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Exercise (2010 Moed B)

Find a function f ∈ G (R) ∩ L2
PC (R) that satis�es the following equation:

ˆ
R

f (t)

1 + (x− t)2
dt =

x

(9 + x2)
2 .

Solution:

De�ne g (x) = 1
x2 . Note that the left-hand side of the equation is (f ∗ g) (x).

Our strategy will be to apply the Fourier transform to both sides of the equation,

in hope it will allow us to �nd an expression for f̂ (ω), and after that we can �nd

f from its transform. Since the left-hand side is (f ∗ g) (x), its Fourier transform
is 2πf̂ (ω) · ĝ (ω), and we have already found in the previous quiz section that

ĝ (ω) = 1
2e
−|ω|. We still need to �nd the transform of the right hand side. Note:

g′ (x) = −2x 1

(1 + x2)
2 ,

therefore:

g′
(x
3

)
= −2

x
3(

1 + x2

9

)2
= −2

x
3 · 81(

1 + x2

9

)2 · 92
= −54 x

(9 + x2)
2 .

Hence x
(9+x2)2

= − 1
54g
′ (x

3

)
, therefore:

F

(
x

(9 + x2)
2

)
(ω) = F

(
− 1

54
g′
(x
3

))
(ω)

= − 1

54
F
(
g′
(x
3

))
(ω)

= − 3

54
F (g′ (x)) (3ω)

= − 3

54
· i · 3ωF (g (x)) (3ω)

= − 3

54
· i · 3ω 1

2
e−|3ω|

= − 1

12
iωe−|3ω|.

We apply the Fourier transform to both sides of the equation to get:
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2πf̂ (ω) · ĝ (ω) = − 1

12
iωe−|3ω|

Therefore:

f̂ (ω) = − 1

12
iωe−|3ω|

1

2πĝ (ω)

= − 1

12
iωe−|3ω|

1

2π 1
2e
−|ω|

= − 1

12π
iωe−|2ω|.

We now try to �nd a function with the same transform.

F
(
g
(x
2

))
(ω) = 2ĝ (2ω)

= e−|2ω|,

therefore:

F
(
d

dx

(
g
(x
2

)))
(ω) = iωe−|2ω|

and:

F
(
− 1

12π

d

dx

(
g
(x
2

)))
(ω) = − 1

12π
iωe−|2ω| = F (f) (ω) .

Since the Fourier transform is unique, we have:

f (x) = − 1

12π

d

dx

(
g
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2

))
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12π

d

dx

1

1 + x2

4

= − 4

12π

d

dx

1

4 + x2

=
8

12π

x

(4 + x2)
2

=
2

3π

x

(4 + x2)
2 .
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