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Positive-definite functions

G – a locally compact group

Definition (Godement, 1948)
A continuous function x : G → C is positive definite if(

x(s−1
i sj)

)
1≤i,j≤n

is positive in Mn whenever s1, . . . , sn ∈ G.

Such x is always bounded. In fact, ‖x‖ = x(e).

Examples
1 Any character of G is positive definite.

For g : G → C, let g̃(s) := g(s−1).
2 If g ∈ L2(G) then g ∗ g̃ is positive definite.
3 x is positive definite ⇐⇒ x is positive definite.
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Positive-definite functions

Theorem (Bochner, Weil, Godement, De Cannière–Haagerup)
Let x : G → C be continuous and bounded. Then TFAE:

1 x is positive definite;
2 〈x , f ∗ ∗ f〉 ≥ 0 for each f ∈ L1(G), where f ∗(s) := f(s−1)∆(s−1);
3 There is a continuous unitary rep π of G on Hπ and ξ ∈ Hπ s.t.

x(g) =
〈
π(g)ξ, ξ

〉
(∀g ∈ G);

Equivalently, it is (identified with) a positive element of B(G);
4 x is a completely positive multiplier of A(G).

Legend
A(G) := VN(G)∗ (the Fourier algebra), realized in C0(G) as

{f ∗ g̃ : f ,g ∈ L2(G)}.

B(G) := C∗(G)∗ (the Fourier–Stieltjes algebra), realized in Cb(G).
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A group as a quantum group

G – a locally compact group.
1 A von Neumann algebra: L∞(G)

2 Co-multiplication: the ∗-homomorphism
∆ : L∞(G)→ L∞(G) ⊗ L∞(G) � L∞(G ×G) defined by

(∆(f))(t , s) := f(ts) (f ∈ L∞(G)).

By associativity, we have (∆ ⊗ id)∆ = (id ⊗∆)∆.

3 Left and right Haar measures. View them as n.s.f. weights
ϕ,ψ : L∞(G)+ → [0,∞] by ϕ(f) :=

∫
G f(t) dt`, ψ(f) :=

∫
G f(t) dtr .
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Locally compact quantum groups

Motivation
Lack of Pontryagin duality for non-Abelian l.c. groups.

Definition (Kustermans & Vaes, 2000)
A locally compact quantum group is a pair G = (M,∆) such that:

1 M is a von Neumann algebra
2 ∆ : M → M ⊗M is a co-multiplication: a normal, faithful, unital
∗-homomorphism which is co-associative, i.e.,

(∆ ⊗ id)∆ = (id ⊗∆)∆

3 There are two n.s.f. weights ϕ,ψ on M (the Haar weights) with:
I ϕ((ω ⊗ id)∆(x)) = ω(1)ϕ(x) when ω ∈ M+

∗ , x ∈ M+ and ϕ(x) < ∞
I ψ((id ⊗ ω)∆(x)) = ω(1)ψ(x) when ω ∈ M+

∗ , x ∈ M+ and ψ(x) < ∞.

Denote L∞(G) := M and L1(G) := M∗.
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Locally compact quantum groups

Rich structure theory, including an unbounded antipode and
duality G 7→ Ĝ within the category satisfying ˆ̂

G = G.
L1(G) is a Banach algebra with convolution ω ∗ θ := (ω ⊗ θ) ◦∆.
L1(G) has a dense involutive subalgebra L1

∗ (G).

Example (commutative LCQGs: G = G)

L∞(G) = L∞(G), (L1(G), ∗) = (L1(G), convolution)

Example (co-commutative LCQGs: G = Ĝ)

The dual Ĝ of G (as a LCQG) has
L∞(G) = VN(G), (L1(G), ∗) = (A(G),pointwise product)
∆ : VN(G)→ VN(G) ⊗ VN(G) given by ∆(λg) := λg ⊗ λg

ϕ = ψ = the Plancherel weight on VN(G).
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duality G 7→ Ĝ within the category satisfying ˆ̂

G = G.
L1(G) is a Banach algebra with convolution ω ∗ θ := (ω ⊗ θ) ◦∆.
L1(G) has a dense involutive subalgebra L1

∗ (G).

Example (commutative LCQGs: G = G)

L∞(G) = L∞(G), (L1(G), ∗) = (L1(G), convolution)

Example (co-commutative LCQGs: G = Ĝ)
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Locally compact quantum groups

Every LCQG G has 3 equivalent “faces”:
1 von Neumann-algebraic: vN alg L∞(G)

2 reduced C∗-algebraic: C∗-algebra C0(G), weakly dense in L∞(G)

3 universal C∗-algebraic: C∗-algebra Cu
0 (G) with Cu

0 (G)� C0(G).

G
alg

L∞(G) C0(G) Cu
0 (G)

G L∞(G) C0(G) C0(G)

Ĝ VN(G) C∗r (G) C∗(G)

C0(G) and Cu
0 (G) also carry a co-multiplication.

We have L1(G) E C0(G)∗ E Cu
0 (G)∗ canonically.
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Locally compact quantum groups

The left regular representation for groups: λ : L1(G)→ C∗r (G)
generalizes to

λ : L1(G)→ C0(Ĝ).

It extends to Cu
0 (G)∗ as

λu : Cu
0 (G)∗ → M(C0(Ĝ)).

The GNS constructions of (L∞(G), ϕ) and (L∞(Ĝ), ϕ̂) yield the
same Hilbert space, L2(G). When G = G, L2(G) = L2(G).
Let Λ : Nϕ → L2(G) be the canonical injection.
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The GNS constructions of (L∞(G), ϕ) and (L∞(Ĝ), ϕ̂) yield the
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Positive-definite functions over LCQGs

Definitions (Daws, 2012; Daws & Salmi, 2013)
Let G be a LCQG. Say that x ∈ L∞(G) is...

1 a completely positive-definite function if...
2 a positive-definite function if 〈x∗, ω∗ ∗ ω〉 ≥ 0 for all ω ∈ L1

∗ (G)

3 a Fourier–Stieltjes transform of a positive measure if

(∃µ̂ ∈ Cu
0 (Ĝ)∗+) x = λ̂u(µ̂) (note: λ̂u : Cu

0 (Ĝ)∗ → M(C0(G)))

4 a completely positive multiplier if there exists a completely positive
multiplier of L1(Ĝ) associated to x.

Theorem (Daws, 2012; Daws & Salmi, 2013)
(1)⇐⇒ (3)⇐⇒ (4) =⇒ (2) . If G is co-amenable, all are equivalent.
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