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Examples for non-existence and non-uniqueness
of best approximation

Example for non-uniqueness:

Let V = R? with the maximum norm, that is, |Ju|| = max (Juy],|uz|). For
example, ||(1,—-3)|| = 3. Let W = {u eV : ug =0}. Let the vector u € V,
which we are going to approximate within W, be u = (0,1). We want to show
that more than one best approximation of v within W exists. First, we find the
minimal distance of any w € W from u. Yw € W:

lu—w|| = max(Ju; —wi|, |ug — wal)

%

lug — ws|
|1 —0]
= 1

Now, consider a first candidate to be a best approximation of u within W,
@ =(0,0). ||lu—u|| =1, since for any w € W we have shown |ju —w| > 1, ¢ is a
best approximation of u within W. It is left to find another best approximation
in order to show that best approximation is not unique in this case. Consider
a second candidate to be a best approximation of v within W, @ = (0.5,0).
|lu — 4| = max (Jug — 1], |ue — t2]) = max (|0 — 0.5],]0 — 1]) = 1. Therefore
@ is also a best approximation of u within W. We have shown an example of
a best approximation being non-unique. If V' was an inner-product space, we
could not have found such an example. That is - if V' is an inner-product space,
W C V asubspace and v € V, if @ is a best approximation of u within W and
4 is also a best approximation of v within W, then 4 = @. This means that in
an inner-product space, if a best approximation exists, it is unique. However, a
best approximation may not exist, as we will show in the next example.

Example for non-existence:

Let V = [2, that is, V is the space of all sequences v of complex numbers

such that 3%, |v,|* < co. V is equipped with the norm [[v]| = 1/3°% | |u,|*.
Let W C VbeW={veV:3IngeNst. v,=0Vn>ng}. That is, W is
the subspace of all sequences that have a finite number of non-zero coordinates.
Consider the vector v € V' defined by u,, = % S # < oo therefore indeed
u € V. We want to show that a best approximation of u within W does not exist.
We will show that given any € > 0 we can find & € W with ||u — 4| < € but that
there is no & € W that satisfies ||u — 4| = 0, which will rule out the existence
1 .
CWas:r{L:{" ng].

of a best approximation. We define {mj }jo 0 )
n>j

=1
{xj }jil is a sequence of vectors in V, each element of this sequence, which is
a vector in V, is by itself a sequence of numbers. We use the upper index j to



indicate the coordinate within the sequence of vectors and the lower index n to
indicate the coordinate within the sequence of numbers. That is, 7, indicates
the n’th number in the j’th vector. Some examples: z{ = 1, z3 =0, 23 = . So
for each j € N,x7 € W is a sequence of numbers and we denote its elements by
xJ . Notice the relation between this sequence of vectors and u: zJ, = u,, Vn < j.

Now:
[u—a'f|= 3 — =0
n:j+1n

This convergence means that for any € > 0 exists jo € N such that j > j
implies Hu — ) H < e. It is still left to use what we showed so far to prove that
a best approximation of u in W doesn’t exist. We assume in negation that ,
a best approximation of v in W does exist. If ||u — 4| = 0 then u = @, but
u ¢ W and @ € W. This is a contradiction, therefore ||u — 4| = ¢ > 0. But we
have already shown that for any € > 0, we can find jy such that for any j > jo
we have ||u — 27|| < e = |lu— 4. This is a contradiction to the assumption
that @ is a best approximation of u within W. Therefore a best approximation
doesn’t exist in this case. Here are two sufficient conditions for the existence
and uniqueness of a best approximation in W for any vector in V:

1. V is an inner-product space and W C V is a subspace of finite dimension

2. V is a complete inner-product space and W C V is a closed subspace



