Optimization with constraints

The problem P1:
min £(z).

subject to
zeC={gz)<0iel:m}.

Penalty method

Introduce a penalty function:

=0 forzeC,
h(x){ >0 for z€C.

An example of a penalty function

h(z) = 3 (max(gi(z),0))"

=1

Consider a sequence of unconstrained problems { P }:

min (f(z) + Ach(=))

rER™

where limj_, ., A = oo.
Let 2 be a solution of the problem P,. If f and g; are continuous functions,
the set {z*} is compact, the solution of the problem P1 exists and subsequence

{z*} converges, then z* = lim " is a solution of the problem P1.
Barrier method

b is a barrier function if
b(z) > ¢ for some cif z € C,

b(z) — oo, if g;(x) — 0 for some i.

Examples of barrier functions:

m

b(z) = (—1/gi(2)),

=1



b) = 3 los(—i().

Consider a sequence of unconstrained problems { By}

min (f(z) +rib(2))
where r;, > 0, limy_, . 7, = 0.
Let 2" be a solution of the problem By,. If f and g; are continuous functions,

set C' is compact and Int(C) is not empty, the solution of the problem P1 exists

and subsequence {z*} converges, then z* = lim z* is a solution of the problem

P1.

Method of feasible directions

Let A(z,0)={i€1l:m : gi(z) > —4d}.
Let z° € C' be an initial point, dy > 0.

Algorithm.
Let us have z* € C and 85 > 0.
Find a feasible direction p solving the problem L1:

minn
subject to
(VF(z"),p) <n,
(Vgi(z*),p) <n, i € A(z",8),
Ipll < 1.
If ||p|| = max; |p;|, L1 is a linear programming problem.

Let p* and 7, be a solution of L1.
(1) If ny, > — 0, set 2"t = 2§y = §i/2.

(2) If nr, < —dy, search for ay:
Start with @ = 1. Check the condition:

f(z" 4+ ap®) < f(2*) + /2,

gi(z® + ap®) <0, ie1:m.

If the conditions are satisfied set ap = «, otherwise set a := «/2 until the

conditions will be satisfied.



Set z*+t = 2% 4 agp®, Spy1 = 6.

If f and g; are convex functions, the regularity condition is satisfied and

set C is compact, then f(z*) — f(z*), where z* is a solution of the problem P1.

How to find a feasible solution?
Consider the following problem (P2):

min 7,

subject to
gi(z) —n <0,7i€1:m.

0

An initial point (z° 1) for P2 is: z° is an arbitrary point in R™ and ny =

max;ec1.m gi( o).

Solve the problem P2 by the method of feasible directions until n, < 0,

k

then z* is a feasible solution of P1.

If miny > 0 in P2, then P1 have no feasible solution.



