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0. Instructions

(1) The assignment is due on 1 March 2018. Either send your work to me by email,
or place it in my departmental mailbox.

(2) It can be written in Hebrew or English. Typed work is preferred; if handwritten
then please write clearly in pen. You will get 10 points for typing or clear writing,
and for elegant presentation of the answers. (I discourage unnecessarily long
writing.)

(3) You are required to work alone. Do not consult with others. You may ask me
questions by email (including asking for hints), and I will try to help, within rea-
son.

(4) Quoting results from the course notes is allowed and even encouraged. If you
need to quote results from the literature (e.g. a textbook), then please give a pre-
cise reference.

(5) Each question has a numerical value, in points. You should answer questions of
your choice, such that their total point value is at most 90 points. Please do
not answer more questions than that. List the numbers of the questions you chose
to answer at the beginning of your work.

(6) To summarize the grading: 90 points for the answers, and 10 points for my general
impression. Total score: 100 points.

(7) You are allowed to use results in the text below whose proofs are questions that
you did not answer, when answering later questions.

(8) If you answer a question partially, you will get part of the score for it. This is
especially relevant to the harder questions.

(9) Questions 2.12 and 2.14 are similar, so answer at most one of them.

Good luck!

1. Finiteness

All rings in this text are assumed to be commutative by default. The category of com-
mutative rings is denoted by Rngc.
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In the �rst half of the assignment we will discuss �niteness in algebra and algebraic

geometry.
Before embarking on this, we need some notions about the category Set of sets.
Suppose we are given sets X and Y , and a function σ : Y → X . For a point x ∈ X the

�ber of σ over x is the set
σ−1(x) = {y ∈ Y | σ (y) = x} ⊆ Y .

We say that σ has �nite �bers if the �bers σ−1(x) are �nite sets, for all x ∈ X .
The �ber of a function leads to the notion of �bered product. Let σ : Y → X and

τ : Z → X be functions beween sets, i.e. morphisms in Set. The �bered product of Y and
Z over X is the set

Z ×X Y := {(z,y) | τ (z) = σ (y)} ⊆ Z × Y .
The functions σ and τ are implicit in the notation Z ×X Y . The �bered product sits in a
commutative diagram

(1.1) Z ×X Y
prY //

prZ
��

Y

σ

��

Z
τ // X

in Set.

Question 1.2. (15 points)
(1) Show that in the special case thatZ = {x} for a point x ∈ X , and τ is the inclusion,

the function prY gives rise to a bijection

{x} ×X Y
'−→ σ−1(x).

(2) Show that if τ is an injection then prY is also an injection.
(3) What is the categorical meaning (i.e. universal property) of the �bered product?

Consider a commutative diagram

(1.3) W
ϕ
//

ψ
��

Y

σ
��

Z
τ // X

in Set. This diagram is called cartesian if, in terms of diagram (1.1), there is an isomor-
phism θ :W

'−→ Z ×X Y such that ϕ = prY ◦θ andψ = prZ ◦θ .
Recall that the set of prime ideals of a ring A is Spec(A). A ring homomorphism

f : A→ B induces a function
Spec(f ) : Spec(B) → Spec(A),

whose formula is
Spec(f )(q) := f −1(q)

for q ∈ Spec(B). If д : B → C is another ring homomorphism, then
Spec(д ◦ f ) = Spec(f ) ◦ Spec(д) : Spec(C) → Spec(A).

So
(1.4) Spec : Rngc → Set

is a contravariant functor.
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Remark 1.5. Grothendieck’s algebraic geometry says that Spec(A) has a lot more struc-
ture: it is a locally ringed space. The category Scha� of a�ne schemes is a full subcategory
of the category of locally ringed spaces. The upgraded contravariant functor

Spec : Rngc → Scha�

is an equivalence. This theory is quite hard, and is the subject of Chapter II of [Har].
For our purposes the downgraded functor (1.4) is enough.

Recall that a ring homomorphism f : A→ B is called �nite if it makes B into a �nitely
generated A-module.

Our goal in this section is to prove this theorem:

Theorem 1.6. Let f : A → B be a �nite ring homomorphism. Then the �bers of the

function

Spec(f ) : Spec(B) → Spec(A)
are �nite.

This will be done in stages.
Given a commutative diagram

(1.7) A
д
//

f
��

A′

f ′

��

B
h // B′

in Rngc, there is an induced commutative diagram

(1.8) Spec(B′)
Spec(h)

//

Spec(f ′)
��

Spec(B)

Spec(f )
��

Spec(A′)
Spec(д)

// Spec(A)

in Set.

Lemma 1.9. Let f : A → B be a ring homomorphism, let a ⊆ A be an ideal, and let

b := f (a)·B ⊆ B. De�ne the rings A′ := A/a and B′ := B/b. There is a commutative

diagram (1.7) in the category Rngc, in which the ring homomorphisms are the canonical

ones, and there is an induced commutative diagram (1.8) in the category Set.
Then the functions Spec(д) and Spec(h) are injective, and the diagram (1.8) is cartesian.

Question 1.10. (15 points) Prove Lemma 1.9.

Lemma 1.11. Let f : A → B be a ring homomorphism, let S ⊆ A be a multiplicatively

closed set, and let T := f (S) ⊆ B. De�ne the rings A′ := AS and B′ := BT . There is a

commutative diagram (1.7) in the category Rngc, in which the ring homomorphisms are the

canonical ones, and there is an induced commutative diagram (1.8) in the category Set.
Then the functions Spec(д) and Spec(h) are injective, and the diagram (1.8) is cartesian.

This is similar to the theorem on page 85 of the course notes.

Question 1.12. (15 points) Prove Lemma 1.11.
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For a prime ideal p ⊆ A we have the local ring Ap, with its maximal ideal pp. The
residue �eld at p is the �eld

k(p) := Ap/pp .
Note that Spec(k(p)) has one point, namely the zero ideal.

Theorem 1.13. Let f : A → B be a ring homomorphism, and let p ⊆ A be a prime ideal.

Writing A′ := k(p) and B′ := k(p) ⊗A B, we obtain a commutative diagram (1.7) in the

category Rngc, and the induced commutative diagram

(1.14) Spec(k(p) ⊗A B)
Spec(h)

//

Spec(f ′)
��

Spec(B)

Spec(f )
��

Spec(k(p))
Spec(д)

// Spec(A)
in Set. Then:

(1) The image of the function Spec(д) is {p}.
(2) The diagram (1.14) is cartesian.
(3) The function Spec(h) is injective.
(4) The �ber of the function Spec(f ) over the point p ∈ Spec(A) is the image under the

function Spec(h) of the set Spec(k(p) ⊗A B).
Question 1.15. (30 points) Prove Theorem 1.13. Hint: use Lemmas 1.9 and 1.11, and the
fact that the canonical ring homomorphism д : A → k(p) factors through the local ring
Ap.

Remark 1.16. A commutative diagram (1.7) in which B′ � A′ ⊗A B is called cocartesian.
It is not always true that a commutative diagram (1.8), that’s induced from a cocartesian
diagram (1.7), is cartesian. The lemmas above are about special cases. See Question 1.17
for a counterexample.

When working in the category Scha� instead of Set (cf. Remark 1.5) the diagram (1.8)
will always be cartesian. See [Har, Theorem II.3.3].

Question 1.17. (15 points) Find an example of a cocartesian diagram (1.7) in Rngc for
which the diagram (1.8) in Set is not cartesian.

We will need the next result, that you may have seen before. If not, then please
read about in it [AlKl] (Exercise 1.14 and its proof on page 162). A sequence of ideals
(a1, . . . , an) in a ring A is called pairwise comaximal if ai + aj = A for all i , j.

Theorem 1.18 (Chinese Remainder Theorem). Let (a1, . . . , an) be a pairwise comaximal

sequence of ideals in a ring A, with intersection

a := a1 ∩ · · · ∩ an .
Then the canonical A-ring homomorphism

A/a → (A/a1) × · · · × (A/an)
is bijective.

Theorem 1.19. Let K be a �eld, and let K → B be a �nite ring homomorphism. Then the

ring B has �nitely many prime ideals, and they are all maximal.

Question 1.20. (30 points) Prove Theorem 1.19. Hint: Use the Chinese Remainder The-
orem to bound the number of maximal ideals in B in terms of the rank of the K-module
B.
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Remark 1.21. A ring such as B above is called artinian (after Emil Artin). More generally,
a ring B is called artinian if it satis�es the descending chain condition on ideals. Then B
has �nitely many prime ideals, and they are all maximal.

We want a direct proof of Theorem 1.19; so do not quote a result on artinian rings from
a commutative algebra book!

Question 1.22. (30 points) Prove Theorem 1.6. Hint: combine Theorem 1.19 and Theo-
rem 1.13.

2. Determinants

We now move to the theory of euclidean domains. We are actually interested in two
of them only: the ring of integers Z, and the polynomial ring K[t] in one variable over a
�eld K.

A euclidean domain A is a PID (principal ideal domain). Hence it is a noetherian ring.
It is also a UFD (unique factorization domain). This means that every nonzero element
a ∈ A can be expressed uniquely as a product of prime (or irreducible) elements with
multiplicities. These facts can be found in [Art] and [Jac].

But �rst a discussion of linear algebra over commutative rings. Let A be a nonzero
(commutative) ring. The set of m × n matrices with entries in A, for m,n ≥ 1, is denoted
by Matm×n(A). If a ∈ Matl×m(A) and b ∈ Matm×n(A), then the product a ·b ∈ Matl×n(A).
In particular, form = n we get a noncommutative (i.e. not necessarily commutative) ring

Matn(A) := Matn×n(A).
A matrix u ∈ Matn(A) is invertible (i.e. an invertible element of the ring) i� its de-

terminant det(u) ∈ A is an invertible element of A. The group of invertible matrices in
Matn(A) is denoted by GLn(A).

An A-module M is called cyclic if M = A·m for an element m ∈ M . Such a cyclic
module M is isomorphic to A/a, where

a := {a ∈ A | a ·m = 0}.
Indeed, there is a short exact sequence of A-modules

0→ a → A
π−→ M → 0,

where π (1) =m.
Suppose r0, r1 are positive integers. An A-module homomorphism ϕ : Ar1 → Ar0 is left

multiplication by a matrix a ∈ Matr0×r1 (A), when we view Ari as a column modules.
A matrix d = [di, j ] ∈ Matm×n(A) is called diagonal if di, j = 0 for all i , j.

Lemma 2.1. Consider a diagonal matrix d = [di, j ] ∈ Matr0×r1 (A) for r0 ≥ r1 ≥ 1, and an

exact sequence of A-modules

Ar1 a ·(−)
−−−−→ Ar0 −→ M → 0.

Then

M �

r0⊕
i=1

Mi

whereM1, . . . ,Mr0 are the cyclic A-modules

Mi :=

{
A/(di,i ) if i ≤ r1

A if i > r1
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Question 2.2. (15 points) Prove Lemma 2.1.

We now treat euclidean domains. The main result on euclidean domains we need is
this:

Theorem 2.3 (Two-Sided Elimination). LetA be a euclidean domain, and a ∈ Matm×n(A)
for some m,n ≥ 1. Then there are matrices u ∈ GLm(A) and v ∈ GLn(A) such that the

matrix

d := u ·a ·v ∈ Matm×n(A)
is diagonal, and moreover di,i divides dj, j for all i ≤ j.

A consequence of Theorem 2.3 (using Lemma 2.1 and a bit more) is this:

Theorem 2.4 (Structure). Let A be a euclidean domain, and let M be a �nitely generated

A-module. Then

M �
r⊕
i=1

Mi

whereM1, . . . ,Mr are cyclic A-modules.

For proofs of Theorems 2.3 and 2.4 see [Art], Sections 12.4 and 12.6, or [Jac], Section
3.7.

Let A be a euclidean domain. An A-module M is called a torsion module if for every
elementm ∈ M there is a nonzero element a ∈ A s.t. a ·m = 0.

Lemma 2.5. Let A be a euclidean domain with �eld of fractions K , and let M be an A-
module. The moduleM is torsion i� K ⊗A M = 0.

Question 2.6. (15 points) Prove Lemma 2.5.

Lemma 2.7. Let A be a euclidean domain, and letM be a �nitely generated A-module.

(1) Assume A = Z. ThenM is torsion i� it is a �nite abelian group.

(2) AssumeA = K[t], the polynomial ring in one variable over a �eld. ThenM is torsion

i� it is �nitely generated as a K-module.

Question 2.8. (15 points) Prove Lemma 2.7.

Lemma 2.9. Let A be a euclidean domain, and let M be a nonzero �nitely generated A-
module. Choose a surjection of A-modules

π : Ar0 → M

for some integer r0 ≥ 1.
(1) The A-module Ker(π ) ⊆ Ar0

is free, of rank r1 for some integer r1 ≥ 0. Therefore
there is a short exact sequence of A-modules

0→ Ar1 ϕ
−→ Ar0 π−→ M → 0.

(2) The inequality r1 ≤ r0 holds.
(3) There is equality r1 = r0 if and only ifM is a torsion A-module.

Question 2.10. (45 points) Prove Lemma 2.9. Hint: for (1) use the Structure Theorem.
For (2-3) apply K ⊗A (−) where K := Frac(A)
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Theorem 2.11. Let M be a nonzero �nite abelian group, and let A := Z. By Lemma 2.9
there is a short exact sequence of A-modules

0→ Ar a ·(−)
−−−−→ Ar −→ M → 0

for some matrix a ∈ Matr (A) of size r ≥ 1.
Then

|det(a)| = |M |,
i.e. the absolute value of the integer det(a) equals the size of the �nite groupM .

Question 2.12. (45 points) Prove Theorem 2.11. Hint: use Theorem 2.3 to replace a by a
diagonal matrix d . Then use Lemma 2.1.

Theorem 2.13. Let K be a �eld, let M be a nonzero �nitely generated K-module, and

let θ ∈ EndK(M). So M is a torsion �nitely generated module over the polynomial ring

A := K[t], with action t ·m := θ (m) for m ∈ M . By Lemma 2.9 there is a short exact

sequence of A-modules

0→ Ar a ·(−)
−−−−→ Ar −→ M → 0

for some matrix a ∈ Matr (A) of size r ≥ 1.
Then

det(a) = λ ·pθ (t),
where λ ∈ K×, and pθ (t) ∈ A is the characteristic polynomial of the K-linear endomorphism

θ .

Question 2.14. (45 points) Prove Theorem 2.13. Hint: use Theorem 2.3 to replace a by a
diagonal matrix d . Then use Lemma 2.1.

Recall that you can’t answer both Questions 2.12 and 2.14.
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