.
bounded) cohomologies.

Thus, for example, a DG module M belongs to D®(A4, M) iff con(H(M)) is a
bounded integer interval.

Definition 13.1.6. Let A be a DG ring and M an abelian category. For a DG
module M € C(A4, M) and an integer i, we write

M = T (M),
the i-th translation of M. This notation applies also to the homotopy category
K(A, M), the derived category D(A, M), and any other T-additive category.

The notation M [i] makes it difficult to use the little t operator and to talk about
translation isomorphisms, but hopefully we won’t require them anymore.

Definition 13.1.7. Let A, B be DG rings, let M, N be abelian categories, and let
C C D(4, M) be a full additive subcategory.
(1) Let
F:C— D(B,N)

be an additive functor, and let S be an integer interval. We say that F' has
cohomological displacement at most S if

con(H(F(M))) C con(H(M)) + S

for every M € C.
(2) Let
F:C°® —» D(B,N)
be an additive functor, and let .S be an integer interval. We say that F' has
cohomological displacement at most S if

con(H(F(M))) € —con(H(M)) + S
for every M € C.
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(3) Let F be as in item (1) or (2). The cohomological displacement of F is the
smallest integer interval S for which F' has cohomological displacement at
most S.

(4) Let S be the cohomological displacement of F'. The cohomological dimen-
sion of F' is defined to be the length of the integer interval S.

To emphasize the most important case: the functor F has finite cohomological
dimension iff its cohomological displacement is bounded.

Example 13.1.8. The functor F is the zero functor iff it has cohomological dis-
placement @ and cohomological dimension —oo.

Example 13.1.9. Consider a commutative ring A = B, and the abelian categories
M = N := M(K). So D(A,M) = D(B,N) = D(A). Take C := D(A). For the
covariant case (item (1) in Definition [13.1.7]) take a nonzero projective module P,
and let

F := RHom (P & P[1],—) : D(A) — D(A).

Then F has cohomological displacement [0,1]. For the contravariant case (item
(2)) take a nonzero injective module I, and let

F :=RHomu(—,I @ I[1]) : D(A)°® — D(A).
Then F' has cohomological displacement [—1,0]. In both cases the cohomological

dimension of F is 1.

Example 13.1.10. Suppose A and B are rings and F' : M(A) — M(B) is a left
exact additive functor. We get a triangulated functor
RF :D(A) — D(B),
and H'(RF(M)) = R'F(M) for all M € M(A). Taking C := M(A), with its
canonical embedding into D(A), we get an additive functor
(RE)|ma) : M(A) = D(A).
The cohomological dimension of (RF)|m4) equals the usual cohomological dimen-

sion of the functor F.

Remark 13.1.11. Assume that in Definition [13.1.7 we take M = M(K), C = D(A)
and F is a triangulated functor. The functor F' has bounded below (resp. above)
cohomological displacement iff it is way-out right (resp. left), in the sense of [RD]
Section 1.7].

Definition 13.1.12. Let x, A be boundedness conditions, and assume the right
derived bifunctor

RHom 4 1 : D*(4, M)°P x D*(A, M) — D(K)
exists. Let S be an integer interval of length i € NU {400}.

(1) Let M € D*(A,M), and let C C D*(A, M) be a full additive subcategory.
We say that M has projective concentration S and projective dimension i
relative to C if the functor

RHOIHA’M(M, —)|C :C— D(K)

has cohomological displacement —S.
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(2) Let M € D*(A,M), and let C C D*(A4, M) be a full additive subcategory.
We say that M has injective concentration S and injective dimension i
relative to C if the functor

RHom 4 m(—, M)|cor : C°P — D(K)
has cohomological displacement S.
(3) If C=D(A, M), then we omit the “relative to C” clause.

Example 13.1.13. Continuing with the setup of Example[13.1.9] the DG module
P @ PI[1] (resp. I @& I[1]) has projective (resp. injective) concentration [—1,0].

Example 13.1.14. Let A be a DG ring, and consider the free DG module P :=
A € D(A). The functor

F :=RHomu (P, ) : D(A) — D(K)

is isomorphic to the forgetful functor, so it has cohomological displacement [0, 0] and
cohomological dimension 0. Thus the DG module P has projective concentration
[0,0] and projective dimension 0. Note however that the cohomology H(P) could
be unbounded!

cmnt: ’next prop should move to Sec 7 ‘

Proposition 13.1.15. Let

0 LS ME N0

be a short exact sequence in Cgy(A,M). Then there is a morphism 0 : N — L[1] in
D(A, M) such that

0

I M Q)

is a distinguished triangle in D(A, M).

N

Proof. We are following the proof of [KaScil Proposition 1.7.5]. Let N be the
standard cone on ¢. In matrix notation as in Definition |3.9.1] we have

dy ¢ot™?
0 dru |

and dg =

T(L)

The object N sits inside the standard triangle

L% M5 85T
in Cy, (A4, M), where
~ id - .
Y= [0} and x:= [O 1d]

in matrix notation. Define the morphism v = N — N to be 7 := [z/J O]. We get
a commutative diagram

® X

MX Iy

L

T(L)
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in Cyr (A, M). We will prove below that + is a quasi-isomorphism. Then the mor-
phism 6 := Q(¥) o Q(y) ! will work.

It remains to prove that ~ is a quasi-isomorphism. Let K be the standard cone
on idz, and let 8 : K — N be the matrix morphism

¢0.L M
[Oid}'

T(L) T(L)
This fits into a short exact sequence

0KLNL NS0

in Cg;(A,M). But the DG module K is acyclic, and therefore v is a quasi-
isomorphism. (I

The next proposition pertains only to the ring case. To prove it we shall re-
quire the following truncation operations. For any complex M € C(A) its stupid
truncations at an integer g are

(13.1.16) stt=Y(M) = (- > M7 5 M= 00— )
and

(13.1.17) sttZ9(M) == (- > 0—=0— M9 — Mt —...).
They fit into an exact sequence

(13.1.18) 0 — stt=(M) — M — stt=7" (M) = 0

in Cg, (A).

cmnt: ’move all truncation stuff to Sec 37 ‘

Proposition 13.1.19. Let A be a ring. The following are equivalent for M € D(A):
(i) M has finite injective dimension.
(ii) M has finite injective dimension relative to M(A).
(iii) There is a quasi-isomorphism M — I in Cg,(A) to a bounded complex of
injective A-modules I.

Proof. (i) = (ii): This is trivial.
(ii) We may assume that H(M) is nonzero. Let [qo, ¢1] be the injective concentration

of the complex M relative to M(A), as in Definition [13.1.12f this is a bounded
integer interval. Since M = RHom 4 (A4, M) in D(K), we see that

qo = inf(H(M)) < sup(H(M)) < q1.

According to Corollary there is quasi-isomorphism M — J, where J is a
complex of injective A-modules and inf(J) = go. Take I := smt<%(.J), the smart
truncation from . Then the canonical homomorphism I — J is a quasi-
isomorphism. The complex I is concentrated in the integer interval [qo, ¢1], and
11 = J49 is injective for all ¢ < ¢;.

Let us prove that 19 = Z% (J) is also an injective module. Classically we would
use a cosyzygy argument. Here we use another trick. Define I’ := stt=%~1(I), so

'=(+0=19—. .51 50—,
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This is a bounded complex of injectives. Consider the short exact sequence
0= I [—q1) > I—=1 =0

in Cgr(A). According to Proposition this gives a distinguished triangle

(13.1.20) I —q] > I =1 = I[7"[—q + 1]

in D(A). Take any A-module N. Applying RHom4 (N, —) to the distinguished

triangle and then taking cohomologies, we get a long exact sequence

(13.1.21) o= ExtGT NN, T — Ext® (N, 1) — Ext4t (N, 1) — - -

in M(K). For any ¢ > 0 the module Ext% ® ' (N, I") vanishes trivially. By the
definition of the interval [go,q1] and the existence of an isomorphism M = I in
D(A), for any ¢ > 0 the module Ext%" (N, I) is zero. Hence Ext% (N, %) = 0 for
all ¢ > 0. This proves that the module 19" injective.

We have quasi-isomorphisms M — J and I — J. Since I is K-injective, there is
a quasi-isomorphism M — 1.

(iii) = (i): This is also trivial. O

Exercise 13.1.22. State and prove the analogous result for finite projective di-
mension of complexes.

In the next definition, A is again a DG ring.

Definition 13.1.23. Let x, A be boundedness conditions, and assume the left
derived bifunctor

(= ®% —) : D*(A?) x D*(A) — D(K)
exists. Let S be an integer interval of length i € NU {+oc0}.

(1) Let M € D*(A), and let C C D*(A°P) be a full additive subcategory. We
say that M has flat concentration S and flat dimension i relative to C if
the functor

(— ®4 M)|c: C — D(K)
has cohomological displacement S.
(2) If C = D(A°P), then we omit the “relative to C” clause.

Proposition 13.1.24. Let A be a ring. The following are equivalent for M € D(A):

(i) M has finite flat dimension.
(ii) M has finite flat dimension relative to M(A°P).
(iii) There is a quasi-isomorphism P — M in Cg,(A) from a bounded complex
of flat A-modules P.

Exercise 13.1.25. Prove Proposition [13.1.24] (The proof is similar to that of
Proposition [13.1.19])

Definition 13.1.26. Suppose the ring A is left noetherian.

(1) We denote by M¢(A) the full subcategory of M(A) = Mod A on the finite
(i.e. finitely generated) modules.

(2) We denote by D¢(A) the full subcategory of D(A) = D(Mod A) on the
complexes with finite cohomology modules.

Because A is left noetherian, the category M¢(A) is a thick abelian subcategory
of M(A), and the category D¢(A) is a pretriangulated subcategory of D(A). When
viewed as a left module, A € M(A) C Dy(A).
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Theorem 13.1.27. Let A be a left noetherian ring, let N be an abelian category,
let
F,G : D¢(A) — D(N)
be triangulated functors, and let n : F' — G be a morphism of triangulated functors.
Assume that the morphism
na: F(A) — G(A)
in D(N) is an isomorphism.
(1) If F and G have bounded above cohomological displacements, then
v F(M) — G(M)
is an isomorphism for every M € Dy (A).
(2) If F and G have bounded cohomological displacements, then nas is an iso-
morphism for every M € D¢(A).

We shall require the next lemmas for the proof of the theorem.

Lemma 13.1.28. Let D be a pretriangulated category, let F,G : D — D(N) be
triangulated functors, let n: F — G be a a morphism of triangulated functors, and
let

L% M- N L[
be a distinguished triangle in D.

(1) If the morphisms nr, and ny are both isomorphisms, then ny is an isomor-
phism. ' , 4 ,
(2) Let j be an integer. IfH'~'(F(N)), B~ (G(N)), B (F(N)) and H (G(N))

are all zero, and if B (ng) is an isomorphism, then H (ny) is an isomor-
phism.

Proof. (1) In D(N) we get the commutative diagram

(13.1.29) F(L) F(M) F(N) —— F(L)[1]
JVWL JWM JVWN lnL[l]
G(L) G(M) G(N) —— G(L)[1]

with horizontal distinguished triangles. According to Proposition [5.3.5} nn is an
isomorphism.

(2) passing to cohomologies in ([13.1.29)) we have a commutative diagram

B~ (F(N)) ——— B (F(L)) ) 1 (R(M)) ——— I (F())

JHJ‘I () lHJ‘ (nz) lHJ‘ () lHJ‘ (mn)

W~ (G(N)) ——— B (G(L)) s 1 (@ (M) ———— W (G(V)

The vanishing assumption implies that H’(F(¢)) and H?(G(¢)) are isomorphisms.
Hence H’ (1) is an isomorphism. O

Lemma 13.1.30. Let D be a pretriangulated category, let F,G : D — D(N) be
triangulated functors, and let n: F' — G be a a morphism of triangulated functors.
The following conditions are equivalent for M € D :
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(i) mar is an isomorphism.
(ii) marp) s an isomorphism for every integer i.
(iii) The morphism

W (nar) : B (F(M)) — B (G(M)
is an isomorphism for every integer j.

Proof. The equivalence (i) < (ii) is because both F and G are triangulated functors.
The equivalence (i) < (iii) is because the functor H : D(N) — G(N) is conservative;
see Corollary [7.1.8] O

Proof of Theorem [13.1.27] (1) First assume P is a bounded complex of finite free
A-modules. Then P is obtained from A by finitely many standard cones and trans-
lations. By Lemmas [13.1.28)(1) and it follows that np is an isomorphism.
Next let P be a bounded above complex of finite free A-modules. Choose some
integer j. Let i1 be an integer such that the integer interval [—o0, 1] contains the
cohomological displacements of F and G. Define P’ := stt=I~%1=2(P), the stupid
truncation of P below j —4; — 2; and let P” := stt=/~%~1(P), the complementary
stupid truncation. See formulas (13.1.16)) and ([13.1.17)). According to Proposition

13.1.15] the short exact sequence (13.1.18]) gives a distinguished triangle
(13.1.31) P"—P— P — P"[1]

in D¢(A). The complex P” is a bounded complex of finite free A-modules, so we
already know that 7np~ is an isomorphism. Hence H’(np~) is an isomorphism. On
the other hand H(P’) is concentrated in the interval [—oo,j — i1 — 2]. Therefore
H¥(F(P')) = H*(G(P')) = 0 for all k > j — 1. By Lemma 2), HY (np)
is an isomorphism. Because j is arbitrary, Lemma [I3.1.30] says that np is an
isomorphism.

Now take an arbitrary M € D; (A). By Corollary and Example

there is a resolution P — M, where P is a bounded above complex of finite free
A-modules. Since np is an isomorphism, so is 7.

(2) Now we assume that the functors F' and G have finite cohomological dimensions.
Take any complex M € D¢(A). By Lemma it suffices to prove that H7 (/)
is an isomorphism for any integer j.

Let [ig, 1] be a bounded integer interval that contains the cohomological displace-
ments of the functors F and G. Define M” := smt=/~% (M), the smart truncation
of M below j — ig; and let M’ := smt=I~%+1()/), the complementary smart trun-
cation. See formulas (7.3.6)) and (7.3.7).
maybe move the material on smart truncation from Sec 7
to Sec 3...

We obtain a short exact sequence

cmnt:

0—-M'—>M-—>M —0

of complexes. The cohomologies satisfy Hi(M”) = H'(M) and H(M') = 0 for
i <j—ip; and H'(M") =0 and H'(M') = H'(M) for i > j —ip + 1. Therefore we
have a distinguished triangle

(13.1.32) M" — M — M — M"[1]
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in D¢(A), and M"” € Dy (A). By part (1) we know that nas~ is an isomorphism,
and therefore also H (17/) is an isomorphism. The cohomology H(M’) is concen-
trated in the interval [j — ip + 1,00], and therefore the cohomologies H(F(M'))
and H(G(M')) are concentrated in the interval [j + 1, o0]. In particular the objects
H Y (F(M")), H~YG(M")), H/(F(M')) and H/(G(M')) are zero. By Lemma
i(

2), H’ (15s) is an isomorphism. O

Next we give a similar theorem. Recall that if Ng C N is a thick abelian sub-
category, then Dy, (N), the full subcategory of D(N) on the complexes whose coho-
mologies lie inside Ny, is a pretriangulated subcategory.

Theorem 13.1.33. Let A be a left noetherian ring, let N be an abelian category,
let Ng € N be a thick abelian subcategory, and let

F :D¢(A)°® — D(N)
be a triangulated functor. Assume that F(A) belongs to Dy, (N).

(1) If F has bounded below cohomological displacement, then F (M) belongs to
Dy, (N) for every M € Dg (A).

(2) If F has bounded cohomological displacement, then F(M) belongs to Dy, (N)
for every M € D¢(A).

Proof. (1) First assume P is a bounded complex of finite free A-modules. Then P
is obtained from A by finitely many standard cones and translations. Since Dy, (N)
is a pretriangulated subcategory and F' is a triangulated functor, it follows that
F(P) € Dy, (N).

Next let P be a bounded above complex of finite free A-modules. Choose some
integer j. We want to prove that H’(F(P)) € Ng. Let ig be an integer such that
the integer interval [ig, c0] contains the cohomological displacement of F. Define
P' := stt=7J71+io(P) the stupid truncation of P below —j — 1 + ig; and let
P" .= stt=9+i0(P), the complementary stupid truncation. We get a distinguished
triangle in D¢(A). The complex P” is a bounded complex of finite free A-
modules, so we already know that F(P") € Dy, (N), and in particular HY (F(P")) €
No. On the other hand H(P’) is concentrated in the interval [—oo, —j — 1 + 4g].
Therefore H(F(P')) is concentrated in the interval [j 4+ 1,00], and in particular
H/ Y (F(P")) = H/(F(P')) = 0. As we saw in the proof of Lemma ),
H’(F(P")) — H?(F(P)) is an isomorphism. The conclusion is that H? (F(P)) € Ny.

Now take an arbitrary M € D; (A). There is a quasi-isomorphism P — M,
where P is a bounded above complex of finite free A-modules. So F(M) = F(P),
and thus F(M) € Dy, (N).

(2) Now we assume that the functor F has finite cohomological dimension. Take any
complex M € D¢(A). We want to prove that for any j € Z the object H (F(M))
lies in Ng.

Let [ig,i1] be a bounded integer interval that contains the cohomological dis-
placement of the functor F. Define M” := smt=~9+1+% (M), the smart truncation
of M below —j+1+iy; and let M’ := smt="7 274 (M), the complementary smart
truncation. As we already noted in the proof of Theorem [I3.1.27] there is a distin-
guished triangle in D¢(A). The cohomology of M’ is concentrated in the
interval [—j +2+ 141, 00|, and therefore the cohomology of F(M’) is concentrated in
the interval [—oo, j —2]. In particular the objects H/ ™' (F(M’)) and H? (F(M")) are
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zero. By the proof of Lemma [13.1.28(2), the morphism H? (F(M")) — H (F(M))
is an isomorphism. But M" € D; (A), so as we proved in part (1), its cohomologies
are inside Ng. [l

Theorems [13.1.27] and [13.1.33] have several obvious modifications, for instance
changing the variance of the functor F' (replacing the source category by its oppo-
site).

13.2. Dualizing Complexes. From here on in this section all rings are commu-
tative noetherian by default.

Let A be a noetherian ring. We have the abelian categories M¢(A) C M(A) as
before. But because A is commutative, the Hom bifunctor has another target:

Homa(—,—) : M(A)°? x M(4) — M(A).
Likewise for the right derived bifunctor:
RHomy(—,—) : D(A)°? x D(A) — D(A).
When we fix the second argument M, we get an A-linear triangulated functor:
RHomy(—, M) : D(A)°®? — D(A).

This is the sort of functor with which we will be concerned.
Let M € C(A). The DG A-module

Hom (M, M) = End4 (M)
is a central noncommutative DG A-ring; there is a ring homomorphism
(13.2.1) apr : A — Homa (M, M).

When we forget the ring structure, aps becomes a homomorphism in Cg, (A).
Definition 13.2.2. Given a compex M € D(A), the derived homothety morphism
o&, © A — RHom 4 (M, M)

is the morphism in D(A) with this formula:
o8y =m0 Qo).

Namely the diagram

R
Qg

M, M

Qo) Y RHom (M, M)

A Hom 4 (M, M)
in D(A) is commutative.

Exercise 13.2.3. Prove that if p : M — I is a K-injective resolution, then the
diagram

A2 Homu (I, ) — ™ RHom (I, )

o

= | RHom(Q(p),Q(p) ™)

RHom (R, R)

in D(A) is commutative.
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Exercise 13.2.4. Formulate and prove a version of the previous exercise with a
K-projective resolution of M.

Definition 13.2.5. A complex M € D(A) is said to have the derived Morita
property if the derived homothety morphism

o+ A — RHom (M, M)
in D(A) is an isomorphism.

Proposition 13.2.6. The following conditions are equivalent for a complex M €
D(A) :

(i) M has the derived Morita property.

(ii) The canonical ring homomorphism

A= EndD(A)(M)
s a bijective, and
Homp 4 (M, M[i]) = 0
for all i # 0.

Exercise 13.2.7. Prove Proposition [13.2.6] (Hint: see Corollary |12.6.8] and the
preceeding material.)

Remark 13.2.8. In some texts, a complex M with the derived Morita property
is called a semi-dualizing complex. This name is only partly justified, because this
property occurs in the definition of a dualizing complexes — see Definition [I3.2.9]
below. However, there is a whole other class of complexes with the derived Morita
property — these are the tilting complexes. Often these two classes of complexes
are disjoint. More on these notions, and their noncommutative variants, will be in

Section [IT of the book.

The next definition first appeared in [RD] Section V.2]. The injective dimension
of a complex was defined in Definition [13.1.12

Definition 13.2.9. Let A be a noetherian commutative ring. A complex of A-
modules R is called a dualizing complex if it has the following three properties:
(i) R € Df(A).
(ii) R has finite injective dimension.
(iii) R has the derived Morita property.

Recall that in the traditional literature (e.g. [Mats]), a noetherian ring A is called
regular if all its local rings A, are regular local rings. The Krull dimension of A is
the dimension of the scheme Spec A; namely the supremum of the lengths of strictly
ascending chains of prime ideals in A. In practice we never see regular rings that
are not finite dimensional (there are only pretty exotic examples of them). The
following convention will simplify matters for us:

Convention 13.2.10. We shall say that a noetherian commutative ring A is regular
if it has finite Krull dimension, and all its local rings A, are regular local rings.

Any field K, and the ring of integers Z, are regular rings. If A is regular, then
so is the polynomial ring A[ty,...,t,] in n < oo variables, and also the localization
of A at any multiplicatively closed set. See [Mats, Chapter 7].
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Example 13.2.11. As prove by Serre, see [Mats, Theorem 19.2], a regular ring
A has finite global cohomological dimension. This means that there is a number
d € N such that for any modules M, N € M(A) and any ¢ > d, the Ext module
Ext? (M, N) vanishes. This implies that any module N has injective dimension < d
(and also projective dimension < d).

Taking R := A we see that R satisfies condition (ii) of Definition The
other two conditions hold regardless of the regularity of A. Thus R = A is a
dualizing complex over the ring A.

In the Introduction, Subsection [0.1] we used this fact for A = Z.

Definition 13.2.12. Given a dualizing complex R € D(A), the duality functor
associated to it is the triangulated functor

D:D(A)°® - D(A), D :=RHomu(—,R).
Let I, M € C(A). There is a homomorphism
Onr,r : M — Homu (Homa (M, I),1)
in Cg,(A) with formula
Orr,r(m)(9) = (1)1 6(m)
for m € MP and ¢ € Hom4 (M, I)9.

Lemma 13.2.13. Let R be a dualizing complex over A, with associated duality
functor D. There is a unique morphism

0:1d—> DoD

of triangulated functors from D(A) to itself, such that if p: R — I is a K-injective
resolution, then for any complex M € D(A) the diagram

g
M2 Homy, (Hom 4 (M, I), I) —— RHom 4 (RHom 4 (M, I), )

[ |

D(D(M)) d RHom 4 (RHom 4 (M, R), R)

in D(A), in which the unlabeled morphisms are

RHom(UX/fl,p id) © Meom, (a,1),1

and

RHom (RHom(id, Q(p)), Q(p) ™),
s commutative.

Exercise 13.2.14. Prove Lemma [[3.2.13
Here is the first important result regarding dualizing complexes.

Theorem 13.2.15. Suppose R is a dualizing complex over the noetherian commu-
tative ring A, with associated duality functor D. Then for any complex M € D¢(A)
the following hold:
(1) The complez D(M) belongs to D¢(A).
(2) The morphism
HM M — D(D(M))
in D(A) is an isomorphism.
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Proof. (1) Condition (b) of Definition [13.2.9] says that the functor D has finite
cohomological dimension. Condition (a) says that D(A) € D¢(A). The assertion
follows from Theorem |13.1.33) with Ng := M¢(A).

(2) The composition Do D is a functor with finite cohomological dimension (at most
twice the injective dimension of R). The cohomological dimension of the identity
functor is 0 (if A # 0). By condition (c) of Definition [13.2.9| we know that 64 is an

isomorphism. Now we can use Theorem [13.1.2 O
Corollary 13.2.16. Under the assumptions of Theorem let x be one of the
boundedness conditions b, +, — or “empty”, and let — be the reverse boundedness

condition, namely b, —, + or “empty”, respectively. Then the functor
D : D;f(A)°® — D; *(A)
is an equivalence of pretriangulated categories.

Proof. The previous theorem tells us that D is its own quasi-inverse. The claim
about the boundedness holds because D has finite cohomological dimension. O

We saw that dualizing complexes exists over regular rings. This fact is used for
the very general existence result below. First a definition and some lemmas.

Definition 13.2.17. Let f : A — B be a ring homomorphism. We say that f is an
essentially finite type homomorphism if it factors as A — B’ — B, where A — B’
is finite type, and B’ — B is a localization at some multiplicatively closed set. In
this case we also say that B is an essentially finite type A-ring.

Example 13.2.18. Let X be a finite type scheme over A, and let x € X be a
point. Then the local ring Ox ., is essentially finite type over A.

A ring homomorphism A — B gives rise to a forgetful functor Rest : M(B) —
M(A), that in turn determines a DG functor Rest : C(B) — C(A) and a triangu-
lated functor Rest : D(B) — D(A). These functors are going to be implicit in the
discussion below.

Lemma 13.2.19. Let A — B be a ring homomorphism.
(1) If I € C(A) is K-injective, then J := Homu(B,I) € C(B) is K-injective.
(2) Given M € D(A), let us define
N := RHomx (B, M) € D(B).
Then there is an isomorphism
RHomp(—, N) = RHom 4(—, M)
of triangulated functors D(B) — D(B).
Proof. (1) The is an adjunction calculation. Suppose L € C(B) is acyclic. There
are isomorphisms
(13.2.20) Hompg(L,J) = Homp (L7 Hom 4 (B, I)) >~ Homa (L, 1)
in C(B). Since I is K-injective over A, this complex is acyclic.
(2) Choose a K-injective resolution M — I in C(A). Let J be as above. Then

N — J is a K-injective resolution in C(B). There are isomorphisms of triangulated
functors

(13.2.21) RHom 4 (—, M) = Homa(—, )
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and
(13.2.22) RHompg(—, N) =2 Homp(—, J),

where the first functors are from D(A) to itself, and the functors (13.2.22)
are from D(B) to itself. But given L € C(B) we can view Hom 4 (L, I) as a complex
of B-modules, and in this way the functors (13.2.21) become triangulated func-
tors from D(B) to itself. Formula (13.2.20]) shows that the functors and
(13.2.22)) are isomorphic. O

Lemma 13.2.23. Let A — B be a flat ring homomorphism, let M € Dy (A), and
let N € DT (A). Then there is an isomorphism

RHomy(M,N)®4 B = RHomp(B®4 M,B®4 N)
in D(B). This isomorphism is functorial in M and N.

Proof. First we note that since B is a flat A-module, the functor — ® 4 B is trian-
gulated (it is its own left derived functor), and it goes D(A) — D(B).

Let’s choose a resolution P — M where P is a bounded above complex of finite
free A-modules. After possibly truncating the complex N from below, we can
assume it is a bounded below complex of A-modules. There is an isomorphism

(13.2.24) RHom (M, N) ®4 B = Homyu(P,N)®4 B
in D(B). We claim that the canonical homomorphism
(13.2.25) Homy (P, N)®4 B — Homa(P,N ®4 B)

in C(B) is bijective. This is because of finiteness. To be explicit, in each degree ¢
we have
Hom (P, N)* = [ [ Homa(P7, N**7).
J
This is actually a finite product, because P/ = 0 for § > 0, and Nt/ = 0 for
j < 0. And for each pair (i,j) the module Hom 4 (P?, N**7) is a finite product of
copies on N*tJ, because P7 is a finite free A-module. This shows that

Hom4(P?, N"™) ®4 B = Homa(P?,N“* @4 B).
Taking the product on all 5 we conclude that (13.2.25)) is indeed bijective.
Next we apply the usual change of ring adjunction to get the isomorphism
(13.2.26) HOIHA(P,B®A N)gHOInB(B(@A P,B@AN)

in C(B). Since B®4 P — B®4 M is a K-projective resolution over B, there is an
isomorphism

(13.2.27) Homp(B®as P,B®4 N) = RHomp(B®4 M,B®4 N)
in D(B).

Combining the isomorphisms ((13.2.24)), (13.2.25)), (13.2.26) and (13.2.27)) gives
us the desired isomorphism. The functoriality is clear. (]

Lemma 13.2.28. Let I be an A-module. The following conditions are equivalent:
(i) I is injective.
(ii) For any finite A-module M the module Ext} (M, I) is zero.

Exercise 13.2.29. Prove Lemma [13.2.28] (Hint: use the Baer criterion Theorem
2.6.7)
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Lemma 13.2.30. The injective dimension of a complex N € D(A) equals the
cohomological dimension of the functor

RHOmA(77N)|Mf(A)Op : Mf(A)Op — D(A)

Proof. By definition the injective dimension of N, say d, is the cohomological di-
mension of the functor

RHom 4 (—, N) : D(A)°®? — D(A).

Let d’ be the cohomological dimension of the functor RHom A (—, N)|m;(a)er. Ob-
viously the inequality d > d’ holds. For the reverse inequality we may assume that
H(N) is nonzero and d’ < co. This implies that there are integers ¢; = ¢o + d’ such
that for any M € M¢(A) there is an inclusion

con(RHom 4 (M, N)) C [qo, q1]-

In particular, for M = A, we get con(H(N)) C [qo,q1]. Let N — J be an injective
resolution in C(A) with inf(J) = go. Take I := smt=%(J), the smart truncation

from (7.3.6). The proof of Proposition [13.1.19} plus Lemma [13.2.28 show that

N — I is an injective resolution. But then
RHom 4 (—, N) 2 Homyu(—, I),

so this functor has cohomological displacement in the interval [go,q1], that has
length d'. O

Proposition 13.2.31. Let A — B be a finite ring homomorphism, and let R be
a dualizing complex over A. Then the complex

Rp = RHOInA(B,RA) S D(B)
is a dualizing complex over B.

Proof. Consider the functors D4 := RHoma(—, R4) and Dp := RHompg(—, Rp).
As explained in the proof of Lemma 2), they are isomorphic as functors
from D(B) to itself. Since Rz = D4(B) and B € Dy (A), by Corollary we
have Rp € Df(A). But then also Rp € DP(B). Next, because Dg(L) = D4(L)
for any L € D(B), this implies that the cohomological dimension of Dp is at most
that of D4, which is finite. We see that the injective dimension of the complex Rp
is finite. Lastly, there is an isomorphism Dg o Dg = Dy o D4 as functors from
D}’(B) to itself, and hence 6 : Id — Dp o Dpg is an isomorphism. Applying this to
the object B € DP(B) we see that

o = 93 : B — (DBODB)(B)

is an isomorphism. So Rp has the derived Morita property. The conclusion is that
Rp is a dualizing complex over B. |

Proposition 13.2.32. Let A — B be a localization ring homomorphism, and let
R4 be a dualizing complex over A. Then the complex

Rp:=B®a Ry € D(B)

is a dualizing complex over B.
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Proof. Tt is clear that Rg € DP(B). By Lemma to compute the injective
dimension of Rp it is enough to look at RHomp (M, Rp) for M € M¢(B). We can
find a finite A-submodule M’ C M such that B- M’ = M; and then M = B4 M.
Lemma [[3.2.23] tells us that

RHOHIB(M, RB) = RHOIHA(M/,RA) ®a B.

We conclude that the injective dimension of Rp is at most that of R4, which is
finite. Lastly, by the same lemma we get an isomorphism

RHomp(Rp, Rp) = RHom (R4, RA) ®4 B,
and it is compatible with the morphisms from B. Thus Rp has the derived Morita

property. ([

Theorem 13.2.33. Let K be a reqular ring, and let A be an essentially finite type
K-ring. Then A has a dualizing complez.

Proof. The ring homomorphism K — A can be factored as K — A, — Ag —
A, where Ay = Klt1,...,t,] is a polynomial ring, A, — Ag is surjective, and
Ag — Ais a localization. (The subscripts stand for “polynomial” and “finite type”
respectively.) According to [Mats, Theorem 19.5] the ring Ay is regular; so, as

shown in Example[13.2.18] the complex R := Ay is a dualizing complex over Ap.
Define

R = RHomApl(Aft7Rp1) S D(Aft)
By Proposition [13.2.31] this is a dualizing complex over Ag,. Finally define
R:= A®,, Ry € DY(A).
By Proposition [I3:2.32] this is dualizing complex over A. O

The proof of Theorem [13.2.33] might give the impression that A could have a lot
of nonisomorphic dualizing complexes. This is not quite true, as we now prove.

Theorem 13.2.34. Let A be a noetherian ring with connected spectrum, and let R
and R' be dualizing complexzes over A. Then there is a rank 1 projective A-module
L and an integer d, such that R’ = R ®4 L[d] in D(A).

Some lemmas first.

Lemma 13.2.35 (Kiinneth Trick). Let M, M’ € D™ (A), and let i,i’ € Z be such
that sup(H(M)) < i and sup(H(M")) <4i'. Then

H™ (M @Y% M') 2 H/ (M) @4 H (M).
Exercise 13.2.36. Prove Lemma [3.2.35
Lemma 13.2.37 (Projective Truncation Trick). Let M € D(A), with i1 =
sup(H(M)) € Z. Assume the A-module P := H" (M) is projective. Then there
is an isomorphism

M = smt=" (M) @ P[—i;]

in D(A).

Exercise 13.2.38. Prove Lemma (13.2.37| (Hint: first replace M with smt=<% (M).
Then prove that P is a direct summand of M®.))
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By a principal open set in Spec A we mean a set of the form Spec A, where A,
is the localization of A at the element s € A. Note that
Spec A; = {p € Spec A | s ¢ p}.
Lemma 13.2.39. Let M, M’ € M¢(A), and let p C A be a prime ideal.

(1) If My # 0 and M # 0 then M, ®4, M] # 0.
(2) If My ®a, M} = A, then M, = M} = A,.

~

(3) If My, = A,, then there is a principal open neighborhood Spec As of p in
Spec A such that My = Ay as Ag-modules.

Exercise 13.2.40. Prove Lemma [13.2.39] (Hint: use the Nakayama Lemma.)
Here is a pretty difficult technical lemma.

Lemma 13.2.41. In the situation of the theorem, let M, M’ € Dy (A) satisfy
M @% M’ = A in D(A). Then M = L[d] in D(A) for some rank 1 projective
A-module L and an integer d.

Proof. For any prime p C A let M, := A, ®4 M, and define
ep = sup(H(M,)) € ZU {—o0}.

Define the number ej, similarly.

Fix one prime p. Since
(13.2.42) M, @% M = A,
is nonzero, it follows that H(My) # 0 and H(M,) # 0. So ey, e, € Z, and H* (M),
He (M,) are nonzero finite A,-modules. By Lemma 1) we know that
H (Mp) ®4, H (M]) # 0.
According to Lemma [T3.2.35] we have
H (My) @4, H (My) = HE ) (M, @5 M) 2 HETS)(4,),
But A, is concentrated in degree 0; this forces e, + e;, =0 and
H® (My) ©a, H (M) = 4,
in D(A4). By Lemma 2) we now see that

(13.2.43) H® (M) = H (M) = A,.
According to Lemma [13.2.37] there are isomorphisms
(13.2.44) M, = Ap[—e,] & smt= 1 (M)
and

M, = Ay[—e,] @ smtge;_l(M;)
in D(A,). These, with (13.2.42)), give an isomorphism
(13.2.45)  (Ap[—ep] @ smt=* "1 (M,)) ®a, (Ap[—€p] ®smt=> (M) = A,
The left side of ([13.2.45]) is the direct sum of four objects. Passing to the cohomology

of (13.2.45)) we see that

N = H(smtgep*l(Mp)[fe;])
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is a direct summand of A,. But, since e, + e, = 0, the graded module N is
concentrated in the degree interval [co, —1]. It follows that N = 0. Therefore, by

(13.2.44), we deduce that

(13.2.46) M, = Ay[—ep].
The calculation above works for any prime p. From ((13.2.46)) we get
. , A ifi—
(13.2.47) Ay @4 HI(M) 2 Hi(M,) =0 BT
0  otherwise.

We now use Lemma [13.2.39(3) to deduce that for any prime p there is an open
neighborhood U, of p in Spec A such that H* (M,) = A, for all ¢ € U,. This
implies, by equation , that eq = ep. Therefore p — e, is a locally constant
function Spec A — Z. We assumed that Spec A is connected, and this implies that
this is a constant function, say e, = —d for some integer d.

Define L := H™%(M) € M;(A). Using truncation we see that M = L[d] in D(A).
We know that L, = A, for all primes p. Finally, Lemma says that the
A-module L is projective. O

Remark 13.2.48. Lemma[13.2.41]is actually true in much greater generality: the
ring A does not have to be noetherian, and we do not have to assume that the
complexes M and M’ have bounded above or finite cohomology. The proof is
harder. See [Yel(, Theorem 6.13].

Proof of Theorem [13.2.34] Define the duality functors D := RHomy4(—, R) and
D’ := RHomy4(—, R'); these are finite dimensional contravariant triangulated func-
tors from D¢(A) to itself. And define F':= D’ oD and F’ := Do D', that are finite
dimensional covariant triangulated functors from D¢(A) to itself. Let

(13.2.49) M = F(A) = (D'(D(A)) = RHoma(R, R')
and
M’ :=F'(A) = (D(D'(A)) = RHomu4 (R, R).
These are objects of DP(A).
For any object N € D(A) there is a morphism
Yy : N ® RHom(R, R') — RHom4 (RHomyu (N, R), R')

defined as follows: we choose a K-projective resolution P — N and a K-injective
resolution R' — I’. Then 1y is represented by the obvious homomorphism of
complexes
P ®, Homyu(R,I') — Hom4 (Homy (P, R),I').
As N changes, 1 is a morphism of triangulated functors
Yp:—@4%YM =D oD=F.

For N = A the morphism %4 is an isomorphism, by equation . The functor
F has finite cohomological dimension, and the functor — ®% M has bounded above
cohomological displacement. According to Theorem the morphism 1y is
an isomorphism for any N € Dy (A). In particular this is true for NV := M’. So,
using Theorem [I3:2.15] we obtain

M' &% M= (D' oD)(M')= (D' oDoDoD')(A) = A.
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According to Lemma [13.2.41| there is an isomorphism M = L[d]. Finally, using the
isomorphism ¥ g, we get
R®4 L[d| = F(R)=D'(D(R)) 2 D'(A) =R
O

What if Spec A has more than one connected component? A decomposition of
Spec A into open-closed subschemes

Spec A = Spec A; LI - - - LU Spec A,
corresponds to a decomposition of A into a product of rings:
(13.2.50) A=A x - X A,.

The noetherian property implies that Spec A has only finitely many connected
components. If each Spec 4; in is connected and nonempty, then this is
called the connected component decomposition of A.

Let Ki,...,K, be pretriangulated categories. The product category K :=
H:Zl K; has a pretriangulated structure such that the functors K; —» K — K;
are triangulated.

Proposition 13.2.51. Given a ring isomorphism A= [[._, A;, the functor
M — H A ®a M
i

is an equivalence of pretriangulated categories

D(A) - [ p(4y).

Exercise 13.2.52. Prove Proposition [13.2.51

Corollary 13.2.53. Let R and R’ be dualizing complexes over A, and let ((13.2.50))
be the connected component decomposition of A. Then there is an isomorphism

R =~ R®ag (Ll[dl] @@Lr[dr])

in D(A), where each L; is a rank 1 projective A;-module, and each d; is an integer.
Furthermore, the modules L; are unique up to isomorphism, and the integers d; are
unique.

Exercise 13.2.54. Prove Corollary [13.2.53

Remark 13.2.55. A rank 1 projective A-module L is also called an invertible
A-module. This is because L is invertible for the tensor product. Recall that the
group of isomorphism classes of invertible A-modules is the commutative Picard
group Pic4(A).

The commutative derived Picard group DPic4(A) is the abelian group Pic4(A4) x
Z" that classifies dualizing complexes over A, as in Corollary [13.2.53

Now assume that A is noncommutative, and flat central over a commutative ring
K. There are noncommutative versions of dualizing complexes and of “invertible”
complexes, that are called tilting complexes. The latter form the nonabelian group
DPick(A), and it classifies noncommutative dualizing complexes. See [Ricl], [Ric2],
[Kell, [Yed] and [RoZi]. We hope to get to this material in Section |[17] of the book.
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Remark 13.2.56. The lack of uniqueness of dualizing complexes has always been
a source of difficulty. A certain uniqueness or functoriality is needed, already for
proving existence of dualizing complexes on schemes.

In [RD] Grothendieck utilized local and global duality in order to formulate a
suitable uniqueness of dualizing complexes. This approach was very cumbersome
(even without providing details!)

Since then there have been a few approaches in the literature to attack this
difficulty. Generally speaking, these approaches came in two flavors:

e Representablity: this started with Deligne’s Appendix to [RD], and contin-
ued most notably in the work of Neeman, and of Lipman et al. See [Ne2],
|LiI] and their references.

e Explicit Constructions: mostly in the early work of Lipman et al., including
ILil] and [LNS|, and in the work of Yekutieli [Ye2], and [Ye3] and [Ye6].
references.

In the Section 7?7 of the book we will present rigid dualizing complexes, for
which there is a built-in functoriality.

13.3. More on Injective Resolutions. We start with a few facts about injective
modules over rings that are neither commutative nor noetherian. Sources for this
material are [Rot] and [Lam].

Definition 13.3.1.

(1) Let M be an A-module. A submodule N C M is called an essential sub-
module if for every nonzero submodule L C M, the intersection N N L is
nonzero. In this case we also say that M is an essential extension of N.

(2) An essential monomorphism is a monomorphism ¢ : N — M whose image
is an essential submodule of M.

(3) Let M be an A-module. An injective hull (or injective envelope) of M is
an injective module I, together with an essential monomorphism M — I.

Proposition 13.3.2. Any A-module M admits an injective hull.
Proof. See [Laml Section 3.D]. O

There is a weak uniqueness result for injective hulls.
Proposition 13.3.3. Let M be an A-module, and suppose ¢ : M ~— I and ¢' :
M — I' are monomorphisms into injective modules.
(1) If ¢ is essential, then there is a monomorphism 1 : I = I' such that
Yod=4g.

(2) If ¢ is also essential, then 1 above is an isomorphism.
Exercise 13.3.4. Prove Proposition [13.3.3

In classical homological algebra we talk about the minimal injective resolution
of a module. Let us recall it. We start with taking the injective hull M » IY. This
gives an exact sequence

0—-M—=1°—- M -0,

where M is the cokernel. Then we take the injective hull M* — I', and this gives
a longer exact sequence

0> M—I°>T1"— M?* =0,

etc. We want to generalize this idea to complexes.
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Definition 13.3.5.

(1) A minimal injective complex of A-modules is a bounded below complex of
injective modules I, such that for every integer ¢ the submodule of cocycles
Z%(I) C I is essential.

(2) Let M € DT (A). A minimal injective resolution of M is a quasi-iso-
morphism M — I into a minimal injective complex I.

Proposition 13.3.6. Let M € D' (A).

(1) There exists a minimal injective resolution ¢ : M — 1.

(2) If ¢ : M — I' is another minimal injective resolution, then there is an
isomorphism ¢ : I — I' in Cy,(A) such that ¢’ = 1) o ¢.

(3) If M has finite injective dimension, then it has a bounded minimal injective
resolution I.

Proof. We know that there is a quasi-isomorphism M — J where J is a bounded
below complex of injective modules. For any ¢ let E? be an injective hull of Z%(T).
By Proposition [13.3.3(1) we can assume that E? sits inside J? like this: Z9(I) C
FE? C J4. Since E1 is injective, we can decompose J? into a direct sum: J9 = E96¢
K. The homomorphism d? : K¢ — J%t! is a monomorphism since KYNZ(I) = 0.
And the image d% (K1) is contained in E4"!. Thus d% (K1) is a direct summand of
E%t! and this shows that the quotient

[0 = BT a(K) = JT (KO @ d5(K9)

is an injective module. The canonical surjection of graded modules 7 : J — I is a
homomorphism of complexes, with kernel the acyclic complex

dq
P (K1—q) = 5K [~ —1]).
q
Therefore 7 is a quasi-isomorphism. A short calculation shows that I is a minimal
injective complex, i.e. Z9(I) C I9 is essential.

(2) See next exercise. (We will not need this fact.)

(3) According to Proposition [13.1.19] the complex J that appears in item (1) can
be chosen to be bounded. ([l

Exercise 13.3.7. Prove Proposition [13.3.6(2).

Remark 13.3.8. There is a more general version of minimal injective complex: it
is a K-injective complex I consisting of injective modules, such that each Z4(I) C I1
is essential. See [Kil, Appendix B].

Remark 13.3.9. Important: the isomorphisms ) in Propositions[13.3.3|and [[3.3.6]
are not unique (see next exercise). We will see below (in Subsection ?77? that a
rigid residue complex is a minimal injective complex that has no nontrivial rigid
automorphisms.

Exercise 13.3.10. Take A := K][t]], the power series ring over a field K. Let
M := A/(t), the trivial module (the residue field viewed as an A-module).

(1) Find the minimal injective resolution

0= M—=1°—>T"—0.
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(2) Find nontrivial automorphisms of the complex I in Cg,(A) that fix the
submodule M C I°.

Now we add the noetherian condition.

Proposition 13.3.11. Assume A is a left noetherian ring. Let {I.}.cz be a col-
lection of injective A-modules. Then I = @, , I, is an injective A-module.

Exercise 13.3.12. Prove Proposition [13.3.11] (Hint: use the Baer criterion.)

From here all rings here are noetherian commutative. For them much more can
be said.

Recall that a module M is called indecomposable is it not the direct sum of two
nonzero modules.

Definition 13.3.13. Let a C A be an ideal.

(1) Let M be an A-module. The a-torsion submodule of M is the submodule
I'y (M) consisting of the elements that are annihilated by powers of a. Thus

[o(M) = lim Hom4(A/a*, M) C M.
11—
(2) If I'y(M) = M then M is called an a-torsion module.

Perhaps the most important theorem about injective modules over noetherian
commutative rings is the following structural result due to Matlis [Matl] from 1958.
See also [Ste, Section IV.4], [Laml Sections 3.F and 3.I], [Mats, Section 18] and
[BrSh].

Theorem 13.3.14 (Matlis). Let A be a noetherian commutative ring.

(1) Let p € A be a prime ideal, and let J(p) be the injective hull of the A,-
module k(p). Then, as an A-module, J(p) is injective, indecomposable and
p-torsion.

(2) Suppose I is an indecomposable injective A-module. Then I = J(p) for a
unique prime ideal p C A.

(3) Every injective A module I is a direct sum of indecomposable injective A-
modules.

Theorem [13.3.14] tells us that any injective A-module I can be written as a direct

sum
(13.3.15) 1=~ @ Jp
pESpec A

for a collection of cardinal numbers {yp }espec 4, called the Bass numbers. General
counting tricks can show that the multiplicity p, is an invariant of I. But we can
be more precise:

Proposition 13.3.16. Assume A is a noetherian commutative ring. Let I be an
injective A-module, with decomposition (13.3.15)). Then for any p there is equality

fp = ranky(y) (Homy, (K(p), Ap ®4 I)).

Proof. Consider another prime q. If q¢ ¢ p then there is an element a € q — p, and
then a is both invertible and locally nilpotent on A, ®4 J(q). This implies that
Ay ®4 J(q) = 0. On the other hand, if g C p, then A, ®4 J(q) = J(q). Therefore

Ap ®AI§@ J(p)eB/'Lp.

qaCp
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Next, if q & p, then there is an element b € p — q, and it is both invertible and
zero on the module
The implication is that this module is zero.

Finally, if ¢ = p then we have

Homg, (k(p). J(p)) = Homa, (k(p). k(p)) = k(p),
because the inclusion k(p) C J(p) is essential.
Putting all these cases together we see that

Homy, (k(p), Ap @4 1)) = k(p)®"
as k(p)-modules. O

13.4. Residue Complexes. In this subsection A is a noetherian commutative
ring. Here we introduce residue complexes (called residual complexes in [RD]).
Most of the material is taken from the original [RD]. In Example we will
see the relation between the geometry of Spec A and the structure of dualizing
complexes over A (continuing Example from the Introduction). Example
will explain the relation to residues in the classical sense.

Lemma 13.4.1. Let R be a dualizing complex over A and let p C A be a prime
ideal. There is an integer d such that

k(p) ifi=—d,
0 otherwise.

Extly, (k(p), RBy) = {

Proof. By Proposition R, is a dualizing complex over the local ring A,.
And by Proposition [13.2.31]
S := RHomy, (k(p), Ry)

is a dualizing complex over the residue field k(p). Since k(p) is a regular ring, it is
also a dualizing complex over itself. Theorem [13.2.34] tells us that S = k(p)[d] in
D(k(p)) for some integer d. O

Definition 13.4.2. The number d in the lemma above is called the dimension of
p relative to R, and is denoted by dimpg(p).

Let us recall a few notions regarding the combinatorics of prime ideals in a ring
A. A prime ideal q is an immediate specialization of another prime p if p & q, and
there is no other prime p’ such that p & p’ & g. In other words, if the dimension of
the local ring Aq/pq is 1.

A chain of prime ideals in A is a sequence (po,...,p,) of primes such that
p; & piq1 for all 2. The number n is the length of the chain. The chain is called
saturated if for each i the prime p; 1 is an immediate specialization of p;.

Theorem 13.4.3. Let R be a dualizing complex over A and let p,q C A be prime
ideals. Assume that q is an immediate specialization of p. Then

dimp(q) = dimg(p) — 1.

To prove this theorem we need a baby version of local cohomology: codimension
1 only.

Let a be an ideal in A. The torsion functor I'y has a right derived functor RT',.
For any complex M € D(A), the module HE (M) := HP(RI'q(M)) is called the p-th
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cohomology of M with supports in a. In case A is a local ring and m is its maximal
ideal, then HE (M) is also called the local cohomology of M.

Now suppose a is a principal ideal in A, generated by an element a. Let A, =
Ala~!] be the localized ring. For any A-module M we write M, = A, ®4 M. There
is a canonical exact sequence

(13.4.4) 0—=Tu(M)— M — M,.
Lemma 13.4.5. Let a = (a) be a principal ideal in A.
(1) For any injective module I the sequence
0-Ts(l)=>I1—1,—0

18 exact.
(2) For any M € D (A) and any there is a long evact sequence of A-modules

<o > HP(M) — HP(M) — HP(M,) — HEPY (M) — - .
Proof. (1) Let J(q) be an indecomposable injective A-module. According to The-

orem 1), if a € q then T'y(J(q)) = J(q) and J(q), = 0. But if a ¢ ¢ then

J(q) = J(q)q and T'4(J(q)) = 0. By Theorem [13.3.14] we see that any injective
module I breaks up into a direct sum I = T'4(I) & I,, and this proves that the

sequence is split exact.

(2) Choose a resolution M — I by a bounded below complex of injectives. We
obtain an exact sequence of complexes as in item (1). The long exact sequence in
cohomology

- = HP(T,(])) —» HP(I) — HP (1,) — HPH(FQ(I)) — e
is what we want. O

Lemma 13.4.6. Suppose A is an integral domain, with fraction field K, such that
A # K. Then K is not a finite A-module.

Proof. Let a € A be a nonzero element that is not invertible. Then
AGa ' " Aga? Ag---CK
is an infinite ascending sequence of A-submodules in K. O

Lemma 13.4.7. For any ideal a and any M € D(A) there is an isomorphism of
A-modules
H(M) = lim Ext? (A/a", M).

Proof. Choose a K-injective resolution M — I. Then, using the fact that cohomol-
ogy commutes with direct limits, we have

HE(M) = HP (T (1)) H”(lkim Homy (A/a¥, 1))
—
=~ lim Hp(HomA(A/ak,I)) = lim Ext (A/a", M).
k— k—
(I

Lemma 13.4.8. Assume A is local, with mazximal ideal m. Let R be a dualizing
complex over A, and let d := dimg(m). Then for any i # —d the local cohomology
H;, (R) vanishes.

See Remark [13.4.25( for more about H,%(R).
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Proof. We know that

k(m) ifi=—d,

Exty (k(m), R) =
Kt (k(m), 7) {O otherwise.

Let N be a finite length A-module. Since N is gotten from the residue field k(m) by
finitely many extensions, induction on the length of N shows that Ext% (N, R) =0
for all i # —d. This holds in particular for N := A/m*. Now use Lemma (]

Proof of Theorem [13.4.3] After replacing A with A4/pg, we can assume that p =0
and A = A,. Thus A is a 1-dimensional local integral domain, with only two primes
ideals: 0 = p and the maximal ideal q. Take any nonzero element a € q. Then the
localization A, is the field of fractions of A, i.e. A, = k(p). On the other hand,
letting a := (a) C A, the quotient A/a is a finite length A-module, so the ideal a is
g-primary, and I'g = T'g.

Define d := dimg(q) and e := dimg(p). By Lemma there is an exact
sequence of A-modules

S HIY(R) — H9(R) S H (R, » H;*TY(R) — -

Since a # 0 there are equalities A, = A, = Frac(A) = k(p). Then H™“(R,) = k(p),
and this is not a finite A-module by Lemma[13.4.6] On the other hand the A-module
H™°(R) is finite. We conclude that homomorphism ¢ is not surjective, and thus
H_“"(R) # 0. But H;“"(R) = Hq_EH(R), so according to Lemmawe must
have —e 4+ 1 = —d. Thus e = d + 1 as claimed. (]

Corollary 13.4.9. If A has a dualizing complex, then the Krull dimension of A is
finite. More precisely, if R is a dualizing complex over A, then dim(A) is at most
the injective dimension of R.

Proof. Let [ig,i1] be the injective concentration of the complex R. See Definition
[13.1.121 This is a bounded interval. Since

Ext’y (k(p), Rp) = Extly(A/p, R)y,

we see that the number dimpg(p) € [ig, 1]

Let (po,--.,pn) be a chain of prime ideals in A. Because A is noetherian, we
can squeeze more primes into this chain, until after finitely many steps it becomes
saturated. According to Theorem [13.4.3] we have

n = dlmR(po) — dlmR(pn)
Therefore n < i; — 1p. O
Definition 13.4.10. The ring A is called catenary if for any pair of primes p C g

there is a number ny 4 such that for any saturated chain (po,...,p,) with po = p
and p, = q, there is equality n = ny 4.

Corollary 13.4.11. If A has a dualizing complex, then it is catenary.

Proof. Let R be a dualizing complex over A. The proof of the previous corollary
shows that the number

np,q = dimg(p) — dimg(q)
has the desired property. [
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2

FIGURE 8. An algebraic variety X that is connected but not
equidimensional: it has irreducible components Y and Z of dimen-
sions 2 and 1 respectively. The generic points p € Y and q € Z are
shown.

Example 13.4.12. This is a continuation of Example from the Introduction.
Consider the ring

A =R[ty,ta,t3]/(t3-t1, t3-t2).
The affine algebraic variety
X =SpecA C A}

is shown in figure[§] It is the union of a plane Y and a line Z, meeting at the origin.

Since the ring A is finite type over the field R, it has a dualizing complex R. We
will now prove that there is some integer i s.t. H(R) and H'™!(R) are nonzero.

Define the prime ideals m := (t1,t2,t3), q := (t1,%2) and p := (¢3). Thus m is
the origin, q is the generic point of the line Z = Spec A/q, and p is the generic
point of the plane Y = Spec A/p. By translating R as needed, we cam assume that
dimp(m) = 0. Since m is an immediate specialization of ¢, Theorem tells us
that dimp(q) = 1. Similarly, since any line in Y passing through the origin gives
rise to a saturated chain (p,q’, m), we see that dimg(p) = 2.

Since q is the generic point of Z, its local ring is the residue field: A, = k(q).
We know that dimp(q) = 1. Hence

k(q) 2 Ext | (k(q), Rq) = Bxtyy (Ag, Rq) = Ext;' (4, R)q = H ' (R),.
Therefore H™'(R) # 0. A similar calculation involving p shows that H™?(R) # 0.

Example 13.4.13. Let A be a local ring, with maximal ideal m and residue field
k(m). Recall that A is called Gorenstein if the free module A has finite injective
dimension. The ring A is called called Cohen-Macaulay if its depth is equal to its
dimension, where the depth of A is the minimal integer i such that Ext’ (k(m), A) #
0. Tt is known that Gorenstein implies Cohen-Macaulay. See [Mats] for details.
As is our usual practice (cf. Convention we shall say that a noetherian
commutative ring A is Cohen-Macaulay (resp. Gorenstein) if it has finite Krull
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dimension, and all its local rings A, are Cohen-Macaulay (resp. Gorenstein) local
rings, as defined above.

Assume A has a connected spectrum, and let R be a dualizing complex over
A. Grothendieck showed in [RD, Section V.9] that A is a Cohen-Macaulay ring iff
R = L[d] for some finite module L and some integer d; the proof is not easy. It is
however pretty easy to prove (using Theorem that A is a Gorenstein ring
iff R 2 L[d] for some invertible module L and some integer d.

There is a lot more to say about the relation between the CM (Cohen-Macaulay)

property and duality. See Remark [13.4.27]

Recall that for any p € Spec A we denote by J(p) the corresponding indecom-
posable injective module.

Definition 13.4.14. A residue complex over A is a complex of A-module K having
these properties:

(i) K is a dualizing complex.

(ii) For any integer d there is an isomorphism of A-modules

K= @ Jbp).

pESpec A
dim (p)=d

The reason we like residue complexes is this:

Theorem 13.4.15. Suppose K and K’ are residue complexes over A that have the
same dimension function. Then the homomorphism

Q : Homcstr(A) (/C, ]C/) — HOHlD(A) (’C, /C/)
is bijective.
In more words: for any morphism ¢ : K — K’ in D(A) there is a unique strict
homomorphism of complexes ¢ : L — K’ such that ¢ = Q(¢).
Proof. Since the complex K’ is K-injective, by Theorem 7777
cmnt: ’ creat new thm just before Cor 9.1.13 ‘
we know that the homomorphism

Q : Homg4)(K,K') — Homp4)(K,K")
is bijective. And by definition the homomorphism

P : Homc,,, (4)(K,K’) = Homga)(K,K')
is surjective. It remains to prove that

Hom 4 (KC, )~ =0,

str

i.e. here are no nonzero degree —1 homomorphisms v : K — K'.

The residue complexes K and K’ decompose into indecomposable summands by
the formula in property (ii) of Definition A homomorphism v : K — K’ of
degree —1 is nonzero iff at least one of its components

Yoq: J(p) — J(q)

is nonzero, for some J(p) € K~ and J(q) € K’ ~*~!. Denoting by dim the di-
mension function of both these dualizing complexes, we have dim(p) = ¢ and
dim(q) = i+ 1. But the lemma below says that q has to be a specialization of
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p. Therefore, as in the proof of Corollary [I3.4.9] there is an inequality in the op-
pose direction: dim(p) > dim(q). We see that it is impossible to have a nonzero
degree —1 homomorphism v : K — K'. (]

Lemma 13.4.16. Let p,q be prime ideals. If there is a nonzero homomorphism
v J(p) = J(q), then q is a specialization of p.

Proof. Assume q is not a specialization of p; i.e. p € g. So there is an element
a €p—gq. Let v: J(p) — J(q) be a homomorphism, and consider the module
N = ~v(J(p)) € J(q). Since J(p) is p-torsion, the element a acts on N locally-
nilpotently. On the other hand, J(q) is a module over A, so a acts invertibly on
J(q), and hence it has zero annihilator in N. The conclusion is that N = 0. O

Here is a general existence theorem.

Theorem 13.4.17. Suppose the ring A has a dualizing complex R. Let R — K be
a minimal injective resolution of R. Then IC is a residue complex over A.

The proof is after two lemmas.

Lemma 13.4.18. Let S C A be a multiplicatively closed set, with localization Ag.
For any A-module M we write Mg := Ag ®4 M.
(1) If I is an injective A-module, then Is is an injective Ag-module.
(2) If I is an injective A-module and M C I is an essential A-submodule, then
Mg C Ig is an essential Ag-submodule.
(3) If I is a minimal injective complex of A-modules, then Is is a minimal
injective complex of As-modules,

Proof. (1) By Theorem [13.3.14] there is a direct sum decomposition I = I’ @ I",

where
r= @ Jp and I"= @ J(p)*.
pNS=2 pNS#LD
If pNS =@ then J(p) = J(p)s is an injective Ag-module; and if p NS # & then
J(p)s = 0. We see that Is = I’ is an injective Ag-module.

(2) Denote by A : I — Ig the canonical homomorphism. Under the decomposition
I2I'eI" above, Ay : I' = Ig is an isomorphism.

Let L be a nonzero Ag-submodule of Ig. Since A is split, we can lift it to a
submodule L' C I' C I, such that A : L' — L is bijective. Because M C I is
essential, we know that M N L’ is nonzero. But M NL C I’ so A\(MNL')isa
nonzero submodule of L. Yet M NL' C M, so A\(MNL") CA(M) C Mg. Therefore
MsNL#O0.

(3) By part (1) the complex Ig is a bounded below complex of injective Ag-modules.
Exactness of localization shows that Z"(Ig) = Z"(I)s inside Ig; so by part (2) the
inclusion Z"(Ig) — I is essential. O

Lemma 13.4.19. Let a C A be an ideal, and define B := A/a.
(1) If I is an injective A-module, then J := Homa(B,I) is an injective B-
module.
(2) Let I and J be as above. If M C I is an essential A-submodule, then
N :=Hom (B, M) is an essential B-submodule of J.
(3) If I is a minimal injective complex of A-modules, then J := Homu (B, I) is
a minimal injective complex of B-modules,
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Proof. (1) This is imemdiate from adjunction.

(2) We identity J and N with the submodules of I and M respectively that are
the annihilators of a. Let L C J be a nonzero B-submodule. Then L is a nonzero
A-submodule of I. Because M is essential, the intersection L N M is nonzero. But
L N M is annihilated by a, so it sits inside IV, and in fact LN M = LN N.

(3) By part (1) the complex J is a bounded below complex of injective B-modules.
Left exactness of Hom 4 (B, —) shows that Z"(J) = Hom4(B,Z"(I)) inside J"; so
by part (2) the inclusion Z"(J) — J™ is essential. O

Proof of Theorem[13.4.17] Since K = R in D(A) it follows that K is a dualizing
complex. To show that K has property (ii) of Definition [13.4.14| we have to count
multiplicities. For any p and d let py, 4 be the multiplicity of J(p) in £~¢, so that

IC_d ~ @ J(p)@ﬂp,d.
pESpec A

We have to prove that

(13.420) s {1 if dimg(p) = d,

0 otherwise.

Now by Lemma|13.4.18{(3) the complex I, = A,® 4K is a minimal injective complex
of Ay-modules. Because K is K-injective over A, we get

Ext1¢(k(p), Rp) = H™*(Hom , (k(p), Kp))

as k(p)-modules. By Lemma|13.4.19(3) the complex Hom 4, (k(p), Kp) is a minimal
injective complex of k(p)-modules. It is easy to see (and we leave this verifica-
tion to the reader) that a minimal injective complex over a field must have trivial
differential. Therefore

H¢(Homy, (k(p), Kp)) = Homo, (k(p), K, 9).

Now by arguments like in the proof of Lemma [13.4.18(1) we know that
k(p) ifq=p,

0 otherwise.

Hom 4, (k(p), J(q)p) = {

It follows that
Hom , (k(p), K, %) = k(p)®Hra.
We see that
ranky, ) (Extgf(k:(p), Rp)) = lp,d-
But by Definition this number satisfies . (I

Corollary 13.4.21. If K is a residue complex over A then it is a minimal injective
complez.

Proof. Let ¢ : K — K’ be a minimal injective resolution of K. According to Theo-
rem [13.4.17, K’ is also a residue complex. Now Q(¢) : K — K’ is an isomorphism
in D(A), so by Theorem [13.4.15| we know that ¢ :  — K’ is an isomorphism in
Csic(A). O

Exercise 13.4.22. Find a direct proof of Corollary [13.4.21] without resorting to
Theorems [13.4.17| and [13.4.15] (Hint: look at the proof of Proposition [13.3.6])
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We end this section with an example and two remarks.

Example 13.4.23. Take an algebraically closed field K (e.g. K = C), and let
A := K][t], the ring of polynomials in a variable t. So Spec A = AL, the affine line
over K.

Grothendieck’s full duality theory from [RD], or alternatively the theory of rigid
complezes, that we will talk about later in the book, both say that the “correct”
dualizing complex over A is Ra := Q) /K[l]. Here QY /i is the module of differential
1-forms, which is a free A-module of rank 1 with basis d¢. The corresponding residue
complex (the minimal injective resolution of the complex R4, see Theorem
is the rigid residue complex K 4 of A.

There is a very explicit way to write the complex K 4, and it relies on the notion
of algebraic residues. This is, presumably, the source of the name “residue complex”.

Consider a maximal ideal m C A. It is generated by t — A for some A € K. The
m-adic completion of the local ring A, is denoted by A\m, and it a power series ring;:

Am =K][t — N]]

Let L denote the field of fractions of A, so L = K(t), the field of rational
functions. The completion Ly, of L at a maximal ideal m = (£ — \) is the Laurent
series field K((t — A)).

A rational differential form is an element

a=f(t)-dt € Qg = L®a Uy,
where f(t) € L. Any maximal ideal m = (t—)\) C A determines a residue functional
Resm : Qg — K.
The formula is this: for o = f(t) - d¢ we express f(t) as a Laurent series in Em, say

FO) =3 - (=N,

with coefficients u; € K. Then
Resm () == p_1.

More on this can be found in [Harl Theorem II1.7.14.1].
The rational differential form a € QlL /K defines a continuous functional

Om(@) : Ag > K, dn()(a) := Resy(a-a).
We get an A-linear homomorphism
O = Qi — Hom§" (A, K).
By Matlis theory the module
J(m) := Hom%®™ (A, K)

is the indecomposable injective A-module associated to m. And, letting p := (0),
the module J(p) := QlL /K is the generic indecomposable injective module.

A careful calculation shows that the sequence of A-modules

Em Om cont

0— QY = Qg = P Hom" (A, K) — 0
m
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is exact. Therefore the rigid residue complex of A is

Om ~
Ka= (K382 K%)= (Qhx 2, 1y Hom§™ (A, K) ).

A similar (but much more complicated) description is possible for any finite type
K-scheme; this was done in [Ye2].

Remark 13.4.24. Here is a brief explanation of Matlis duality. For more details
see [RD, Section V.5], [Mats, Theorem 18.6] or [BrShl Section 10.2]. Assume A is
a complete local ring with maximal ideal m. As usual, the category of finite A-
modules is M¢(A). There is also the category M, (A) of artinian A-modules. These
are full abelian subcategories of M(A). Note that these subcategories are charac-
terized by dual properties: the objects of M¢(A) are noetherian, i.e. they satisfy the
ascending chain condition; and the objects of M,(A) satisfy the descending chain
condition.

Consider the indecomposable injective module J(m). The functor D :=
Hom 4(—, J(m)) is exact of course. Matlis duality asserts that

D : M¢(A)°® = M,(A)
is an equivalence, with quasi-inverse D.

Remark 13.4.25. We now provide a brief discussion of local duality, based on
[RD], Section V.6]. (There is a weaker variant of this result, for modules instead
of complexes, that can be found in [BrShl, Theorem 11.2.6].) Again A is local,
with maximal ideal m. Let R be a dualizing complex over A. By translating R
we can assume that dimg(m) = 0. Lemma tells us that H. (R) = 0 for all
i # 0. A calculation, that relies on Matlis duality, shows that H% (R) = J(m), the
indecomposable injective corresponding to m.
Let us fix an isomorphism § : H) (R) = J(m). This induces a morphism

(13.4.26) Onr : RUm (M) — Hom 4 (RHom 4 (M, R), J(m)),

functorial in M € D (A). The Local Duality Theorem [RD} Theorem V.6.2] says
that 0,/ is an isomorphism if M € D{ (A).

Here is a modern take on this theorem: we can construct the morphism 6,; for
any M € D(A). Let’s replace R by the residue complex K (the minimal injective
resolution of R). Then f is just a module isomorphism £ : K® = J(m) . For any
complex M we choose a K-injective resolution M — I(M). Then ) is represented
by the homomorphism

P (I(M)) — Hom 4 (Hom4 (I(M), K), %)
in Cg,(A) that sends an element u € I'y (I(M))P and a homomorphism
¢ € Homy (I(M),K)™?

to ¢(u) € K°.

We know that the functors appearing in equation have finite cohomo-
logical dimensions. Since A € D{ (A), the local duality theorem from [RD] tells us
that 64 is an isomorphism. Now we can apply Theorem [I3.1.27] to conclude that
O is an isomorphism for any M € D¢(A).
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Remark 13.4.27. Here is more on the CM property and duality. Let A be a
noetherian ring with connected spectrum. Assume A has a dualizing complex R,
and corresponding dimension function dimg.

Consider a complex M € DP(A). In [RD] Grothendieck defines M to be a CM
complex with respect to R if for any prime ideal p C A and every ¢ # — dimpg(p) the
local cohomology satisfies H; (M,) = 0. Notice that this is a property of the sheaf
M (the sheafification of the module M) on the topological space X := Spec A.

It is proved in [RD] that when A is a regular ring, R = A, and M is a finite A-
module, then M is a CM module (in the conventional sense) iff it is a CM complex.

In [YeZh?2] we proved that the following are equivalent for a complex M € Df(A):

(i) The complex M is CM w.r.t. R.
(ii) The complex RHom 4 (M, R) has only one nonzero cohomology module.

It follows that the CM complexes form an abelian subcategory of Df(A). In
fact, they are the heart of a perverse t-structure on DF(A), and hence they deserve
to be called perverse finite A-modules. Geometrically, on the scheme X := Spec A,
the CM complexes inside DE(X ) form a stack of abelian categories, and so they are
perverse coherent sheaves. All this is explained in [YeZh2| Section 6].
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14. R1GID DUALIZING COMPLEXES OVER COMMUTATIVE RINGS

cmnt: ’start of course IV

As we saw in the previous section, a dualizing complex R over a noetherian
commutative ring A is not unique. This was the source of major difficulties in
[RD], first for gluing dualizing complexes on schemes, and then for producing the
trace morphisms.

In 1997, M. Van den Bergh [VdB| discovered the idea of rigidity for dualizing
complexes. This was done in the context of noncommutative ring theory: A is
a noncommutative noetherian ring, central over a base field K. The theory of
noncommutative rigid dualizing complexes was developed further in several papers
of Zhang and Yekutieli, among them [YeZhl] and [YeZh2]. Some of this material
will be discussed in Section [I7 of the book.

Here we will deal with the commutative side only, which turns out to be extremely
powerful. Before explaining it, let us first observe that this is one of the rare cases
in which an idea originating from noncommutative algebra had significant impact
in commutative algebra.

In this section we define rigid dualizing complexes, and prove their existence
and uniqueness, in the following context: K is a regular noetherian commutative
ring (e.g. a field or the ring of integers Z), and A is a flat essentially finite type
commutative K-ring. We then introduce the functorial properties of rigid dualizing
complexes: rigid traces and rigid localization morphisms. After that we pass to
rigid residue complexes. For them we also define the ind-rigid trace morphisms.
These concepts will allow us (in Section to geometrize all the above — namely
to produce rigid residue complexes of essentially finite type K-schemes, and to
manipulate them effectively. The material here is based on several papers of Zhang
and Yekutieli, including them [YeZhl], [YeZh2|, [YeZh3], [YeZh4], [Yell] and [Yel3].

The theory of rigid dualizing complexes does not really require the flatness as-
sumption (of A over K). In the papers [YeZh3| and [YeZh4] the authors had already
developed this theory without flatness, using flat DG ring resolutions. This is a
much more difficult theory, and in fact there were a few crucial mistakes in these two
papers. These mistakes were discovered by Avramov, Iyengar, Lipman and Nayak
in the paper [AILN], and one error was corrected there. The remaining mistakes
have since been rectified (in [Yell|] and [Yel3]). See Remark below.
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14.1. The Squaring Operation and Rigid Complexes. In this subsection we
work in the following setup:

Setup 14.1.1. A is a nonzero commutative ring, and B is a flat commutative
A-ring.

Consider the enveloping ring B ® 4 B. It comes equipped with a few ring homo-
morphisms:

(14.1.2) B BoaBS B,

where 19(b) :=b®1, n1(b) := 1®b, and €(bg®by) := by - b1. We view B as a module
over B® 4 B via e. Of course e on; = idp.

Remark 14.1.3. It will be helpful to consider a (B ® 4 B)-module M as an A-
central B-B-bimodule, where the left B-action on M is through 79, and the right
action is through n;. This is the noncommutative point of view. To be precise, if
B had been a noncommutative central A-ring, then the enveloping ring would have
been B ® 4 B°P. More on this in Section [I7}

Suppose we are given B-modules My and M;. Then the tensor product My® 4 My
is a (B ®4 B)-module. In this way we get an additive bifunctor

(—®4—):M(B) x M(B) - M(B®4 B).
Passing to complexes, and then to homotopy categories, we obtain a triangulated
bifunctor
(14.1.4) (—®4—):K(B) x K(B) = K(B®4 B).
Lemma 14.1.5. The bifunctor has a left derived bifunctor
(—®Y% —):D(B) x D(B) — D(B®4 B).

If either My or My is a complex of B-modules that is K-flat over A, then the
morphism

Mo, My * My ®i My — My ®a M,
in D(B®4 B) is an isomorphism.

Proof. This is a variant of Theorem [I2.8:1] We know by Corollary [10.3.27] and
Proposition that any complex M € C(B) admits a K-flat resolution P — M.
Because B is flat over A, the complex P is also K-flat over A. By Theorem [12.7.

the left derived functor — ®L; — exists, and the condition on 1, as, holds. O

Remark 14.1.6. The innocuous looking Lemma [14.1.5]is actually of tremendous
importance. Without the flatness of A — B we could do very little homological
algebra of bimodules. Getting around the lack of flatness requires the use of flat
DG ring resolutions, as explained in Remark

Any module L € M(B) has an action by B® 4 B coming from the homomorphism
e in ([4.1.2). Consider now a module N € M(B ®4 B). The abelian group N has
two possible B-module structures, coming from the homomorphisms 7;. Thus the
abelian group Hompg , p(L, N) has three possible B-module structures: there is one
action from the B-module structure on L, and there are two from the B-module
structures on N. The next easy lemma is crucial.

Lemma 14.1.7. The three B-module structures on Hompg , 5(L, N) coincide.
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Exercise 14.1.8. Prove the lemma.

We are mostly interested in the B-module L = B. As the module N changes,
we get an additive functor

HOmB®AB(B, 7) : M(B ®A B) — M(B)
Passing to complexes, and then to homotopy categories, we get a triangulated
functor
Hompg ,5(B,—) : K(B®4 B) = K(B).
This has a right derived functor
(14.1.9) RHompg ,5(B,—) : D(B®4 B) — D(B),

that is calculated by K-injective resolutions. Namely if N € C(B ®4 B) is a K-
injective complex, then the morphism

nn : Hompg , (B, N) = RHompgg , (B, N)

in D(B) is an isomorphism.
By composing the bifunctor (— ®% —) from Lemma [14.1.5( and the functor
RHompg ,p(B, —) from (|14.1.9)) we obtain a triangulated bifunctor

(14.1.10) RHompg ,5(B, — ®%5 —) : D(B) x D(B) — D(B).
Definition 14.1.11. Under Setup |14.1.1] the squaring operation is the functor
Sap,a : D(B) — D(B)

defined as follows:

(1) For a complex M € D(B), its square is the complex

Sap/a(M) := RHompg , (B, M ®}4 M) € D(B).
(2) For a morphism ¢ : M — N in D(B), its square is the morphism
Sap/a(¢) := RHompg ,5(B, ¢ @ ¢) : Sqg,a(M) — Sqp,4(N)
in D(B).

cmnt: | to here 15/03/2017 |

It will be good to have an explicit formulation of the squaring operation. Let us
first choose a K-projective resolution ¢ : P — M in C(B). Note that P is unique
up to homotopy equivalence. Since B is flat over A, the complex P is K-flat over
A. We get an isomorphism

(14.1.12) presp: P @4 P = M @4 M

in D(B ®4 B) that we call a presentation. It is uniquely characterized by the
commutativity of the diagram

My M—""" s Mo, M

presp

Q0)®%5Q(0) | = Q(oc®a0)

o

Py P—""" spe,P
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in D(B®a B).
Next we choose a K-injective resolution p : P®4 P — I in C(B®4 B). It is
unique up to homotopy equivalence. The resolution p gives rise to an isomorphism

(14.1.13) pres; : Hompeg ,5(B,I) — RHompg ,5(B, P ®4 P)
in D(B) such that the diagram

NM,PQ o P

HOmB®AB(B,P®AP) RHOIHB®AB(B,P®AP)

pres;
Q(Hompg 4 B(B,p)) =~ | RHomgg , 5(B,Q(p))

nm, 1

HOmB®AB(B,I) RHOH]B®AB(B,I)

is commutative.
The combination of the presentations presp and pres; gives an isomorphism

(14.1.14) presp; : Hompg ,5(B, ) i>SqB/A(M)

in D(B), that we also call a presentation.

Let ¢ : M — N be a morphism in D(B). The morphism Sqp,4(¢) can also
be made explicit using presentations. For that we need to choose a K-projective
resolution oy : @ — N in C(B), and a K-injective resolution py : Q ®4 Q — J in
C(B ®4 B). These provide us with a presentation

presq ; : Hompg ,5(M,J) = Sqg,4(N).

There are homomorphisms ¢ : P — Q in Cstv(B), and x : [ — J in Cy, (B ®4 B),
both unique up to homotopy, such that the diagrams

Q(

)

@,

MY MEr peg,p2Y

o~

P M
Q(iﬁ)l ‘¢ oY% ¢ Q(¢®49) Q(x)
0 Q(on) N

= N®I‘:‘N<¥Q®AQM>J

o

in D(C) and D(B ®4 B) respectively are commutative. See Subsections and
[0:2] Then the diagram

presp g

(14.1.15) Hompg ,5(B, 1) ———=— Sap/a(M)

Q(Hompg , 5(idE,x)) Sag/a(®)

presg,
Hom g, (B, J) —— > Sap/a(N)

in D(B) is commutative.
The squaring operation is not an additive functor. In fact, it is a quadratic
functor:
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Theorem 14.1.16. Let ¢ : M — N be a morphism in D(B) and let b € B. Then
Sap/a(b-¢) = b Sqg,(9),
as morphisms Sqp,4(M) — Sag,a(N) in D(B).

Proof. We shall use presentations. Let ¢ : P — Q be a homomorphism in C.i:(B)
that represents ¢, as above. Then the homomorphism

b-¢:P—Q

Cqi:(B) represents b- ¢. Tensoring we get a homomorphism

(b-¢)@a(b-9): PRAP = Q®aQ
Cstr(B®4 B). But

(b-0) @4 (b-9) = (b®D)- (¢ ®a ).
Hence on the K-injectives we get the homomorphism

bb)-x:I—J
Cstr (B ®4 B). We conclude that
Hompg ,p(dp, (b ®b)-x) : Hompg ,5(B,I) - Hompg ,5(B, J)
represents Sqp,/4(b- ¢). Finally, by Lemma we know that
Hompeg,5(idp, (b ©b) - x) = Hompg, 5 (b° - idp, x) = b* - Hompe, 5(ids, X)-
O

Definition 14.1.17. Let M € D(B). A rigidifying isomorphism for M over B
relative to A is an isomorphism

p:M = Sqp (M)
in D(B).

Definition 14.1.18. A rigid complex over B relative to A is a pair (M, p), con-
sisting of a complex M € D(B) and a rigidifying isomorphism

p: M = Sqpa(M)
in D(B).

Definition 14.1.19. Suppose (M, p) and (N, o) are rigid complexes over B relative
to A. A morphism of rigid complexes

¢:(M,p) = (N,o)
is a morphism ¢ : M — N in D(B), such that the diagram
ML Sap/a(M)
@ JSQB/A(@
N —=—Sqp/a(N)

in D(B) is commutative.
The category of rigid complexes over B relative to A is denoted by D(B)yig/ -
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Recall that a complex M € D(B) has the derived Morita property if the derived
homothety morphism
o, : B — RHomp (M, M)
in D(B) is an isomorphism.
Theorem 14.1.20. Let (M, p) be a rigid complex over B relative to A. If M has

the derived Morita property, then the only automorphism of (M, p) in D(B),ig/a is
the identity.

Proof. Let
¢: (M, p) = (M, p)
be an automorphism in D(B),iz/4. By Proposition [13.2.6} there is a unique invert-

ible element b € B such that ¢ = b- idys, as morphisms M — M in D(B).
Next, according to Theorem [I4.1.16] we have

Sapa(¢) = Sdp/a(b- idar) = b*- Sap,a(idn).
Plugging this into the diagram in Definition [I£.1.19 we get a commutative diagram

in D(B). Once more using Proposition [13.2.6| we see that b2 = b. Because b is an
invertible element, it follows that b = 1. Thus ¢ = idy. (]

Example 14.1.21. Assume B = A, and take M := B. Then B®4 B = B,
M ®% M = M, and there are canonical isomorphisms

Sap/a(M) = RHompg ,p(B, M @4 M) = Homp(B, M) = M.

Thus the pair (M, id) belongs to D(B),ig/4. Furthermore, the complex M has the
derived Morita property, so Theorem [14.1.20] applies.

To the reader who might object to this as being a ridiculously stupid example,
we say that in all important situations, there is exactly one object in D(B),ig/a
(up to unique isomorphism, according to Theorem . And it is induced, in
a suitable sense, from the one in the example above. See Subsection [14.4]

The next two exercises provide rigid complexes that are far from trivial. These
exercises will reappear later, as steps to produce rigid complexes over A relative to
K, where K is a regular ring and A is an essentially finite type K-ring.

Exercise 14.1.22. Take B := A[ty,...,1,], the polynomial ring in n variables.

(1) Prove that

, B if i=n

Ext} B,B®y B) =

Boan( 4 B) {0 if i .
(Hint: Let I be the kernel of the multiplication homomorphism B®4 B —
B. Show that I is generated by the sequence (ci,...,c,), where ¢; :=
t; ®1 —1®¢t;. Then show this is a regular sequence. Now use the Koszul
complex associated to this sequence as a free resolution of B over B® 4 B.
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(2) Conclude from (1) that the complex B[n] € D(B) is rigid relative to A;
namely that there is a rigidifying isomorphism

p: Bln] = Sapa(Bln]).
(3) Let wpya = Q%4 be the module of degree n differential forms. It is

the n-th exterior power of Q}B/A, so it is a free B module of rank 1, with

basis d(t1) A--- Ad(t1). Prove that the complex wp/a[n] has a canonical
rigidifying isomorphism. lLe. there is a rigidifying isomorphism

p:wpyaln] = Sap a(wp,aln])

in D(B) that is invariant under A-ring automorphisms of B. (Hint: Com-
pare the action of an automorphism f of B on wp/y = Q’]B/A and on the
last term of the Koszul complex. The Jacobian determinant of f will apear
in various powers. This calculation is quite explicit in [RD) Section II1.7],
where it is called the fundamental local isomorphism.)

Exercise 14.1.23. Let B be a finite projective A-ring. Define
WR/A = HomA(B,A) S M(B)

Prove that the complex wp,4 has a canonical rigidifying isomorphism. Le. there is
a rigidifying isomorphism

piwp/a — Sqp/a(wp/a)
in D(B) that is invariant under A-ring automorphisms of B.

Remark 14.1.24. The squaring operation is related to Hochschild cohomology.
Assume for simplicity that A is a field and M is a B-module. Then for each ¢ the
cohomology

H'(Sap,a(M)) = Extpg, p(B,M ®4 M)
is the i-th Hochschild cohomology with values in the B-bimodule M ® 4 M. For
more on this material see [AILN], [Shal] and [Sha2].

Remark 14.1.25. It is possible to avoid the assumption that B is flat over A.
This is done by choosing a DG ring B that is K-flat as a DG A-module, and a DG
ring quasi-isomorphism B — B over A. Such resolutions always exist. Then we
take

(14.1.26) Sapya(M) := RHompg (B, M ®Y4 M).

This was the construction used by Zhang and Yekutieli in the paper [YeZh3].

Unfortunately there was a serious error in [YeZh3|: we did not prove that formula
does not depend on the resolution B. This error was discovered, and
corrected, by Avramov, Iyengar, Lipman and Nayak in in their paper [AILN].

There were ensuing errors in [YeZh3] regarding the functoriality of the squaring
operation in the ring B (this will be studied in Subsection below). The paper
[AILN] did not treat such functoriality at all, and the construction and proofs were
corrected only in our recent paper [Yell]. It in worthwhile to mention that the
correct proofs (both in [AILN] and [Yelll) rely on noncommutative DG rings and
DG bimodules over them.

Because the non-flat case is so much more complicated, we have decided not to
reproduce it in the book. The interested reader can look up the research papers
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Yell], [Yeld], and [Yeld], the survey article [Ye6], and the lecture notes
[Yel2]

A general treatment of derived categories of bimodules, based on K-flat DG ring
resolutions, is in the paper [Yel6].

cmnt: ]to here 22/03/2017
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14.2. Adjunctions. Before we can tackle the functorial behavior of the squaring
operation, we need some more basic facts relating the derived categories D(A) and
D(B) in the presence of a ring homomorphism A — B. In this subsection all rings
are commutative.

maybe this should be moved to an earlier location in the

cmnt:
book?

Suppose u : A — B is a ring homomorphism. The restriction (or forgetful)
functor
Rest, : M(B) — M(A)
sends a B-module N to the same abelian group, made into an A-module via wu.
This functor extends to a DG functor on complexes:
(14.2.1) Rest,, : C(B) — C(A4).
Because it is an exact functor, it extends to derived categories:
Rest,, : D(B) — D(A).

We shall usually supress this functor when the meaning is clear, in order to reduce
clutter.
For any A-module M there are functorial isomorphisms

A@s M S M

and

Homy (A, M) = M
in M(A). These isomorphisms extend to the derived category: for any complex of
A-modules M there are functorial isomorphisms

(14.2.2) A M = M
and
(14.2.3) RHom (A, M) = M

in D(A). Again, to reduce clutter, we will use these canonical isomorphisms im-
plicitly.

Definition 14.2.4. A ring homomorphism u : A — B is called a localization
homomorphism if there is an isomorphism of A-rings B = A[S™!] = Ag some
multiplicatively closed set S C A.

Note that a localization ring homomorphism is flat.

Definition 14.2.5. Let u : A — B be a ring homomorphism, and let M € D(A)
and N € D(B) be complexes.
(1) A morphism
0:N—>M
in D(A) is called a backward (or trace) morphism over w.
(2) A morphism
A:M— N
in D(A) is called a forward morphism over u. In case the ring homo-
morphism u is a localization homomorphism, we also call A a localization
morphism over u.
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The concepts of forward and backward morphisms make sense also in the cate-
gories M(—), C(—), Cy,(—) and K(—).
There is an additive functor

(14.2.6) ClInd, : M(A) — M(B), ClInd, (M) :=Homyu(B, M)
called coinduction. It has a right derived functor
(14.2.7) RCInd, : D(A) — D(B), RCInd, (M) := RHom4(B, M).

cmnt: ’below change Hom 4 (B, M) to CInd,, (M) ? ‘

The standard adjunction formula give rise to a bifunctorial bijection (an isomor-
phism of A-modules in fact)

(14.2.8) badj, ysn : Homm(a) (N, M) = Hompm(g) (N, Homa (B, M))

for M € M(A) and N € M(B). We refer to this isomorphism as backward adjunc-
tion, since it takes a backward morphism 6 : N — M in M(A) to the morphism

badj, yr n(0) : N — Homa(B, M)

in M(B).
We have already encountered the induction functor
(14.2.9) Ind, : M(A) = M(B), Ind,(M):=B®as M,
and its left derived functor
(14.2.10) Lind, : D(A) — D(B), LInd,(M)= B®% M.

cmnt: ’below change B ®4 M to Ind, (M) ? ‘

Likewise, there is a bifunctorial bijection
(14.2.11) fadj, a7y : Homm(a) (M, N) = Hommp) (B ®4 M, N)
for M € M(A) and N € M(B). We refer to this isomorphism as forward adjunction,
since it takes a forward morphism A : M — N in M(A) to the morphism
(14.2.12) fadj, pr y(A) : B&a M — N
in M(B).
The backward and forward adjunctions extend to derived categories:
Proposition 14.2.13. Let u: A — B be a ring homomorphism.
(1) There is a unique isomorphism
dbadj, 5 x : Hompay(N, M) = Hompp) (N, RHom (B, M))
called derived backward adjunction, which is functorial in M € D(A) and
N € D(B), and such that the diagram

Home,,, ) (N, M) ——, Home,,. () (N, Homp (C, M))

Homp( ) (N, M) —= Homp ) (N, RHom (C, M))
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s commutative.
(2) There is a unique isomorphism
dfadj, »s n : Homp(ay(M, N) = Homp(g) (B ®' M, N)
called derived forward adjunction, which is functorial in M € D(A) and
N € D(B), and such that the diagram

dfadj

Homc,,, (a) (M, N) Homc,,, () (B ®a M, N)

Q ©¢0Q

Homp4)(M, N) Y Hompp) (B ®% M, N)

s commutative.

Exercise 14.2.14. Prove Proposition [14.2.13] Give precise formulas for the mor-
phisms Oy, and O¢. (Hint: in item (1) (resp. (2)), look what happens when M is
K-injective (resp. K-projective).)
Definition 14.2.15. Let u : A — B be a ring homomorphism, and let M € D(B)
and N € D(C) be complexes.
(1) A backward morphism 6 : N — M in D(A) over u is called a nondegenerate
backward morphism if the corresponding morphism
dbadju7M7N(6) N — RHOmA(B, M)

in D(B) is an isomorphism.
(2) A forward morphism A : M — N in D(A) over u is called nondegenerate
forward morphism if the corresponding morphism
dfadj, p y(A) : B&Y M — N
in D(C) is an isomorphism.
Example 14.2.16. Given v : A — B and M € D(B), let N := RHomu(B, M) €
D(B). The identity morphism idy : N — N in D(B) corresponds by adjunction to

a trace morphism
Trym: N - M
in D(B). Since
dbadj, a7, n (Tru,nr) = idn,
we see that Tr, s is a nondegenerate trace morphism.
Example 14.2.17. Given u: A — B and M € D(A), let N := B®% M € D(B).

The identity morphism idy : N — N in D(B) corresponds by adjunction to a
forward morphism

(14.2.18) Qup * M — N
in D(A). Since
dfa’d-]uM,N(QUM) = 1dN7
we see that q,, 5, is a nondegenerate forward morphism.
Example 14.2.19. If A = B and u = id4, then backward and forward mor-

phisms over u are just morphisms in D(A). Nondegenerate (backward or forward)
morphisms are just isomorphisms in D(A).
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We end this subsection with a useful proposition, borrowed from [YeZh3]. It will
be needed later on.
cmnt: ’ is this the optimal place for this proposition? ‘

Proposition 14.2.20. Let A — B — C be ring homomorphisms, and let L €
D(C), M € D(B) and N € D(A) be complexes. There is a morphism

Uy N : RHomp(L, M) ® N — RHomp (L, M @4 N)

in D(C), called tensor-evaluation, which is functorial in these complexes.
Moreover, if conditions (a) and (b) below hold, then W, ar N is an isomorphism.

(a) The ring B is noetherian.
(b) The restriction of L to B is in D; (B), the complex M is in DV (B), and
the complex N has has finite flat dimension over A.

Proof. Let p : M — I be a K-injective resolution in C(B), let ¢ : P — N be a
K-flat resolution in C(A), and let 7 : I ® 4 P — J be a K-injective resolution in
C(B). There is an obvious homomorphism

(14.2.21) Uy p:Homp(L,I)®a P — Homp(L,I ®4 P)
in Cg,(C). Tts formula is

V(@ p)(l) := £7(¥(1) ® p)

for homogeneous elements ) € Homp(L,I), p € P and | € L, and with the Koszul
sign rule. There also the homomorphism

(14.2.22) Hompg(L,7) : Homp(L,I ®4 P) — Hompg(L, J).
The composition
(14223) HOmB(L,T) o \i/LJJD : HomB(L, I) XA P— HomB(L, J)

represents a morphism Uy pn in D(C), and this is functorial in the complexes
L,M,N.

Now suppose conditions (a) and (b) hold. It suiffices to prove that for a good
choice of resolutions, the homomorphism in is a quasi-isomorphism. for
this we might as well forget C, and work in Cg,(B).

By smart truncation we can assume that M is a bounded below complex of B-
modules. Because B is noetherian and L € D; (B), according to Corollary
there is a quasi-isomorphism 7 : Q — L, where @ is a bounded above complex of
finite free B-modules. Since N has finite flat dimension, we can assume that P is
a bounded complex of flat A-modules.
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Consider the next commutative diagram in Cg,(B).

b . Hom g (id,r
Homp(L, I) ©a P —" s Homp(L, I @4 P) -2 Homp(L, )
qi | Hompg (,id)® 4 id Homp (7,id) Homp (7,id)

Homp (id,T)
%

¥
Homp(Q,I) ®4 P —2"" s Homp(Q,I ®4 P) Homp(Q, J)

ql

qi | Homp (id,p)® aid qi | Homp (id,p® aid)

G
Homp(Q, M) ®4 P —2"" s Homp(Q, M © 4 P)
The homomorphisms marked “qi” are quasi-isomorphisms. The various bounded-
ness conditions on the complexes @, M, P imply that in each degree i we have a
finite sums (as opposed to infinite products)
(Homp(Q, M) @4 P)’ = @) Homp(Q/, M*) @ P+
gk
(Homp(Q, M ®4 P))' = P Homp(Q7, M* @4 P'™F).
Jk
Because each ()7 is finite free, there is an isomorphism
Homp(Q’, M*) @ 4 P'=%t7 = Homp(Q’, M* @4 P*=F+),
Therefore \TIQ7M7P is an isomorphism in Cg,(B). O
Exercise 14.2.24. Show that the tensor-evaluation morphism ¥y, as x in Propo-
sition [14.2.20] exists when A, B, C are arbitrary DG rings and A — B — C are DG
ring homomorphisms. Try to find sufficient conditions on the DG rings and the DG

modules for ¥y, ps n to be an isomorphism. (See [YeZh3|, Proposition 1.12], [Yel0),
Theorem 5.20] and [Shadl Proposition 1.5] for a few variations.)
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14.3. Functoriality of the Squaring Operation.
cmnt: stuff moved from here

We now return to the flatness setup. In this subsection we assume:

Setup 14.3.1. A is a commutative ring, and the rings B,C, D, B’,C’, B" are flat
commutative A-rings.

To simplify notation we are going to borrow the “enveloping” notation from
noncommutative ring theory. This is the content of the next definition.

Definition 14.3.2. Suppose u : B — C' is an A-ring homomorphism.

(1) We write B™® := B®a B, C® := C ®4 C and u®® := u ®4 u. Thus
u®™ : B" — C°" is a homomorphism between flat A-rings.

(2) Suppose € : N — M is a trace homomorphism in Cg,(B) over u (see
Definition 1)). We write M := M ®4 M, N** :== N ®4 N and
0" = 0 R4 0. Thus 6" : N — M is a trace homomorphism in
Cstr (B") over u®™.

(3) Suppose 8 : N — M is a forward homomorphism in Cg,(B) over u (see
Definition [14.2.5(2)). We write M := M ®4 M, N** := N ®4 N and
A = A®4 A. Thus A" : M" — N°" is a forward homomorphism in
Csir (B") over u™.

Let v : B — C be an A-ring homomorphism, and let § : N — M be a trace
morphism in D(B) over u. We choose a K-projective resolution P — M in C(B),
and then a K-injective resolution P** — [ in C(B*"). These give us a presentation
presp; of Sqp,4(M); see formula . Similarly we choose a K-projective
resolution @ — N in C(C), and then a K-injective resolution Q°* — J in C(C*").
These give us a presentation presq ; of Sqc 4 (V).

Next let us choose a K-projective resolution Q — Q of Q in C(B). The trace
morphism 6 : N — M in D(B) is represented by a homomorphism 6:Q — Pin
Csir(B). Namely the diagram

(14.3.3) Q——Q—5N
~ (4

o\

P—M

in D(B) is commutative.
Since B and C are flat over A, the complexes P, Q, @ are all K-flat over A. We
obtain the solid diagram

qis qis

(14.3.4) Q"

Qen

éen

in Cy(B"), in which the arrows marked “qis” are quasi-isomorphism. Since I is K-
injective, there is a homomorphism x : J — I that makes this diagram commutative
up to homotopy. This induces a homomorphism

(14.3.5) Homen (u, %) : Homgea (C, J) — Hompen (B, I)
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in Cstr (B) .

Proposition 14.3.6. Let u : B — C be homomorphism between flat A-rings, and
let  : N — M be a trace morphism in D(B) over u. There is a unique trace
morphism
SAya(0) : Sacya(N) — Sapg,a (M)
in D(B) over u, called the square of 6, that has the following property:
(¢) For any choices P,Q, Q, 9~, 1, J,x as above, the diagram

pres

HOmCen(C, J) ﬂ} ch/A(N)

Q(Homyen (u,x)) Squ/A (0)

presp r

HOmBen(B,I) E— SqB/A(M)

in D(B) is commutative.

Proof. This is because the complexes P, Q, Q, I, J are unique up to homotopy equiv-
alence, and the homomorphisms 6, y are unique up to homotopy. O

Theorem 14.3.7 (Trace Functoriality). We are given this input:

e Homomorphisms of flat A-rings uw: B — C andv:C — D.
o Complezes M € D(B), N € D(C) and L € D(D).
o A trace morphism 0 : N — M in D(B) over u, and a trace morphism
¢:L— N in D(C) overw.
Then the following hold:

(1) There is equality

Squ/A(e) © qu/A(g) = quou/A(e © C)

of trace morphisms Sqp,a(L) — Sag,a(M) in D(B) over vou.
(2) If C = B and uw =idp, then

SQu/A(a) = SqB/A(e)v
where the latter is the morphism from Definition [14.1.11)(2).

Proof. (1) Say we choose a presentation presp i of Sqp,4(L). Then there is a
homomorphism § : J — K such that Homye(v,§) represents Sq,,4(¢), as in
Proposition [14.3.6 Due to the uniqueness up to homotopy of these choices, the
homomorphism

Hom youyen (v o u, x 0&)

represents Sq,q,/4(0 0 ¢). But
Homyoyyen (v 0 u, x 0 §) = Homyen (u, x) 0 Homyen (v, &).

(2) Clear. O

Now consider a localization homomorphism v : B — B’ of A-rings. Suppose
we are given complexes M € D(B) and M’ € D(B’), and a localization morphism
A: M — M’ in D(B) over v. Let’s choose a K-projective resolution P — M
in C(B), and then a K-injective resolution p : P — I in C(B®*). Likewise
let’s choose a K-projective resolution P’ — M’ in C(B’), and then a K-injective
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resolution p' : P’ — I" in C(B'“"). These choices give us presentations presp
and presp, o of Sqp,4(M) and Sqp 4 (M') respectively.

Because P is K-projective, there is a homomorphism \ : P — P’ in Cy,(B) that
makes the diagram

P—= M

Q(Ml JA
P M
in D(B) commutative. On bimodules we get a homomorphism

AN pen — pren
in Cg, (B").
We have the following solid diagram in Cg,(B" ") :

(14.3.8) B @pen P —92P preng T

|

. .

fadj,en (Ae")‘ &
, +

P/ en P I/

where fadj(A°") is the forward adjunction from (14.2.12). Since v°" : B — B’e"
is flat, the homomorphism id ® p above is a quasi-isomorphism. On the other hand
the complex I’ is K-injective. Therefore there is a homomorphism

f N Blen ®Ben I — I/
in Cg,(B’°") that makes the diagram (14.3.8) commutative up to homotopy. By

forward adjunction, & = fadj, . (§) for a unique homomorphism
(14.3.9) €11
in Cg,(B). We obtain a diagram

(14.3.10) pr " 7

Sen ¢
’

Plen P II
in Cg, (B®™). Since (14.3.8) is commutative up to homotopy, the same is true for
(14.3.10).

The homomorphism ¢ induces a homomorphism
(14.3.11) Hompgen (B, €) : Hompen (B, I) — Hompen (B, I")
in Cg,(B). By the forward adjunction formula there is an isomorphism
fadj,en 1 : Hompen (B, I') = Hompren(B'*" @pen B, I').
But B — B’ is a localization, so there are unique B-ring isomorphisms
B ®@pen B=(B'®4 B')®pg,8 B B @3 B' =~ B'.
Therefore in this particular situation we get an isomorphism

(14.3.12) fadj,en g p : Hompen (B, I') = Hompren(B', I')
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in Cstr (B) .

Proposition 14.3.13. Let v : B — B’ be a localization homomorphism between
flat A-rings, and let X : M — M’ be a localization morphism in D(B) over v. There
is a unique localization morphism

Sdy/a(A) : Sapya(M) — Sapj4(M')
in D(B) over v, called the square of A, that has the following property:

(t) For any choices of resolutions and homomorphisms as above, the diagram
presp r
HOmBen(B7I) _— SqB/A(M)
Hom gen (B,£)

HOHlBen(B,I/) Sq,u/A()\)

fadj,en g 17

presprs ps
HOmB/en(B/,I/) - SqB’/A(M/)
in D(B) is commutative.
Proof. The reason is that the choices made are unique up to homotopy. O

In case B' = C = B, v = u = idg and A\ = 6, there is an apparent conflict be-
tween the morphisms Sq, ;4 ()) from Proposition [14.3.13|and Sq,, /4 (¢) from Propo-

sition [14.3.6] This apparent conflict is removed by part (2) of Theorem [14.3.14
below, in conjunction with part (2) of Theorem [14.3.7

Theorem 14.3.14 (Localization Functoriality). We are given this input:

e Localization homomorphisms v : B — B’ and v’ : B’ — B" between flat
A-rings.
e Complexes M € D(B), M' € D(B’) and M" € D(B").
o A localization morphism X : M — M’ in D(B) over v, and a localization
morphism X : M’ — M" in D(B’) over v'.
Then the following hold:
(1) There is equality

qu’/A(/\/) o qu/A(A) - qu/ou/A(A/ o >‘)

of localization morphisms Sag,a(M) — Sdgn/4a(M") in D(B) over v’ ov.
(2) If B' = B and v = idp, then

Sdy a(A) = Sdga(N),
where the latter is the morphism from Definition [14.1.11)(2).

Proof. This is similar to the proof of Theorem [14.3.7] We leave the details to the
reader. O

Exercise 14.3.15. Give a detailed proof of Theorem [14.3.14



course der cats IV | public 50 | date: 7 April 2017 243

cmnt: ’to here 29/03/2017

The next result relates the two type of functorialities of the squaring operation.

can be called “the localization base change of trace mor-

cmnt: .
phisms”

Theorem 14.3.16 (Compatibility of Traces and Localizations). We are given a
commutative diagram of homomorphisms between flat A-rings

in which v is a localization, and
v @pw: B @ C —C'

is an isomorphism (i.e. the diagram is cocartesian). We are also given this infor-
mation:

Complezes M € D(B), N e D(C), M’ € D(B’) and N' € D(C").
A trace morphism 0 : N — M in D(B) over u.

A localization morphism X : M — M’ in D(B) over v.

A trace morphism ' : N' — M’ in D(B') over u/'.

A localization morphism p: N — N’ in D(C) over w.

These morphisms are required to render the diagram

Ml N

in D(B) commutative.
Then the diagram

Sdy,a(0)
Sdpja(M) —————Sd¢/a(NV)

Sdy,a(N) Sy ya (k)

, Sa,s,a(0") ,
Sap ja(M') ¢———— SQC//A(N )

in D(B) is commutative.
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Proof. By the forward adjunction formula (14.2.11]), the given morphisms in D(B)
fit into a larger commutative diagram

(14.3.17) M

Q’U,MJ/ qu,z\r

BI®BM&BI®3N

dfadj, (A)J deadjw (1)

M’#N’

in which the bottom square is in the category D(B’). Applying the squaring to

(14.3.17) we obtain a diagram

Sdy a(0)
(14.3.18) Sapa(M) Sqc/a(N)

Sdya (A, ar) Sy ya(dw,n)

Squ//A (id X 0)

Sdpja(B' ®@p M) Sacrja(B' @B N)

Sapsa(dfadj, (X)) Sagrya(dfadj, (1))

Sayr/a(8")
Sapr/a(M’) Sacr/a(N')

The bottom square is commutative by Theorem It remains to prove that
the top square is commutative.

Thus we can assume that M' = B'®@p M, N' = C"®c N £ B'®@p N, A = q,
p =, n and 0" =id® 6. Let us choose resolutions P — M, @ — N and Q—Q
as we did before Proposition Letting P’ := B'®p P, Q' := B' ®p Q
and Q' := B’ ®p Q, these are resolutions of M’ and N’ respectively. Choose a
homomorphism 6 : Q — P that represents 6, as in diagram . Then

é/ = idps ®9~ : Ql — P
represents #’. There is a diagram

0

(14.3.19) p Q Q
qv,Pl qv,@J{ qw»QJ{
P’ 0 QI Q/

in Cg,(B) that’s commutative up to homotopy. The unmarked arrows are quasi-
isomorphisms.

Now we pass to bimodules. As before we choose K-injective resolutions P°" — [
in C(B*™), Q°™ — J in C(C*"), P’ — I’ in C(B’'*") and Q'°™ — J’ in C(C"°").
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Consider the following complicated diagram in Cg,(B") :

X
(14.3.20) I pen 0 Qen Qen J
£ Qyen pen Qyen Gen Quen, gen &5
I p’en 6’ Ql en Q/ en J
X/

The unmarked arrows are quasi-isomorphisms. The top and bottom half-moons are
two versions of diagram , and they are commutative up to homotopies. The
two squares in the middle are the bimodule version of of diagram , and
too they are commutative up to homotopies. The two squares on the extreme left
and right are two versions of , so they are commutative up to homotopies.
Therefore the diagram

(14.3.21) I+>—J

e

j
in Cg;(B"), that is the outer boundary of (14.3.20)), is commutative up to homo-

topy.
Finally, applying Hom_en (—, —) to the diagram (14.3.21]) we obtain the diagram

Hom en (u,X)

HOmBen (B,I) HOmCen (C, J)

Hompen (B,£1) Homeen (C,€5)

Homyen (u,x’)

HomBen (B,I/) HOH’ICeu(C, J/)

fadj,en g 1/ fadjen o g/

Hom,/en (u',x")

HOmB/en (B/7I/) HOmC/en (C/, J/)

in Cgt,(B). It is commutative up to homotopy. By Proposition [14.3.13] the outer
boundary of this diagram represents the diagram

Sq'u,/A (6)
Sapa(M) Saca(N)

Sdy /4y, ) SAu/a (A, N)

S B/ M Squ’/A (id®0) S B/ N
Apr/a(B' ®@p M) «——————5qg a(B" @ N)

in D(B), and therefore this last diagram is commutative. O
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leave the cup product until later - need it only for residue
thm
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14.4. Functoriality of Rigid Complexes. In this subsection we continue with
Setup A is a commutative ring, and the rings B,C, D, B’,C’, B"” are flat
commutative A-rings.

The next definition is a generalization of Definition [14.1.19

Definition 14.4.1. Let u : B — C be a homomorphism of A-rings, let (M, p) €
D(B)sig/a, and let (N,0) € D(C)yig/a. A rigid trace morphism over u relative to
A, denoted by

0:(N,o0)— (M,p),

is a trace morphism 6 : N — M in D(B) over u (in the sense of Definition[14.2.5(1)),
such that the diagram

N —2—Sqc/a(N)
[ SQu/A(e)

P
M ————Sqp/a(M)
in D(B) is commutative.

It is clear that if w : C — D is another homomorphism of A-rings, if (L,7) €
D(D)yig/a, and if ¢ : (L, 7) — (N, o) is a rigid trace morphism over v relative to A,
then

OoC:(L,7)— (M,p)

is a rigid trace morphism over w o v relative to A.

Here is a generalization of Theorem [T4.1.16}

Lemma 14.4.2. Let u : B — C be a homomorphism of A-rings, let (M,p) €
D(B)rig/a; let (N,0) € D(C)rig/a, and let 0 : (N,o) — (M, p) be a rigid trace
morphism over u relative to A. For any element ¢ € C there is equality

Squ/A(c' 9) = 62 : Squ/A(e)a
as trace morphisms Sqc 4 (N) — Sag (M) in D(B) over u.

Proof. 1t is very similar to the proof of Theorem [14.1.16] using any presentation of
Sq,,4(0) as in property (o) in Proposition |14.3.6 O

Theorem 14.4.3 (Uniqueness of the Nondegenerate Rigid Trace). Let u: B — C
be a homomorphism of A-rings, let (M, p) € D(B)yig/a and let (N,0) € D(C)yig/a-
Assume that N € D(C) has the derived Morita property. There is al most one
nondegenerate rigid trace morphism

0:(N,o) = (M,p)
in D(B) over u.

Proof. Suppose that
90791 : (N’ U) — (Ma p)

are both nondegenerate rigid trace morphisms over u relative to A. For i = 0,1 let

¢; : N - RHomp(C, M)
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be the morphism in D(C) that corresponds to 6; by backward adjunction. Since
the 6; are nondegenerate, it follows that the ¢; are isomorphisms. Thus gbl_l o @ is
an automorphism of N in D(C'). The derived Morita property of C says that

¢7 0o = c-ido

for some invertible element ¢ € C. Thus ¢g = c- ¢1, and therefore 8y = c- 6.
By Lemma [T4.4.2) we know that

Squ/A(al) = Squ/A(C'HO) =c- Squ/A(QO) =
Because 6; is rigid, there is equality
pob;=15q,,4(0;) 00
Hence
(14.44)  c-poby=pob; =85q,/4(01) 00 =c*Sq,/a(60) 00 =c*-poby.
Now because 6y is nondegenerate, there is a bijection
Homp (N, Sap,4(M)) = Hompc) (N, N)

that sends p o 0y — idy. This bijection is C-linear. Equation (14.4.4]) tells us that

c-idy = ¢?- idy. By the derived Morita property, it follows that ¢ = c?. Hence

¢ =1, and therefore 6y = 6. O

The next definition is another generalization of Definition [14.1.19

Definition 14.4.5. Let v : B — B’ be a localization homomorphism of A-rings, let
(M, p) € D(B)yig/a, and let (M’, p") € D(B')yig/a. A rigid localization morphism
over v relative to A, denoted by

A (M,p) = (M, p),

is a localization morphism A : M — M’ in D(B) over v (in the sense of Definition
14.2.5(2)), such that the diagram

M —— Sqpa(M)

A Sdyya(N)
M/ % SQB’/A(M/)
in D(B) is commutative.
It is clear that if v’ : B’ — B” is another localization homomorphism of A-rings,

if (M",p") € D(B")yig/a, and if X' = (M, p") — (M",p") is a rigid localization
morphism over v’ relative to A, then
XoX: (M, p) - (M”, )
is a rigid localization morphism over v o v relative to A.
Since D(B’) is a B’-linear category, for any forward morphism X\ : M — M’ in

D(B’) over v, and any element b € B’, it makes sense to talk about the forward
morphism b- X : M — M’; this is the composition of A with b- id;.
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Lemma 14.4.6. Let v : B — B’ be a homomorphism of A-rings, let (M,p) €

D(B)rig/a, let (M',p") € D(B')iig/a, and let X : (M,p) — (M’,p') be a rigid

localization morphism over v relative to A. For any element b € B’ there is equality
qu/A(b'/\) =b*- qu/A()‘)v

as localization morphisms Sqp,4(B) — Sqp 4(M') in D(B) over v.

Proof. Again, this is very similar to the proof of Theorem [[4.1.16] using any pre-
sentation of Sq, 4 () as in property (f) in Proposition 14.3.13} O

Theorem 14.4.7 (Uniqueness of the Nondegenerate Rigid Localization).
Let v: B — B’ be a localization homomorphism of A-rings, let (M, p) € D(B)yg/a
and let (M',p") € D(B')ig/a. Assume that M' € D(M') has the derived Morita
property. There is at most one nondegenerate rigid localization morphism

A (M, p) = (M, p)

in D(B) over v.

Exercise 14.4.8. Prove Theorem (Hint: modify the proof of Theorem
11.4.3)
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14.5. Interlude: DG Ring Resolutions.

this material belongs way back in the book... Maybe in
cmnt: Subsec 10.3, as an application of the existence of K-proj res

in C(A).

For establishing the existence of coinduced rigidifying isomorphisms (in Subsec-
tion we need to use DG rings a bit. (Not nearly as deeply as what is outlined
in Remark [4.1.25]

Suppose A and B are central DG K-rings. A homomorphism of DG K-rings
u : A — B induces a homomorphism of graded K-rings H(u) : H(A) — H(B); cf.
Example 3:3.18 The DG ring homomorphism w is called a quasi-isomorphism of
DG rings if H(u) is an isomorphism.

A DG ring homomorphism u : A — B induces a K-linear DG functor

Rest,, : C(B) — C(A)

called restriction, that was already encountered in Subsection Since Rest,, is
exact, it passes to a triangulated functor

Rest, : D(B) — D(A).
There is also the induction functor
Ind, : C(A) —» C(B), Ind,(M):=B®a M.
It has a left derived functor
Lind, : D(A) — D(B), Llnd,(M):= B&Y% M,
which is a K-linear triangulated functor.

Proposition 14.5.1. Let u : A — B be a homomorphism of central DG K-rings.
The functor LInd,, is a left adjoint to Rest,. That is to say, for any M € D(A)
and N € D(B) there is a K-linear bijection

dfadj,, : Hompa)(M, Rest, (N)) = Hompp)(LInd, (M), N),
and it is functorial in M and N.

Proof. Choose a K-projective resolution p : P — M in C(A). This gives us a
presentation
LInd, (M) = B®4 P
in D(B). Now B ®4 P is K-projective in C(B). Thus we get isomorphisms
Homp4)(M, N) = H° (Homu (P, N))
~ H°(Homp(B ®4 P,N)) = Hompp) (LInd, (M), N).
The composed isomorphism if easily seen to be dfadj,. ([

Here is a fundamental result. It is the justification behind the use of DG rings
resolutions. We do not know where is was first proved.

Theorem 14.5.2. Let u: A — B be a quasi-isomorphism of central DG K-rings.
Then
Rest,, : D(B) — D(A)

is an equivalences of K-linear triangulated categories, with quasi-inverse LInd,,.
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Proof. Take any N € D(B). Let M := Rest,(N) € D(A). Choose a K-projective
resolution p : P — M in C(A), so that LInd, (M) = B ®4 P. There is an obvious
homomorphism

(14.5.3) W:BosP—>N=M

in Cg;(B), namely (b ® p) := b-p(p). We claim that ¢ is a quasi-isomorphism.
To see that, we look at the commutative diagram

BosP—" N

’U,®idp1\ IE
ida®p

ARqP———A®a N

in Cg;(A). The homomorphism v ® idp is a quasi-isomorphism because u is
a quasi-isomorphism and P is K-flat. The homomorphism ids ® p is a quasi-
isomorphism because p is a quasi-isomorphism and A is K-flat. Therefore 9 is
a quasi-isomorphism.

This means that we have an isomorphism

Q(v) : (LInd, o Rest,)(N) = N
in D(B), and it is functorial in N.

On the other hand, starting from a complex M € D(A), and choosing a K-
projective resolution p : P — M as above, we can view the quasi-isomorphism
from ([14.5.3)) as a quasi-isomorphism in Cg,(A). Thus we get an isomorphism

Q(¥) : (Rest, o LInd,)(M) = M
in D(A), and this is functorial in M. |

Here is a useful strengthening of the theorem.

Proposition 14.5.4. Let u: A — B be a quasi-isomorphism between central DG
K-rings. For any L € D(B), M € D(B°P) and N € D(B), there are isomorphisms
MeY N=Me%yN

and
RHom4 (L, N) 2 RHomp (L, N)

in D(K). These isomorphisms are functorial in M and N.
Notice that the restriction functor Rest, is suppressed in the proposition.

Proof. Choose a K-projective resolution p : P — M in C(A°P). This produces an
isomorphism
Y1: Poa NS MeY% N.
in D(K). Next let us look at the DG module P® 4 B € C(B°P). This is K-projective;
B; and as shown in the proof of Theorem [14.5.2{(2), the canonical homomorphism
P®4 B — M in Cg,(B°P) is a quasi-isomorphism. In this way we have an isomor-
phism
Yy : POAN S (P®sB)@p N = M % N

in D(K). The functorial isomorphism we want is ¢ o ¢, "
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Now to the RHom. Let us choose a K-projective resolution o : @ — L in C(A).
This produces an isomorphism

$1 : Homa(Q, N) = RHomy (L, N)
in D(K). Again, the DG module B® 4 Q € C(B) is K-projective, and the canonical

homomorphism B ®4 @ — L in Cy,(B) is a quasi-isomorphism. In this way we
have an isomorphism

$2 : Homa(Q, N) = Homp(B ®4 Q, N) = RHomp(L, N)
in D(K). The functorial isomorphism we want is ¢q o (;Sfl. O

The following definition is taken from [Yell]. In [YeZh3|] the term “super-
commutative” was used instead of “strongly commutative”. We already encountered

these concepts in Example and Remark

Definition 14.5.5. Let A =@, ., A’ be a DG ring.
(1) A is called weakly commutative if
b-a=(-1)"7-a-b
for all a € A and b € AJ.
(2) Ais called strongly commutative if it is weakly commutative, and also a® = 0
for all @ € A® such that i is odd.
(3) A is called nonpositive if A* =0 for all i > 0.

(4) A is called a commutative DG ring if it is nonpositive and strongly com-
mutative.

A weakly commutative DG ring A is isomorphic to its opposite A°P; the isomor-
phism u: A =» AP is
u(a) :== (=1)"-a
for a € A*. This implies that any left DG A-module can be made into a right DG
A-module, and vice-versa. The formula relating left and right actions is

m-a=(=1)"7-a-m
for a € A* and m € M7. On the level of categories we obtain an isomorphism of
DG categories C(A) = C(AP).
When A is weakly commutative, the tensor and Hom functors are A-bilinear (in
the graded sense), and therefore their derived functors have more structure: they
are H’(A)-bilinear triangulated bifunctors

(14.5.6) (—®% —) : D(A) x D(A) — D(A)
and
(14.5.7) RHom4(—, —) : D(A)°? x D(A) — D(A).

When the DG rings in Proposition [I4.5.4] are weakly commutative, this result
can be amplified:

Corollary 14.5.8. In the situation of Proposition assume that A and B
are weakly commutative. Then the isomorphisms

Me4%Y N = Mok N
and
RHom4 (L, N) — RHompg(L, N)
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are in D(B), when we consider these objects as DG B-modules via the actions on
M and L respectively.

Proof. Going over the steps in the proof of the proposition, we see that all the
moves are B-linear (in the graded sense). O

By nonpositive graded set we mean a set X that is partitioned into subsets
X =]l,<o X' The elements of X* are said to have degree 1.

Given a nonpositive graded set X, we can form the noncommutative polynomial
ring Z(X) in X over Z. As a graded Z-module, Z({X) is free with basis the collection
of monomials

{z1- 21}er, mex.
The degree of a monomial z; - - - x;, with z,, € X', is 41 +---+i;. The multiplication
in Z(X) is defined by

(1 21) (Tig1 - L) 7= T1* Trn.
The commutative polynomial ring in X over Z is the quotient ring
Z|X) :=72(X)/1,
where I is the two-sided ideal of Z{X) generated by the elements
Y- — (_1)i'j.x.y
for all z € X* and y € X7, and = -z if 4 is odd.

Recall that for a DG object M, the graded object gotten by forgetting the
differential is denoted by M?.

Definition 14.5.9. Let A — B be a homomorphism between commutative DG
rings. We say that B is a semi-free commutative DG ring over A if there is an
isomorphism of graded AP-rings

B = A" @4 Z[X]
for some nonpositive graded set X.

Definition 14.5.10. Let f : A — B be a homomorphism of commutative DG
rings. A semi-free commutative DG ring resolution of B over A is a semi-free
commutative DG ring B over A, together with a surjective quasi-isomorphism of
DG A-rings B — B.

Theorem 14.5.11. Let f : A — B be a homomorphism of commutative DG rings.
There exists a semi-free commutative DG ring resolution B — B of B over A.

Proofs of Theorem[14.5.11|can be found in [YeZh3l, Proposition 1.7(1)] and [Yelll
Theorem 3.21(1)]. We will not use this general theorem, but rather the slightly
different Theorem below, for which we provide a proof.

Example 14.5.12. Take A := Z and B := Z/(6). The Koszul complex B :=
K(Z,6) from Example is a semi-free commutative DG ring resolution of B
over A.

Definition 14.5.13. Let f : A — B be a homomorphism of commutative DG rings.
A K-projective commutative DG ring resolution of B over A is a commutative DG
ring B over A, which is K-projective as a DG A-module, together with a surjective
quasi-isomorphism of DG A-rings B — B.
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Of course a semi-free commutative DG ring resolution is K-projective too. But
often (and unlike Example [14.5.12)) we can’t produce semi-free commutative DG
ring resolutions with suitable finiteness properties.

Theorem 14.5.14. Let A — B be a homomorphism of commutative rings. As-
sume A is noetherian and B is finite over A. Then there exists a K-projective
commutative DG ring resolution v : B — B of B over A, such that each B' is a
finite free A-module.

Proof. This is [YeZh3l Proposition 1.7(3)], but we will give the whole proof here.

The strategy is this: we will construct an ascending sequence of commutative DG
A-rings {F;(B)} >0, together with DG A-ring homomorphisms Fj(v) : F;(B) — B.
For every j the DG ring F} (B) will have the property that each FJ(B)l is a finite
free A-module. For i > —j the inclusion F;;(B)* — F;(B)" will be bijective. In
cohomology, the homomorphism

H'(F;(v)) : H'(Fj(B)) — H'(B)
will be surjective for all ¢ > —j and bijective for all i > —j + 1. Then

B :=lim F;(B)
J1—

and
v :=lim F}(v)

J1—
will have the desired properties.
We start by choose a finite collection {b,},cxo of elements of B that generate
it as an A-ring. We consider the finite set X" to be of degree 0. Because A — B
is finite, each b, € B satisfies some monic polynomial f,(t) € A[t]. Define the ring
Fy(B) to be

Fo(B) = AIX]/({ f2(b2) }oexo).
This ring is finite free as an A-module, and there is a surjection of A-rings

Fo(v) : Fy(B) — B.

Now take any j > 0, and assume that : F;(B) — B has been constructed, and
it satisfies the conditions stated above. In degree i := —j we consider the finite
A-module ‘

N; :=Ker(H™7 (F;(v))).
It sits in an exact sequence

—j ~ . H7(F;(v)) —j

0—-N; - H(F;(B) ———=H7(B) = 0.
Let us choose a finite collection of A-module generators on IV;, indexed by a finite
set X —J=1. We can left these generators to a collection {b,},cx—i—1 of cocycles in
Fj (B)ij .
Now we define the DG ring Fj11(B). As a graded ring it is:
Fia(B) = Fy(B)f @2 ZIX )

where Z[X ~771] is the commutative polynomial ring in the finite graded set of
degree —j — 1 elements X 7!, The differential of Fj;(B) extends that of F}(B),
and satifies d(z) := b, for any variable x € X 771, Such a differential exists (and
is unique) because there are no relations on the elements x € X~7~! except for

the strong commutativity relations, the ring F;(B) is commutative, and d(b;) = 0.
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The homomorphism Fj1(v) must vanish on X =1 by degree considerations. We

leave it to the reader to verify that the conditions stated above hold for F; (B)
and Fji1(v). O

Remark 14.5.15. If A — B is surjective, then we can choose~X0 = . With this
choice the DG ring B is semi-free. Moreover, the DG ring Fi (B) is just the Koszul

complex over A of the collection {b;},cx-1 of elements of A = Fy(B). Compare

to Examples [14.5.12] and [3.3.9]
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14.6. Induced and Coinduced Rigid Complexes. In this subsection we con-
tinue with Setup A is a commutative ring, and the rings B,C, D, B’,C’, B"
are flat commutative A-rings. The puprpose of this portion of the section is to show
how rigidity is propagated along certain ring homomorphisms.

Surprisingly we shall have to resort to DG ring resolutions to prove the next
theorem. See Question [I4.6.7 about this issue.

Theorem 14.6.1. Let u: B — C be a homomorphism of A-rings, let M € D(B),
let N € D(C), and let § : N — M be a nondegenerate trace morphism in D(B)
over u. Assume these conditions hold:

o The complexes M and N have finite flat dimensions over A.
e The ring B is noetherian, and the homomorphism B — C' is finite.

Then the trace morphism

SAua(0) : Sacya(N) = Sapga (M)
in D(B) over u is nondegenerate.

Before proving this theorem we need several lemmas. The catch in the next
lemma is that the complex P of flat A-module is bounded below, not above.

Lemma 14.6.2. Let P and N be bounded below complexes of A-modules. Assume
that each P' is a flat A-module, and that N has finite flat dimension over A. Then
the canonical morphism P @4 N — P ®4 N in D(A) is an isomorphism.

Proof. Choose a bounded flat resolution ) — N over A. We have to show that
P®4sQ — P®4 N is a quasi-isomorphism. Let L be the cone on the quasi-
isomorphism @ — N. It is enough to show that the complex P ® 4 L is acyclic. We
note that L is a bounded below acyclic complex and P is a bounded below complex
of flat modules. To prove that H (P ®4 L) = 0 for any given i we might as well
replace P with its stupid truncation

P =sttS(P)=(--- = Pl 5 Pt 50— .0
for j1 > i. Now P’ is K-flat, so P’ ® 4 L is acyclic. O
Lemma 14.6.3. There is an isomorphism
® : RHomp(C, M) ®% RHomp(C, M) = RHompgen (C", M @Y M)
in D(C*™) such that the diagram
RHomp(C, M) ®% RHomp(C, M)
@I
®
RHOmBen(Oen, M ®a M) q)//;) M ®a M
in D(B"), with
@' := RHom,, (u, id) ®% RHom,, (u, id)
and
@H = RHOmuen (Uen, ld)7

s commutative.
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Proof. Let us choose a K-projective commutative DG ring resolution v : C' — C
over B, such that each C? is a finite free B-module. This can be done by Theorem
Because of flatness, the DG ring homomorphism v : C* — C*" is a
quasi-isomorphism. According to Theorem the restriction functor

Restyen : D(C") — D(C°™)

is an equivalence. And by Corollary the operations RHom and ®@" respect
this restriction functor.

Let P — M be a resolution by a bounded complex P of B-modules that are
flat over A. This can be done using truncation, and the fact that M has finite flat
dimension over A. Because C is K-projective over C, there is an isomorphism

RHomp(C, M) = Homg(C, P)
in D(C). The complex Homp(C, P) is bounded below, and consists of flat A-

modules. Also, since Homp(C, P) = N, this has finite flat dimension over A. By
Lemma [I4:6.2] there is an isomorphism

(14.6.4)  RHomp(C, M) ®% RHomp(C, M) = Homp(C, P) ® 4 Homp(C, P)

in D(C°"). 3

Similarly, because C*" is K-projective over C°", there is an isomorphism
(14.6.5) RHom gen (C°", M ®% M) = Hompes (C**, P ®4 P)
in D(C*").

The finiteness of C' over B implies — as in the proof of Proposition [14.2.20] - that
the canonical homomorphism

(14.6.6) Homp(C, P) ®4 Homp(C, P) — Hompe (C", P @ 4 P)

is an isomorphism in Cstr(é’e“).

The combination of (14.6.4), (14.6.5) and (14.6.6)) gives us the isomorphism &.
Since these isomorphisms commute with the homomorphisms to P ® 4 P it follows
the diagram above is commutative, i.e. " 0o & = @', |

Question 14.6.7. Is it really necessary to employ DG ring resolutions in the proof
of this lemma?

Lemma 14.6.8. Suppose
¢ : Sacya(RCInd,, (M)) — RCIndy(Sqp,4(M))
is a morphism in D(C) such that the diagram

Sy a(Tru,am)
[

RCInd, (Sqp,4(M)) ———— Sqp/a(M)

Tru,sag )4 m)
in D(B) is commutative. Then
¢ = dbadj, (S 4 (Tru,a)).
Exercise 14.6.9. Prove Lemma (Hint: it is easy, just a bit confusing.)
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Proof of Theorem [14.6.1] Because the trace morphism 6 : N — M is nondegener-
ate, we can assume that

N = RCInd, (M) = RHomp(C, M)
and 6 = Tr,, ps. The trace morphism
SAuya(0) : Sacya(N) = Sap s (M)
in D(B) is nondegenerate iff the morphism
dbadj, (Sd,,4(0)) : Sacya(N) = RCIndu(Sap,4(M))

in D(C) is an isomorphism.
We have this sequence of isomorphisms in D(C) :

Sde/a(N) = RHomee (C, N @' N)
= RHomces (C, RHomp (C, M) ® RHomp(C, M))
=% RHomcen (C, RHompea (C°™, M ®@Y M))
=T RHompe (C, M @5 M)
~* RHomp (C, RHompen (B, M ®Y M))
= RCIndy(Sqp,a M).

(14.6.10)

The isomorphism marked { is RHomgen (C, @), where ® is the isomorphism from
Lemma [I£:6.3] The isomorphism { comes from the Hom-tensor adjunction for-
mula, applied to the ring homomorphisms B** — C°* — C. And the isomorphism
1 comes from the Hom-tensor adjunction formula, applied to the ring homomor-

phisms B — B — C. All objects appearing in (14.6.10)) admit obvious morphisms
to Sqp/4(M) in D(B), the all the isomorphisms respect them. There-
fore, by Lemma the composition of the isomorphisms in equals
dbadj,, (Say, /4 (Tru,ar)). U

Theorem 14.6.11 (Coinduced Rigidity for Finite Homomorphisms). Let
u: B = C be a homomorphism of A-rings, and let (M, p) € D(B),ig/a. Define

N := RHomp(C, M) € D(C).

Assume these conditions hold:

o The complexes M and N have finite flat dimensions over A.
o The ring B is noetherian, and the homomorphism B — C' is finite.

Then the complex N has a unique rigidifying isomorphism
o:N= Sdcya(N)
in D(C), such that the nondegenerate trace morphism
Trym: N - M
in D(B) over u becomes a rigid trace morphism
Try m (N, 0) = (M, p)

over u relative to A.
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Proof. Consider the solid diagram below:

(14.6.12) N — =% +8qc/a(N)

GJ JSQU,/A(O)

M—p>SqB/A(M)

in D(B), where 6 := Tr, ps. We are looking for an isomorphism o in D(C) that

will make (14.6.12)) into a commutative diagram.
Let us apply the functor RCInd,, to the bottom row of (14.6.12)). There is a
functorial morphism dbadj, going down, so we get this solid diagram in D(C) :

(14.6.13) Neoooo T -~ 5 Sqesa(N)
idy | = = | dbadj, (Sq,,4(8))
RClInd,,
RCInd,, (M) ——", RCInd,(Sqp/4(M))

Here we used the equality dbadj,(#) = idy. The morphism Sq,,;4(f) is nondegen-
erate by Theorem and thus dbadj, (Sq,4(0)) is an isomorphism. It follows
that there is a unique isomorphism o in D(C') that makes diagram com-
mutative. By backward adjunction, the o is the unique morphism N — Sqq~ /A (N)
in D(C) that makes diagram in D(B) commutative. O

We now move to localization homomorphisms.

Theorem 14.6.14. Let v : B — B’ be a localization homomorphism of A-rings,
and let X : M — M’ be a nondegenerate localization morphism over v. Assume that
the next conditions hold:

e The complex M has finite flat dimension over A.
e The ring B*™ = B ®4 B is noetherian.

Then the localization morphism
S%/A(A) : SQB/A(M) - SCIB//A(M/)
in D(B) over v is nondegenerate .

Proof. We need to show that the morphism
(14.6.15) dfadj,(Sq,/4(N)) : B'®p Sap,a(M) = Sqp /4(M')
in D(B’) is an isomorphism. Recall that
Sap/a(M) = RHompes (B, M @} M)
and
Sap:/a(M') = RHompren (B', M' @5 M').
We begin be examining the following morphism:
(14.6.16) ¥ : RHompen (B, M @Y% M) @pen B'*™ — RHompren(B', M’ @% M’)
in D(B). Recall that the B structure on the objects comes from the action on
the first arguments (B and B’ respectively) of RHom. It is a tensor-evaluation

morphism, of the sort studied in Proposition [[4.2:20] The assumption on M en-
sures that the complex M ®Y M has bounded cohomology. Clearly B € Dy (B®?),
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and B’°" has finite flat dimension over B®". Hence, by Proposition [14.2.20] the

morphism (|14.6.16)) is an isomorphism.
Because B’ ® g B’ = B’, if we apply B’ ® g (—) = LInd, to (14.6.16) it remains
an isomorphism, but now in D(B’). We obtain a commutative diagram

(14.6.17) B' @5 Sqp/a(M)

dfadj, (Sd,,4(N))

B'®@p Sqp/a(M) @pen B'" ﬁ Sdp/a(M')

It remains to prove that the vertical morphism in ((14.6.17) is an isomorphism. For
that we use Lemma [[4.1.7] - it tells us that

B' @5 Sqp/a(M) @pen B'" = B'@p B' ®p B' ®p Sqp,4(M)
in D(B’). But B’ ®p B’ ®p B' = B'. |
Theorem 14.6.18 (Induced Rigidity for Localization Homomorphisms). Let
v: B — B’ be a localization homomorphism of A-rings, and let (M, p) € D(B);ig/a-
Define

M':= B ®g M € D(B').

Assume these conditions hold:

o The complex M has finite flat dimension over A.
o The ring B = B ®4 B is noetherian.

Then the complex M’ has a unique rigidifying isomorphism
p M = Sqpa(M')
in D(B’), such that the nondegenerate localization morphism
Quar - M — M’
in D(B) over v becomes a rigid localization morphism
qv,M : (Ma ,0) — (M/7pl)
over v relative to A.

Exercise 14.6.19. Prove Theorem [14.6.18] (Hint: modify the proof of Theorem
14.6.11] using Theorem [14.6.14] instead of Theorem [14.6.1] of course.)

cmnt: ’ can this be done as an exercise? not too hard? ‘

The last theorem in this subsection says that coinduced rigidity respects “local-
ization base change”. Here is the setup:

Setup 14.6.20. We are given a commutative diagram of homomorphisms of A-
rings

B—*C

B —“
such that
v ®gw:B @ C — C’
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is an isomorphism (i.e. the diagram is cocartesian). We are also given a rigid
complex
(M7 p) € D(B)rig/A-

Based on this input we define these complexes:

> N := RHomp(C, M) € D(C).

> M':=B ®p M € D(B).

> N :=C"®c N e D(C).
We are given this further information:
The ring homomorphism w is finite.
The ring homomorphism v is a localization.
The rings B and B°" are noetherian.
The complexes M and N have finite flat dimensions over A.

It is easy to see that the homomorphism «’ is finite, and the homomorphism w
is a localization.

Lemma 14.6.21. There is a unique isomorphism
N/ = RHOHIB/(CI, MI)
in D(C"), that makes the diagram

Tro, M
M N
v, M Y, N
M/ Tror v ,

in D(B) commutative.
Exercise 14.6.22. Prove Lemma [[4.6.21]

Theorem 14.6.23 (Compatibility of Coinduced and Induced Rigidity). Consider
Setup [14.6.20] Let
o:N= Sacya(lN)

and

p M = Sqpa(M')
be the coinduced and induced rigidifying isomorphisms from Theorems and
[[4.6.18) respectively. There is a unique rigidifying isomorphism

o N = Sacr/a(N')
in D(C"), such that in the diagram

Tro,m

(M, p) (N,0)
v, M Qw, N
T‘I‘“’/ MI
(M, ) 22 (7, o)

the morphism Try s is a nondegenerate rigid trace morphism relative to A, and
the morphism q,, y s a nondegenerate rigid localization morphisms relative to A.
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cmnt: ’to here 5 Apr 2017 ‘

Proof. 7777

cmnt: ’ cube diagram ‘

O

Remark 14.6.24. The results in Subsections [14.3] [14.4] and [14.6] on localization
homomorphisms are actually true (with some subtle changes) for essentially étale
homomorphisms. The proofs are much harder. They will be included in the paper
[Yel3]. See an oultine in the lecture notes [Yel2).
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14.7. Rigid Dualizing Complexes.
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14.8. Rigid Residue Complexes.






15.1.
15.2.
15.3.
15.4.
15.5.
15.6.
15.7.

16.1.
16.2.
16.3.
16.4.
16.5.
16.6.

17.1.
17.2.
17.3.
17.4.
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15. DERIVED CATEGORIES IN GEOMETRY [LATER]
Recalling Facts on Ringed Spaces.
K-Flat Resolutions in C(A) [later].
K-Injective Resolutions in C(A) [later].
K-Flasque Resolutions in C(A) [later].
Standard Derived Functors in Geometry [later].

Survey: Poincaré-Verdier Duality [later, optional].

Survey: Applications to Birational Geometry [later, optional].

16. RESIDUES AND DUALITY IN ALGEBRAIC GEOMETRY [LATER]
Dualizing Complexes on Schemes [later].
Rigid Residue Complexes on Schemes [later].
The Residue Theorem [later].
Grothendieck Duality for Proper Maps [later].
Perverse Coherent Sheaves on Schemes [later, optional].

Survey of Related Material [later, optional].

17. DERIVED CATEGORIES IN NONCOMMUTATIVE ALGEBRA [LATER]
Noncommutative Dualizing Complexes [later].

Noncommutative Tilting Complexes [later].

The Noncommutative Derived Picard Group of a Ring [later].

Derived Morita Theory [later].
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