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Exercise 5
Prove the Riemann-Lebesgue lemma.

Solution:
From Parseval’s identity:

oo

AP = leal?

n=—oo

The series converges, therefore the elements |cn|2 converge to zero as n tends
to +o00, and the lemma follows.

Exercise 6
Let f, g be piecewise continuous functions with a period of 27. Express the
Fourier coefficients of f * g using the Fourier coefficients of f and g.

Solution:
Denote v, 7., v, the Fourier coefficients of f, g, f * g, respectively.
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Exercise 7
Show that there is no piecewise continuous function f with period 27 such
that f x g = g for every piecewise continuous with period 27 g.

Solution:
Assume such f exists. Denote x,, = e"™*. f* X = Xm therefore the fourier
coefficients of x,, and f * x,, are the same. Denote the Fourier coefficients



of f by vn. Xm is already given in the form of a Fourier series, therefore the
m’th coefficient is 1 and the rest are 0. From the previous exercise, the m’th
coefficient of f * x,, is v - 1 = 1. And we get that the m’th Fourier coefficient
of fis 1. Since the choice of m was arbitrary, we get that ~,, = 1 for all m € Z,
in contradiction to the Riemann-Lebesgue lemma.

Exercise 8
Let f, g be piecewise continuous functions with period 27 such that fxg = g.
Prove that g is a trigonometric polynomial.

Solution:

Denote by 7y, 7/, the Fourier coefficients of f, g, respectively. Since f*g = g,
the Fourier coefficients of f *x g and g are equal. Therefore, from a previous
exercise:

YoV = Tn

for every integer n, and therefore:

Yo (L =) =0.
Hence, for every n € Z, either 4/, = 0 or v, = 1. From the Riemann-
Lebesgue lemma, we know that exists M € N such that for any |n| > M |v,| < 1.

Therefore, for every |n| > M we have v/, = 0 and g (z) = 224:71\4 /e hence
g is a trigonometric polynomial.



