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1. INTRODUCTION

Lecture 1, 7 March 2018

Motivating discussion and history: proving the Brouwer Fixed Point Theorem, using
the homology functors

H; : Top — Ab,
and the structure of the abelian groups H;(B") and H;(S"™!). This is in the handwritten

pages.
What do we keep from this topological story?

e Functors.
e Complexes and their (co)homology.

But the categories that will interest us will be the category of left A-modules Mod A
over a ring A, and its relatives. The functors we will work with will be additive functors

F: Mod A — ModB.

For such a functor F we will study its left derived functors L;F and its right derived
functors R'F.
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Here is a sample result on the structure of modules over a commutative ring A that we
will prove in the course. This is a theorem that the methods of the course “Commutative
Algebra” could not produce for us.

Theorem 1.1. Let A be a noetherian commutative ring, and let M be a finitely generated
A-module. The two conditions below are equivalent.
(i) M is flat.
(i) M is projective.
All the concepts above, with the exception of projective module, were studied in the

previous course. These concepts shall be explained in our course when the time comes.
The proof of the theorem relies on the derived functors

Tor{'(—, -) = Li(- ®4 -)
and
Ext!,(=, —) = R' Homu(—, -).
Their role is analogous to the role that the homology groups played in the proof of the
Brouwer Theorem.

2. CATEGORIES

Definition 2.1. A category C is a mathematical structure consisting of these ingredients:
> A set Ob(C), whose elements are called the objects of C.
> For every pair C, D € Ob(C) there is a set Hom¢(C, D), whose elements are called
the morphisms from C to D, and are denoted by f : C — D.
> For every triple C, D, E € Ob(C) there is a function

Homc/(D, E) X Homc¢(C, D) — Hom¢(C,E), (g, f)— go f

called composition.
> For every C € Ob(C) there is a morphism id¢c € Hom¢(C, C) called the identity
morphism.
There are two axioms:

e (Associativity) For composable morphisms f, g, h there is equality

ho(gef)=(hog)of.
o (Identity) For a morphism f : C — D there is equality

f:foid(j:idDof.

Remark 2.2. In order to avoid set-theoretic difficulties, we assume that there is a given
set U called a universe. The universe U is large enough so as to contain as elements all
the mathematical structures that will concern us (rings, groups, topological spaces) and
their cartesian products, power sets, and so on. A set S will be called a small set if S € U.

Our standing assumption is that every category C satisfies Ob(C) C U, and that
Hom¢(C, D) € U for every C,D € Ob(C).

We will not discuss set theoretical issues beyond the above. More details on this foun-
dational aspect can be found in [Mac2| Section L.6].

Often we write C € C as a shortcut for C € Ob(C).
We now list a few important examples of categories.
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Example 2.3. The category Set has as objects all the small sets. Thus Ob(Set) = U. The
morphisms f : S — T in Set are the functions; composition of morphisms is the usual
composition of functions; and ids(s) = s for every s € S.

Example 2.4. The category Grp has as objects all groups. (Only the small groups, i.e.
their underlying sets must be small.) The morphisms ¢ : G — H in Grp are the group
homomorphisms. Compositions and identity morphisms are the usual ones.

Example 2.5. The category Ab has as objects all abelian groups. The morphisms ¢ :
M — N in Ab are the group homomorphisms. Compositions and identity morphisms are
the usual ones.

Example 2.6. The category Ring has as objects all rings. The morphisms f : A — Bin
Ring are the ring homomorphisms. (A ring homomorphism f is required to respect unit
elements: f(14) = 15.) Compositions and identity morphisms are the usual ones.

Example 2.7. The category Ring_ has as objects all commutative rings. The morphisms
are the ring homomorphisms. Compositions and identity morphisms are the usual ones.

Let A be aring. Recall that an element a € A is called centralif a-b = b-aforallb € A.
The center of A is the set of all central elements in it, and we denote it by Cent(A). It is
easy to see that Cent(A) is a subring of A, and moreover Cent(A) is a commutative ring.
There is a similar story for groups.

The next exercise will help us understand the center better.

Exercise 2.8. Find a ring homomorphism f : A — B such that f(Cent(A)) is not con-
tained in Cent(B). Do this also for groups.

Definition 2.9. Let K be a commutative ring.
(1) A K-ring is a pair (A, fa) consisting of a ring A and a ring homomorphism
fa : K — A The ring homomorphism f4 is called the structural homomorphism

of A, and usually it will be kept implicit, and we shall just say that A is a K-ring.
(2) Suppose (A, fa) and (B, fp) are K-rings. A K-ring homomorphism

g: (A, fa) — (B, fp)

is a ring homomorphism g : A — B such that g o f4 = fg. Le. the diagram

Ix

A—— B
in Ring is commutative.
(3) A central K-ring is a K-ring (A, f4) such that f4(K) C Cent(A).
(4) The category of central K-rings is the category Ring/. K, whose objects are the
central K-rings (item (3)), and whose morphism are the K-ring homomorphisms
(item (2)).

Exercise 2.10. Show that every ring A admits a unique ring homomorphism Z — A, and
this makes A into a central Z-ring. Conclude that

Ring/. Z = Ring.
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So far our examples involved large categories (i.e. they had many objects). This is not
always the case:

Example 2.11. Let Abe aring. We define a category A as follows. There is a single object
x, s0 Ob(A) = {x}. The set of morphisms is

Homa(x, x) := A.
Composition is multiplication in A, and id, := 14.
Definition 2.12. Let Abe aring. A left A-module is an abelian group M, together with a
function
AXM—->M, (a,m)— am

called multiplication, satisfying these conditions for all a,b € Aand m,n € M :

e Associativity: (a-b)-m = a-(b-m).

e Distributivity: (a + b)-m = (a-m) + (b-m) and a-(m + n) = (a-m) + (a-n).

e Unit: 14-m = m.
Exercise 2.13. Let A be aring.

(1) Define what is a right A-module (relying on Definition [2.12).
(2) Assume A is a commutative ring. Show that there is no difference between left
and right A-modules.

Definition 2.14. Let A be a ring. Given left A-modules M and N, an A-linear homomor-
phism ¢ : M — N is a homomorphism of abelian groups such that

pla-m) = a-$(m)
foralla € Aand m € M.
The set of A-linear homomorphism ¢ : M — N is denoted by Hom4(M, N).

Convention 2.15. From here on we fix a nonzero commutative base ring K. We assume
by default that all rings are central K-rings, and all ring homomorphisms are over K.
Given a ring A, by default A-modules are left A-modules.

Definition 2.16. Let A be a ring. The category Mod A has the (left) A-modules as its
objects, and the morphisms are the A-linear homomorphisms.

Thus
Hompmod a(M, N) = Homa (M, N).

Exercise 2.17. Let Abe a central K-ring and let M, N € Mod A. Show that Homa(M, N)
has a canonical K-module structure.

Exercise 2.18. Let K be a commutative ring, A a central K-ring and M a left A-module.
Define End4(M) := Homa (M, M).
(1) Show that End4(M) is a ring, in which multiplication is composition.
(2) Show that the function K — Enda(M), A — A-idy, is a ring homomorphism,
and moreover it makes End4(M) into a central K-ring.

The next exercise says that the converse is also true:

Exercise 2.19. Let K be a commutative ring, A a central K-ring and M a K-module.
Suppose g : A — Endg(M) is a K-ring homomorphism. For a € A and m € M define
a-m := g(a)(m). Prove that this makes M into a left A-module.
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The discussion of K-linear categories, that was started yesterday, will resume next
week.
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Lecture 2, 14 March 2018 ‘

Before continuing with the material, I want to say a few words on the direction the
course will take. The some of the students attended the course “Commutative Algebra”
last semester, and there they learned a lot about categories and functors. Other students
may not have seen this material before, and thus they need to be introduced to it gradually
and effectively.

In order not to bore the first group of students, and still be accessible to the second
group, I have decided to concentrate on the noncommutative aspects of categories and
functors. In particular, we will learn:

e Right B-modules and the ring B°P; A-B-bimodules and the ring A ®x B°P.

o The tensor product M ®4 N for a right A-module M and a left A-module N.

o A “baby” case of Morita equivalence, between Mod A and Mod B, where A is aring
and B := Mat,(A), the ring of r X r matrices for r > 1. This will be done with

concrete formulas. (We may do the general Morita equivalence later.)

Now to the material.
Let M, N, P € Mod K. Recall that a function

p:MXN —P
is called K-bilinear if it’s additive in the two arguments:
B(my + my,n) = f(mi, n) + f(ma, n),
B(m,ny + ny) = p(m,n1) + f(m, ny)
and respects multiplication by elements of K :
B(A-m,n) = f(m,A-n) = A-f(m, n)
for all m,m;,my € M, all n,ny,n, € Nandall 1 € K.

Definition 2.20. Let K be a nonzero commutative ring. A K-linear categoryis a category
M, together with a K-module structure on each of the morphism sets
Homp (M, N). The condition is that for every triple of objects L, M, N € M the com-
position function

Homm(M, N) X Hompm(L, M) — Homp (L, N)
is K-bilinear.
Proposition 2.21. If A is a central K-ring, then Mod A is a K-linear category.
Proof. Let’s write M := Mod A. We start by specifying the K-module structure on each of
the morphism sets Hompy (M, N). (This was Exercise[2.17]) The zero element of Hompm (M, N)

is the zero homomorphism 0 : M — N, i.e. the constant function m +— 0. Given A-linear
homomorphisms ¢, : M — N, their sum ¢ + i/ is the A-linear homomorphism

(¢ +9)(m) := ¢(m) + Y (m).

Given an A-linear homomorphism ¢ : M — N andanelement A € K, letAd-¢ : M — N
be the homomorphism

(A-¢)(m) := A-p(m).
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We must check that A-¢ is A-linear, and this is where we use the fact that A is a central
K-ring. Take an element a € A. Then

(A-¢)a-m)=A-¢la-m) = A-a-¢(m) = a-1-¢(m) = a-(A-¢)(m)
for every m € M.

We now have to prove that composition in M is K-bilinear. Let ¢ : L — M and
Y : M — N be morphisms in M. For every A € K and / € L we have

((A-@) o)) = (A-$)W (1) = A- (Y (D)) = A-($ o Y)(1) = (A-($ o ¥))(D).
Therefore
A-P)oyy=2A(poy).

The remainder of the proof (checking the other three equations) is left as an exercise. O

Exercise 2.22. Finish the proof of the last proposition, by verifying that
bo(y)=A(goy)
($1+ )oY = (10 9) + (B0 9)
and

g oW +1a)=(poyr)+(hoyn)

Most categories that we talked about do not admit a group structure on their mor-
phisms sets; at least not in any “natural” way. The next two exercises explore this point.

Exercise 2.23. Consider the category of groups Grp. For a pair of groups G, H the set
Homg,p(G, H) has a special element, namely the constant homomorphism ¢; : G — H,
$1(g9) := 1g. You might think that there’s a group structure on Homg,(G, H), in which
¢; is the unit element.

Show that this is false, by calculating ¢; - ¢; for nonabelian G and H (e.g. take both to
be S3).

Exercise 2.24. Consider the category of rings Ring. Find a pair of rings A, B such that
the set Homgng(A, B) is empty. So it can’t be a group.

Exercise 2.25. This exercise reverses Proposition[2.21} Let M be a K-linear category, and
let M € M. Show that
Endm (M) := Homp (M, M)

is a central K-ring.
We now leave linear categories for a while.

Definition 2.26. Let C be a category. A subcategory C’ of C consists of a subset Ob(C”) C
Ob(C), and for each pair of objects C,D € Ob(C’) a subset

(2.27) Homc/(C, D) € Homc(C, D).
There is no condition on the subset Ob(C’).
There are two conditions on the morphism subsets Hom¢/(C, D):
o (Identities) idc € Homc/(C, C) for every C € Ob(C").
e (Closure under composition) If C,D,E € Ob(C’), f € Homc/(C,D) and g €
Homc/ (D, E), then g o f € Hom¢/(C, E).
We write C’ C C.
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Of course C’ on its own is a category, with the operations inherited from C.

Definition 2.28. A subcategory C’ C C is called a full subcategory if for every pair of
objects C, D € Ob(C’) there is equality
Hom¢/(C, D) = Homc(C, D).

In other words, a full subcategory C” C C is determined by selecting a subset Ob(C”)
of Ob(C). This subset could be empty (not interesting), finite, etc.

Example 2.29. The category Abg, of finite abelian groups is a full subcategory of Ab.

Example 2.30. Let us choose one group from each isomorphisms class of finite abelian
groups. This gives us a countable subset S C Ob(Abgy). Let C C Abgy, be the full subcat-
egory such that Ob(C) = S. In some sense “everything happens” already inside C. This
observation will be made precise later.

Example 2.31. Consider the category of rings Ring. Let C be the following subcategory
of Ring : it has all the objects, but the the morphisms f : A — B in C are the those ring
homomorphisms that satisfy

f(Cent(A)) C Cent(B).

It is easy to see that C is indeed a subcategory. Exercise shows that there are less
morphisms in C. So this is not a full subcategory.

Example 2.32. Here’s a variation on Example Let A” & Abe a subring. Define the
subcategory A’ C A with Ob(A”) = {x} and

Homp (x,x) := A’.
This is not a full subcategory.

Definition 2.33. Let C be a category. A morphism f : C — D in C is called an isomor-
phism if there is a morphism g : D — C such that f og =idc andgo f = idp.

If an exercise is labeled “optional” (like the next one), then you should solve it only if
you think it is not trivial. In any case, do not submit it in writing.

Exercise 2.34. (Optional) If f : C — D is an isomorphism, then the morphism g in the
definition above is unique.

The morphism g in Deﬁnitionis called the inverse of f, and is denoted by f~!.

Definition 2.35. A category G is called a groupoid if all the morphisms in it are isomor-
phisms.

Exercise 2.36. Let C be a category. Show that there is a subcategory C* of C, that has
all the objects, and whose morphisms are the isomorphisms in C . Show that C* is a
groupoid.

Here is an important special case.

Exercise 2.37. Let M be a K-linear category, and consider the subcategory M* C M
as in the previous exercise. Take an object M € M. We know from Exercise that
A := Endy(M) is a central K-ring. Show that Endyx(M) is the group A* of invertible
elements of the ring A.
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Definition 2.38. Let C be a category.

(1) Anobject! € Cis called an initial object if for every object C € C there is a unique
morphism I — C.

(2) An object T € C is called a terminal object if for every object C € C there is a
unique morphism C — T.

Exercise 2.39. Let C be a category.
(1) IfI and I’ are both initial objects of C, then there is a unique isomorphism I — I”.
(2) If T and T’ are both terminal objects of C, then there is a unique isomorphism
T->T.
Exercise 2.40.

(1) Find initial and terminal objects in the category Set.

(2) Find initial and terminal objects in the category Grp.

(3) Find initial and terminal objects in the category Ring.

(4) Find initial and terminal objects in the category Mod A for a ring A.

We end this section with a discussion of products and coproducts.
Let C be a category. By a collection of objects of C, indexed by a set I, we mean a
function
y : I — Ob(C).
We usually denote this collection by {C;};cr, where C; := y(i) € Ob(C).

Definition 2.41. Let C be a category, and let {C;};¢; be a collection of objects of C. A
product of this collection is a pair

(CoApitier)

where C is an object of C, and {p;}es is a collection of morphisms p; : C — C; in C,
called projections. The pair (C, {p;}icr) should have the following universal property:

(P) Given an object D € C, and a collection {f;};e; of morphisms f; : D — C;, there
exists a unique morphism f : D — C such that

fi=piof.

The notation for the object Cis [[;¢; Ci. And usually we leave the morphisms p; implicit.

Here is a depiction of Definition where I = {1, 2,3}.

41 P
2]

C Cy Cs

A product is unique:

Proposition 2.42. Let C be a category and let {C;};¢1 be a collection of objects of C. Suppose
that (C, {pi}id) and (C’, {plf}id) are both products of this collection of objects. Then there

is a unique isomorphism g : C 5’ such that p] o g = p; for alli.

10
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Exercise 2.43. Prove Proposition [2.42]
From now on we say the product.

Example 2.44. In the category Set all products exist; they are the usual cartesian prod-
ucts, with the usual projections on the coordinates.

Exercise 2.45. Let A be a ring and let {M;};<; be a collection of objects of Mod A. Prove
that the product (M, {p;}icr) in Mod A exists. (Hint: take the product M := [];c; M;
in Set, and show that the set M has an A-module structure, such the projections p; are
homomorphisms.)

Exercise 2.46. Show that the category Abg, of finite abelian groups has finite products
(i.e. products indexed by finite sets I), but not infinite products. (Hints: for the first part
use Exercise For the second part find a concrete counterexample.)

Solution 2.47 (of Exercise . Suppose {M;};es is a collection of nontrivial finite
groups, indexed by an infinite set I. We can’t argue that the product in Ab is infinite,
and thus it does not belong to Abg,; see Remark

Here is a correct proof. Let I be the set of positive integers, and for every i € I choose
a finite abelian group M; of size i (e.g. the cyclic group Z/(i)). Assume that the prod-
uct (M, {pi}ie 1) in Abg, exists. For every i consider the collection of homomorphisms
{¢ij}jer, ¢ij : Mj — M;, defined as follows:

idy, ifj=i
$ij = e
0 if j #i.
By the universal property we get a homomorphism ¢ : M — M;, and
piog=¢ii=idy,.

Hence p; : M — M; is surjective. This implies |M| > |M;| = i. So M is infinite. Contra-
diction.

11
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Lecture 3, 21 March 2018 ‘

Here is the notion dual to product.

Definition 2.48. Let C be a category, and let {C;};¢; be a collection of objects of C. A
coproduct of this collection is a pair

(C.{eitier)

where C is an object of C, and {e; }¢; is a collection of morphisms e; : C; — C. This pair
(C,{ei}ier) should have the following universal property:

(C) Given an object D € C, and a collection {g; };e; of morphisms g; : C; — D, there
exists a unique morphism g : C — D such that

gi = 9g°Eei.
The notation for the object Cis [[;¢; C;.

Here is a depiction of Definition where I = {1, 2,3}.

C Cy Cs

Exercise 2.49. Let C be a category and let {C; };¢r be a collection of objects of C. Suppose
that (C, {ei}id) and (C’, {elf}id) are both coproducts of the collection of objects {C;};e;.

Prove that there is a unique isomorphism h : C = C’ such that e;=hoe.

Example 2.50. In the category Set all coproducts exist; they are the disjoint union. Given
a collection of sets {S;};¢s, the functions

€8 = ]_L'GI Si

are the inclusions.

Example 2.51. In the category Grp all coproducts exist, but they are very nasty. Given
a finite collection of sets {G;};cs, indexed by I = {1, ..., n}, the coproduct is the group

G; =Gy *---%xGy.

iel
Even if the G; are abelian, the coproduct isn’t (unless all but one of the G; are trivial).
For instance, if G; = Z, then G; * - - - = G, is the free group on n generators. It very
nonabelian (for n > 1): its center is trivial.
For an infinite indexing set I, the coproduct is the union:

]_Lel Gi = U]g Uje] Gjs

where J runs over the finite subsets of I.

13
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Example 2.52. In the category Ring, /K of commutative K-rings (see Examples|2.7|and
the coproduct is the tensor product. This was studied in the previous course (see [Ye2]
Lecture 5, page 52]).
Given a finite collection {A;};¢s in Ring /K, indexed by I = {1,...,n}, the coproduct
is the ring
el A=A Qg ...Q®k Ap.
For instance, if A; = K[¢;], the polynomial ring in a variable ¢;, then

A1 ®g - ®r An =K[ty,..., tal,

the commutative polynomial ring in n variables.
For an infinite indexing set I, the coproduct is the union:

Uiel Ai = U]g Uje] Aj»

where J runs over the finite subsets of I.

Example 2.53. In the category Ring/. K of central K-rings (see Example[2.9) the coprod-
uct exists, and it is as nasty as in Example
For instance, if I = {1,...,n}, and A; = K[t;], the commutative polynomial ring in a

variable t;, then
]_LE[ A =K(t1,....ta),

the noncommutative polynomial ring in n variables. If n > 1 then the center is K.

In a K-linear category M we usually say direct sum instead of coproduct, and write
@ Mi = U M,‘.
iel iel
Exercise 2.54. Let A be a ring and let {M; };cr be a collection of objects of Mod A. De-
scribe the coproduct, or direct sum, @ M;. (Hint: it is a submodule of the product.)

iel
Exercise 2.55. Prove that Abg, does not have infinite direct sums (i.e. coproducts). (Warn-
ing: recall the comment on Exercise [2.46, and read Remark below.)

K-linear categories were introduced in Definition [2.20]

Proposition 2.56. Let M be a K-linear category, and let {M;};cr be a collection of objects
of M, indexed by a finite set I. Assume that the direct sum (M, {e;}ic1) of the collection
{M;}ie exists in M. Then:

(1) The object M is also the product of the collection {M;};c;. Namely there are mor-
phisms p; : M — M;, such that the pair (M, {p;}ic1) is the product of the collection
{Mi}ier

(2) The collections of morphisms {e;}ier and {p;}ies satisfy

pioe; =idyy,
and
Z ejop; = ldM .
iel

This proposition applies to M = Mod A for a central K-ring A.

14
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Exercise 2.57. Prove Proposition (Hint: use the universal property (C) of the co-
product to construct the morphisms p;.) If you find it easier, prove the proposition for
M = Mod A, A € Ring/. K.

Remark 2.58. Regarding Exercise I said that it could happen that for a full subcat-
egory C’ C C, products and coproducts might be different in each category.

This can be easily seen for the coproduct of abelian groups: given nontrivial abelian
groups Gy and Gg, their coproduct in Ab is not their coproduct in Grp, even though Ab C
Grp is a full subcategory. Indeed, the coproduct G; * G, in Grp is nonabelian.

3. FREE MODULES

We now leave the abstraction of categories for a while, to talk about an important
concrete construction. In this section A is some nonzero ring (possibly noncommutative).
Recall that modules are left modules, by default.

Definition 3.1. Let M be an A-module and let X be a set.
(1) The support of a function f : X — M is the set

Supp(f) ={x € X | f(x) # 0} C X.

(2) We denote by Fg,(X, M) the set of finitely supported functions f : X — M.
(3) Given f € Fgn(X, M), its sum

D fxem
xeX
is defined to be
() D @=L f.
xeX x €Supp(f)

Note that the second sum in () is finite, so we are not doing anything illegal.

Exercise 3.2. Let M be a module over the ring A. We know that the set F(X, M) of all
functions f : X — M is an A-module, by pointwise operations. Show that

Fan(X, M) € F(X, M)

is an A-submodule.

As before, a function f : X — M can be considered as a collection {m; }xcx of element
of M, where m, := f(x). Under the guise of a collection, we sometimes use the notation

m = {My}rex.

Thus m = f, two ways of referring to the same thing.

15
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Lecture 4, 28 March 2018 ‘

Recall K is a nonzero commutative base ring, A is some nonzero central K-ring (pos-
sibly noncommutative), and all modules are by default left modules.

Definition 3.3. Let M be an A-module. Given a collection m := {m, }ycx of elements
of M, and a finitely supported collection a := {a, }rcx of elements of A, both indexed by
the same indexing set X, the collection {ay -my }xex is a finitely supported collection of
elements of M. Thus the sum

a-m:= Z Ay My €M
xeX

exists.

Definition 3.4. Let M be an A-module and let m := {m, },cx be a collection of elements
of M;i.e. m € F(X, M).

(1) We say that the collection m generates the module M if for every element m € M
there exists some a € Fg,(X, A) such that m = a-m.

(2) We say that the collection m is linearly independent if the only element a €
Fgn(X,A) such thata-m =0isa = 0.

(3) We say that the collection m is a basis of the module M if it generates M and it is
linearly independent.

Definition 3.5. An A-module M is called free if it has a basis.

For a set X and an element x € X we denote by d, : X — A the function

1 ify=x
3.6 S5.(y) =
0 T

The support of &y is {x}.

Proposition 3.7. Let X be a set. Consider the collection § := {Ix}xex of elements of
Fpin(X, A).

(1) For every a € Fuu(X, A) there is equality
a=ad

in Fan(X, A).
(2) The A-module Fgn(X, A) is free, with basis 8.

Exercise 3.8. Prove this proposition.

Example 3.9. Suppose the indexing set is X = {1,...,r} for some natural number r.
Then

Fan(X,A) = F(X,A) = A".

The standard basis of A" is, in our notation,

6=(61,...,6).
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Proposition 3.10. Let M be an A-module, and letm := {m, },ecx be a collection of elements
of M. The function
Om : Fan(X,A) > M, ¢Pm(a):=a-m
is an A-module homomorphism. Moreover, it is the unique A-module homomorphism
¢ Fan(X, A) - M
such that ¢(5x) = my forallx € X.

Exercise 3.11. Prove this proposition.

Proposition 3.12. Let M be an A-module, and letm := {my },cx be a collection of elements
of M. Consider the homomorphism

¢m : Fﬁn(X’A) - M.
(1) m generates M iff ¢, is surjective.

(2) m is linearly independent iff §m is injective.
(3) m is a basis of M iff ¢, is bijective.

Exercise 3.13. Prove this proposition.
We see that:
Corollary 3.14. An A module M is free iff M = Fgn(X, A) for some set X.

Proposition 3.15. Let f : X — Y be a function between sets. There is a unique A-module
homomorphism
try - Fan(X, A) — Fun(Y,A)
such that
trf((Sx) = 5f(x)
for every x € X.

Proof. We give two proofs. First: use Proposition 3.10| with M := Fg,(Y, A), and with the
collection of elements m = {my }rxex defined by m, := 8¢(x). Then try := ¢y, works.
Second proof: for ¢ € Fg,(X, A) define

@) = Y, YA
xef(y)
O

Remark 3.16. We can put the discrete topologies on the sets X and Y. The corresponding
Lebesgue, or Borel, measures are the atomic measures that give each point the measure
1. The integrable functions X — A and Y — A are then the finitely supported functions.
These are also the compactly supported functions.
The homomorphism
try : Fan(X, A) — Fun(Y,A)

is then the standard pushforward (or integration on fibers)

ter/
f

of measures, or of compactly supported functions (or of distributions). See any (probably
nonexistent) modern textbook on measure theory; or any modern textbook on analysis

(e.g. [KaSc]).
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Here are two theorems about commutative rings, that were proved in the previous
course.

Theorem 3.17. Let K be a field. Every K-module M has a basis.

See [Ye2, Lecture 3, page 28]. The proof relies om Zorn’s Lemma (i.e. the Axiom of
Choice).

Theorem 3.18. Let A be a nonzero commutative ring, and let M be a free A-module. If
m = {my}xex andm’ = {m/,}, ex: are two bases of M, then the sets X and X’ have the
same cardinality.

See [Ye2| Lecture 3, page 32]. The proof also relies on the Axiom of Choice (via the fact
that a nonzero commutative ring A has a maximal ideal m). In the situation of Theorem
the cardinality of a basis of M is called the rank of M, and it is denoted by rank 4(M).

Example 3.19. Theorem is false in general for noncommutative rings. Here is a
counterexample. Let K be a field, and let V := Fg,(N, K), which is a free K-module of
countable rank. Define the central K-ring

A = Endg (V).

We can view an element v € V as a column with finitely many nonzero entries. Then an
element a € A becomes an N X N matrix with entries in K, that has finitely supported
columns (i.e. the columns of a are elements of V). The action of A on V is by matrix
multiplication.
Ao,o /10,1 ce Ho
a-v = 11,0 /11,1 MR I 751

Consider the free A-module M := A. Let My, € M be the submodule consisting of the
matrices a in which only the even numbered columns can be nonzero; and let M; € M
be the submodule consisting of the matrices a in which only the odd numbered columns
can be nonzero. Then M = My & M; as left A-modules. On the other hand My, = My, = M
as left A-modules. We see that A = A? as left A-modules. This shows that free A-modules
do not have well-defined ranks.

The next few definitions and results (up to Exercise [3.27} about left noetherian rings)
were not in the lecture.

Definition 3.20. Let A be a ring. An A-module M is called a noetherian module if every
submodule M’ C M is finitely generated.

Proposition 3.21. Let A be a ring and M an A-module. The following two conditions are
equivalent:

(i) M is a noetherian module.
(if) M satisfies the ascending chain condition: if

My S My S M C---
is a chain of submodules of M, then M; = M1, fori > 0.

Exercise 3.22. Prove this proposition.
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Definition 3.23. A ring A is called a left noetherian ring if A is a noetherian left module
module over itself; i.e. if every left ideal a C A is finitely generated as a left A-module.
Theorem 3.24. Let A be a ring. The following two conditions are equivalent:

(i) A is a left noetherian ring.

(ii) Every finitely generated A-module M is a noetherian module.
Exercise 3.25. Prove Theorem (Hint: See the commutative case in [[Ye2, Lecture 10,
page 99].)
Exercise 3.26. Let A be a nonzero left noetherian ring. Show that Theorem holds
for free A-modules. (Hint: study Example [3.19))

Exercise 3.27. Let A be a ring for which there exists a nonzero ring homomorphism
f : A— Bto a commutative ring B. Then Theorem [3.18 holds for free A-modules. (Hint:
modify the proof of Theorem 3.18] see [Ye2| Lecture 3, page 32].)

Exercise 3.28. Let X be a set and M an A-module. Consider the collection of modules
{My }xex with M, := M. Show that

Fan(X, M) = € M,

xeX

and

F(X, M) = ]_[ My.

XeX

4. FUNCTORS
Definition 4.1. Let C and D be categories. A functor
F:C—D

consists of these ingredients:

> A function
Fop : Ob(C) — Ob(D).
> For every pair Cy, C; € Ob(C), a function
Fe,.c, : Homc(Cy, C2) — Homp (F(Cy), F(Cy)).
There are two conditions:

e (Composition) For all composable morphisms C; £> C, f—z> Cs in C there is equal-
ity
Fe,e,(f2) © Fe,c,(f1) = Feye,(f2 0 f1)

of morphisms Fop(C;) — Fop(Cs) in D.
o (Identity) For every object C of C there is equality

Fe,c(idc) = idpy,(c)
of morphisms from Fop,(C) — Fop(C) in D.

Definition 4.2. Abbreviations: we will usually write F instead of Fop, and Fc, ¢, since
this will be clear from the context.
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Example 4.3. Let Abe a central K-ring. Given an A-module M, let F(M) be its underlying
K-module. The resulting functor

F: ModA — ModK

is called a forgetful functor, because it “forgets” some structure.
We can also consider the underlying set G(M) of the module M. The resulting functor

G : Mod A — Set

is also a forgetful functor.
The functor G is a composition of functors (see definition below):

G=HoF,
where
H: ModK — Set
is this forgetful functor.
Definition 4.4. Let C, D and E be categories, andlet F : C - Dand G : D — E be

functors. The composed functor
GoF:C—E

has ingredients
(G o F)op : Ob(C) — Ob(E),

(G o F)op := Gob © Fop
and
(G o F)e,.c, : Homc(Cy, Cz) — Homg (G © F)ob(C1), (G 0 F)op(C2)) 5
(G o F)c,,c; = GFoy(Cy). Fon(Cy) © Fey,cp-
The relevant diagram is

(4.5) C £ D < E

U

GoF

The material from here until Exercise (more example of functors) was not in the
lecture.

Exercise 4.6. Verify that G o F is indeed a functor.

Exercise 4.7. We know (by Exercise that the center is not a functor from Grp to Ab.
However, given a group G, let [G, G] be the subgroup of G generated by the commutators
lg.h] :=g-h-g"'-h7".

(1) Show that [G, G] is a normal subgroup.
(2) Show that
Ab(G) := G/[G,G]
is an abelian group.
(3) Show that
Ab: Grp — Ab

is a functor. It is called the abelianization functor.
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(4) Try to find the relation between the functor Ab and the embedding functor
Emb : Ab — Grp.
(Recall that Ab is a full subcategory of Grp).
Exercise 4.8. Let A be a nonzero ring. For a set X let
Free(X) := Fgn(X,A) € Mod A.
To a function f : X — Y between sets we assign the A-module homomorphism
Free(f) := try : Fgn(X, A) — Fa(Y, A)

from Proposition

(1) Prove that
Free : Set —» Mod A

is a functor.
(2) Try to find the relation between the functor Free and the forgetful functor

Forg : Mod A — Set.

The relation between the functors in Exercises[d.7|and[4.8]is called adjunction. We will
discuss it later.
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‘ Lecture 5, 11 April 2018. Version 2 of notes.

Definition 4.9. Let M and N be K-linear categories. A functor F : M — N is called a
K-linear functor if for every pair of objects M;, M, € M the function

F : Homp(M;, M;) — Homy (F(M,), F(M,))

is K-linear.
If K = Z then F is just called a linear functor, or an additive functor.

Exercise 4.10. Let f : A — B be a K-ring homomorphism. A B-module N can be made
into an A-module by a-n := f(a)-nfor a € Aand n € N. Show that the formula above
gives rise to a K-linear functor

Resty : Mod B — Mod A.
It is called the restriction functor corresponding to f. We sometimes write
Restp/a = Resty .
Note that the forgetful functor F from Example [4.3]is also a restriction functor.

Exercise 4.11. Let A be a central K-ring. We know that Mod A is a K-linear category.
Fix an A-module M. Thus for each N € Mod A we have a K-module
Fyp(N) := Homu(M, N),
and each homomorphism ¢ : N — N’ in Mod A induces a homomorphism
Fp(4) := Hom(idpy, @) : F(N) — F(N').
(1) Show that
Fay : Mod A —» Mod K

is a K-linear functor.
(2) Assume that A is a commutative ring. Shows that the functor F from item (1) can
be upgraded to an A-linear functor

Fi; : Mod A — Mod A,
such that
Fy = Restyg o Fyy.
Remark 4.12. Suppose that in the situation of Exercise [4.11| we were to define
Gu(N) := Homua(N, M)

for N € Mod A. Then Gp(N) belongs to Mod K. But for a homomorphism ¢ : N — N’,
the homomorphism
GM(gf)) = Hom(gb, idM)
goes in the wrong direction. We will see soon that Gy is a contravariant K-linear functor.
This is a confusing, yet unavoidable, feature of category theory.
We will study contravariant functors, as well as opposite categories, later — just before
talking about adjoint functors.

Exercise 4.13. Let F : M — N and G : N — P be K-linear functors between K-linear
categories. Show that G o F is a K-linear functor.
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Exercise 4.14. Let M and N be K-linear categories, and let F : M — N be a K-linear func-
tor. We know already that for every object M € M the set of endomorphisms Endy(M) is
a central K-ring. Show that for every M € M the function

F : Endpm(M) — Endn(F(M))
is a K-ring homomorphism.

Left A-modules were defined in Definition[2.12] and you were supposed to define right
A-modules in Exercise The next definition combines the previous two in a rather
complicated way, that requires getting used to. Recall that rings are by default K-central.

Definition 4.15. Let A and B be rings. A K-central A-B-bimodule is a K-module M,
equipped with a left A-module structure and a right B-module structure, that commute
with each other and respect the given K-module structure of M. Namely

(a-m)-b=a-(m-b)
and
(A-14) m=Am=m-(1-1p)
forallme M,ae A,be Band A € K.
Example 4.16. Let A be a nonzero ring. Fix positive integers r and s. Define the rings
A .- A
B := Mat,(A) =
A - A
and C := Mat(A). Define the K-module
M := Matgy-(A).
Matrix multiplication gives a left action of C on M:
(c,m) > c-m,
and also a right action of B on M:
(m,b) — m-b.
The usual calculation in the linear algebra course shows that
(c-m)-b=c-(m-D),
regardless of the fact that the ring A is noncommutative. We see that M is a C-B-bimodule.

another

Exercise 4.17. Let M be an A-B-bimodule.

(1) Show that for every N € Mod A, the K-module Hom4(M, N) has a B-module
structure, with formula

(b-¢)(m) := ¢(m-b)

for ¢ € Homs(M,N),b € Band m € M.
(2) Show that in this way

Homu(M, —) : Mod A — Mod B

is a K-linear functor.
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Remark 4.18. Suppose that s = 1 in the previous example, so that C = A and M is an
A-B-bimodule. Later in the course (I hope) we will see that the functor

Homu(M, —) : Mod A — Mod B
is an equivalence of K-linear categories. This is what I call “baby Morita Equivalence.”
Exercise 4.19. Let M and N be K-linear categories, and let F : M — N be a K-linear func-
tor. Pick a pair of objects My, M, € M, and define A; := Endu(M;) and B; := EndN(F(N;)).
We know that F : A; — B; are ring homomorphisms (by Exercise [4.14), and that there
are restriction functors
Restp, /4, : Mod B; — Mod A;.
(Exercise[4.10). Show that:
(1) The K-module Homp (M, M>) is a K-central Ay-A;-bimodule.
(2) Show that
F : Hompy(M;, Mz) — Homy (F(M;), F(M,))
is a homomorphism of A;-A;-bimodules.
Convention 4.20. From here on we assume by default that all linear categories are K-

linear, and all linear functors are K-linear. Also we assume that all bimodules are K-
central.

Of course if K = Z then the convention above is automatic.

comment: To here in class lecture 5, 11 April. Continue read-
ing, and solving the exercises, all the way to page 26.

5. NATURAL TRANSFORMATIONS

Definition 5.1. Let C and D be categories, and let
F,G:C—>D
be functors. A natural transformation, or a morphism of functors
n:F—-aG
is a collection
1 = {nckceobc)
of morphisms
ne : F(C) — G(C)
in the category D. The condition is this:
(N) For each morphism ¢ : C; — C; in C there is equality
ne, © F(¢) = G(¢) o e,
of morphisms in D. In other words, the diagram

FC) —2 Fey)

nc j{ J/”Cz
G(¢)

G(C) —— G(&)
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in D is commutative.

Here is the diagram of functors:
(5.2) C n

It is customary to draw morphisms of functors in such diagrams as doubled arrows.
Definition 5.3. In the situation of Definition|5.1] the morphism of functors 7 is called an
isomorphism of functors if for every object C € C the morphism

ne : F(C) = G(C)
in the category D is an isomorphism.

Here are a few examples of morphisms of functors.

Example 5.4. Continuing with Example let A L B Chbe K-ring homomor-
phisms. Then there is an isomorphism of functors
1 : Resty o Rest, 5 Restyor
of K-linear functors
Mod C — Mod A.
The isomorphism ny, for N € Mod C, is the identity on the underlying K-module.

Exercise 5.5. Continuing with Exercise[4.11] let A be a central K-ring, and let ¢ : M; —
M, be some fixed homomorphism in Mod A. We have K-linear functors

Fl,Fz : Mod A - ModK
defined by
Fi = HomA(Mi, —).
For each N € Mod A there is a morphism
NN 2 Fo(N) = Fi(N),  nn := Homa(¢,idn)

in Mod K. Prove that the collection of morphisms

1 = {1N}Neob(ModA)
is a morphism of functors

T]:Fz—)Fl.

Example 5.6. We continue with Exercise So A is a nonzero ring, and we have the
functors
Free : Set » Mod A, Free(X) := Fgn(X, A)

and the forgetful functor

Forg : Mod A — Set.
The composed functor

Forg o Free : Set — Set
sends a set X to the underlying set of the A-module Fg,,(X, A).
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For a set X let
nx : X = Fau(X, A)
be the function
nx(x) := 85 € Fp(X, A).
We want to prove that
1 = {nx}xcob(set)
is a morphism of functors
n : Idset — Forg o Free.

So we have to check that for every morphism g : X — Y in Set, i.e. a function, the diagram

(5.7) 1d(X) 49) 14(Y)

qxl lrn
(Forg o Free)(g)

(Forg o Free)(X) ———  — (Forg o Free)(Y)

in Set is commutative.
Let us translate this to a diagram with the actual objects and morphisms:

X % Y
tr
Fein(X, A) —— Fan(X, 4)
Now for an element x € X we have
(ny © g)(x) = ny(g(x)) = 4x)
and
(trg o mx)(x) = trg(dx) = dg(x)-
These are equal, so diagram is indeed commutative.
Exercise 5.8. Suppose we are given three categories Cq, C, Cs; pairs of functors
Fi,Gi : Ci = Cisas
and morphisms of functors
ni: Fi 4 Gi.
Give the formula for the composed morphism
nzon :(FzoF) — (GzoGy)

of functors C; — Cs, and prove that it is indeed a morphism of functors.
This operation is called horizontal composition of morphisms of functors.

Here are the relevant diagrams of functors:

I3 F
/“\ /“\

(59) C1 m Cz 2 C3
\5/' \G_/'
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and
Fy,oF;

(510) C1 ’720’71“ C3
Gy 0Gy

Exercise 5.11. Suppose we are given categories C; and Cy; three functors
F,G,H:C; — Cy;

and morphisms of functors

n:F—G
and

0:G— H.

For every object C € C; define the morphism
(0 xn)c :=0c onc : F(C) — H(C)
in C,. Show that the collection
0xn= {(9 * U)C}Ceob(cﬂ

is a morphism of functors
O+n:F— H.

This operation is called vertical composition of morphisms of functors.

Here are the relevant diagrams of functors:

(5.12) Ci—— 4Gy

and
(5.13) Co 6+n

The operations from the the previous two exercises can be combined. This is very
confusing, but in the end quite elementary. The data is this: we are given three categories
C4, Cy, Cs; triples of functors

Fi,Gi,Hi : C; = Ciyps
and pairs of morphisms of functors
ni:F;— G, 0;:G; — H,.
It can be shown (by a very tedious calculation) that the exchange property holds:
(5.14) (62 % m2) 0 (01 % 1) = (62 0 01) * (2 0 1m1)
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as morphisms
FZ ] F] — HZ o H]

of functors C; — Cs.
This situation is shown in the next diagram.

F F
N T
(5.15) Cl\\:bz\\;ﬁcz/%
H; H;

Remark 5.16. All these operations are explained in [Mac2| Section XII.3], as part of the
discussion of the 2-category Cat of all U-categories. We do not need to know about 2-
categories; all we need is to have a good understanding of the properties of morphisms
of functors.

The horizontal and vertical composition of morphisms of functors is made concrete in
the next exercise.

Exercise 5.17. Let A, B and C be rings. Let us introduce temporary notation for the
category of A-B-bimodules: BiMod(A4, B). (Later, after we talk about opposite rings and
tensor products of rings, this category will be denoted by Mod A ®x B°P.)

We are given M; € BiMod(A, B) and N; € BiMod(B,C), for i = 1,2, 3. In Exercise [4.17]
we saw that this data gives rise to K-linear functors

F; := Homs(M;,—) : Mod A — Mod B
and
G; := Hompg(Nj,—) : Mod B — ModC.
We are also given homomorphisms ¢; : M; — M;;; in BiMod(A, B) and ¢; : N; — Njyg
in BiMod(B, C).
(1) Show that ¢; induces a morphism of functors
ni : Fisn — Fi,
and ¢/; induces a morphism of functors
0; : Giy1 — Gi.

(2) Show that the homomorphism ¢, o ¢; induces the morphism of functors
11 * N2, and that the homomorphism ¢/, o ¢/; induces the morphism of functors
91 * 92.

(3) Show that for every i the homomorphisms ¢; and ¢; induce the morphism of
functors 6; o n;.

Remark 5.18. After we learn about tensor products, we will see that there is an isomor-
phism of functors
Gj o F; = Homa(P;, -),
where
P := M; ®5 N; € BiMod(4, O).
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And then there is a morphism
$i ®Yi : Py = Piyq,

which induces the morphism of functors 6; o ;.

’ comment: Read to here for lecture 5. ‘

’ comment: Next topic: Equivalence of Categories ‘
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Lecture 6, 25 April 2018.

6. EQUIVALENCE OF CATEGORIES
Definition 6.1. A functor
F:C—D
is called an isomorphism of categories if the functions
Fop : Ob(C) — Ob(D)
and
Fe,,c, : Homc(Cy, Cz) — Homp (F(Cy), F(Cy))

are all bijective.

If F is an isomorphism of categories, then it has an inverse functor
F':D-C,

with the obvious formulas. The inverse F~! is unique.

It turns out that the notion of isomorphism of categories is too restrictive, and that
we need a more relaxed notion: equivalence of categories. As we will see, the notion of
equivalence of categories is analogous to the notion of homotopy equivalence of topological
spaces.

Example 6.2. Let X be the origin in the real plane R?, and let Y be the closed unit disk
in R%. We give R? the standard metric topology, and X, Y have the subspace topologies.

The inclusion f : X — Y is not an isomorphism in Top; it is not even bijective. Yet f
is a homotopy equivalence: the constant function g : Y — X is a homotopy-inverse of f.
There is equality g o f = idx, and there is a homotopy f o g — idy.

In the categorical setting the role of homotopies is played by the morphisms of func-
tors.

Definition 6.3. A functor

F:C—>D
is called an equivalence of categories if there is a functor
G:D—>C,
and isomorphisms of functors
n:GoF > Idc
and .
{:FoG—Idp.

The functor G is called a quasi-inverse of F.

The situation is symmetric: the quasi-inverse
G:D—>C

is also an equivalence of categories.
Let me give an important example.
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Example 6.4. Let D := Setg, be the category of finite sets. Define C to the full subcate-
gory of D on the set of objects {S;};en, where

Si = {1,,1}
The functor
F:C—>D

is the inclusion. We will prove that F is an equivalence.
Since there is exactly one object from each isomorphism class in C, there is no choice
in the definition of the quasi-inverse functor

G:D—>C

on objects. For a finite set S of cardinality i we must take G(S) := S;. What we need to
choose an isomorphism

ns : G(S) > S;
in C. We make matters simple by choosing
(6.5) ns; = idS,- : Si i> Si
for S; € C.

We need to say what G does on morphisms. Given a morphism ¢ : S — T in D we
define

G(9) : G(S) — G(T)
by

G($) = ng' o pons.
This make the diagram diagram

(6.6) G(S) SN G(T)

nsl ¢ JW

S—T

commutative.

It is easy to see that G is a functor. Note that the action of G on morphisms is deter-
mined by our choice of isomorphisms 7s.

By our choice in we see that G o F = Idc, so we take the isomorphism of functors

{:=id:GoF —» Idc.
And the collection of morphisms

n:={ns}sen

is an isomorphism of functors
n:FoG—lIdp.

Proposition 6.7. IfF : C — D is an equivalence of categories, and if G,G' : D — C are
both quasi-inverses of F, then there is an isomorphism of functors G = G’.

Exercise 6.8. Prove this proposition.
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Proposition 6.9. If
F:C—>D

is an equivalence of categories, then for every pair of objects C1,C, € C the function
F : Homc(Cy, C;) — Homp (F(Cy), F(C2))
is bijective.
Exercise 6.10. Try to prove this proposition. It is a bit tricky. If you can’t, then there is
a proof here: Solution[7.1§

Another important example of an equivalence is in the next exercise.

Exercise 6.11. Let K be a field, let D := Modg, K be the category of finitely generated
K-modules (aka finite dimensional vector spaces), and let C be the full subcategory of D
on the set of objects {K'};cy. The functor

F:C—>D
is the inclusion. Prove that F is an equivalence.

Remark 6.12. In the last example, let us view K’ as a column module (for i > 0). Then the
endomorphism ring of K’ is the ring of matrices Mat;(K). If M € Modg, K is some rank
i module, then its endomorphism ring is isomorphic to Mat;(K), and the isomorphism
depends on our choice of quasi-inverse G : D — C. Indeed, by Propositions|[6.9and [6.16]
and Exercise [4.14] we have a K-ring isomorphism

G : Endg(M) = Endg(K') = Mat;(K).
Definition 6.13. Let
F:C—>D

be a functor.
(1) The functor F is called full (resp. faithful) if for every pair of objects C;,C, € C
the function

F : Homc(Cy, C;) — Homp (F(Cy), F(C3))

is surjective (resp. injective).
(2) The functor F is called essentially surjective on objects if for every object D € D
there is an object C € C with an isomorphism F(C) — D in D.

Theorem 6.14. Let
F:C—>D
be a functor. The following two conditions are equivalent.
(i) F is an equivalence of categories.

(i) F is full, faithful and essentially surjective on objects.

Exercise 6.15. Prove this theorem. (Hint: in Proposition[6.9|we saw that an equivalence F
is full and faithful; so this is almost the implication (i) = (ii). For the opposite implication
try to imitate Example [6.4])

The next proposition was not in the lecture.
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Proposition 6.16. Let M and N be K-linear categories, and let F : M — N be a K-linear
functor. Assume that F is an equivalence, and G : N — M is a quasi-inverse of F. Then G is
a K-linear functor.

Exercise 6.17. Prove this proposition. (Hint: see my proof of Proposition[6.9} i.e. Solution
7.18))

7. OpPOSITE RINGS AND TENSOR PRODUCTS

Definition 7.1. Let A be a K-ring. The opposite ring of A is the K-ring A°P, that has the
same underlying K-module structure, but with multiplication

ar P ay := ay-a.
The unit element remains the same.
The identity function
(7.2) op: A%® - A

is a ring anti-isomorphism.
We can view right A-modules as left A°’-modules. Indeed, given a right A-module M,
define a left multiplication by elements of A°P as follows:

a-m:=m-ua.

It is clear that the unit element acts as the identity automorphism of M. As for associa-
tivity:
(a1 -Paz)-Pm=m-(a, - az) = m-(az-a;) = (m-az)-a;

=a; -P(m-az) = a; - (az - m).
We can make it very formal using our fancy language:
Proposition 7.3. There is a K-linear isomorphism of categories

F : (right A-modules) — Mod AP

such that the diagram

(right A-modules) —L 5 Mod A%

For,
k l 8

Mod K
is commutative.

Note that A = A% iff A is commutative.
We now talk about tensor products.

Definition 7.4. Let A be a K-ring, M € ModA°?, N € ModA and P € ModK. An
A-bilinear function

p:MXN—>P
is a function with the following four properties:
* p(my +my,n) = f(my, n) + f(mz, n)

e f(m,ny +ny) = B(m,ny) + B(m, ny)
e f(m-a,n) = f(m,a-n)
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o f(A-m,n) = f(m,A-n) = A-f(m,n)
These must hold for every m,m; € M;n,n; € Nyae Aand A € K.

Example 7.5. If M = Aand P = N, then f(a, n) := a-n is an A-bilinear function.

Definition 7.6. Let Abe a K-ring, M € Mod A°®? and N € Mod A. A tensor product of M
and N over A is a pair (P, §), where P € Mod K, and

p:MXN—P

is an A-bilinear function. The pair (P, f) must have this universal property:

(T) For every pair (P’, ’) of this sort, there is a unique K-linear homomorphism ¢ :
P — P’ such that

P =¢op.
Theorem 7.7. Let A be a K-ring, M € Mod A°? and N € Mod A. A tensor product (P, )
of M and N over A exists, and it is unique up to a unique isomorphism.

Proof. Uniqueness: suppose (P, ) and (P’, f’) are both tensor products of M and N over
A. By property (T) there are unique homomorphisms ¢ : P — P’ and ¢’ : P’ — P
that interact with f and B’ as specified. The standard argument shows that ¢ and ¢’ are
inverse to each other.

Existence: Let P be the free K-module on the set M x N. Consider the K-submodule
R C P generated by these four types of elements:
(my + my,n) - (my,n) — (mg, n)
(m,ny +ny) — (m,ny) — (m, ny)
(m-a,n) — (m,a-n)
(A-m,n) — A-(m, n)
Define the K-module P := P/R and the function

p:MXN — P, p(mn):=(m,n)+R.

The end of the proof is left as an exercise. O

Exercise 7.8. Finish the proof. (Hint: see proof of the commutative theorem, [Ye2| lecture
4, page 39].)

Definition 7.9. The tensor product gets this notation:
M®yN:=P
and
m® n := f(m,n).
The elements m ® n are called pure tensors.
Proposition 7.10. The K-module M ® 4 N is generated by the pure tensors.
Exercise 7.11. Prove this proposition. (Hint: study the proof of Theorem [7.7})

Proposition 7.12. Let¢ : My — My be a homomorphism in Mod A°?, and lety : Ny — N,
be a homomorphism in Mod A. Then there is a unique homomorphism

¢®¢2M1 ®a Ny > My ®4 N,
in Mod K, such that
(p®Y)(m®n)=d(m)® y(n)
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for everym € M andn € N.

Exercise 7.13. Prove this proposition. Hint: find a bilinear function
ﬁ:Ml XNl —)M2®AN2.

Exercise 7.14. In the previous course we considered commutative rings. For a commu-
tative ring A, and for A-modules M and N, we defined the tensor product M ®4 N. See
[Ye2l Lecture 4].

Show that if A is a commutative ring, and we take K := A, then the tensor product
from Definition 7.6]above coincides with the commutative tensor product.

Theorem 7.15. Let A and B be central K-rings. Then the K-module A ®x B is a central
K-ring, with multiplication

(a1 ® by)-(az ® by) := (a1-az) ® (by-b2)
and unit element
laggB := 14 ® 1p.

Exercise 7.16. Prove this theorem. (Hint: see the proof of the commutative theorem,
[Ye2 lecture 5, page 50].)

Example 7.17. Let A be a K-ring and n > 1. Then
Mat,(A) = A ®k Mat, (K)

as K-rings.
Here is why: Let e; ; € Mat,(K) be the matrix with 1 in the (i, j) position, and 0
elsewhere. Given a matrix
a = [a; j] € Mat,(A),

with entries a; ; € A, we send it to the tensor
f(a) = Z a;j®e;j€ A ®g Mat, (K).
i,j
We get a K-module isomorphism
f : Mat,(A) = A ®x Mat,(K).

Let us show that f respects multiplication. Because of bilinearity, it is enough to look at
matrices
a=a-e;; € Mat,(4)
and
b =1b-er; € Mat,(4)
for some a,b € A and indices i, j, k,[. Here we also view e; j, ex,; € Mat,(A). Then the
product in Mat, (A) is
a-b=ab-e;
if j = k, and 0 otherwise.
Now
fla) =a®e;; € A®x Mat,(K)
and
f(b) =b®ex; € A®x Mat,(K).
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The product in A ®g Mat, (K) is

(a®eij)(b®er) =(ab)®(eij-ex:) =

(a-b)®e;; ifj=k
otherwise.

Solution 7.18 (Solution of Exercise[6.10). Take a pair of objects Cy, C; € C, and consider
the commutative diagram

(7.19) Homc(Cy, Cy) ————— Homp (F(Cy), F(Cy))
GoF J/G
ia[= Hom ((G o F)(C1). (G o F)F(Cy))

Homc (1. ncy)
Homc (C1, Cz)
in Set. Here N
ne; - (G ] F)(Cl) — Ci
are the given isomorphisms in C (the components of 1). We see that the function Go F in
the diagram is bijective, the function

F : Hom¢(Cy, Cy) — Homp (F(Cy), F(Cy))

injective, and the function G is surjective.
We can play the game from the other side too (replacing C with D, etc.), and this will
tell us that the function

G : Homp(Dy, D;) — Homc (G(Dy), G(D2))

is injective for every pair Dy, D, € D. In particular, for the choice D; := F(C;), where C;
as the objects from above, we see that the function G in diagram is injective. So
the function G in diagram is bijective, and hence the function F in diagram is
bijective.

I wonder if there is a cleaner proof of this proposition?
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Lecture 7, 2 May 2018.

Bimodules were introduced in Definition

Proposition 7.20. Suppose A and B are central K-rings, and M is a K-central A-B-bimodule.
There is a unique structure of left (A ®x B°P)-module on M such that

(a®b)m=am-b
forallae A,b e Bandm e M.
The next three exercises are quite similar. Perhaps solving one of them is enough.
Exercise 7.21. Prove Proposition [7.20]

From now on we will identify these two notions. Thus we shall use the notation
Mod A ®g B°P for the category of K-central A-B-bimodules.

Proposition 7.22. Suppose A, B,C are central K-rings, M € Mod A ®¢ B°? and N €
Mod B ®x C°P. Then there is a unique structure of left (A g C°P)-module on the K-module
M ®p N, such that

(a®c)-(m®n)=(a-m)® (n-c)
forallae A,ce C,me Mandn e N.

Exercise 7.23. Prove this proposition.

Proposition 7.24. Suppose A, B,C are central K-rings, M € ModB ®g A°® and N €
Mod B ®g C°P. Then there is a unique structure of left (A ®g C°P)-module on the K-module
Hompg(M, N), such that

((@a®c)-¢)(m) = ¢(m-a)-c
forallae A,c € C,m € M and ¢ € Homp(M, N).

Exercise 7.25. Prove this proposition.
The next exercise is harder.

Exercise 7.26. By Propositions and|7.12] a bimodule M € Mod A ®x B gives rise
to a K-linear functor

Gy : ModB — ModA, Gu(N):=M®gN.

(1) Can we recover the bimodule M from the functor Gy ?
(2) (Very hard) Is every K-linear functor

G : ModB — Mod A

isomorphic to the functor Gy for some bimodule M ?

39



Course Notes | Amnon Yekutieli | 16 May 2018

8. CONTRAVARIANT FUNCTORS AND OPPOSITE CATEGORIES

Recall that in Remark [4.12] we fixed a module M € Mod A, and defined
Gp(N) := Homy(N, M) € ModK
for N € Mod A. This looks like a functor. But for a homomorphism ¢ : Ny — N, the
K-linear homomorphism
Gm(¢) := Hom(¢,idy) : G(N2) — G(N1)
goes in the wrong direction. This is the prototypical example of a:

Definition 8.1. Let C and D be categories. A contravariant functor
F:C—-D
consists of these ingredients:
> A function
F : Ob(C) — Ob(D).
> For every pair of objects Cy, C, € C, a function
F: Homc(Cl, Cz) 4 HOI’I’ID (F(Cz), F(Cl)) .
There are two conditions:
e (Composition) For all composable morphisms Cy £> C, f—2> Cs5 in C there is equal-
ity
F(fi) o F(f2) = F(fz 0 f1)
of morphisms F(C3) — F(Cy) in D.
o (Identity) For every object C of C there is equality
F(id¢e) = idF(C)
of morphisms from F(C) — F(C) in D.

A functor in the ordinary sense is sometimes called a covariant functor.
Here is another example.

Example 8.2. Let f : A — B be and anti-homomorphism of rings (such as f(a) := a' for
A = B = Mat,(K)). Let A and B be the corresponding single-object linear categories. We
get a contravariant linear functor

F:A—B.

Contravariant functors can be handled effectively by the following construct.

Definition 8.3. Let C be a category. The opposite category of C is the category C°P defined
like this:

e The set of objects of C°P is Ob(C).
e For every pair of objects Cy, C; € C°P, the set of morphisms is

Homcop(Cl, Cz) = HOI’I’IC(CQ, Cl)
e For every triple of objects Cy, C2, C3 € C°P, the composition
0P : Homcer (Cy, C3) X Homcor (Cy, C2) — Homcer (Cyq, C3)
is

foo® fii=fio fio
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e For every object C € C°P, the identity automorphism id¢ is that of C.

For a category C there is a canonical contravariant functor
(8.4) Op:C* - C

that is the identity on objects and morphisms. This is the categorical version of the ho-
momorphism (7.2). Note that the contravariant functor Op is an anti-isomorphism of
categories, and that

OpoOp =1d.
Proposition 8.5. Let C and D be categories. The assignment F — Op oF is a bijection from

the set of contravariant functors F : C — D to the set of covariant functors F : C°? — D.

We leave out the easy proof.
Note that if M is a linear category, then so is M°P, and the contravariant functor
Op: MP 5> M

is linear.
Morphisms between contravariant functors take place in the target category, so they
are insensitive to variance.

Remark 8.6. Let A be a ring, and let M := Mod A. The opposite category M is also
linear. However, there is never (except when A is the zero ring) a linear equivalence of
categories M°? — Mod B, for a ring B. This is pretty hard to prove.

The linear categories M and MP are abelian categories. This is a complicated notion,
and we won’t talk about it. All we need to know is the concept of exact sequencesin M and
M°®P_In M it is easy to define, and exactness in M°P will be defined in an ad hoc manner.

Example 8.7. Let K be a field. There is a K-linear equivalence
(Mod K)? — TopMod K

where the latter is the category of profinite topological K-modules, with continuous ho-
momorphisms. See [Ye3| Section 3]. (This article is mostly a survey, and this particular
result is not new. Usually people call these objects “linearly compact vector spaces”.)

Exercise 8.8. Let K be a field, and let M := Modg, K, the category of finitely generated
K-modules (aka finite dimensional vector spaces). For M € M define

D(M) := Homg (M, K).

Prove that
D:M®P 5 M

is a K-linear equivalence of categories.

Exercise 8.9. Let A and B be rings, and let M € Mod A®g B°P. By Proposition there
is a K-linear functor

Fyr := Homy(—, M) : (Mod A)°® — Mod B°P.

(1) Can we recover the bimodule M from the functor Fy; ?
(2) (Hard) Is every K-linear functor

F: (Mod A)®® — Mod B?

isomorphic to the functor Fy for some bimodule M ?
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9. BIFUNCTORS

Definition 9.1. Let C and D be categories. Their product category is the category C x D
defined like this:

e The set of objects is
Ob(C x D) := Ob(C) x Ob(D).
e For every pair of objects
(C1,D1),(C2,D;) € Ob(C x D)
the set of morphisms is
Homc x p ((C1, D1), (Cz, D2)) := Home(Cy, Cz) X Homp(Dy, Dy).
e The composition and identity morphisms are component wise, i.e.
(f2-92) o (f1.91) = (fa © 1,920 1)
and
idc,py := (id¢,idp).

Definition 9.2. Let C;, C; and D be categories. A bifunctor from C; and C; to D is a
functor
F:C;xCy—D.

Here is the most important example of a bifunctor.
Example 9.3. Let C be a category. The bifunctor
Homc¢(—,—) : C®’ x C — Set

assigns to each pair of objects the set Homc(Cy, C;), and to each pair of morphisms f; :
C1 — Cjand f, : C; — C; in C, the morphism

Homc(fi, f2) : Homc(Cy, C;) = Home(Cy, C3)
in Set.

Exercise 9.4. Suppose M, N and P are K-linear categories.

(1) The bifunctor
Hompm(—,—) : MP XM — Mod K

is a K-bilinear functor. Try to give a definition of this notion.
(2) Try to define the K-linear category M ®x N, in such a way that K-bilinear bifunc-
tors
MXN — P

become the K-linear functors
M®&gN — P.
In particular, there should be a universal K-bilinear bifunctor
MXN —> Mg N.

The next propositions are upgradings of Propositions and
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Proposition 9.5. Suppose A, B, C are central K-rings. Then
(—®p —) : (Mod A ®g B°?) X (Mod B ®x CP) —» Mod A ®g CP
is a K-bilinear bifunctor.
Proposition 9.6. Suppose A, B, C are central K-rings. Then
Homgpg(—, —) : (Mod B ®g A°?)°? X (Mod B @ CP) — Mod A g CP
is a K-bilinear bifunctor.

Exercise 9.7. Prove the last two propositions.

10. MoriTA THEORY, ADJOINT FUNCTORS

This material is optional. It is not needed for the remainder of the course, but is good
to know it if you have the time...

Recall that all rings are central over K. From now ® := ®x. The enveloping ring of A is
AT = AQ AP,

Definition 10.1. Let A and B be rings. A bimodule P € Mod B® AP is called an invertible
B-A-bimodule if there is some Q € Mod A® B°P with isomorphisms P®4Q = Bin Mod B
and Q ®p P = Ain Mod A®". Such Q is called a quasi-inverse of P.

It can be shown that the quasi-inverse Q has these isomorphisms:
Q = Homp(P, B) = Homuo (P, A)

in Mod A ® B°P.

Temporary definition: a module P € Mod A is called projective if it is a direct summand
of a free A-module; i.e. if there’s some P’ and an isomorphism P @ P’ = F for some free
A-module F.

Here is the classical Morita result.

Theorem 10.2. Let A and B be rings and let P € Mod B ® A°P. The following conditions
are equivalent.

(1) The functor
P®4(-): ModA — ModB

is an equivalence.
(2) The B-A-bimodule P is invertible.
(3) P is finitely generated projective as a B-module, and the ring homomorphism

A% — Endp(P)
is bijective.
The second Morita Theorem is this:
Theorem 10.3. Let A and B be rings and let
F:ModA — ModB

be a K-linear equivalence. Define P := F(A) € ModB, and give P the right A-module
structure coming from F. Then
F=P®y(-)

as functors.
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For a proof see [Row} Chapter 4].

We will take a closer look at what I call “baby Morita equivalence”, where A is any
nonzero ring, and B := Mat,(A) for some n > 1. Let P := A" written as a column module,
and let Q := A" written as a row module. For n = 2 this is what we have:

Qo=1[A 4], B:[ﬁ ﬁ], P:[ﬁ].

The action of B on P and Q is by left and right matrix multiplication, respectively; and
the action of A is by scalar multiplication on the other sides.

Exercise 10.4. With the definitions above, and without using the Morita Theorems:

(1) Prove that P and Q are quasi-inverses, in the sense of Definition[10.1]
(2) Prove that P is a projective B-module and a projective A°’-module.
(3) Prove that Q is a projective B°’?-module and projective A-module.

(4) Prove that ring homomorphisms

B — El’ldAop(P)

and
A’ — Endpg(P)

is bijective. Do the same for Q.

The NC Picard group of A is the group Pick(A) whose elements are the isomorphism
classes (in Mod A®") of the invertible A-A-bimodules. The operation is induced by (—®4—).
This is a nonabelian group.

If A is a commutative ring, then we have the much more famous commutative Picard
group Pica(A). Its elements are the isomorphism classes of the invertible A-modules. (In
our NC terms they can be viewed as the A-central A-A-bimodules.) The operation is
induced by (- ®4 —). This is an abelian group. It can be shown (without much difficulty)
that

Picg(A) = Autg(A) = Pica(A),

where Autg(A) is the “Galois group”, i.e. the group of K-ring automorphisms of A.
Now to adjunctions. Here is a very difficult to absorb definition. It is due to Daniel
Kan, circa 1958.

Definition 10.5. Let
F:C—>D

and
G:D—>C

be functors between categories. An adjunction between F and G is an isomorphism
& : Homp (F(-), ) 5 Homc(—, G(—))

of bifunctors
C? xD — Set.

The functor F is called a left adjoint of G, and the functor G is called a right adjoint of F.
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Let us try to understand it better. What the definition says is that given objects C € C
and D € D, there is a bijection between the sets of morphisms:

&c.p : Homp (F(C), D) = Homc (C, G(D)).

But moreover, these isomorphisms are functorial in C and D.
Here are a few examples.

Example 10.6. Suppose

F:C—-D
is an equivalence of categories, with quasi-inverse
G:D—>C,
and isomorphisms of functors
n:GoF 5 Idc
and -
{:FoG—Idp.

See Definition In this case the functors F and G are adjoints on both sides. One
adjunction is gotten this way: we define

&c.p : Homp (F(C), D) = Homc (C, G(D))
to be the composition

Homc(nidg(p))
Homp (F(C), D) 5 Homc ((G o F)(C), G(D)) et fow),

Homc (C,G(D)).
Exercise 10.7. Let A be a nonzero ring. The forgetful functor

Forg : Mod A — Set
and the free module functor

Fn(—, A) : Set - Mod A

are adjoints to each other. Find out from which sides, and prove it.

Exercise 10.8. Let f : A — B be aring homomorphism. There are three functors related

to this: restriction
Resty : Mod B — Mod A,

induction
Inds := B®4 (=) : Mod A — Mod B,

and coinduction
Colnds := Homa(B, -) : Mod A — Mod B.

Find the adjunction relations between them.
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Lecture 8, 9 May 2018.

11. ExacT FUNCTORS

Let Abe aring. A diagram

(11.1) S= (- My 25 2o 2 )

in the category Mod A is called a sequence in Mod A. Here M; are modules and ¢; are
homomorphisms. The sequence S can extend infinitely on either side. A module M; is
said to be internal in S if it is not initial (i.e. M;_; exists) and it is not terminal (i.e. M;;
exists).

Definition 11.2. Let A be a ring and let S be a sequence in Mod A, with the notation of
(11.1).
(1) Let M; be an internal object in S. The sequence S is exact at M; if

Im(¢;-1) = Ker(¢;)

as submodule of M;.
(2) The sequence S is called an exact sequence if it is exact at every internal object.

Example 11.3. An exact sequence of this shape

(11.4) s=(0—>M0f°—>Mlﬂ>Mz—>o)

is called a short exact sequence.

e Exactness at M, means that ¢y is injective. This is also called a monomorphism.
e Exactness at M, means that ¢, is surjective. This is also called an epimorphism.
o If we identify M, with its image in M; under ¢, then ¢; induces an isomorphism

My /My = M.

Remark 11.5. The source of the name “exact” is in differential geometry. Suppose X is
a differentiable manifold (of type C* over R) of dimension n. You can take X = R". We
denote by Qf( the R-module of global differentiable p-forms on X. Exterior derivation is
an R-linear homomorphism

d: of

p+1
X—)QX .

We know that d od = 0.

A p-form a is called closed if d(a) = 0. The form « is called exact if @ = d(f) for some
peot.

The Poincaré Lemma says that if X is diffeomorphic to an open ball, then the sequence

d d
0-oR->Qy > Q> QF >0
is exact.
Definition 11.6. Let A and B be rings and let
F:ModA — ModB

be a K-linear functor.
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(1) The functor F is called left exact if for every exact sequence S in Mod A, with
notation (11.4), the sequence

F Fi
0 — F(Mo) —2% F(My) —2 F(My)

in Mod B is exact.
(2) The functor F is called right exact if for every exact sequence S in Mod A, with

notation (11.4), the sequence

F Fi
FMo) 22 Fay) 29 pay) — 0

in Mod B is exact.
(3) The functor F is called exact if it is both left and right exact.

Example 11.7. Suppose P is a free A-module. Consider the functor
F:ModA — ModK, F(M)=Homu(P,M).
Then F is exact. To see this, let us choose an isomorphism
P = Fgn(X, A)
for a set X. Then there is an isomorphism
nt : F(M) = F(X, M)

in Mod K, and this is a functorial isomorphism. An exact sequence S gets transformed by
1 to the sequence

F(X, o) F(X, ¢1)
0 — F(X,My) —— F(X,M;) —— F(X, M,) — 0.

Since this sequence is exact in each coordinate x € X, it is exact.
Definition 11.8. An A-module P is called flat if the functor

(=) ®4P: ModA”® - ModK
is exact.

Example 11.9. Suppose P is a free A-module. We claim that P is flat. To see this, let us
choose an isomorphism

P = Fﬁn(X’ A)

for a set X. For every M € Mod AP there is an isomorphism
Na : M ®a P = Frn(X, M)

in ModK, and 7 is an isomorphism of functors.
An exact sequence S gets transformed by 5 to

n(X, ¢o)

F (X,
0 — Fan(X, My) ——2, X.91)

Fg
Fﬁn(xa Ml) E— Fﬁn(X» MZ) — 0.

Since this sequence is exact in each coordinate x € X, it is exact.
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Example 11.10. Here is an example of a functor that is not exact. Take the ring A = K =
Z and the A-module (abelian group) N := Z/(2). Consider the functor

G:=N®z(-): ModZ — Mod Z.

We will test it on the short exact sequence

s=(0-z22% 725 N0

where 7 is the canonical epimorphism.
Upon applying G we get the sequence

G =(0>NSNSN—0)

This is not exact at the first N. Therefore N is not a flat Z-module.
There is exactness at the second and third N. This is not a coincideence: the tensor
functor G = N ®4 (—) is always right exact. We will prove it later (next week?)

Exercise 11.11. Prove that a Z-module N is flat iff it is torsion-free. (First try to prove
this for finitely generated modules.)

Proposition 11.12. Let
F:ModA — ModB
be an exact functor. Then for every sequence S in Mod A as in (11.1)), the sequence

FS) = (- FOM-1) 29 ey 29 o) 29% Fay) - )

is exact.

Proof. If S has only two objects then there is no exactness to test. So let’s assume it has at
least three adjacent objects. But then we can assume the exact sequence S goes infinitely
on both sides, by doing this: if M; was initial is S, then we define

M;_y == Ker(¢; : M; — M;,q),

and ¢;_; : M;_; — M; is the inclusion. Then we let M; := 0 for j < i — 1. Similarly on
the right, but using the cokernel of the last homomorphism. Later we can delete the new
objects and recover the original sequence.

Now we define new modules

Ki = Ker(g{)i) = Im(d)i_l)

for all i. Then the long given exact sequence S can be broken into short exact sequences
like this:

Si = (0—)Ki—>Mi—>Ki+1—)0)

See the picture below of the resulting big commutative diagram in Mod A. The black
diagonal short sequences are exact.
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We now apply the functor F to everything:

Because F is exact, the sequences F(S;) are all exact. Once we know that the homo-
morphisms
F(K;) — Ker(F(¢;))

are all bijective, we are done. I leave this as an exercise. from m]

Exercise 11.13. Finish the proof of the proposition.
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Lecture 9, 16 May 2018. ‘

Theorem 11.14. Let M € Mod A. The functor
F := Homu(M, -) : Mod A —» Mod K
is left exact.

Proof. Take a short exact sequence S in Mod A, with notation (11.4). We need to check
the exactness of the sequence

Fi F
0 — F(Mp) o) F(M,) @) F(My).

First exactness at F(M,). Let
x € Ker(F(¢g)) € F(My) = Homa(M, My).

This means that
$o o x = F(do)(x) = 0.
We know that ¢y is a monomorphism. This implies that y = 0. So F(¢) is a monomor-
phism.
Now for exactness at F(M;). Since ¢ o ¢y = 0 it follows that F(¢;) o F(¢o) = 0. So
Im(F(¢)) < Ker(F(¢y)).
For the opposite inclusion: let
X € Ker(F(¢1)) € F(M;) = Homa(M, My).
This means that
0="F(p)(x) =¢10x.
So y(M) C Ker(¢;), and y is in fact a homomorphism y : M — Ker(¢;). By exactness at
M; we know that

Ker(¢;) = Im(¢y).
And by exactness at My we know that
¢0 : MO g Im(¢0)
is bijective. Thus we can find a homomorphism y’ : M — M, such that
Poox =x
And then
x = F(go)(x') € Im(gho).

]

Example 11.15. We can’t expect more than left exactness of the functor F = Homy (M, —).
Take A = Z and M = Z/(39). Consider the module N := Z/(3) and the short exact

sequence
s=(0-22% 25 N0
where 7 is the canonical epimorphism. The sequence F(S) is
F(S)=(0—>0—->0—> N —0),

and it is not exact at N.
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Definition 11.16. An A-module P is called projective if for every homomorphism ¢ :
P — N and every epimorphism 7 : M - N, both in Mod A, there is a homomorphism
¢ : P — M such that

p=n0.

In a commutative diagram:

M—"—%N
Theorem 11.17. Let P € Mod A. The following four conditions are equivalent.
(i) P is a projective A-module.
(ii) The functor
F := Homy(P,—) : Mod A —» Mod K

is exact.
(iii) Every short exact sequence

0— M, & M; & P—-0
is split.
(iv) P is a direct summand of a free A-module.

Proof.

(i) = (ii): Take a short exact sequence S in Mod A, with notation (11.4). Theorem[11.14]
says that there is exactness at F(M,) and at F(M;). It remains to show exactness at F(M;),
namely that

F(¢1) : F(My) — F(My)
is surjective. Consider an element

lﬁ S F(Mz) = HOl’IlA(P, Mg)

Because ¢; : M; — M, is surjective and P is projective, there exists some 35 : M — M,
st. g0y =y.S0 F(¢1)(¥) = ¢.
(if) = (iii): Consider the identity idp : P — P. Since the functor F is exact, the K-linear
homomorphism

F(¢1) : F(M;) — F(P)

is surjective. Let o € F(M;) be s.t. F(¢1)(c) = idp. So ¢; o 0 = idp, and this means that ¢
splits the exact sequence.

(iii) = (iv): Choose a surjection ¢; : Q - P from a free A-module Q. We get a short exact
sequence

0— M, ﬂ Q & P—o0.
By assumption it is split. Thus P is a direct summand of Q.

(iv) = (i): Say P @ P’ = Q for some free A-module Q. So there are homomorphisms
y:P—Qand§:Q — Ps.t oy =idp. We know that Q is projective (Example [11.7).
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Given a homomorphism ¢ : P — N and and epimorphism 7 : M - N, consider
¢od:Q — N. There is a homomorphism ¢’ : Q — M s.t.
rod =dob.
Define
$p:=¢ oy:P— N.
Then ) )
rop=¢dod’oy=¢goboy=4¢.

In a commutative diagram:

Proposition 11.18. Let
F,F;,F, : ModA — Mod B
be linear functors, and assume that
F=F ®F,.

Namely there are morphism of functors ¢; : F; — F such that for every M € Mod A the
homomorphism

eLm ® ea,m : Fi(M) & F,(M) — F(M)
is an isomorphism. The following conditions are equivalent:

(i) F is exact (resp. left exact, resp. right exact).
(ii) F; and F, are exact (resp. left exact, resp. right exact).

Exercise 11.19. Prove this proposition.

Corollary 11.20. Let P, P;, P, € Mod A, and assume that
P=P &P,

The following conditions are equivalent:

(i) P is flat (resp. projective).
(ii) Py and P, are flat (resp. projective).

Corollary 11.21. Let P be a projective A-module. Then P is a flat A-module.
Exercise 11.22. Prove the last two corollaries. (Hint: use Proposition [11.18])
Theorem 11.23. Let M € Mod A. The functor

F:=(-)®4M: Mod A®? —» Mod K

is right exact.
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Proof. This is the same as the commutative case. See the theorem and its proof on page
71 of lecture 7 in the notes [Ye2]. O

12. ExacT CONTRAVARIANT FUNCTORS

Here again is a short exact sequence in Mod A.

(12.1) s=(0—>Mof°—>Mlﬂ>M2—>o)

Definition 12.2. Let A and B be rings and let
F:ModA — ModB

be a contravariant K-linear functor.

(1) The functor F is called a left exact contravariant functor if for every short exact
sequence S in Mod A, with notation (12.1), the sequence

F(¢p Fi
0 — FMy) =2 Fy) 22 By

in Mod B is exact.
(2) The functor F is called a right exact contravariant functor if for every short exact
sequence S in Mod A, with notation (12.1), the sequence

F Fi
FMy) =22 Fvy) 22% F(My) — 0

in Mod B is exact.
(3) The functor F is called exact if it is both left and right exact.

The moral is that the type of exactness is determined in the target category.
Exercise 12.3. State and prove the contravariant version of Proposition[11.12]
Theorem 12.4. Let M € Mod A. The contravariant functor

F := Homy(—, M) : Mod A —» Mod K
is left exact.

Proof. Take a short exact sequence S in Mod A, with notation (12.1). We need to check
the exactness of the sequence

F Fi
0 — F(My) —2 F(My) —22% F(y).

First exactness at F(M;). Let
x € Ker(F(¢1)) € F(M;) = Homa (M, M).

This means that
x o ¢1=F()(x)=0.

We know that ¢; is an epimorphism. This implies that y = 0. So F(¢#;) is a monomor-
phism.
Now for exactness at F(M;). Since ¢ o ¢ = 0 it follows that F(¢y) o F(¢;) = 0. So

Im(F(¢;)) € Ker(F(¢y))-

For the opposite inclusion: let

X € Ker(F(¢o)) € F(My) = Homa(M;, M).
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This means that
0 = F(¢o)(x) = x © ¢o.

So y vanishes on Im(¢y) = Ker(¢;). Thus there is an induced homomorphism
)Z:MZ EMl/MO—)M
s.t. yo ¢ = y. And y € F(M,) satisfies F(¢1)(y) = x. We see that y € Im(F(¢,)). O

Definition 12.5. An A-module I is called injective if for every homomorphism ¢ : M — I
and every monomorphism € : M > N, both in Mod A, there is a homomorphism ¢ : N —
I such that

In a commutative diagram:

We won'’t use injective modules in our course. So I leave the proof of the next theorem
as an exercise.

Theorem 12.6. Let I € Mod A. The following three conditions are equivalent.
(i) I is an injective A-module.
(ii) The contravariant functor

F := Homu(—,I) : Mod A - ModK

is exact.
(iii) Every short exact sequence

0—>1 ﬂ M, ﬂ My — 0
in Mod A is split.
Exercise 12.7. Prove this theorem. (Hint: modify the proof of Theorem|11.17})

Every A-module M admits a monomorphism (an injective homomorphism) € : M > I
to an injective module I. This is analogous to the fact that every module M admits an
epimorphism 7 : P - M from a projective module.

However, injective modules have a very complicated structure. They are almost never
finitely generated. Despite that apparent symmetry between projective and injective
modules, in actuality there is a tremendous lack of symmetry here.

Example 12.8. When A is a commutative noetherian ring, every injective A-module is
a direct sum of indecomposable injective A-modules, with multiplicities. The indecompos-
able injective A-modules are classified by the prime spectrum Spec(A). This result is due
to Matlis in 1958.

For A = Z the indecomposable injectives are:

e The Z-module Q, corresponding to the prime ideal (0).
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e The Z-module o
Qp/Zp = Q7 = | ] /0™

n>1

corresponding to a prime number p.
Recall that our rings are K-central.

Theorem 12.9 (Adjunction). Let f : A — B be a ring homomorphism, and let M € Mod A
and let N € Mod B. Then there is a bijection

@ : Homa(N, M) = Hompg (N, Homu(B, M))
in Mod K. It is functorial in M and N.

Exercise 12.10. Prove this theorem. Hint: for ¢ : N — M define ®(¢)(n)(b) := ¢(b-n) €
M.

Corollary 12.11. Suppose K is a field. Then A* := Homg (A, K) is an injective A-module.

Exercise 12.12. Prove this corollary. Hint: use the theorem, and the fact that for the field
K we have an exact functor Homg (-, K).

Proposition 12.13. If{I.} ex is a collection of injective A-modules, then I := [],ex Iy is
an injective module.

Exercise 12.14. Prove this proposition. Hint: immediate from the definition of a product
and the definition of injective module.

Theorem 12.15 (Enough Injectives). Assume K is a field. Then every A-module M embeds
into an injective A-module.

Exercise 12.16. Prove this theorem. Hint: for an element m € M there is a homomor-
phism ¢, : M — K s.t. ¢,,,(m) # 0. Use Thm to find a homomorphism ¢, : M — A*
s.t. Y, (m) # 0. Then use Prop|12.13

Remark 12.17. When A does not contain a field, the proof of Thm[12.15]is different. We
take K = Z. First one shows that that Q/Z is an injective Z-module. Then, by Thm[12.9]

A" := Homgz (A, Q/Z)
is an injective A-module. Finally a variation of the proof of Thm is used.
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