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ABSTRACT

We study quasi-morphisms on the groups P, of pure braids on n strings and on
the group D of compactly supported area-preserving diffeomorphisms of an open two-
dimensional disk. We show that it is possible to build quasi-morphisms on P,, by using
knot invariants which satisfy some special properties. In particular, we study quasi-
morphisms which come from knot Floer homology and Khovanov-type homology. We
then discuss possible variations of the Gambaudo—Ghys construction, using the above
quasi-morphisms on P, to build quasi-morphisms on the group D of diffeomorphisms of
a 2-disk.

Keywords: Quasi-morphisms; braid groups; knot concordance invariants; area-preserving
diffeomorphisms.
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1. Introduction

Real-valued quasi-morphisms are known to be a helpful tool in the study of algebraic
structure of non-Abelian groups, especially the ones that admit a few or no (linearly
independent) real-valued homomorphisms. Recall that a quasi-morphism on a group
G is a function ¢:G — R which satisfies the homomorphism equation up to a
bounded error: there exists K, > 0 such that

lp(ab) — p(a) — ()] < Ky

for all a,b € G. A quasi-morphism ¢ is called homogeneous if ¢(a™) = my(a) for
all @ € G and m € Z. Any quasi-morphism ¢ can be homogenized: setting

Bla) = lim_p(a)/k (1.1)

we get a homogeneous (possibly trivial) quasi-morphism @.
n [13], Gambaudo and Ghys showed that a signature invariant of links in
93 defines quasi-morphisms on the full braid groups B, on n strings. These
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quasi-morphisms on B, are constructed in the following way: close up a braid
to a link in the standard way and take the value of the signature invariant on that
link. In this paper, we are motivated by the following question: “What happens if
one plugs in a general knot/link invariant in this construction?” In this paper, we
give a sufficient condition which is satisfied by some already known knot invariants.
More specifically we show that any homomorphism from the concordance group of
knots in S to the reals, which is bounded in some canonical norm on this group,
defines a quasi-morphism on B,,. Known knot invariants which satisfy the above
condition do not produce new quasi-morphisms on B,,. However, this condition may
possibly lead to new examples of quasi-morphisms.

We consider three specific remarkable knot/link invariants: the Rasmussen link
invariant s [5, 32], which comes from a Khovanov-type theory, the Ozsvath-Szabo
knot invariant 7 [27], which comes from the knot Floer homology, and the classical
signature link invariant “sign” [20, 33]. In [2] Baader has shown that the Rasmussen
link invariant s defines a quasi-morphism on B,,. We show that the homogenization
of this quasi-morphism is equal to the classical linking number homomorphism lk
on B,. We also show that the situation with the Ozsvath-Szabo knot invariant
7 is similar: it defines a quasi-morphism on B, and its homogenization is again
the linking number homomorphism divided by 2. In addition, we show that the
homogenization of an induced signature quasi-morphism on B,, and lk coincide on
alternating braids. We also present an inequality which connects s, 7 and the braid
index of a knot.

Further, we discuss the group D of compactly supported area-preserving diffeo-
morphisms of the open unit disk in the Euclidean plane. The group D admits a
unique (continuous, in the proper sense) homomorphism to the reals — the famous
Calabi homomorphism (see [3, 8, 12]). At the same time D is known to admit many
(linearly independent) homogeneous quasi-morphisms (see [4, 6, 13]). In this work
we consider a particular geometric construction of such quasi-morphisms, essentially
contained in [13], which produces quasi-morphisms on D from quasi-morphisms on
the pure braid groups P,,. We discuss the computation of the quasi-morphisms on D,
obtained by this construction, on diffeomorphisms generated by time-independent
(compactly supported) Hamiltonians. For a generic Hamiltonian H of this sort we
present the result of the computation in terms of the Reeb graph of H and the
integral of the push-forward of H to the graph against a certain signed measure on
the graph. This result enables us to show that the Calabi homomorphism and the
quasi-morphism on D induced by the signature invariant of n-component links are
asymptotically equivalent, as n — oo, on the flows generated by time-independent
(compactly supported) Hamiltonians.

Plan of the paper. In Sec. 2, we formulate sufficient conditions for a knot invari-
ant to yield a quasi-morphism on B,,. In Sec. 3, we give examples of such knot invari-
ants and provide properties of homogeneous quasi-morphisms, defined by them,
on B,. In Sec. 4, we discuss the Gambaudo—Ghys construction, which produces
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homogeneous quasi-morphisms on D from homogeneous quasi-morphisms on P,.
We define a set of generic autonomous Hamiltonians, and discuss the computation
of the induced quasi-morphisms on D on the elements generated by these Hamil-
tonians. At the end we discuss the asymptotic behavior of the induced signature
quasi-morphism.

2. Quasi-Morphisms on Braid Groups Defined by Knot Invariants

It is shown in [16] that the full braid group B, admits infinitely many linearly
independent homogeneous quasi-morphisms for every integer n > 2. However, none
of these quasi-morphisms are constructed geometrically. In [13], Gambaudo and
Ghys gave an explicit geometric construction of a family of quasi-morphisms sign,,
on groups B, defined as follows:

sign, (a) := sign(a),

where “sign” is a signature link invariant (see Sec. 3) and @ is the link in S® which
is obtained in the natural way from « (see Fig. 1). In this section, we show that
knot invariants of certain type define quasi-morphisms on B,, in a similar way.

Remark 2.1. Another family of quasi-morphisms on B, (one for each n) was
constructed recently by Malyutin in [22]. These quasi-morphisms are constructed
using different methods, in particular they are not defined by knot/link invariants,
and will not be discussed in this paper.

Let us recall some useful notions from knot theory. Let K be a knot in S3.
The four-ball genus g4(K) of K is the minimal genus of an oriented surface with
boundary which is smoothly embedded in D* such that the image of its boundary
under this embedding is the knot K C S% = 9D*. We denote by K* the mirror
image of K, and by —K the same knot K with the reversed orientation. For any
knot K’, the knot K# K’ represents the connected sum of K and K’. A knot K is

Fig. 1. Closure @ of a braid a.
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called slice if g4(K) = 0. We say that K is concordant to K’, if there exists a
smooth embedding ¢:S! x [0,1] — S% x [0,1] such that «(S! x {0}) = K and
(S x {1}) = K’. We denote by Conc(S?) the Abelian group whose elements are
equivalence classes of knots in S®, and the multiplication is the connected sum
operation. It is easy to see that the multiplication is well-defined. The following
lemma is a well-known fact in knot theory, see [20, 33].

Lemma 2.2. For any knot K the knot K# — K* is a slice knot.

Main Theorem. One of the ways to find a quasi-morphism on By, is to find an
R-valued invariant I of (isotopy classes of) links in S® so that

[[(aB) — I(@) — I(B)| < K,

where K; > 0 depends only on I. We will now describe certain ways of closing
braids into knots.

Lemma 2.3. Let 3 € B,,. Then there exists a braid ag € B, which satisfies the
following properties:

(1) The closure of agf is a knot.
(2) The closure of ag is a k-component unlink for some 1 < k <n.

We will say that such a braid ag is a completing braid for (. Let {Ui}?:jl be the
standard (Artin) generators of B,,.

Proof. Let 8 € B,,. Then there exists a braid « such that (;B is a knot and & is a
k-component link for some 1 < k < n. We write « as a product of generators ail
and perform a sequence of crossing changes (i.e. replacing some of the generators in
the product by their inverses) until we are left with a braid ag such that af = Oéﬁﬁ
is a knot and aj is the k-component unlink. O

Definition 2.4. Let I be a real-valued knot invariant. Let us fix some choices of
completing braids ag for every # € B,,. Define a function

T: B, — R,
by 1(8) := I(aP).
We will show that under certain conditions I is a quasi-morphism.

Remark 2.5. Note that our function I :B, — R is slightly different from an
analogous quasi-morphism defined by Gambaudo-Ghys. Their definition (I(3) :=
1 (5)) requires I to be a real-valued link invariant, but in our definition we require I
to be only a real-valued knot invariant. For example the Ozsvath—Szabo 7 invariant
is defined only for knots. In case I is a real-valued link invariant defining a quasi-
morphism f, the quasi-morphisms T and 1 differ by a constant which depends only
on n, hence their homogenizations are equal.
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Theorem 2.6. Suppose that a real-valued knot invariant I defines a homomor-
phism

I:Conc(S?) — R,

such that |I(K)| < ¢194(K), where ¢1 is a real positive constant independent of
K. Then1 is a quasi-morphism on By,. Moreover, for a different set of completing
braids ag for every 5 € By, we get a (possibly different) quasi-morphism on By, such
that the absolute value of its difference with T is bounded from above by a constant
depending only on n and therefore the homogenizations of the two quasi-morphisms
are equal.

Proof. Take any 3,7 € B,, and let ag, ay, ag, be the chosen completing braids
for 3,~, and G7.

Lemma 2.7. There exists a cobordism S between the knots
(—apy87) #(apB#ary) and  (—ap,By) #ag, By

such that x(S) > —6n.

Proof. If T is a cobordism between two links L and L', we will write L Lr.
By an observation of Baader (see [2, Sec. 4]) for any braids u,v € B,

v~ i,
where x(T') = —n. Also note that since &g+, &g, @5 are unlinks with no more than
n components, we have

a5 X U,
where x(S1) > 1 — 2n. Therefore
— 5= S — S~ Sy~ — - ~ Sy T —— S5 /> —
apy By ~ agy U U~ agUay UBUY ~ agf U,y ~ agl#oa,7,

where x(S2) = —2n, x(S3) > 1 — 2n (the cobordism S5 is the disjoint union of
S1 and the trivial cobordism over B L5 given by a disjoint union of cylinders),
x(S1) = —2n and x(S5) = —1 (S5 is a saddle cobordism between the disjoint union
of two knots and their connected sum). Thus

apyBY % apBHaTy
and hence
(=B Hpy By X (g ) #(ap BHE),
where
x(S6) = x(57) = x(S2) + x(53) + x(S1) + x(S5) = —6n,

as required. O
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Let us now finish the proof of the theorem. Lemma 2.2 implies that the knot

(—am By tas By

is a slice knot. Therefore using Lemma 2.7, we get

ga(—(ap By )#(app#arT)) < 3n.
This yields
I(—(apy By )#(apBH#aA))| < c1 - 3n.
Applying the equalities
I(-K*) = —I(K), I(K#K')=I(K)+I(K’), (2.1)

we get

~ ~ ~

[1(By) = 1(B) = I(7)| < 3eam,

which means that I is a quasi-morphism.
Finally note that for any two choices ag and a}, of completing braids for 8 € B,,
one can show, similarly to the proof of Lemma 2.7, that

91((asB)# — (a3B)") < cam,

for some positive constant ¢ independent of 3, ag, oz};. Hence by Eq. (2.1) we get

[H(apB) — 1(aB) = [[((aB)# — (ahB))] < 1 - cam,

Thus different choices of completing braids yield (possibly different) quasi-
morphisms on B, whose difference is bounded in absolute value from above
by a constant depending only on n and therefore their homogenizations are
equal. O

Remark 2.8. Note that g4 defines a semi-norm on Conc(S?) and Theorem 2.6 can
be reformulated as follows: each element of Hom(Conc(S?),R), which is Lipshitz
with respect to the semi-norm defines a quasi-morphism on B,,.

3. Examples, Properties, and Applications

In this section, we discuss the following knot/link invariants: link w-signatures, the
Rasmussen link invariant s and the Ozsvath—Szabo knot invariant 7.

First, let us recall a few definitions and notations concerning braids and quasi-
morphisms. The braid length () of v € B, is the length of the shortest word
representing v with respect to the generators o1, ..., 0,_1. Throughout the paper,
the induced homogeneous quasi-morphism obtained by the homogenization of a
quasi-morphism ¢ (see (1.1)) will be denoted by @.
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3.1. Signature and w-signature quasi-morphisms

Let L be an oriented link in S, then there exists an oriented surface ¥ with
boundary L. It is called a Seifert surface of L. We choose a basis {b1, ..., bagy|1|-1}
in Hy(Xr,Z) and define a symmetric bilinear form on Hy(Xy,Z) as follows:

Q(bs, bj) = Tk(bi, b)) + 1k(by, b)),

where lk is the linking number and b;“ is a push-off of the curve, which represents b;
in ¥y, from X7 along the positive normal direction to 3. Tensoring by R, we get
a symmetric bilinear form on H; (3, R). The signature of this form is independent
of the choices of ¥, and the basis of Hy (X, Z) (see [20, 26]). Thus it is an invariant
of L and is denoted by sign(L).

For any complex number w # 1 and link L there exists the w-signature link
invariant sign, (L), such that sign_,(L) = sign(L). It is defined as follows. We
tensor the bilinear form © by C, and we get a bilinear form on H;(X,C). The
signature of the following hermitian form

Qu(bisby) = (1= )b B) + (1~ 2)2(5;.bi)

on Hy(Xy,C) is independent of the choice of the Seifert surface ¥, and the basis
for H1(X1,Z) (see [20]). Thus sign,, (L) is a link invariant for each w # 1.

In [14], Gambaudo and Ghys showed that sign,, defines a quasi-morphism on
B,,. Alternatively, sign , satisfies conditions of Theorem 2.6 for each w (see [20]).
Hence we have the following.

Corollary 3.1. Both sTg\n :B, — R and sTg\nw : B, — R are quasi-morphisms.

NThe induced homogeneous quasi-morphisms on B, are denoted by mAg;l and
sign,, respectively. Following [13] we denote by 1k : B,, — Z the unique (up to the
multiplication by a constant) homomorphism from B,, to Z by setting lk(aiil) = +1.

Let us recall the following definition.

Definition 3.2. A link diagram is called alternating if the crossings alternate
under, over, under, over, and so on as one travels along each component of the link.
A link is called alternating if it has an alternating diagram. A braid a € B,, is
called alternating if its closure @ is an alternating link diagram.

Proposition 3.3. Let v € B, be an alternating braid, then
sign(y) = Ik(7).

The proof of this proposition will be given in the next subsection.

Remark 3.4. One can easily show that s/ltg/n is not a homomorphism for each
n > 2.



J. Knot Theory Ramifications 2011.20:1397-1417. Downloaded from www.worldscientific.com

by VANDERBILT UNIVERSITY LIBRARY on 08/24/12. For personal use only.

1404 M. Brandenbursky

3.2. Rasmussen quasi-morphism

The Rasmussen invariant s(K) of a knot K in S was discovered by Jacob
Rasmussen in 2004 (see [32]). It comes from the Lee theory [19] which is closely
related to the Khovanov homology [18]. This is a very powerful knot invariant
which was used by Rasmussen in [32] to give a first combinatorial proof of the
Milnor conjecture. This invariant was extended to links in [5].

Before we list the properties of s let us recall a notion of the Seifert algorithm.
Let Dy be a diagram of an oriented link L. Let us smoothen each crossing in Dp,
as shown in Fig. 2. The resulting smoothed diagram Dy, consists of oriented simple
closed curves, which are called the Seifert circles. Thus Dy is the boundary of a
union of disjoint disks. We join these disks together with half-twisted strips corre-
sponding to the crossings in the diagram. This yields an oriented surface bounded by
L. If this surface is disconnected, then we connect its components by the connected
sum operation. The above algorithm is called the Seifert algorithm.

We denote by K and K_ the knots which differ by a single crossing change:
from a positive crossing in K to a negative one in K_ (positive/negative crossings
are shown on the left /right in Fig. 2). Now we list eight properties of the Rasmussen
link invariant s. The first seven were proved in [32] and the last one was proved
in [2].

s(K) = s(~K), (3.1)
s(K#K') = s(K) + s(K'), (3.2)
s(K*) = —s(K), (3.3)
|s(K)| < 2g4(K), (3.4)
S(K_) < s(Ky) < s(K_) +2. (3.5)

For an alternating knot K we have
s(K) = sign(K). (3.6)

For a positive knot K we have

s(K) = w(Dg) — o(Dg) +1, (3.7)

A=) (=X

Fig. 2. Smoothing of a crossing.
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where Dy is some positive diagram of K, w(D ) is the number of positive crossings
in Dg minus the number of negative crossings in D, and o(D ) is the number of
Seifert circles. For any knot K we have

1+ w(Dg) —o(Dk) < s(K) < -1+ w(Dk) + o(Dk), (3.8)

where Dy is any diagram of K. It is shown in [2] that (3.8) follows from (3.3), (3.5)
and (3.7).

In [2] Baader proved that the Rasmussen link invariant s induces a quasi-
morphism on the braid group B,. Alternatively, note that properties (3.1)—(3.4)
imply that s satisfies conditions of Theorem 2.6 and hence §: B,, — R is a quasi-
morphism.

Theorem 3.5. Suppose that I:B, - Risa quasi-morphism defined by a real-
Ualuedjmot invariant I, which satisfies property (3.8), where s is substituted by I.
Then I = 1k.

Proof. Take 8 € B,,. Then for all p > 0 there exists a completing braid «, in B,

such that m is a knot and |lk(a,)| < M(n), where M (n) is some real positive
constant which depends only on n. For example, if § € P,, then we can take
ap =01 -...-0n_1 for all p € N. Note that

w(Dm) = lk(apB?) and o(Dm) =n.

The second equation follows from the fact that for any chosen orientation on the
knot m’ all strands in o, are oriented from the bottom to the top, or from
the top to the bottom (this depends on the orientation) and hence the number of
Seifert circles is n. Property (3.8) yields

1+ Ik(apB?) — n < I(apfP) < —1 + lk(apB°) + n.
Hence

lim ~(1 + Tk(ap8”) —n) < lim ~I(apd?) < lim ~(=1+ lk(ayB°) + n).

p—00 p p—00 p pP—00 p
Therefore I(3) = lim,, o0 11—):7\(61’) = lim, o I%I(O‘/PEJ) = 1k(B). m|

Corollary 3.6. FEach a € B,, satisfies s(a) = lk(a).

Now we are ready to prove Proposition 3.3.

Proof of Proposition 3.3. For each p € N the braid 4? is alternating and there
exists an alternating braid a; such that I(«,) < M (n), where [ is the braid length,
W is an alternating knot and M (n) is some real positive constant which depends
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only on n. Hence

N ien (o, P v, AP ~p
sign(y) = lim sign(opy?) . s@a?) g s0P) 3(y) = Ik(7),
p—o0 P p—oo P p—oo P
where the second equality follows from (3.6). |

In [2] Baader defined the following quasi-morphism:
s—lk+n—-1:B, =R,

-~

where s(5) := s(8) (Gambaudo-Ghys definition). This quasi-morphism maps all
positive braids to zero. Therefore it descends to a quasi-morphism on B, /(A,),
where A,, = (0102+...-0,-1)". In [2] Baader asked whether this quasi-morphism is
bounded for n > 2. An immediate corollary of Theorem 3.5 gives a positive answer
to this question.

Corollary 3.7. The quasi-morphism s —1lk+n — 1: B,, — R is bounded.

3.3. Connection between T, s and the braid index

In [27] Ozsvath and Szabo defined a knot invariant 7 which comes from the knot
Floer homology [23, 28, 31]. This invariant satisfies in particular the following

properties:
T(K*) = —7(K), (3.9)
T(K#K') = 7(K) + 7(K'), (3.10)
T(-K) = 7(K), (3.11)
I7(K)| < g4(K), (3.12)
0<7(Ky)—71(K_)<1, (3.13)
r(a) = MOt (3.14)
where a € B,, is a positive braid (i.e. it may be written as a product of positive
powers of standard generators o1, ...,0,_1 of B,). The first five properties were

proved in [27], and the last one was proved in [21]. The invariants s and 27 share
similar properties and coincide on positive and alternating knots. It was conjectured
by Rasmussen [32] that they are equal. This conjecture was disproved by Hedden
and Ording [17]. In this subsection we show that § = 27, and that the absolute
value of the difference between 27 and s is bounded by twice the braid index of
the knot.

Lemma 3.8. Let § € B,, such that 3 18 a knot. Then

-~

Ik(B) —n+1< 2r(8) <1k(B) +n— 1. (3.15)
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Proof. The proof of the lower bound in (3.15) is exactly the same as in [34], where
s is substituted by 27. We present it for the reader’s convenience. Let K be any
knot in S3. Recall that

0<27(Ky)—21(K_) <2, (3.16)

T(K*) = —71(K). (3.17)

Let o« € B, be any positive braid such that @ is a knot. It follows from prop-
erty (3.14) that the following equality holds:

27(a) = k(a) —n+ 1. (3.18)

It means that the left inequality in (3.15) is then an equality. When a positive
crossing of § is changed into a negative one, the number 1k(3) —n+ 1 decreases by

~

2, while 27(3) decreases by at most 2, because of (3.16). Hence, the left inequality
in (3.15) is preserved. The upper bound in (3.15) is true, because of (3.17) combined
with the lower bound. |

Corollary 3.9. The knot invariant T defines a quasi-morphism on B, and
27 = lk.
Proof. Note that properties (3.9)—(3.12) imply that 7 satisfy conditions of Theo-

rem 2.6, and hence 7: B,, — R is a quasi-morphism. The second statement follows
from Lemma 3.8 and the proof of Theorem 3.5. O

Recall that every knot K in R? can be presented as a closure of some braid in
B,,. The braid index of K is the minimal such n. It is denoted by br(K).

Theorem 3.10. Let s and T be the quasi-morphisms on B, which are induced
from Rasmussen and Ozsvath—Szabo knot invariants. Then for every B € B, the
following inequality holds

5(8) = 27(B)] < 2(n—1).
Proof. As we explained before both s and 27 satisfy property (3.15). It means that
5(8) = lk(apB)| <n—1 and [27(8) —Ik(ef)| <n —1.
Thus by the triangle inequality we have
5(8) =27 () < 2(n—1). O

Corollary 3.11. For every knot K the following inequality holds:
|s(K) —27(K)| < 2(br(K) —1).

Problem 1. Does there exist a real-valued knot invariant I, independent from the
w-signatures, 7 and s, such that I satisfies the conditions of Theorem 2.6, and such
that the induced homogeneous quasi-morphism I : B,, — R is non-trivial?
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4. Induced Quasi-Morphisms on D
4.1. Gambaudo—Ghys construction

Recall that D := Diff*°(D?, 0D?, area) is the group of compactly supported area-
preserving diffeomorphisms of the open unit disk ID?. In this subsection we discuss
the construction, essentially contained in [13], which takes a homogeneous quasi-
morphism on P,, and produces from it a quasi-morphism on D.

Denote by X, the space of all ordered n-tuples of distinct points in D?. Let
us fix a base point Z = (21,...,2,) € X,, and let T = (x1,...,2,) be any other
point in X,. It is a well-known fact that D is path-connected (see [24]). Take g € D
and any path ¥y, 0 <t < 1, in D between Id and g. Connect Z to T by a straight
line in (D?)", then act on Z with the path 1, and then connect g(Z) to z by
the straight line in (D?)". We get a loop in (D?)". More specifically it looks as
follows. Connect z; to x; by straight lines [;;: [0, %} — D? in the disk, then act
with the path g1, % <t < %, on each z;, and then connect g(z;) to z; by
straight lines [y ; : [%, 1] — D? in the disk, for all 1 < i < n. Note that for almost all

n-tuples of different points x1,...,x, in the disk the concatenations of the paths
l1::10, %] — D2, g1 [%7 %} — D? and [y : [% 1] = D?,i=1,...,n, yield a loop

in X,,. The homotopy type of this loop is an element in P, (here P, is identified
with the fundamental group m1(X,,,%)). This element is independent of the choice
of 1, because D is contractible (see [11, 35]), it will be denoted by v(g; T). Let &y,
be a homogeneous quasi-morphism on P,,. Denote dz := dxq - ... - dx, and set

B(g) = /X Gu(1(g:))dT. (4.1)

Lemma 4.1 (cf. [13]). The function ® is well defined. It is a quasi-morphism
on D.

As an immediate corollary we get that the formula

~ .1 ~ N
(g) = lim — n(y(gP;T))dT
= p Jx,

yields a homogeneous quasi-morphism d:D —R.

Proof. Let g € D. For any isotopy 9, 0 < ¢t < 1, in D between Id and g, any
T € X, and any 1 <1i,5 < n,i # j denote

i) — j 1!

ll,j(t) = Z/}t(x ) wt(x]) :[O, 1] s Sl and L17J(E) = _/

[0 (@) — ()| 27 Jo

where || - || is the Euclidean norm. Note that L; ;(Z) is the length of the path I; ;(t)

divided by 2x. It follows that L; ;(T)+4 is an upper bound for the number of times

the string ¢ turns around the string j in the positive direction plus the number of

9
ot

(500 at
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times the string ¢ turns around the string j in the negative direction in the braid
~v(g;T). Thus we get the following inequality

> 2L (@) +4) > U(v(g;T)). (4.2)

i<j
Take any finite generating set S of P,. Note that for any homogeneous quasi-
morphism @, : P, — R one has

Eal)] < (D5, + (@) ) 15(2) 43)

where ls(7y) is the length of a word v with respect to S. Recall that () is the
length of v with respect to the set {o;}7". Tt follows from [9, Corollary 24] that
there exist two positive constants K; s and K5 s, which are independent of «y, such
that

Is(v) £ Kis-l(y) + Kas.
It follows from (4.3) that

|&n(1(9: 7)) < N1l(7(g;:T)) + N, (4.4)

where Ny = K s(Dg, + maxees |@n(€)]) and No = Ky s(Dg, + maxees [@n(§)])-
Inequalities (4.2) and (4.4) yield the following inequality:

B0 (Y(g: )| 2Ny | Y Lij(@) +4 | + N

i<j

It follows that
0(g)) < 2Ny vol@" ) [ 30 [ Ly @daide
i<j D2 x D2

+ (4N1n(n + 1) + No) vol((D*)™).

It follows from [15, Lemma 1] that the integral in the above inequality is well defined
and hence |®(g)| < co. The proof of the fact that ® is a quasi-morphism is exactly
the same as in [13]. O

From now on t}ie homogeneous quasi-morphism on D induced by ¢, : P, — R
will be denoted by ®. We denote by C: D — R the celebrated Calabi homomorphism
(see [3, 8], cf. [12]).

Remark 4.2. Tt follows from the interpretation of C in [12] that the homogeneous
quasi-morphisms on D induced by the homogeneous Rasmussen and Ozsvath—Szabo
quasi-morphisms 3 and 7 are equal to C multiplied by 2n(n — 1)7"~! and by n(n —
1)7"~1, respectively.
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4.2. Generic autonomous Hamiltonians

Denote the space of autonomous compactly supported Hamiltonians H : D?> — R by
‘H. In this subsection we define the notion of a Morse-type Hamiltonian. It follows
from [25, Theorem 2.7] that Morse-type Hamiltonians form a C'-dense subset of
‘H. For any Hamiltonian H in this subset we present a calculation of ® on the
time-one flow of H (Theorem 4.5). Our result is presented in terms of the integral
of the push-forward of H to its Reeb graph against a certain signed measure on
the graph. Similar formulas on other surfaces were established in [10, 29, 30]. This
result enables us to relate the asymptotic behavior of an induced signature quasi-
morphism with the Calabi homomorphism (Theorem 4.11).

Definition 4.3. We say that a function H € H is of Morse-type if:

(1) There exists a connected open neighborhood U of dD?, such that OU\9D?
is a smooth simple curve, H|; = 0 and H has no degenerate critical points
in D2\U.

(2) There exists an open set V D U such that H ly\7 has no critical points.

(3) The inequality H(x) # H (y) holds for each two non-degenerate different critical
points x and y.

Definition 4.4. A charged tree T is a finite tree equipped with a signed measure,
such that each edge has a total finite measure.

Let @, : P, — R be any homogeneous quasi-morphism. Here we explain how we
associate to (H, @) a charged tree (T, u). Let H € H be a Morse-type function with
[ critical points in D?\U, where U is as in Definition 4.3, and let ¢ = 0U\0D?.

Step 1. Let us recall the notion of angle-action symplectic coordinates. We remove
from D? all singular level curves inside D?\U, the curve ¢ and 9D?. We get | open
annuli A; (a punctured disk is also viewed as an annulus) and an open annulus
A1 = U°. Each D?\4; has two connected components. We denote by C'A; the
component which does not contain dD? and by

a; = 8(CA1) N 8Zi, R; := M7 CR; := M

2w 27

By the Liouville-Arnold theorem (see [1]) on each one of the annuli A4; (1 < i <),
there exist so-called angle-action symplectic coordinates (6;, .J;), 0; € [0,27], and a
C*°-function
such that on each level curve ¢; in A; one has H|., = h;(J;), where the coordinate
J; along ¢; is equal to the sum of C'R; and the area, divided by 27, of the annulus
bounded by ¢; and a;. Let hy be the time-one Hamiltonian flow generated by H.
In these coordinates h; moves points on each level curve with a constant speed
oh;
aJ;’
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Let p, ¢ be the coordinates on R? and note that Hla,,, = 0. Then

l ! CR;+R;
/ H(p,q)dpdg = Z/A H(p,q)dpdq = 2”2/ hi(J;)dJ;.
D2 i=1" A i=1

CR;

Step 2. Let H be a Morse-type function with [ critical points in D?\U. Define the
equivalence relation ~ on points on D? by & ~ y whenever z, y are in the same
connected component of a level set of H. The Reeb graph T' corresponding to H is
the quotient of D? by the relation ~. The edges of T' come from the annuli in D?
fibered by level loops, the valency-one vertices correspond to the min/max critical
points of H and to 0D?, and the valency-three vertices correspond to the saddle
critical points of H. In our case T is a rooted tree with the root being the vertex
of T corresponding to the domain U D dD?. Each edge e; in T corresponds to an
annulus A; for each 0 < j < I. A Reeb graph is called simple if it has only two
vertices and one edge.

Step 3. The action coordinate on any of the annuli induces a coordinate J; on
the corresponding edge e; of T'. Thus each Morse-type Hamiltonian H descends
to a function 7:T — R, where i = h; and i’ = A on each open edge e;. Here
j € {0,...,1}. For a homogeneous quasi-morphism ¢, : P, — R and 0 < j <[ we
define a signed measure p on T' by setting

) = o St ) (5 - )

where Jj is the coordinate on each edge e; and 1, is the pure braid in P, shown

in Fig. 3. Note that all of these braids commute with each other.

Theorem 4.5. Let H € H be a Morse-type function, @, : B, — R be a homoge-
neous quasi-morphism, and ® be the corresponding homogeneous quasi-morphism
on D. Then

B(hy) = /T o (4.5)

where hy is the time-one Hamiltonian flow generated by H.

| oo e oo

\
N

-1 i

Fig. 3. Braid n; ».
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Proof. [Sketch of the proof] Let [ be the number of isolated critical points of
H. If [ = 1 then the Reeb graph T which corresponds to H is simple, and The-
orem 4.5 is just [13, Lemma 5.2]. Let [ > 1. Take a sequence of non-negative
integers my,...,n;y1 such that n = ny + -+ + nyy1. Let T € X, such that
T = (1, Tnyy Ty gl s Lnidngy - - o s Engfngteodgngs - - - L) Where x; is in Aj
ifng+neg+---4+nj1+1 <7< ny+ny+---+n; foreach 1 <i < n and
1 < j <1+ 1. We also require that for each 1 < j <1 and x;, 2z € A; such that
i < k we have H(x;) < H(xy). Then for every p € N

P o=\
v(hY,T) = Q1pYip - V+1,p02,p,

where |, ()| and |@n(az,)| are bounded by a constant independent of
T and p, each braid <, depends up to conjugation only on p and points
Ty fnottny+1s - s Ty dnotgn;4n,. - All of 75, commute with each other and
up to conjugation are elements of the Abelian group which is generated by the
braids 7; ,. Now we apply angle-action coordinates in each annuli A; and proceed

as in the proof of [13, Lemma 5.2]. Summing over all such ny,...,ni41, T € X,, and
multiplying by n! yields Eq. (4.5). The interested reader may find a complete proof
in [7]. O

Let 6 € [0, 1] and denote by w() := 2™ The motivation for the next theorem
is explained in Problem 2.

Theorem 4.6. Let AP, be the Abelian subgroup of P, generated by n; ., and
denote by

Vap :={@|lap, : AP, — R where ¢ is a homogeneous quasi-morphism on By}.
Then

B = {SiAg;lw(%)ﬂSiAg;lw(%) - 3SiAg;lw(§)» s (n—1)sign, 1y — nSiAg;lw(%)}

18 a basis for Vap.

Proof. If n =2, then siAg;lw(%)(ngg) = 2, and the proof follows. Let n > 2.

Lemma 4.7. Let 0 € [0,1]NQ. Then:

436 —1)0 ifo<o<
1
41-1)(1-0) ifl__lgagl,_i,2<z<z—1,
/.V 17 —
Slgnw(e)(m,n)= I—
4(i =10 if - <Hh<-, 2<I<i—1,
i
Ai-1)(1-0) if ——<o<1
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Proof. Recall that the torus link K (p, ¢) has a braid representation (o1 -...-op—1)9.
Note that

Signu(e)(K(“» n)) = sign,, (g (M2n * - M) = Z Signw(e)(m,n)-
i=2
Hence for each i < n we have
Sign,, (g) (1i,n) = Signy (g (K (i, 7)) — sign,, ) (K (i — 1,i — 1)). (4.6)
In [14], Gambaudo and Ghys proved the following proposition.

Proposition 4.8 ([14, Proposition 5.2]). Let 6§ € [0,1]N Q. Then

. 2001 — 1
sighg, gy (01 -+ .. 0p—1) = 2(n — 20+ 1)0 + A1)
for%ﬁ@ﬁ# where 1 <[ <n.

An immediate consequence of Proposition 4.8 is that for 1 <1 < n and Z_Tl <
0 < % we have

sign, (o) (K (n,n)) = 2n(n — 20 + 1)0 + 21(1 — 1). (4.7)

A simple calculation combined with equalities (4.6) and (4.7) yields the proof of
this lemma. |

Let us finish the proof of the theorem. It follows from Lemma 4.7 that for each
3 <i<nand for each 2 < j <i—1 we have
((1 — 1)signw(ﬁ) — isignw(%))(ni,i) = —4,
((7 — 1)sign,,( 1y —isign,(1))(n;:) = 0.
Thus B is a basis for Vyp.

Problem 2. The following problem is motivated by a question posed to us by
Polterovich. Denote by D,y C D the set of area-preserving diffeomorphisms gen-
erated by autonomous Hamiltonians. Observe that, by Theorems 4.5 and 4.6, one
can find a linear combination of homogeneous quasi-morphisms siAg?lw on B, so
that the corresponding homogeneous quasi-morphism ®:D — R vanishes on Daut-
On the other hand, using a construction from [13] (completely different from the
one described in this paper) one can construct more homogeneous quasi-morphisms
\Tla on D that vanish on D,y;. It would be interesting to check whether the quasi-
morphism ® is non-trivial and, if so, whether it is a linear combination of the quasi-
morphisms W,. So far we have not been able to compute or estimate the value of
any of the Gambaudo-Ghys quasi-morphisms coming from quasi-morphisms on B,,
(n > 2) on any area-preserving diffeomorphism that is not generated by a flow
preserving a foliation.
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4.3. Asymptotic behavior of an induced signature quasi-morphism

Recall that 551 is a homogeneous quasi-morphism on By,. The induced family of
homogeneous quasi-morphisms on D is denoted by Sign,, p.. In [13] Gambaudo and
Ghys proved that all of them are non-trivial and linearly independent.

Proposition 4.9. For each n > 2 we have

§§%ﬂ4m):nwféfy+qn—1w>41—4ﬂ"*ﬁﬂJML

where hy is the time-one Hamiltonian flow defined by a Morse-type Hamiltonian H .

Proof. In [13] Gambaudo and Ghys showed that

() 1 if 4 is even,
sign(n; ) =
S i—1 if iis odd.

A simple computation yields

no_ n ] 1 n—i
sign,, (min)i( . )JJT (5 -
;mgnn(n, )Z<i> (2 )

_ g ((%)M +4n—1)J (%)M) - g G - 2J)n1 .

Now the proof follows immediately from Theorem 4.5. O

The following theorem is used in the proof of the main result in this subsec-
tion (Theorem 4.11). The proof relies on the estimates from [15, Theorem 1]. It is
technical and may be found in [7, Theorem 3.3.5].

Theorem 4.10 ([7]). Let H € 'H and {H}72, be a sequence of functions such
that each Hy, € H and Hy k—> H in C'-topology. Let hy and hi be the time-

— 00
one Hamiltonian flows generated by H and Hy, respectively. Let @, : B, — R be
a homogeneous quasi-morphism, and ® be the corresponding homogeneous quasi-
morphism on D. Then

lim ®(hy ) = B(hy).
k—o00
Now we are ready to prove our main theorem in this subsection.

Theorem 4.11. For each hy € D generated by an autonomous Hamiltonian H
we have

li S/giln,]])z (hl)
nrco mr~In(n —1)

= C(h1),

where C is the Calabi homomorphism.
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Proof. Step 1. Suppose that hy is generated by a Morse-type Hamiltonian H. It
follows from Proposition 4.9 that

. S/l\g/nn D2 (hl)
m ——

n—oo T~ In(n — 1)

_47r/ JH (J)dJ + 7 lim </Th’(J)dJ/(n—1)

n—oo

- /(1 _ AT ()T (n — 1)) .
T
The limit of the first integral in the equation above equals to zero, hence
. S/l\g/nn D2 (hl)
noo =1 n(n —1)

= 47r/ JH (J)dJ — lim 7 (A(l —4J)" W (J)dJ ) (n — 1)) :

n—oo
Note that J is an action coordinate on each edge of T'. This yields

area(D?) 71 1
< < —t = — = —,
0<Js< 2 2 2
It follows that |1 — 4J] < 1 and hence

lim 7 (/T(1 — 4" W (D)dJ/(n — 1))'

n—oo

< lim 7 (/} W (J)|dJ/ (n — 1)) ~0.

0<

Therefore
Sign,, pe(h1)
i Y ! = -4 = .
Jim W/Tﬁz (J)dJ Tr/Th(J)dJ Clhy)

The second equality is just integration by parts, and the proof of the third equality
is exactly the same as the proof of [12, Proposition 2.2].

Step 2. Suppose that hy is generated by any H € H. Then by [25, Theorem 2.7]
there exists a sequence {Hj}72; of Morse-type functions, which converge in C*-
topology to H. Now the proof follows from Theorem 4.10. O
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