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S/L - smooth projective surface over a field L
HY(S,Kp) = HY of

KQ(L(S)) - eBcodC:lL(C)X — Dy

0 =>(Z,f) € HY(S,K2)

HY(S,K2) ® Q =2 H3((S,Q(2))



rege,(0) € H'(L, H&(5,Qp(2)))
Assume: [L: Qp] < 0o

exp : Hjé_j_l(S/L)/F'. — HY(L Hfzi_j_l(s,Qp(i)))

? et

i=2j=1

exp : Hir(S/L)/F? — HY(L, Hz(5,Q,(2)))



Goal

find regg,,(0) € Hir(S/L)/F? s.t. exp(regg,n(0)) = regg(6)
describe explicitly
regeyn(0) € Hir(S/L)/F? = Hom(F*H3r(S/L), L)

Goal 1 <« integrality assumption
S - smooth integral model of S

Ki(S) Ki(S)

\L re8syn l regg.

H2A (/L) FF—Z HY (L, HE 745, Q,(i))

Goal 1 is achieved if 8 comes from S
Goal 2 + Strong integrality: each Z; and f; are integral



L=C
reg(6) € H3(5.R(2))

w € FLH2(S/C).

1
0 - log |fi] .
WO =553 [ sl




Coleman integration

log - branch of the p-adic logarithm
C/L - proper curve

Theorem

w e QYL(C)) = F, : C(L) — L (depends on the choice of log)
unique up to constant.

Remark

Coleman integrals exist in higher dimensions

Local integration:

Aiog = L((2))[log(2)]

0—L— Agg i) Alogdz — 0 - integration by parts
w € L((z))dz C Awgdz = F,, € Ajog up to constant



Double indices

w,n € L((z))dz.

want a notion of Resg F,n
Problem
w=apdz/z+--- = F, = aglog(z) + - -, Resglog(z)dz/z =
Resgw = 0 = no problem

Resp 7 = 0 = no problem: define as — Resg Fjw)

General solution

double index (F., F,;) depending on both F, and F,, bilinear,
antisymmetric and equal to above when defined.

Key idea: (log(z),log(z)) =
(Fo+ C,Fy) = (Fu, Fy) + CReson



w,n € QY(L(C))

erde, F17>X = (Fu, Fn>g/
Fy, F. are Coleman integrals.

m depends only on w,n
. = V(W) UY(n)
where W : QY(L(C)) — Hi:(C/L)




Data F,G,H € Apg, dF,dG,dH € L((z))dz

Something like Reso(FGdH) =7

Obvious easy case: G € L((z)) = (F, [ GdH)
So: should know [ GdH

J RdS € Aigg, R# S € {F, G, H}
st. [ RdS + [ SdR = RS




Theorem
Exists and unique (F, G, H)+ auxiliary data — (F, G; H) which is:
m trilinear
m symmetric in F, G
m Triple identity (F,G;H) + (F,H;G)+ (H,G;F) =0
m Reduction to double index (F, G; H) = (F, / GdH) when
G e L((2)

Global index
(F,GiH)g = yec(F, Gi H)x

independent of auxiliary data (chosen as Coleman integrals)



Main theorem setup

g : X;i — S - Normalizations of Z;
Integrality assumption

m g; extend to smooth integral models g; : X; — S
m div(f;) do not contain the special fiber

w € FTHI(S/L)

n e HjR(S/L) represented by form of the second kind
nonS.

i =wU ] € FrHR(S/L)

F.., F;, Coleman integrals of w, 7 respectively



regsyn(e)(:u’) = Z<g,*F17, IOg(ﬁ)' ngw>g|,Xi

1

(*) has to do with compatibility between pushforwards in syntomic
and motivic cohomology




L - a p-adic field

X /O, - smooth
X - generic fiber
Xs - special fiber

RIN4r(X/L) de Rham complex computing Hyr(X/L)
with a filtration F'

RI ig(Xs/L) rigid complex computing Hiig(Xs/L)
with a Frobenius ¢ of degree g




Syntomic cohomology

Definition

The modified syntomic complex of X is

RF (X, 1) := limMF(FRI (X /L) =¥/, RE o (X0/L))

Remark

If X proper and 2n#i—1
then 1 — (¢/q"Y is invertible on Hrlg (Xs/L) hence

HQRI(X/L)/FH — Hr’nS(X, n) —» F"HdR(X/L) N Hrllg(X/L)d)/‘:q”j



The Syntomic regulator
reg : HJ"\A(X,Q(n)) — Hsiyn(Xv n)
Hig (X/L)/ 7 > Hip (X, n) — F"Hig(X/L) 1 Hig(X/1) ="

Fact
For X proper and i # 2n, Hi (X, n) = Hiz'(X/L)/F"

Theorem (Niziol)

Hi (X, Q(n)) Hi (X, Q(n))

i |

Hi(X,n)=  HigYX/L)/F" —=H(L, HZ 1 (X, Qu(i)))



G OX/ )7 = Hi(2, ) = FPHGR(X /1) 0 H (/1)

The sequence is non-symmetric =
No Poincare duality

Replace 1 — (¢/q") by more general polynomials




Consider polynomials P(t) “of weight 2/”
PIQ =

FPRMg(X/L) PO RI (/L)

l= lQ/ P(#)

FPRIgR(X/L) S0 RI (/L)

limH(MF (FRF gr(X/L) =% R y(Xe/ L)

Hfip(X, n) = lim
P



For X proper
HigH(X/L)/F" — HE (X, n) — FTHig(X/L)

so there is a chance for Poincare duality

There exists a cup product

Hi (X, n) x HE(X, m) — HEP (X, n+ m)

compatible with the short exact sequence



Proof of existence of cup products

Idea
m In the category of L[t]-modules

cs = (L[ 2

is a free resolution of Vp := L[t]/P(t)

m Hom(CB, RF yig(Xs/L)) = MF(RT ig(Xs/L)

R ig(Xs/L))
m Vp® Vo= Vp.q = Cp® (Y is a resolution of Vp.q =

Criq = Cp® C§
cup product is induced by
Hom(Cp, Rl ig(Xs/L)) x Hom(CQ, Rl ig(Xs/L))
— Hom(Cp,q, RlMiig(Xs/L)

t)

L[e])



For X proper of relative dimension d the cup product and
tr: HEHH (X, d 4+ 1) = HIR(X/L) = L
gives Poincare duality

Hig(X,n) = HL(X,m)" , i+j=2d+1, m+n=d+1



For f : X — ) of proper schemes, can define f, on Hg, as the dual
of *.
This is reasonably computable

f, commutes with f, on Chow groups via

CH'(X) — ny"n(x, i) — Hfzp"(x, )

The proof is Riemann-Roch, following Gillet and Messing



What about non-proper schemes

Can't expect Poincare duality in the form above. Instead

Define cohomologies with compact supports and homologies,
satisfying twisted Poincare duality (Bloch-Ogus) axioms

Define pushforwards based on homology

Define products between cohomologies and cohomologies with
compact supports.

Prove a projection formula f,(aU f*b) = f,(a) U b

1-3 are done by Chiarellotto, Ciccioni and Mazzari (for syntomic,
fp is the same)



Syntomic homology

m Berthelot defines rigid complexes with compact supports
RI yig.c(Xs/L) a cup product and Poincare duality

m Berthelot and Baldassarri define a map Rl ig c — RI4r ¢
m To get homology, dualize complexes with compact supports
and write the same cone.

m Poincare duality (in Bloch-Ogus sense) follows from Poincare
duality in the rigid and de Rham cases



Cohomology with compact supports

Definition
The (modified) syntomic complex with compact supports is the
limit over j of the homotopy limits of the following diagram

F" erR c rlg,

SN

erR,c Rrrlg;

where MF. = MF(1 — (¢/q")" : RT yig.c(Xs/L) — Rl yig c(Xs/L))



Similarly one can write the modified syntomic complex as the limit
of homotopy limits of

F'RIM4r RI4r

o N

and the terms match
erR X Rrr;g,c — Rrrig X Rl'r;g,c — Rrrig,c

erp X erp,c — erp,c

The projection formula is essentially formal



Sketch of the proof

>°(Z;, f;) gives an element in H3,(S,Q(2)) as follows:

m It gives an element in H},(UZ; — Udiv f;, Q(1))

m Element is closed implies an extension to H},(UZ;, Q(1))

m Pushforward to S
m In particular, the restriction to S — Udiv f; is the sum of the
pushforward from H3},(X; — div f;, Q(1)) of the class of ;.

m In syntomic cohomology, the analogue of the last statement
holds and characterizes reg(0).

m Lift 4 to an element of H,?p(S — Udiv f;) (Coleman integration
in hiding)

m Use projection formulas to transform the computation to a
cup product computation on X; — div f;.



m Langer - Example of § € HY(E x E, Cp),
E a CM elliptic curve, with decomposable regulator

m p-adic analogue of Beilinson's Theorem for the self product of
a modular curve?



