
Nudelman Nevanlinna-Pick interpolation versus Riesz-Dunford Nevanlinna-
Pick interpolation: positive Pick matrices versus completely positive
Pick matrices

For U , Y coefficient Hilbert spaces, we let S(U ,Y) be the Schur class of holo-
morphic functions S(z) =

∑∞
n=0 Snz

n on the unit disk D with values equal to con-
traction operators from U to Y (so Sn ∈ L(U ,Y). Nudelman (or Left-Tangential
Operator-Argument (LTOA)) point-evaluation is defined as follows: one is given
an operator Z on an auxiliary Hilbert spaces K with spectral radius less than 1
together with an operator X ∈ L(Y,K) and defines the LTOA point evaluation by
(XS)∧L(Z) =

∑∞
k=0 Z

kXSk ∈ L(U ,K). The LTOA Nevanlinna-Pick interpolation
problem then is: given N LTOA point-evaluation data points (Xi, Zi) together
with values Yi ∈ L(U ,K) for i = 1, . . . , N , find a Schur-class function S ∈ S(U ,Y)
with (XiS)∧L(Zi) = Yi for i = 1, . . . , N . This Nudelman or LTOA interpolation
problem is very convenient for giving a succinct aggregate formulation of more
detailed higher-multiplicity left-tangential interpolation problems which arises in
H∞-control theory after using the Youla reparametrization of stabilizing compen-
sators. The solution of the LTOA NP problem is in terms of positivity of the
associated Pick matrix:

PLTOA =

[ ∞∑
k=0

Zk
i (XiX

∗
j − YiY ∗j )Z∗kj

]N
i,j=1

� 0.

The Riesz-Dunford, or more generally, tensorial-functional-calculus point evaluation
is as follows: one is given an operator Z in L(K) with spectral radius , 1 and a Schur-
class function S ∈ S(U ,Y) and defines Sten(Z) =

∑∞
k=0 Sk⊗Zk ∈ L(U⊗K,Y⊗K).

The RD/tensorial NP interpolation problem is: given N such operator points Zi ∈
L(K) and N associated values Λi ∈ L(U ⊗ K,Y,⊗K), find an S ∈ S(U ,Y) so that
Sten(Zi) = Λi for i = 1, . . . , N . As discovered by Muhly-Solel, the solution criterion
involves a more refined notion of positivity, called complete positivity in the sense
of Barreto-Bhat-Liebscher-Skeide: The map

φten : P 7→

[ ∞∑
k=0

(
(IY ⊗ Zk

i PZ
k∗
j )− Λi(IU ⊗ Zk

i PZ
k
j )Λ∗j

)]N
i,j=1

should be a completely positive map from L(K) into L((Y ⊗ K)N ). We discuss
how the RD/tensorial NP problem can be reduced to a LTOA NP problem with
additional parameter, and how this observation in turn can be used to arrive at
an elementary proof of the solution criterion for the RD/tensorial NP problem
from the solution criterion for a LTOA NP problem. We also indicate multivari-
able/noncommutative generalizations if time permits.
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