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Summary

* Work of Rodriguez Villegas on “modular mahler
measures” suggests that the derivative of the
regulator in families iIs much simpler than the
regulator itself, depending only on the de Rham
Chern class.

* This fact, in different guises, has been observed
by various people.

* The proof depends on a simple homological
algebra Lemma, due to Jannsen.

* It could explain various instances of
polylogarithms

|t also has (conjecturally) a p-adic analogue.
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Mahler measures as regulators

dzl | dz,
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Mahler measures as regulators

Deninger (Journal of the AMS 10 259-281 (1997)):
Take Z={P(z,...,z,) =0}, X={z#0}"-Z
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dzl dz,
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Deninger (Journal of the AMS 10 259-281 (1997)):
Take Z = {P(z,...,z,) =0}, X ={z#0}" -

m(P) =

Kns1(X) 2 HEP(X, R(n+ 1))
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— H"(X, (271)"R)
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Mahler measures as regulators

dzl dz,
2T[| /Ioglp Z, .. 7ZI"I) a | Z

Deninger (Journal of the AMS 10 259-281 (1997)):
Take Z = {P(z,...,z,) =0}, X ={z#0}" -

m(P) =

Kns1(X) 2 HEP(X, R(n+ 1))

(2r)~ fT”> R

= H"(X, (21)"R)
Deninger computes:

{Pz,....z.} :=PAzz A--- ANZy — M(P)
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e further shows that Mahler measures, or differences
of Mahler measures, can sometimes be related to el-
ements in the K-theory of Z, hence via the Beilinson
conjectures to special values of L-functions.
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Modular Mahler measures

odriguez Villegas (Topics in number theory 17-48)
Mahler measures in families:

H((X7 y) =k— P(X7 y)
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Modular Mahler measures

odriguez Villegas (Topics in number theory 17-48)
Mahler measures in families:

H((Xa y) =k— P(X7 y)

m(P) = —Re(M(1/k)), where

M(S) = log(8) — 555 [ Tog(1—Pxy)
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Mahler measures in families:

H((Xa y) =k— P(X7 y)

m(P) = —Re(M(1/k)), where
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Integral Deligne cohomology

ur first clue: Real Delighe cohomology Is “the real
part” of integral Deligne cohomology:
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Integral Deligne cohomology

Our first clue: Real Deligne cohomology is “the real
part” of integral Deligne cohomology:
In (almost) complete generality

B H™(X,C)
~ FKHM(X,C) +HM(X, (2m0)k2)

Hp (X, Z(K))

which is also known as an “intermediate jacobian”,
where

FYHM(X,C) = ©pxkHP™ P

HET(X,R(K)) is the same thing with R instead of Z.
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orm=nk=n+1

H™(X,C)

HPL (X, Z(K)) = FXHT (X, C) + H™ (X, (271)¥Z)
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orm=nk=n+1

H"(X,C)
n+1 _ !
HD (X,R(n—l— 1)) o F”+1H”(X,C)—|—H”(X,(2T[i)n+1R)
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or m=n, k=n-+1 there is no F"H"(X,C)

H"(X,C)

HEH (X,R(n+1)) = Hn (X, (278)" 1R)
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or m=n, k=n-+1 there is no F"H"(X,C)

H"(X,C)

HEH (X,R(n+1)) = Hn (X, (278)" 1R)

and we get H"(X, (2r)"R) by taking the real or imagi-
nary value.
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Families of varieties and normal
functions

onsider a family of varieties X,
X Is the total space.
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X Is the total space.

Normal functions = nice functions f(s) € H3 (X, Z(K))
“Cycle people” know that a cycle Z on X gives a
normal function fz(s) =rp(ZNX;)

... But others don’t know that the same is true for
K-theory: a € K;(X) will give a normal function

fa(S) = ro(alx,)
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Families of varieties and normal
functions

Consider a family of varieties X
X Is the total space.

Normal functions = nice functions f(s) € H3 (X, Z(K))
“Cycle people” know that a cycle Z on X gives a
normal function fz(s) =rp(ZNX;)

... But others don’'t know that the same Is true for
K-theory: a € Kj(X) will give a normal function

fa(S) = ro(alx,)

In particular, for a family of polynomials P, we get a
normal function fp(s) =rp({Ps,z,...,z:})
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Enters Gauss-Manin

n fp(S) we want to
Irst do [;., then differentiate
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n fp(S) we want to
first do J;., then differentiate

It is well known that we can instead

first apply the Gauss-Manin connection, then do J-..

Gauss-Manin: O : #H™(X/S) — QY(S,H™(X/9)).
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first do f;., then differentiate

It is well known that we can instead
first apply the Gauss-Manin connection, then do J-..

Gauss-Manin: O: H™(X/S) — QY(S H™(X/9)).
To apply O to f(s) firstlift to f(s) € H™M(X/S), then
apply L.
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Enters Gauss-Manin

On fp(s) we want to

first do J;., then differentiate

It Is well known that we can instead

first apply the Gauss-Manin connection, then do J-..
Gauss-Manin: O : #H™(X/S) — QY(S,H™(X/9)).

To apply O to f(s) first lift to f(s) € H™(X/S), then

apply L.
The Integral part disappears and we get

0f(s) € QXS H™(X/S) /F*tH™(X/9))
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The main theorem

ain Theorem: for a class in K-theory a the derivative
of the normal function, Of4(s), can be expressed in

terms of de Rham class ch(a) € FKH™1(X).
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The main theorem

Main Theorem: for a class in K-theory a the derivative
of the normal function, f4(s), can be expressed in

terms of de Rham class ch(a) € FXH™1(X).
More precisely, with respect to the Leray spectral
sequence

HY(S H™ (X /9)) = HMH(X)

ch(a) maps to 0 in HO(S, #™+1(X/S)) and —Ofy4(s)
gives its image in HY(S #™(X/9)).
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The main theorem

Main Theorem: for a class in K-theory a the derivative
of the normal function, Of4(s), can be expressed in

terms of de Rham class ch(a) € FXH™1(X).

More precisely, with respect to the Leray spectral
sequence

Hi(S, .7‘[m+1_i(X/S)) s Hm+1(x)
ch(a) maps to 0 in HO(S, #™+1(X/S)) and —Ofy4(s)
gives its image in HY(S #™(X/9)).
Many people know about this in various forms: Voisin,
Collino, Bloch, de Jeu, Saito ....
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Why do we care?

* Since the de Rham class Is an algebraic object, it
IS much simpler than the Deligne cohomology
class.
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Why do we care?

* Since the de Rham class Is an algebraic object, it
IS much simpler than the Deligne cohomology
class.

* It explains the results of Rodriguez Villegas.

» Conjecturally, you can prove the same result with
Deligne cohomology replaced by its p-adic
analogue — Syntomic cohomology. Moreover, the
original class can be reconstructed by using a
Coleman integral.
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Why do we care?

Since the de Rham class is an algebraic object, it
IS much simpler than the Deligne cohomology
class.

It explains the results of Rodriguez Villegas.

Conjecturally, you can prove the same result with
Deligne cohomology replaced by its p-adic
analogue — Syntomic cohomology. Moreover, the
original class can be reconstructed by using a
Coleman integral.

It can be used to compute regulators in many
Interesting cases, in particular related to many
types of polylogarithms.
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Idea of the proof

omological algebra Lemma (Jannsen, B.)

X %5 v  PLcxoy

| <P l

z 15 W  —— C(Z—=W)

| l l
CX—-2) — C¥Y =W) — U
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i+1
Hx,z
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heorem follows from applying this to the following
diagram

7? — Zp(K)x —— Zo(K)x/s

l l l

00 QL@ FQy[-1] — ZaFkQy —— Z@F"Q;(/S

l l l

Q% & Q3 [—1] — Q% — Q).(/S
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p-adic Mahler measures |

e want a p-adic analogue of Mahler measures.
From the regulator point of view we need two things:
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p-adic Mahler measures |

We want a p-adic analogue of Mahler measures.
From the regulator point of view we need two things:

* An analogue of the regulator — The syntomic
regulator

» An analogue of integration against T" —
Schnirelman integral

fa, )2 92 im Ly £

N—oo
Ty 2 Zn (N,p)=1 N LEMR
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e obtain the p-adic Mahler measure

mp(P) = Tnlog(P(zl,...,zn))Z_l...z
Y
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e obtain the p-adic Mahler measure

dz; dz
s o V4] Zn

In the case n=1 this gives for P = aut™ +---a.t"

mp(P) :|ng(am)—|— Z |ng(a)

ajp>1
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p-adic Mahler measures Il

stead of using Schnirelman integral we import T"
Into the p-adic world.
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Into the p-adic world. This requires

* Extending scalars to Byr

» Fixing embeddings of Q to C and to Cj,
collectively called o.
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Into the p-adic world. This requires

* Extending scalars to Byr

» Fixing embeddings of Q to C and to Cj,
collectively called o.

This gives m, 5(P).
In the case n=1 this gives for P = aut™ +---a.t"

Mpo(P) =logy(am)+ > log,(a)

O]w>1
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p-adic Mahler measures I

Instead of using Schnirelman integral we import T"
Into the p-adic world. This requires

* Extending scalars to Byr

» Fixing embeddings of Q to C and to Cj,
collectively called o.

This gives m, 5(P).
In the case n=1 this gives for P = aut™ +---a.t"

Mpo(P) =logy(am)+ > log,(a)

O]w>1

This can sometimes be tied to special values of p-adic
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