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Abstract. Let Ng be a closed non-orientable surface of genus g ≥ 3.
Let Homeo0(Ng, µ) be the identity component of the group of measure-
preserving homeomorphisms of Ng. In this work we prove that the third
bounded cohomology of Homeo0(Ng, µ) is infinite dimensional.

1. Introduction

Bounded cohomology was defined in a seminal work by Gromov in 1982 [9].
Since then it has become an important tool in several fields of mathematical
research including the geometry of manifolds, stable commutator length,
amenable groups and symplectic geometry. Bounded cohomology of finitely
generated groups is well understood in many cases, especially in low degrees.
However, for higher degrees, even for the non-abelian free group F2, nothing
is known and seems to be a very difficult problem.

Since early 2000s, the study of bounded cohomology of transformation groups
of smooth manifolds received a considerable attention. It is, in particular,
due to the fact that second bounded classes are related to quasimorphisms,
and many of those detect many interesting properties of groups and have
deep connection to dynamics (entropy) and symplectic geometry (spectral
invariants), see [2, 10]. However, until recent works by Brandenbursky-
Marcinkowski [3], Kimura [11] and Nitsche [13], not much was known about
higher bounded classes of transformation groups. They considered orientable
manifolds, and the goal of this work is to complete their results in the non-
orientable case.

Let Ng be a non-orientable closed surface of genus g. Let Σg be a closed
orientable surface of genus g and let Homeo(Ng, µ) be the group of all mea-
sure preserving homeomorphisms of Ng where µ is the Lebesgue measure
induced by the two sheeted covering Σg−1 → Ng. We regard Homeo(Ng, µ)
as a topological group equipped with the compact open topology and denote
by Homeo0(Ng, µ) its identity component. Our main result is the following:
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Theorem 1. Let g ≥ 3. Then the dimensions of H2
b (Homeo0(Ng, µ)) and

H3
b (Homeo0(Ng, µ)) are infinite.

Remark 1.1. Kumar in his thesis [12] proved that the space of homogeneous
quasimorphisms on Homeo0(Ng, µ) is infinite dimensional, which implies that
dim(H2

b (Homeo0(Ng, µ))) = ∞. We would like to mention that our proof of
this fact is different.

Acknowledgements. MB and LM acknowledge the support of the Israeli
Science Foundation grant 823/23. This paper is a part of M.Sc. thesis of the
second named author. Both authors thank the department of mathematics
at Ben Gurion University for excellent working conditions.

2. Preliminaries

2.1. Bounded cohomology. Let G be a group and let Cn
b (G) be the linear

space of bounded functions f : Gn+1 → R. An action of G on Cn
b (G)

is defined by the formula g · f(g0, . . . , gn) := f(gg0, . . . ggn). The space
Cn
b (G)

G :={f ∈ Cn
b (G) | g · f = f for every g ∈ G} is the subspace of

homogeneous bounded functions, and δn : Cn
b (G)

G → Cn+1
b (G)G is the

usual coboundary map defined by:

δn(f)(g0, . . . , gn+1) = Σn+1
i=0 (−1)if(g0, . . . , ĝi, . . . , gn+1).

The complex {Cn
b (G)

G, δn} is called homogeneous chain complex and its
homology is called the bounded cohomology of G denoted by Hn

b (G).

An equivalent way of defining Hn
b (G) is as follows: set C̄n

b (G) := Cn−1
b (G),

where G0 = {1}. The map ϕ : Cn
b (G)

G → C̄n
b (G) defined by

ϕ(f)(g1, . . . , gn) := f(1, g1, g1g2 . . . , g1 . . . gn)

is an isomorphism. Let δ̄n : C̄n
b (G) → C̄n+1

b (G) be the map ϕδnϕ−1. The
complex {C̄n

b (G), δ̄
n} is the non-homogenous chain complex whose homology

is isomorphic to Hn
b (G).

2.1.1. The exact bounded cohomology. The exact bounded cohomology of
G is the kernel of the comparison map cn : Hn

b (G) → Hn(G), and is de-
noted by EHn

b (G). The supremum norm on Cn
b (G) induces a seminorm

on Hn
b (G). If c ∈ Hn

b (G) then ∥c∥ := inf {∥a∥ | [a] = c}. Let Nn(G) be
the subspace of Hn

b (G) consisting of classes of zero norm. The reduced
bounded cohomology is the normed space Hn

b (G) := Hn
b (G)/N

n(G). The
exact reduced bounded cohomology denoted by EHn

b (G) is the quotient
EHn

b (G)/(EH
n
b (G) ∩Nn(G)).

2.2. Quasimorphisms. A map f : G → R is called a quasimorphism if
there exists a real constantD such that |f(g1)+f(g2)−f(g1g2)| ≤ D for every
g1, g2 ∈ G. The infimum of all such constants is called the defect of f and
denoted by D(f). A quasimorphism is called homogeneous if f(gn) = nf(g)
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for every g ∈ G,n ∈ Z. The space of homogeneous quasimorphisms is
denoted by Qh(G,R). There exists an exact sequence:

0 → C̄1
b (G)⊕Hom(G,R) ↪→ Q(G,R) ϕ−→ EH2

b (G) → 0

where ϕ(f) =
[
δ̄1(f)

]
. Therefore, Q(G,R)/(C̄1

b (G)⊕Hom(G,R)) ∼= EH2
b (G),

and Qh(G,R)/Hom(G,R) is isomorphic to EH2
b (G).

In his thesis [12] Rishi Kumar proved the following result: Let g ≥ 3, then
the space of nontrivial homogeneous quasimorphisms on Homeo0(Ng, µ) is
infinite-dimensional. As an immediate consequence, we find that the dimen-
sion of H2

b (Homeo0(Ng, µ)) is infinite.

2.3. Hyperbolically embedded subgroups. Let G be a group, H a sub-
group of G and X a subset of G. Given h, k ∈ H we define d̂(h, k) to be
the length of the shortest path in Γ(G,X ⊔ H) between h and k with no
edges in the complete graph Γ(H,H). If there is no such path, we define
d̂(h, k) = ∞. It is easy to check that d̂ : H ×H → [0,∞] satisfies axioms of
a metric.

Definition 2.1. We say thatH is hyperbolically embedded inG with respect
to X if the following conditions hold.
(a) G is generated by X ∪H.
(b) Γ(G,X ⊔H) is hyperbolic.
(c) Every ball of finite radius in (H, d̂) is finite.
We say that H is hyperbolically embedded subgroup of G and write H↪→hG
if H is hyperbolically embedded in G with respect to some X ⊆ G.

If G is hyperbolic with respect to a set of generators S ⊆ X ⊔ H, then its
Cayley graph is a hyperbolic subgraph of Γ(G,X ⊔H) with the same set of
vertices. The following proposition is useful for proving the hyperbolicity of
Γ(G,X ⊔H) and will be used later.

Proposition 2.2. ([14, Lemma 5.5]). Let Σ be a graph obtained from a
hyperbolic graph Γ by adding edges. Suppose that there exist M > 0 such
that for every two vertices x, y connected by an edge in Σ and every geodesic
p in Γ from x to y, the diameter of p in Σ is at most M . Then Σ is hyperbolic.

Definition 2.3. A subgroup H of a group G is called malnormal if H ∩
xHx−1 = eG for every x ∈ G\H. It is called almost malnormal if xHx−1∩H
is finite for every x ∈ G\H.

Proposition 2.4. ([6, Proposition 2.10]) If H↪→hG, then H is an almost
malnormal subgroup.
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2.3.1. Examples.

• The subgroup of F2 generated by a2, ab, ab−1 is not hyperbolically
embedded. It is not almost malnormal since ba2nb−1 belongs to this
subgroup for every n ∈ N.

• The group F∞ ∼= ⟨anba−n |n ∈ N⟩ is not an almost malnormal sub-
group of F2, therefore, it is not hyperbolically embedded. Indeed,
the intersection of this subgroup with its conjugation by a is infinite.

• For every n > 2, the group F2 = ⟨a1, a2⟩ is hyperbolically embedded
in Fn = ⟨a1, . . . , an⟩. Let X = {a3, . . . , an}. Conditions (a) and (c)
in Definition 2.1 hold immediately. For (b), we need to show that
Y = Γ(Fn, X ⊔ F2) is hyperbolic. Let h ∈ F2, the diameter in Y of
the unique geodesic from e to h in Γ(Fn, {a1, . . . , an}) is 1. Therefore,
by Proposition 2.2, Y is hyperbolic.

In what follows, we show that for every g ≥ 3 there exists a specific hyperbolic
embedding of F2 in π1(Ng), see Proposition 4.4. Moreover, this fact is heavily
used in the proof of our main result.

3. Gambaudo-Ghys map

In this section we define a map Γ∗
b : H∗

b (π1(Ng)) → H∗
b (Homeo0(Ng, µ))

which can be seen as a generalization of a construction given by Gambaudo-
Ghys [8] and Polterovich [1]. This map for orientable manifolds was defined
in [3]. Here we repeat the construction in the case of non-orientable surfaces.

Let G := Homeo0(Ng, µ). Let us define a map γ : G×Ng → π1(Ng, z) in the
following way: for (f, x) ∈ G×Ng let {ft}t∈[0,1] be an isotopy in G connecting
the identity with f , and let αz,x be a geodesic from z to x with respect to
the Riemannian metric on Ng that is induced from the hyperbolic metric
on Σg−1. Let γ(f, x) := [αz,x ∗ ft(x) ∗ αf(x),z] be the element in π1(Ng, z)
represented by the concatenation of paths αz,x, ft(x) and αf(x),z.

Proposition 3.1. The map γ is independent of the choice of the isotopy.

Proof. Let evz : G → Ng be the evaluation map at a base point z ∈ Ng

and let evz∗ : π1(G, Id) → π1(Ng, z) be its induced map at the level of
fundamental groups. We show that Im evz∗ is a subgroup of the center
Z(π1(Ng, z)), and hence is trivial. Let [c] ∈ Im evz∗, hence

[c] = evz∗([αt]) = [evz ◦ αt] = [αt(z)],

where [αt] ∈ π1(G, Id). For every [δ] ∈ π1(Ng, z), δ ∗αt(z) ≃ αt(z) ∗ δ by the
homotopy H(s, t) = αst(z) ∗ δ(t) ∗ αst+(1−s)t(z), hence [c] ∈ Z(π1(Ng, z)),
which is trivial. Now, let {ft}, {ht} be two isotopies in Homeo0(Ng, µ)

connecting the identity and f . We have evz∗([ft ∗ h−1
t ]) = [z], therefore

αz,x ∗ ft(x) ∗ αf(x),z ≃ αz,x ∗ ht(x) ∗ αf(x),z. □
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Proposition 3.2. For every f, h ∈ G and every x ∈ Ng we have:

γ(fh, x) = γ(f, h(x))γ(h, x).

Proof. Let {ft}, {ht} be isotopies connecting the identity with f and h, re-
spectively. Then ht ∗ft(h) is an isotopy connecting the identity with fh, and
we obtain:

γ(f, h(x))γ(h, x) = [αz,x ∗ ht(x) ∗ αh(x),z] ∗ [αz,h(x) ∗ ft(h(x)) ∗ αf(h(x)),z]

= [αz,x ∗ ht(x) ∗ ft(h(x)) ∗ αf(h(x)),z] = γ(fh, x). □

Let c ∈ Cn
b (π1(Ng)) and the map γ described above. We define the function

Inb (γ)(c) : G
n+1 → R by

Inb (γ)(c)(g0, ...gn) :=

∫
Ng

c(γ(g0, x), . . . , γ(gn, x))dµ(x).

The map x 7→ γ(g, x) is µ-measurable for every g ∈ G, hence the function
under the integral is measurable. For full explanation see, e.g., [4, Section
3.B] or [13, Section 3].

Proposition 3.3. The following statements hold:

(1) The map Inb (γ) commutes with the coboundary map.

(2) The map Inb (γ)(c) is homogeneous.

Proof. Let g0, . . . , gn+1 ∈ G and c ∈ Cn
b (π1(Ng)).

Proof of 1. It follows from the definition of the coboundary map given in
Subsection 2.1 that:

Inb (δ
n(c))(g0, . . . , gn+1) =∫

Ng

n+1∑
i=0

(−1)ic
(
γ(g0, x), . . . , γ̂(gi, x), . . . , γ(gn+1, x)

)
dµ(x) =

n+1∑
i=0

(−1)i
∫
Ng

c
(
γ(g0, x), . . . , γ̂(gi, x), . . . , γ(gn+1, x)

)
dµ(x) =

n∑
i=0

(−1)iInb (c)(g0, . . . , ĝi, . . . , gn+1) = δn(Inb (c))(g0, . . . , gn+1).
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Proof of 2. Let h ∈ G. Since h−1 is a µ-preserving homemorphism, h∗µ = µ.
We get:

Inb (γ)(c)(g0h, ..., gnh) =

∫
Ng

c
(
γ(g0h, x), . . . , γ(gnh, x)

)
dµ(x) =∫

Ng

c
(
γ(g0, h(x))γ(h, x), . . . , γ(gn, h(x))γ(h, x)

)
dµ(x) =∫

Ng

c
(
γ(g0, h(x)), . . . , γ(gn, h(x))

)
dµ(x) =∫

Ng

c
(
γ(g0, x), . . . , γ(gn, x)

)
d(h∗µ)(x) = Inb (γ)(c)(g0, . . . , gn). □

Proposition 3.3 implies that Inb (γ) induces Γn
b : Hn

b (π1(Ng, z)) → Hn
b (G),

and Γn
b induces the map on the exact reduced bounded cohomology, which

is denoted by EΓn
b .

4. Proofs

Let us discuss the idea of the proof. Brooks [5] and Soma [15] showed that
dim EH2

b(F2) = 2ℵ0 and dim EH3
b(F2) = 2ℵ0 . We proceed as in [3], find a

map EHn
b (F2) → EHn

b (Homeo0(Ng, µ)) whose properties help us to show:

dimH2
b (Homeo0(Ng, µ)) ≥ 2ℵ0 ,dimH3

b (Homeo0(Ng, µ)) ≥ 2ℵ0 .

In what follows, we present an embedding i : S1 ∨ S1 ↪→ Ng such that
in : EHn

b (π1(Ng)) → EHn
b (F2) is a surjection. Note that the proof of this

fact is immediate for an orientable hyperbolic surface Σg, but non-trivial for
Ng (for g = 3, 4) and requires the notion of hyperbolic embeddings of groups.

Then, we follow [3] and construct a family of maps ρϵ : F2 → Homeo0(Ng, µ)
such that for every n ∈ N the following diagram is commutative up to scalar
multiplication and an arbitrary small error.

EHn
b (π1(Ng)) EHn

b (Homeo0(Ng, µ))

EHn
b (F2)

EΓn
b

in
ρnϵ

Finally, by approaching ϵ to zero we show that

dim EHn
b (Homeo0(Ng, µ)) ≥ dim EHn

b (F2),

and obtain the proof of our main result.
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4.1. Easy case g ≥ 5. Recall that N3 = RP2#RP2#RP2 is homeomorphic
to T2#RP2.

Proposition 4.1. Let g ≥ 5. There exists an embedding i : S1 ∨ S1 ↪→ Ng

and a surjection π : Ng ↠ S1 ∨ S1 such that π ◦ i = IdS1∨S1 .

Proof. Since RP2#RP2#RP2 ∼= T2#RP2 we have N5
∼= T2#T2#RP2. For

g = 5, the maps are presented in the following figure:

Figure 1. i : S1 ∨ S1 ↪→ N5 and π : N5 ↠ S1 ∨ S1

The image of the map i : S1 ∨ S1 ↪→ N5 is the blue figure-eight, and the
map π : N5 ↠ S1 ∨ S1 is an obvious projection. The case g > 5 follows
immediately since Ng

∼= T2#T2#RP2# . . .#RP2︸ ︷︷ ︸
g − 4 times

. □

Corollary 4.2. On the level of the exact reduced bounded cohomology
in ◦ πn = Id, therefore in is onto and πn is injective.

4.2. General case. In order to prove our theorem for every g ≥ 3 we need
another approach. The idea is based on the following result due to Frigerio,
Pozzeti and Sisto:

Theorem 4.3. ([7, Corollary 2]) Let G be a group and let H be a hyperbol-
ically embedded subgroup of G. Then for every n ≥ 2 the restriction map
in : EHn

b (G) → EHn
b (H) is surjective.

Figure 2. i : S1 ∨ S1 ↪→ N3
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Consider the following embedding i : S1 ∨ S1 ↪→ N3, see Figure 2. Since
π1(Ng) = ⟨a1, . . . , ag |a1a2a−1

1 a−1
2 a23 . . . a

2
g = 1⟩, the image of the induced

map between fundamental groups is ⟨a1, a2⟩. For g > 3, an embedding
i : S1 ∨ S1 ↪→ Ng is defined similarly.

Proposition 4.4. Let g ≥ 3. Then i∗ : F2 → π1(Ng) is a hyperbolic
embedding.

Proof. Case 1: g = 3. We prove that H = ⟨a, b⟩ is hyperbolically embedded
in G = ⟨a, b, c |aba−1b−1c2 = 1⟩. Let X = {c}. We show that conditions
(a),(b) and (c) in Definition 2.1 are satisfied. Condition (a) is immediate.

Proof of condition (b): We need to prove that the graph Σ = Γ(G, {c}⊔⟨a, b⟩)
is hyperbolic. Let Γ = Γ(G, {a, b, c}) be the Cayley graph of G. The graph
Γ is hyperbolic and Σ is obtained from Γ by adding edges.

Let x, y be two vertices connected by an edge in Σ and let [x, y] be a geodesic
from x to y in Γ. Proposition 2.2 implies that it is enough to show that the
diameter of [x, y] in Σ is less or equal then 3. Now, if x, y are connected by an
edge in Γ then diamΣ[x, y] = 1. If x, y are connected by an edge in Σ which
does not belong to Γ then y = xh for some h ∈ H. Since d(x, xh) = d(e, h)
it is enough to prove that for every h ∈ H, diamΣ[e, h] ≤ 3.

Let h ∈ H. We can write h as a reduced word of the form:

h = h1(aba
−1b−1)m1h2(aba

−1b−1)m2 . . . hk(aba
−1b−1)mkhk+1

where k ∈ N, h1, . . . hk+1 ∈ H and m1, . . . ,mk ∈ Z. Note that the geodesic
[e, h] in Γ is the geodesic from e to h in Γ(H, {a, b}), shortened by the relation
aba−1b−1 = c−2. Let u, v be two vertices in [e, h]. Since every two vertices
in H are connected by an edge in Σ we get:

dΣ(u, v) ≤


1, u, v ∈ H

2, u ∈ H, v /∈ H

3, u, v /∈ H.

The calculation for h = a2b−1(aba−1b−1)2ab(aba−1b−1)−1a−1ba is shown in
Figure 3.

Proof of condition (c): We need to prove that every ball of finite radius in
(H, d̂) is finite. It is enough to show that for every r > 0, the ball Bd̂(e, r)
is finite. Denote by ΓH the complete graph Γ(H,H). We say that a path in
Γ(G,X ⊔H) is admissible if it does not contain edges in ΓH . We construct
inductively an admissible geodesic from e to an element in H and show that
its path is of the form e, c, c2, . . . , c2n or e, c−1, c−2, . . . , c−2n. The only two
edges starting at e and are not contained in ΓH are labeled by c and c−1.
Note that a geodesic ending in H can not start in an edge which belongs to
one of the orbits cΓH or c−1ΓH . Hence, the only two edges which begin at c
or c−1, such that the resulting geodesic ends in H are labeled by c and c−1.
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e
a

a

h1

h1aba
−1b−1

c−1

h1c
−1 c−1

h1(aba
−1b−1)2h2

h1(aba
−1b−1)2

c−1

c−1

h1aba
−1b−1c−1

a

b

b−1

a−1

a
b

c

c

b a

b−1

a−1

h

a−1

b

a

ha−1b−1a

b−1

a

a−1

b−1

b

Figure 3. The geodesic in Γ from e to h

We proceed with the path e, c, c2 inductively: an element c2n belongs to H,
hence the only two edges staring at c2n and are not contained in ΓH are
labeled by c2n+1 and c2n−1. A geodesic that ends in H can not start in
an edge which belongs to the orbit c2n+1ΓH . Therefore, the only two edges
which start at c2n+1, such that the resulting geodesic ends in H are again
labeled by c and c−1. Consequently, d̂(e, h) = n if and only if n is even and
h = c

n
2 or h = c−

n
2 . Hence, Bd̂(e, 2n) =

{
(aba−1b−1)l|l ∈ Z, |l| < n

}
. For

r > 0, let n ∈ N such that 2n− 2 < r ≤ 2n. We get a finite ball

Bd̂(e, r) =

{
(aba−1b−1)l | l ∈ Z, |l| < ⌈r⌉

2

}
.

Case 2: g = 4. We prove that H = ⟨a, b⟩ is hyperbolically embedded in
G = ⟨a, b, c, d |aba−1b−1c2d2 = 1⟩. Let X = {c, d}. We need to prove
that the graph Σ = Γ(G, {c, d} ⊔ ⟨a, b⟩) is hyperbolic and every ball of
finite radius in (H, d̂) is finite. For the first argument, it is enough to
show that for every h ∈ H, diamΣ[e, h] ≤ 5. Note that for every h ∈ H
there are two geodesics in Γ = Γ(G, {a, b, c, d}) from h to haba−1b−1 which
are h, ha, hab, haba−1, haba−1b−1 and h, hd−1, hd−2, hd−2c−1, hd−2c−2. Let
h ∈ H, p a geodesic in Γ from e to h and let u, v ∈ p. Similarly to the
previous case we have:

dΣ(u, v) ≤


1, u, v ∈ H

3, u ∈ H, v /∈ H

5, u, v /∈ H.
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We continue as in the previous case: an admissible geodesic in Σ from e
to an element in H is a path of the form e, c, c2, c2d, c2d2, . . . , (c2d2)n or
e, d−1, d−2, d−2c−1, d−2c−2 . . . , (c2d2)−n. Hence we obtain a finite ball:

Bd̂(e, r) =
{
(aba−1b−1)l | l ∈ Z, |l| < ⌈r⌉

4

}
.

Case 3: g ≥ 5. Let H = ⟨a1, a2⟩, G = ⟨a1, . . . , ag |a1a2a−1
1 a−1

2 a23 . . . a
2
g = 1⟩

and X = ⟨a3, . . . , ag⟩. For every h ∈ H the geodesic in Γ(G, {a1, . . . , ag})
from e to h is the geodesic in Γ(H, {a1, a2}) from e to h. Therefore, its
diameter in Γ(G,X ⊔H) is equal to 1. Similarly, for every r > 0 we have:

Bd̂(e, r) =
{
(a1a2a

−1
1 a−1

2 )l | l ∈ Z, |l| < ⌈r⌉
2g − 4

}
and hence H is a hyperbolically embedded subgroup of G. □

The corollary below follows immediately from Theorem 4.3:

Corollary 4.5. The map in is onto for every n ≥ 2.

Remark 4.6. By a similar proof, the group F2 = ⟨a, b⟩ is hyperbolically
embedded in G = ⟨a, b, c |a2b2c2 = 1⟩. Note, however, that most of the
embeddings of F2 into G = ⟨a, b, c |a2b2c2 = 1⟩ are not hyperbolic.

Consider H = ⟨a2, b2⟩ < G. Since aHa−1 = H, H is not an almost malnor-
mal subgroup of G, thus it is not hyperbolically embedded. The proof of the
previous proposition fails in the following step: Let X = {a, b, c}. Then G
is generated by X ∪H and the graph Σ = Γ(G,X ⊔H) is hyperbolic. But
not every ball of finite radius in (H, d̂) is finite. Let n ∈ N. Consider the
following path in Γ(G,X ⊔H): e, a, a2n−1, a2n, see Figure 4. Note that this
path is admissible since it does not contain edges in the complete subgraph
ΓH . Hence d̂(e, a2n) = 3 for every n ∈ N and Bd̂(e, 4) is infinite. Every sub-
set X ⊆ G such that G is generated by X ∪H has to contain a. Therefore,
H is not hyperbolically embedded in G with respect to any subset of G.

a

e

a

a2n−2

a2n ΓH

aΓH

a

a2n−1

Figure 4. The admissible path e, a, a2n−1, a2n when H = ⟨a2, b2⟩

4.3. Construction of ρϵ : F2 → Homeo0(Ng, µ). Let i be an embedding of
figure-eight discussed in the previous section, i.e., in is surjective. Now we
proceed as in [3].



BOUNDED COHOMOLOGY OF HOMEOMORPHISM GROUPS 11

Lemma 4.7. Let n ≥ 2 and ϵ ∈ (0, 1). Then there exists a real number
Λ ̸= 0 and a map ρϵ : F2 → Homeo0(Ng, µ) such that∥∥ρnϵ EΓn

b ([c])− Λin([c])
∥∥ −−→

ϵ→0
0

for every class [c] ∈ EHn
b (π1(Ng)).

Proof. Let ϵ ∈ (0, 1) and N =
{
(x, y) ∈ R2 |1 ≤ x2 + y2 ≤ 4

}
. Define an

isotopy P t
ϵ : [0, 1] → Diff(N,κ) by

P t
ϵ (r, θ) =

(
r, θ + 2πtf(r)

)
,

where f : [1, 2] → R is a smooth function with f(x) = 1 for x ∈ (1+ ϵ, 2− ϵ)
and f(1) = f(2) = 0, and κ is the Euclidean area form on R2. Note that the
Lebesgue measure is preserved by the maps P t

ϵ since det(D(r,θ)P
t
ϵ ) = 1.

Denote F2 = ⟨a, b⟩ and i(a), i(b) by embedded loops α, β in Ng based at z
which intersect only at z. Let N(α) be a closed tubular neighborhood of
α that is diffeomorphic to N . Note that for the embeddings described in
Sections 4.1 and 4.2, we can choose N(α) to be an oriented neighborhood
equipped with an area form induced by the covering map Σg−1 → Ng. We
show that there exists a diffeomorphism nα : N(α) → N such that the
composition n−1

α ◦ P t
ϵ ◦ nα is a measure preserving diffeomorphism.

Let ν be the area form on N(α) induced by the Lebesgue measure µ. Let
φ be a diffeomorphism N(α) → N . We assume that the total areas with
respect to κ and (φ−1)∗(ν) are equal. Now, by Moser’s theorem there exists a
diffeomorphism ψ : N → N such that ψ∗(κ) = (φ−1)∗(ν). Define nα = ψ◦φ.
Denote by A the Lebesgue measure on R2 and let U ⊆ N be a measurable
set. We get:

ψ∗(A)(U) =

∫
U
ψ∗(κ) =

∫
U
(φ−1)∗(ν) =

∫
φ−1(U)

ν = µ(φ−1(U)) = φ∗(µ)(U).

Let B ⊆ N(α) be a measurable set. By the following computation we get
the required result:

µ(φ−1ψ−1P t
ϵ ψφ(B)) = φ∗(µ)(ψ

−1P t
ϵ ψφ(B)) = ψ∗(A)(ψ−1P t

ϵ ψφ(B)) =

A(P t
ϵ ψφ(B)) = A(ψφ(B)) = ψ∗(A)(φ(B)) = φ∗(µ)(φ(B)) = µ(B).

Now, define an isotopy P t
ϵ (α) : [0, 1] → Homeo0(Ng, µ) in the following way:

P t
ϵ (α)(x) =

{
n−1
α ◦ P t

ϵ ◦ nα(x), x ∈ N(α)

x, x /∈ N(α) .

Let Aϵ(α) = n−1
α {(r, θ) |1 + ϵ ≤ r ≤ 2 − ϵ} and Bϵ(α) = N(α)\Aϵ(α).

Similarly, we define P t
ϵ (β), Aϵ(β), Bϵ(β), and ρϵ : F2 → Homeo0(Ng, µ) by:

ρϵ(a) = P 1
ϵ (α), ρϵ(b) = P 1

ϵ (β)

We compute γ(ρϵ(ω), x) for every ω ∈ F2, x ∈ Ng. To simplify the notation,
we identify F2 with i(F2). Let ha : F2 → ⟨a⟩ be the homomorphism which
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sends a to a and b to e. We define hb in a similar way. Choose gt := P t
ϵ (α) as

an isotopy connecting the identity with ρϵ(α). If x ∈ Aϵ(α), then γ(ρϵ(a), x)
is conjugated to [α], and if x /∈ N(α) then γ(ρϵ(a), x) = [z], see Figure 5.
Similarly, If x ∈ Aϵ(β) then γ(ρϵ(b), x) is conjugated to [β], and if x /∈ N(β)
then γ(ρϵ(b), x) = [z].

→
nα

α

z

1+ϵ 2 -ϵ

nα(x)

x

P t
α(nα(x))

N(α) N

γ

Figure 5. The loop α is free homotopic (or conjugated in
π1(Ng, z)) to the loop γ(ρϵ(a), x) whenever x ∈ N(α).

Let ω ∈ F2. By using Proposition 3.2 we get:

γ(ρϵ(ω), x) =


[e], x ∈ Ng\(N(α) ∪N(β))

[ux][ω][ux]
−1, x ∈ Aϵ = Aϵ(α) ∩Aϵ(β)

[ux,a][ha(ω)][ux,a]
−1, x ∈ Aa

ϵ = Aϵ(α)\N(β)

[ux,b][hb(ω)][ux,b]
−1, x ∈ Ab

ϵ = Aϵ(β)\N(α)

for some [ux], [ux,a], [ux,b] ∈ π1(Ng, z). Let x ∈ Bϵ = Bϵ(α) ∪ Bϵ(β). In this
case we do not have a precise expression for γ(ρϵ(ω), x), but we show that
this case is negligible as ϵ approaches to zero.

Let n ∈ N, [c] ∈ EHn
b (π1(Ng)) and ω̄ = (ω0, . . . , ωn) ∈ Fn+1

2 . Denote
ḡ = (g0, . . . , gn) ∈ Homeo0(Ng, µ)

n+1, γ(ḡ, x) = (γ(g0, x), . . . , γ(gn, x)) an
element in π1(Ng)

n+1, and ρϵ(ω̄) = (ρϵ(ω0), . . . , ρϵ(ωn)). We have:

ρnϵ EΓn
b ([c])(ω̄) = EΓn

b ([c])(ρϵ(ω̄)) =

∫
Ng

c(γ(ρϵ(ω̄), x))dµ(x).

We think about the integral
∫
Ng
c(γ(ρϵ(ω̄), x))dµ(x) as a function of ω̄, i.e., a

map Fn+1
2 → R belongs to Cn

b (F2). By linearity we compute the equivalent
class of the integral on each subset. Conjugation acts trivially on cohomology,
hence on Aϵ we have:[

ω̄ 7→
∫
Aϵ

c(ω̄)dµ(x)

]
=

[
ω̄ 7→ µ(Aϵ)c(ω̄)

]
= µ(Aϵ)i

n([c]).
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For the set Aa
ϵ we consider the following sequence of homomorphisms:

F2
ha−→ Z

i|Z−→ i(Z)

It induces the following sequence on the level of the reduced exact bounded

cohomology: EHn
b (i(Z))

in|Z−→ EHn
b (Z)

hn
a−→ EHn

b (F2). Since EHn
b (Z) = 0,

and conjugation acts trivially on cohomology we get:[∫
Aa

ϵ

c(ha(ω̄))dµ(x)

]
=

[
µ(Aa

ϵ )c(ha(ω̄))
]
= µ(Aa

ϵ )(i|Z ◦ ha)n([c]) = [0]

Similarly, we obtain
[∫

Ab
ϵ
c(hb(ω̄))dµ(x)

]
= [0]. Note that:∥∥∥∥[∫

Bϵ

c(γ(ρϵ(ω̄), x))dµ(x)

]∥∥∥∥ ≤ µ(Bϵ)·∥c∥ −−→
ϵ→0

0

and µ(Aϵ) −−→
ϵ→0

Λ, where Λ := µ(N(α) ∩N(β)). Finally, we have:

∥∥ρnϵ EΓn
b ([c])− Λin([c])

∥∥ =

∥∥∥∥(µ(Aϵ)− Λ)in([c]) +

∫
Bϵ

c(γ(ρϵ(ω̄), x))dµ(x)

∥∥∥∥
≤ (Λ− µ(Aϵ))∥in([c])∥+ µ(Bϵ)∥c∥ −−→

ϵ→0
0.

□

We complete the proof of our main result. We showed that whenever g ≥ 5
the map in : EHn

b (π1(Ng)) → EHn
b (F2) is an injection, and the homomor-

phism πn : EHn
b (F2) → EHn

b (π1(Ng)) is a surjection. Let d ∈ EHn
b (F2)

such that ∥d∥ > 0 and let c = πn(d). Then we have ∥in(c)∥ = ∥d∥ > 0.
By Lemma 4.7 there exists a small ϵ such that ∥ρnϵ EΓn

b (c)∥ > 0. Therefore,
EΓn

b (π
n(d)) = EΓn

b (c) ̸= 0. Hence the map EΓn
b ◦ πn is injective which

yields the proof of the case g ≥ 5.

Let g ≥ 3. Note that Ker(EΓn
b ) ⊂ Ker(in). Indeed, let c ∈ EHn

b (π1(Ng))

such that EΓn
b (c) = 0. Then ∥Λin(c)∥ =

∥∥ρnϵ EΓn
b (c)− Λin(c)

∥∥ −−→
ϵ→0

0, and

so in(c) = 0. It follows that

dim(EHn
b (Homeo0(Ng, µ))) ≥ dim(EHn

b (π1(Ng))/Ker(in)).

Since in is surjective, dim(EHn
b (π1(Ng))/Ker(in)) = dim(EHn

b (F2)) and
the proof follows.

Remark 4.8. An interesting and quite difficult problem is to compute the
bounded cohomology group Hn

b (Homeo0(Ng, µ)) when n ≥ 2 and g = 1, 2.
Here new ideas are required, since in this case π1(Ng) has a trivial bounded
cohomology.
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plectic geometry of surfaces. Israel J. Math., 247(2):845–871, 2022. 1

[11] Mitsuaki Kimura. Gambaudo-Ghys construction on bounded cohomology. J. Math.
Soc. Japan, 77(1):135–152, 2025. 1

[12] Rishi Kumar. Construction of quasi-morphisms on groups of measure-preserving
homeomorphisms of non-orientable surfaces. MSc. thesis, Ben Gurion University of
the Negev, 2021. 2, 3

[13] Martin Nitsche. Higher-degree bounded cohomology of transformation groups.
arXiv:2105.08698, 2021. 1, 5

[14] D. Osin. Acylindrically hyperbolic groups. Trans. Amer. Math. Soc., 368(2):851–888,
2016. 3

[15] Teruhiko Soma. Bounded cohomology and topologically tame Kleinian groups. Duke
Math. J., 88(2):357–370, 1997. 6

Department of Mathematics, Ben Gurion University, Israel

Email address: brandens@bgu.ac.il

Department of Mathematics, Ben Gurion University, Israel

Email address: lior.me10@gmail.com


	1. Introduction
	2. Preliminaries
	2.1. Bounded cohomology
	2.2. Quasimorphisms
	2.3. Hyperbolically embedded subgroups

	3. Gambaudo-Ghys map
	4. Proofs
	4.1. Easy case g5
	4.2. General case
	4.3. Construction of :F2Homeo0(Ng,)

	References

