Quiz Section 4 - Best Approximation and Orthogonal

Projection

Theorem:

Let V be an inner-product space, W C V a subspace. Then u* € W is
the best approximation of v € V' within W if and only if (u — u*) LW, that is
(u—u*w)y =0vVwe W.

Definition:

Let V be an inner-product space, W C V a subspace, and v € V. Then a
vector u* € W satisfying (u — u*) LW is called the orthogonal projection of u
into W.

Theorem:

Let V be an inner-product space, and W C V a subspace of dimension n,
spanned by the orthonormal system {ey,...,e,}. Then Vu € V the orthogonal
projection of u into W is given by:

T (u,e;)e;

n
i—1

7

Proof:

We will show that u* is indeed the orthogonal projection, that is, (v — u*, w) =
0Vw e W.

Let w € W, W =span{ey,...,e,}. Then there exist ay, ..., € C such that

W=y we;.



(u—u*,w)y = <u Z(U,ei>eiazaj6j>

- ilaj<uil<u,ei>€iv€j>

- Zzaj <<u,ej> — <Z§ (u, ei>6u€j>>
- ZZ% <<u,ej> — zj; (u, e;) - <ei,ej>>
= i%«u,ej)m,em

_ 0

The transition marked with * is justified by the fact that {ei,...e,} is an
orthonormal system, namely:

(ere) 1, i=j.
€i,€5) =

v 0, i#j.
This proves the theorem.

Exercise 1 (From a quiz in 2008)
Let V be the set of continuous functions from R to C with the property:

/ If (@) e dz < o0
R

1. Prove that V is a vector space (with the standard operations of addition
and multiplication by a scalar), and that V is an inner-product space with the
inner product:

()= [ F@a@e s
2. Prove that all polynomials belong to V.
3. Find the orthogonal projection of 23 onto the subspace of polynomials of

degree < 2. (Hint: you may use the fact that [, e = /1)

Solution:



1. We will show the properties of closure under addition and multiplication
by a scalar, other properties are trivial.
Multipilication by a scalar: Let f € V, X € C.

/ N (z))2 e do = |)\|2/ If () e da < o0
R R

Therefore V is closed under multiplication by a scalar.
Addition: let f,g eV

IN

/ F @) +g @ e de / (If @) +1g @) e do

R R

= [ (s @P+lg @ +1f @ g ) e s
R

Let’s look at the term [, |f (z) g (2)] e=*"dx, Yo € R we have:

[ (x) g ()]

IN

max (|f (UC)|2 g ($)|2)
< f@)P + g (@)

N

Therefore:

—a? T T 26_’”2 T T 26_3:2 T
/le(w)g@c)\e d S/le( e d +/R|g< )2 e=d

Back to proving closure under addition:

[@+s@Pea < [t @l+lg@) e
R R
= [(F@P+lg @ +1f @ g )) e s
R
2 2 2 2 2 "
< [(F@f +la@P 17 @F +ls @) ea
< 2ff@Pe e [ lo@P e
< 0

Therefore V' is closed under addition

We proved V is a vector space, it is left to prove that (f,g) = [ f (z) g (ac)e_””2 dx

defines an inner-product on V.
First we will show that this is well defined, which means that Vf,g € V

[(f,9)] < o0



e~ dx

(fral =
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/‘fxga:e_ dx
R
[lr@l g @le
R

[ (@ +lg@l) e as
Jr@Peins [lg@pPed
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We will now show the simple properties of linearity and conjugate symmetry:

(f+g,h) = /R(f(ff)-l-g(x))h(x)e_lzdx
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(f.9) = /f g (v)e=**dx

= /f g (z)e=="dx

=/f ef”dx

:/f;vgxe_””2d:b
R

=(/M@f@k%Wm
R
= (9, f)

The property (f, f) > 0 follows from the fact that the integrand, |f (z)|* e=*"
is non-negative.




It is left to show the property (f, f) =0 < f =0.
The direction f =0 = (f, f) = 0 is trivial.
To prove (f, f) = 0= f = 0 we will show the equivalent f # 0 = (f, f) #

f # 0 therefore 3z¢ € R such that |f (z¢)] = M > 0.

f is continuous, therefore 36 > 0 such that |f (z) — f (z0)| < & for all =
such that |z — x| < 4.

Therefore for all © € [zg — §, 2 + 0] we have |f (z)| > &L

For all z € [z — 6, 9 + 0] we have e~ > e~ (249" — ¢ >

Combining everything together:

G f) = / @) e da
-/ @) e de
[xo—6,20+4]

2
e
[210—5,10-'1-6] 2

M2C
= —0

> 0

This completes the proof that (f,g) is an inner-product on V.

2. We already showed that V is a vector space, therefore to show that every
polynomial is in V' it is enough to show that ™ € V Vn € N.

For any n € N we have lim|;_, z"e~ 1?1 = 0, therefore exists M > 0 such
that || > M implies |z"e~"l| < 1= |2 < el”l.

Therefore |22"| < e2I7l and |22"| e~ < =% 22| for any z such that |z| >

Note that for |z| > 3 we have e~ 20zl < o=lal (because for any |z| > 3 we
have —2% + 2 |z| < — |z]).

Without loss of generality we assume M > 3
Therefore we have:

/|x"|26_“2da¢ = /’xQ"’e_szx
i R

/ }x2"| e~ dx + / ’xQ"‘ e~ dx
<M |z|>M

The first term is finite because the integrand and the interval of integration
are both bounded.
It is left to show that the second term is finite.



A

/ e—I2+2|w|dx

|z|>M

< / e 17l dg
|z|>M

= 2/ e Tdx
(M,00)

< 2/ e *dx
(0,00)
= 2

/ |m2"’ e dz
|| >M

This completes the proof that z™ € V Vn € N.

Alternative proof:

The proof given above is the one in the lecturer’s solutions, it is very short
and efficient proof but perhaps hard to come up with. here is an alternative
proof which is easier (but less compact):

We need to show that for any n € NU {0} 2™ € V.

For this we need to show that for any n € NU{0}we have [, 2" ? e dx <
0. Since 2™ € R we have |27|> = (27) = 22",

Therefore it is the same to show that fR 2?me="dr < 0o. We do this
by induction. From the hint we know that this holds for n = 0 (because
I e dr = /7 < ).

We assume that the integral converges for n — 1 and show that it converges

for n.
2 1 2
/xQ"e_x dx = /xQ"_lx (—) (—=2) e dx
R R 2

Where the last transition uses the induction assumption.
Therefore every polynomial is in V.



3. We first find an orthonormal basis for W (the space of polynomials of
degree< 2)

In order to do that we use the Gram-Schmidt process for the vectors 1, z, z2

First we will calculate some integrals which will be useful later:

/ e dr = /7
R

/ re " dz = 0
R

_ .2
/xQewdx =
R
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/Rx‘le_”zda: = - /R:c?’d(e_”z)

. 2 2
Where the integrals of xe™® and z3e™® are zero because these are odd
functions.

2
v = ]_, ||'U1||2 — f]R e T = ﬁ hence el = ”Zi‘l = %ﬁ_

v9 = x, therefore:

- _ 2
€y = vy — (Vg,e1) €1 = T — ze Vdr =2
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We now normalize é5:



~ 12
€]

Therefore ey = Hg—z“ = %x

V3 =X

We calculate the inner-products:

2

, S0 we have:

Therefore:

_ 2
22e ™ dx
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és = v3 — (vs,e1) e1 — (v3, €2) €2

<U3,€1>

We now normalize é3:
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Hence:

oo 3 _ V2 (xQ 1)
= 2 _Z
lesll /7 2

And the desired orthogonal projection is 327, (23, ¢;) ¢,
Note that (z3,e1) = (2®,e3) = 0 (Integrating an odd function on a sym-
metrical interval).

<.’173,€2> = /x?’ga:e_mzdx
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And therefore the orthogonal projection is (2%, e2) e5 = ‘2




