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Abstract

This thesis gives an analogue to the classical Schur-Weyl duality in the setting of Deligne
categories. Given a finite-dimensional unital vector space 𝑉 (i.e. a vector space 𝑉 with
a distinguished non-zero vector 1) we give a definition of a complex tensor power of 𝑉 .
This is an 𝐼𝑛𝑑-object of the Deligne category 𝑅𝑒𝑝(𝑆𝑡) equipped with a natural action of
gl(𝑉 ).

This construction allows us to describe a duality between the abelian envelope of the
category 𝑅𝑒𝑝(𝑆𝑡) and a localization of the category Op

𝑉 (the parabolic category O for
gl(𝑉 ) associated with the pair (𝑉,1)).

In particular, we obtain an exact contravariant functor ̂︂𝑆𝑊 𝑡 from the category
𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) (the abelian envelope of the category 𝑅𝑒𝑝(𝑆𝑡)) to a certain quotient of the

category Op
𝑉 . This quotient, denoted by ̂︀Op

𝑡,𝑉 , is obtained by taking the full subcate-
gory of Op

𝑉 consisting of modules of degree 𝑡, and localizing by the subcategory of finite
dimensional modules.

It turns out that the contravariant functor ̂︂𝑆𝑊 𝑡 makes ̂︀Op
𝑡,𝑉 a Serre quotient of the

category 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)𝑜𝑝, and the kernel of ̂︂𝑆𝑊 𝑡 can be explicitly described.
In the second part of this thesis, we consider the case when 𝑉 = C∞. We define

the appropriate version of the parabolic category O and its localization, and show that
the latter is equivalent to a “restricted” inverse limit of categories ̂︀Op

𝑡,C𝑁 with 𝑁 tending

to infinity. The Schur-Weyl functors ̂︂𝑆𝑊 𝑡,C𝑁 then give an anti-equivalence between the
category ̂︀Op∞

𝑡,C∞ and the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡).

This duality provides an unexpected tensor structure on the category ̂︀Op∞
𝑡,C∞ .

Thesis Supervisor: Pavel Etingof
Title: Professor of Mathematics
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A mathematician is bothered that

his field of research is very abstract,

and resolves to switch to some

practical area of mathematics. He

goes to the department bulletin

board to find an upcoming lecture

about something practical. Luckily,

a talk is scheduled that afternoon

on "The Theory of Gears". Excited

that he has finally found a

down-to-earth area of mathematics,

he arrives to hear the lecture. Then,

the speaker stands up and begins:

"While the theory of gears with an

integer number of teeth is well

understood, a gear with a complex

number of teeth..."

A mathematical anecdote
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Chapter 1

Introduction

1.1 Overview of the results

The study of representations in complex rank involves defining and studying families of

abelian categories depending on a parameter 𝑡 which are polynomial interpolations of the

categories of representations of objects such as finite groups, Lie groups, Lie algebras and

more. This was done by P. Deligne in [D2] for finite dimensional representations of the gen-

eral linear group 𝐺𝐿𝑛, the orthogonal and symplectic groups 𝑂𝑛, 𝑆𝑝2𝑛 and the symmetric

group 𝑆𝑛. Deligne defined Karoubian tensor categories 𝑅𝑒𝑝(𝐺𝐿𝑡), 𝑅𝑒𝑝(𝑂𝑆𝑝𝑡), 𝑅𝑒𝑝(𝑆𝑡),

𝑡 ∈ C, which at points 𝑛 = 𝑡 ∈ Z+ allow an essentially surjective additive functor onto

the standard categories 𝑅𝑒𝑝(𝐺𝐿𝑛), 𝑅𝑒𝑝(𝑂𝑆𝑝𝑛), 𝑅𝑒𝑝(𝑆𝑛). The category 𝑅𝑒𝑝(𝑆𝑡) was sub-

sequently studied by himself and others (e.g. by V. Ostrik, J. Comes in [CO], [CO2]).

This thesis gives an analogue to the classical Schur-Weyl duality in the setting of

Deligne categories. In order to do this, we define the “complex tensor power” of a finite-

dimensional split unital complex vector space (i.e. a vector space 𝑉 with a distinguished

non-zero vector 1 and a splitting 𝑉 ∼= C1⊕ 𝑈). This “complex tensor power” of 𝑉 is an

𝐼𝑛𝑑-object in the category 𝑅𝑒𝑝(𝑆𝑡), and comes with an action of gl(𝑉 ) on it. Furthermore,

it can be shown that this object does not depend on the choice of splitting, but only on

the pair (𝑉,1).

11



The “𝑡-th tensor power” of 𝑉 is defined for any 𝑡 ∈ C; for 𝑛 = 𝑡 ∈ Z+, the functor

𝑅𝑒𝑝(𝑆𝑡=𝑛)→ 𝑅𝑒𝑝(𝑆𝑛) takes this 𝐼𝑛𝑑-object of 𝑅𝑒𝑝(𝑆𝑡=𝑛) to the usual tensor power 𝑉 ⊗𝑛

in 𝑅𝑒𝑝(𝑆𝑛). Moreover, the action of gl(𝑉 ) on the former object corresponds to the action

of gl(𝑉 ) on 𝑉 ⊗𝑛.

This allows us to define an additive contravariant functor, called the Schur-Weyl func-

tor,

𝑆𝑊𝑡,𝑉 : 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)→ Op
𝑉

Here𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) is the abelian envelope of the category𝑅𝑒𝑝(𝑆𝑡) (this envelope was described

in [D2, Chapter 8], [CO2]) and the category Op
𝑉 is the parabolic category O for gl(𝑉 )

associated with the pair (𝑉,1).

It turns out that 𝑆𝑊𝑡,𝑉 induces an anti-equivalence of abelian categories between a

Serre quotient of 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) and a localization of Op
𝑉 . The latter quotient is obtained

by taking the full subcategory of Op
𝑉 consisting of “polynomial” modules of degree 𝑡 (i.e.

modules on which Id𝑉 ∈ End(𝑉 ) acts by the scalar 𝑡, and on which the group 𝐺𝐿(𝑉/C1)

acts by polynomial maps), and localizing by the Serre subcategory of finite dimensional

modules. This quotient is denoted by ̂︀Op
𝑡,𝑉 .

Thus for any unital finite-dimensional space (𝑉,1) and for any 𝑡 ∈ C, the categorŷ︀Op
𝑡,𝑉 is a Serre quotient of 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)𝑜𝑝.

Next, we consider the categories ̂︀Op𝑁
𝑡,C𝑁 for 𝑁 ∈ Z+, and the corresponding Schur-Weyl

functors. Defining appropriate restriction functors

̂︂𝑅𝑒𝑠𝑡,𝑁 : ̂︀Op𝑁
𝑡,C𝑁 → ̂︀Op𝑁−1

𝑡,C𝑁−1

we can consider the inverse limit of the system ((̂︀Op𝑁
𝑡,C𝑁 )𝑁≥0, (̂︂𝑅𝑒𝑠𝑡,𝑁)𝑁≥1) and a contravari-

ant functor

𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)→ lim←−
𝑁∈Z+

̂︀Op𝑁
𝑡,C𝑁

induced by the Schur-Weyl functors 𝑆𝑊𝑡,C𝑁 .

We then define a a full subcategory of lim←−𝑁∈Z+

̂︀Op𝑁
𝑡,C𝑁 called “the restricted inverse limit”

12



of the system ((̂︀Op𝑁
𝑡,C𝑁 )𝑁≥0, (̂︂𝑅𝑒𝑠𝑡,𝑁)𝑁≥1). Intuitively, one can describe the “the restricted

inverse limit” as follows:

By definition, the objects in lim←−𝑁∈Z+

̂︀Op𝑁
𝑡,C𝑁 are sequences (𝑀𝑁)𝑁∈Z+ such that 𝑀𝑁 ∈̂︀Op𝑁

𝑡,C𝑁 , together with isomorphisms ̂︂𝑅𝑒𝑠𝑡,𝑁(𝑀𝑁) → 𝑀𝑁−1. The objects in the restricted

inverse limit are those sequences (𝑀𝑁)𝑁∈Z+ for which the integer sequence {ℓ(𝑀𝑁)})𝑁∈Z+

stabilizes (ℓ(𝑀𝑁) is the length of the ̂︀Op𝑁
𝑡,C𝑁 -object 𝑀𝑁).

We then define the complex tensor power of the unital vector space (C∞,1 := 𝑒1), and

the corresponding Schur-Weyl contravariant functor 𝑆𝑊 𝑡,C∞ . As in the finite-dimensional

case, this functor induces an exact contravariant functor ̂︂𝑆𝑊 𝑡,C∞ , and we have the fol-

lowing commutative diagram:

𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)
𝑜𝑝 ̂︂𝑆𝑊 𝑡,lim

//

̂︂𝑆𝑊 𝑡,C∞ ))

lim←−𝑛≥1, restr
̂︀Op𝑛
𝑡,C𝑛

̂︀Op∞
𝑡,C∞

OO

The contravariant functors ̂︂𝑆𝑊 𝑡,C∞ , ̂︂𝑆𝑊 𝑡,lim turn out to be anti-equivalences induced

by the Schur-Weyl functors 𝑆𝑊𝑡,C𝑛 .

The anti-equivalences ̂︂𝑆𝑊 𝑡,C∞ , ̂︂𝑆𝑊 𝑡,lim induce an unexpected structure of a rigid sym-

metric monoidal category on ̂︀Op∞
𝑡,C∞
∼= lim←−

𝑛≥1, restr

̂︀Op𝑛
𝑡,C𝑛

We obtain an interesting corollary: the duality in this category given by the tensor struc-

ture will coincide with the one arising from the usual notion of duality in BGG category

O .

The Schur-Weyl functor described above can also be used to extend other classical

dualities to complex rank. Namely, one can consider categories which are constructed “on

the basis of 𝑅𝑒𝑝(𝑆𝑡)”. A method for constructing such categories was suggested in [Et1],

and was used in [E1], [Mat] to study representations of degenerate affine Hecke algebras

and of rational Cherednik algebras in complex rank. One can then try to generalize
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the classical Schur-Weyl dualities for these new categories: for example, one can use the

notion of a complex tensor power to construct a Schur-Weyl functor between the category

of representations of the degenerate affine Hecke algebra of type 𝐴 of complex rank, and

the category of parabolic-type representations of the Yangian 𝑌 (gl𝑁) for 𝑁 ∈ Z+. We

plan to study these dualities in detail in the future.

1.2 Summary of results

Recall that the classical Schur-Weyl duality describes the relation between the actions of

gl(𝑉 ), 𝑆𝑑 on 𝑉 ⊗𝑑 (here 𝑉 is a finite-dimensional complex vector space, 𝑑 is a non-negative

integer, and 𝑆𝑑 is the symmetric group).

In particular, it says that the actions of gl(𝑉 ), 𝑆𝑑 on 𝑉 ⊗𝑑 commute with each other,

and we have a decomposition of C[𝑆𝑑]⊗C 𝒰(gl(𝑉 ))-modules

𝑉 ⊗𝑑 ∼=
⨁︁

𝜆 is a Young diagram
|𝜆|=𝑑

𝜆⊗ 𝑆𝜆𝑉

We would like to extend this duality to the Deligne category 𝑅𝑒𝑝(𝑆𝑡), by constructing

an object 𝑉 ⊗𝑡 in 𝑅𝑒𝑝(𝑆𝑡), together with the action of gl(𝑉 ) on it, which is an analogue

(a polynomial interpolation) of the module 𝑉 ⊗𝑑 for C[𝑆𝑑]⊗C 𝒰(gl(𝑉 )).

It turns out that this can be done in the following setting:

∙ The space 𝑉 is required to be unital, that is, we fix a distinguished non-zero vector

1 in 𝑉 . We then choose any splitting 𝑉 ∼= C1⊕ 𝑈 . It can be shown that 𝑉 ⊗𝑡 does

not depend on the choice of the splitting, but only on the choice of the distinguished

vector 1.

For 𝑡 /∈ Z+, one can actually give a definition without choosing a splitting, as it is

done by P. Etingof in [Et1] (see Section 4.5).

∙ The object 𝑉 ⊗𝑡 is not finite-dimensional (unlike 𝑉 ⊗𝑑), but is an 𝐼𝑛𝑑-object (a count-

able direct sum) of objects from 𝑅𝑒𝑝(𝑆𝑡).
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The intuition for working in the above setting is as follows (proposed by P. Etingof in

[Et1]): let 𝑡 ∈ C, and let 𝑥 be a formal variable. The expression 𝑥𝑡 is not polynomial in

𝑡, and has no algebraic meaning, but if we present 𝑥 as 𝑥 := 1 + 𝑦, we can write:

𝑥𝑡 = (1 + 𝑦)𝑡 =
∑︁
𝑘∈Z+

(︂
𝑡

𝑘

)︂
𝑦𝑘

The function
(︀
𝑡
𝑘

)︀
is polynomial in 𝑡, so the expression

∑︀
𝑘∈Z+

(︀
𝑡
𝑘

)︀
𝑦𝑘 is just a formal power

series with polynomial coefficients. This explains why it is convenient to work with unital

vector spaces.

Notice that for 𝑡 /∈ Z+, the above sum is infinite, which also explains why the object

𝑉 ⊗𝑡 can be expected to be an 𝐼𝑛𝑑-object of 𝑅𝑒𝑝(𝑆𝑡) (𝑅𝑒𝑝(𝑆𝑡) has only finite direct sums).

To define the object 𝑉 ⊗𝑡 for a unital vector space (𝑉,1), we use the following notation:

Notation 1.2.0.1.

∙ We denote by p(𝑉,C1) ⊂ gl(𝑉 ) the parabolic Lie subalgebra which consists of all the

endomorphisms 𝜑 : 𝑉 → 𝑉 for which 𝜑(1) ∈ C1. We will write p := p(𝑉,C1) for

short.

∙ P̄1 denotes the mirabolic subgroup corresponding to 1, i.e. the group of auto-

morphisms Φ : 𝑉 → 𝑉 such that Φ(1) = 1, and p̄C1 ⊂ p denotes the algebra of

endomorphisms 𝜑 : 𝑉 → 𝑉 for which 𝜑(1) = 0 (thus p̄C1 = 𝐿𝑖𝑒(P̄1)).

∙ U1 denotes the subgroup of P̄1 of automorphisms Φ : 𝑉 → 𝑉 for which 𝐼𝑚(Φ −

Id𝑉 ) ⊂ C1, and u+p ⊂ p̄C1 denotes the algebra of endomorphisms 𝜑 : 𝑉 → 𝑉 for

which Im𝜑 ⊂ C1 ⊂ Ker𝜑 (thus u+p = 𝐿𝑖𝑒(U1)).

Fix a splitting 𝑉 = C1⊕ 𝑈 .

Recall that we have a splitting gl(𝑉 ) ∼= p ⊕ u−p , where u−p
∼= 𝑈 . This gives us an

analogue of triangular decomposition:

gl(𝑉 ) ∼= C Id𝑉 ⊕u−p ⊕ u+p ⊕ gl(𝑈)

15



with u+p
∼= 𝑈*.

The definition of 𝑉 ⊗𝑡 is essentially an analogue of the isomorphism of

C[𝑆𝑑]⊗C 𝒰(gl(𝑉 ))-modules

𝑉 ⊗𝑑 ∼=
⨁︁

𝑘=0,...,𝑑

(𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑑}))𝑆𝑘

Here the action of gl(𝑉 ) on the right hand side (viewed as a Z+-graded space) is given as

follows: Id𝑉 acts by the scalar 𝑡, gl(𝑈) acts on each summand though its action on the

spaces 𝑈⊗𝑘, and u−p , u
+
p act by operators of degrees 1,−1 respectively.

The group 𝑆𝑑 acts on each summand through its action on the set

𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑑}) of injective maps from {1, ..., 𝑘} to {1, ..., 𝑑}.

In the Deligne category 𝑅𝑒𝑝(𝑆𝑡), we have objects Δ𝑘 which are analogues of the 𝑆𝑘×𝑆𝑑
representation C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑑}). The objects Δ𝑘 carry an action of 𝑆𝑘, therefore

we can define a Z+-graded 𝐼𝑛𝑑-object of 𝑅𝑒𝑝(𝑆𝑡):

𝑉 ⊗𝑡 :=
⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘

Next, one can define the action of gl(𝑉 ) on 𝑉 ⊗𝑡 so that Id𝑉 acts by scalar 𝑡, gl(𝑈)

acts naturally on each summand (𝑈⊗𝑘 ⊗ Δ𝑘)
𝑆𝑘 , and u−p , u

+
p act by operators of degrees

1,−1 respectively.

In fact, it can be shown that the object 𝑉 ⊗𝑡 does not depend on the choice of the

splitting, but only on the choice of the distinguished vector 1.

We also show that for 𝑡 = 𝑛 ∈ Z+, the functor 𝑅𝑒𝑝(𝑆𝑡=𝑛)→ 𝑅𝑒𝑝(𝑆𝑛) takes 𝑉 ⊗𝑡=𝑛 to

the usual tensor power 𝑉 ⊗𝑛 in 𝑅𝑒𝑝(𝑆𝑛), and the action of gl(𝑉 ) on 𝑉 ⊗𝑡=𝑛 corresponds to

the action of gl(𝑉 ) on 𝑉 ⊗𝑛.

Remark 1.2.0.2. The Hilbert series of 𝑉 ⊗𝑡 corresponding to the grading 𝑔𝑟0(𝑉 ) := C1,

𝑔𝑟1(𝑉 ) := 𝑈 would be (1 + 𝑦)𝑡.

Remark 1.2.0.3. Given any symmetric monoidal category 𝒞 with unit object 1 and a fixed

object 𝑋 ∈ 𝒞, one can similarly define the object (1⊕𝑋)⊗𝑡 of 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝑡)� 𝒞).

16



We now proceed to the second part of the Schur-Weyl duality. Recall that in the

classical Schur-Weyl duality for gl(𝑉 ), 𝑆𝑑, the module 𝑉 ⊗𝑑 over C[𝑆𝑑]⊗C𝒰(gl(𝑉 )) defines

a contravariant functor

SW𝑑,𝑉 : 𝑅𝑒𝑝(𝑆𝑑) −→𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦

SW𝑑,𝑉 := Hom𝑆𝑑
(·, 𝑉 ⊗𝑑)

Here

∙ The category 𝑅𝑒𝑝(𝑆𝑑) is the semisimple abelian category of finite-dimensional rep-

resentations of 𝑆𝑑.

∙ The category𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦 is the semisimple abelian category of polynomial repre-

sentations of gl(𝑉 ) (“polynomial” meaning that these are direct summands of finite

direct sums of tensor powers of 𝑉 ; alternatively, one can define these as finite-

dimensional representations 𝐺𝐿(𝑉 ) → Aut(𝑊 ) which can be extended to an alge-

braic map End(𝑉 )→ End(𝑊 )).

This functor takes the simple representation of 𝑆𝑑 corresponding to the Young diagram

𝜆 either to zero, or to the simple representation 𝑆𝜆𝑉 of gl(𝑉 ). Notice that the image of

functor SW𝑑,𝑉 lies in the full additive subcategory𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦,𝑑 of𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦 whose

objects are gl(𝑉 )-modules on which Id𝑉 acts by the scalar 𝑑.

It is then easy to see that the contravariant functor SW𝑑,𝑉 : 𝑅𝑒𝑝(𝑆𝑑)→𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦,𝑑

is full and essentially surjective.

Considering these dualities for a fixed finite-dimensional vector space 𝑉 and every

𝑑 ∈ Z+, we can construct a full, essentially surjective, additive contravariant functor

SW𝑉 :
⨁︁
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑)→𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦
∼=
⨁︁
𝑑∈Z+

𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦,𝑑
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between semisimple abelian categories.

The simple objects in
⨁︀

𝑑∈Z+
𝑅𝑒𝑝(𝑆𝑑) which SW𝑉 sends to zero are (up to isomorphism)

exactly those parametrized by Young diagrams 𝜆 such that 𝜆 has more than dim𝑉 rows.

Thus the contravariant functor SW𝑉 induces an anti-equivalence of abelian categories

between a Serre quotient of the semisimple abelian category
⨁︀

𝑑∈Z+
𝑅𝑒𝑝(𝑆𝑑), and the

semisimple abelian category 𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦.

In our case, we would like to consider the Deligne category 𝑅𝑒𝑝(𝑆𝑡) and a category of

representations of gl(𝑉 ) related to the unital structure of 𝑉 .

Unfortunately, the Deligne category 𝑅𝑒𝑝(𝑆𝑡) is Karoubian but not necessarily abelian,

which would make it difficult to obtain an anti-equivalence of abelian categories. However,

it turns out that the Karoubian tensor category 𝑅𝑒𝑝(𝑆𝑡) is abelian semisimple whenever

𝑡 /∈ Z+. For 𝑡 = 𝑑 ∈ Z+, this is not the case, but then 𝑅𝑒𝑝(𝑆𝑡=𝑑) can be embedded (as a

Karoubian tensor category) into a larger abelian tensor category, denoted by 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡=𝑑).

The construction of this abelian envelope is discussed in detail in [D2, Section 8] and in

[CO2]. We will denote by 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) the abelian envelope of 𝑅𝑒𝑝(𝑆𝑡) for any 𝑡 ∈ C, with

𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) being just 𝑅𝑒𝑝(𝑆𝑡) whenever 𝑡 /∈ Z+.

The structure of 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) as an abelian category is known, and described in [CO2]

and in Section 3.2.4. In particular, it is a highest weight category (with infinitely many

weights), with simple objects parametrized by all Young diagrams.

It turns out that the correct categories to consider for the Schur-Weyl duality in com-

plex rank are the abelian category 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) and the parabolic category O for gl(𝑉 )

corresponding to the pair (𝑉,1).
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Consider the short exact sequence of groups

1→ U1 −→ P̄1 −→ 𝐺𝐿
(︁
𝑉
⧸︁
C1
)︁
→ 1

For any irreducible finite-dimensional algebraic representation 𝜌 : P̄1 → Aut(𝐸) of the

mirabolic subgroup, U1 acts trivially on 𝐸, and thus 𝜌 factors through 𝐺𝐿 (𝑉/C1).

This allows us to say that 𝜌 is a 𝐺𝐿 (𝑉/C1)-polynomial representation of P̄1 if

𝜌 : 𝐺𝐿 (𝑉/C1) → Aut(𝐸) is a polynomial representation (i.e. if 𝜌 extends to an

algebraic map End (𝑉/C1)→ End(𝐸)).

Now, for any finite-dimensional algebraic representation 𝐸 of P̄1, we say that 𝐸 is

𝐺𝐿 (𝑉/C1)-polynomial if the Jordan-Holder components of 𝐸 are 𝐺𝐿 (𝑉/C1)-polynomial

representations of P̄1.

This allows us to give the following definition:

Definition 1.2.0.4. The category Op
𝑡,𝑉 is defined to be the full subcategory of𝑀𝑜𝑑𝒰(gl(𝑉 ))

whose objects 𝑀 satisfy the following conditions:

∙ 𝑀 is a Harish-Chandra module for the pair (gl(𝑉 ), P̄1), i.e. the action of the Lie

subalgebra pC1 on 𝑀 integrates to the action of the group P̄1.

Furthermore, we require that as a representation of P̄1, 𝑀 be a filtered colimit of

𝐺𝐿 (𝑉/C1)-polynomial representations, i.e.

𝑀 |P̄1
∈ 𝐼𝑛𝑑−𝑅𝑒𝑝(P̄1)𝐺𝐿(𝑉/C1)−𝑝𝑜𝑙𝑦

∙ 𝑀 is a finitely generated 𝒰(gl(𝑉 ))-module.

∙ Id𝑉 ∈ gl(𝑉 ) acts by 𝑡 Id𝑀 on 𝑀 .
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Remark 1.2.0.5. For any fixed splitting 𝑉 = C1⊕𝑈 , the first requirement can be replaced

by the requirement that 𝑀 |gl(𝑈) be a direct sum of polynomial simple 𝒰(gl(𝑈))-modules,

and that u+p act locally finitely on 𝑀 .

The category Op
𝑡,𝑉 is an Artinian abelian category, and is a Serre subcategory of the

usual category O for gl(𝑉 ).

The gl(𝑉 )-action on the object 𝑉 ⊗𝑡 is a “Op
𝑡 -type” action, which allows us to define a

contravariant functor from 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) to Op
𝑡,𝑉 :

𝑆𝑊𝑡,𝑉 := Hom𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)
(·, 𝑉 ⊗𝑡)

This contravariant functor is linear and additive, yet only left exact. To fix this

problem, we compose this functor with the quotient functor �̂� from Op
𝑡,𝑉 to the categorŷ︀Op

𝑡,𝑉 : the localization of Op
𝑡,𝑉 by the Serre subcategory of finite-dimensional modules. We

denote the newly obtained functor by ̂︂𝑆𝑊 𝑡,𝑉 .

One of the main results of this thesis is the following theorem (c.f. Theorem 5.0.0.42):

Theorem 1. The contravariant functor ̂︂𝑆𝑊 𝑡,𝑉 : 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)→ ̂︀Op
𝑡,𝑉 is exact and essentially

surjective.

Moreover, the induced contravariant functor

𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)
⧸︁
𝐾𝑒𝑟(̂︂𝑆𝑊 𝑡,𝑉 )

→ ̂︀Op
𝑡,𝑉

is an anti-equivalence of abelian categories, thus making ̂︀Op
𝑡,𝑉 a Serre quotient of

𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)
𝑜𝑝.

In the course of the proof of Theorem 1 we obtain a rather explicit description of

the Serre subcategory 𝐾𝑒𝑟(̂︂𝑆𝑊 𝑡,𝑉 ) of 𝑅𝑒𝑝(𝑆𝑡). This description shows that as 𝑛 grows

large, the kernel becomes “smaller”, thus allowing one to conjecture that in the “limit case”

when 𝑛 tends to infinity, we would be able to obtain an anti-equivalence of categories. In

Chapter 7, we will show that in the correct “limit” setting, this is indeed the case. The

precise statement of this result is given below.
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Consider the infinite-dimensional vector space C∞ with a countable basis 𝑒1, 𝑒2, 𝑒3, ...

and 1 := 𝑒1 as the chosen vector. As before, we can construct an 𝐼𝑛𝑑-object of 𝑅𝑒𝑝(𝑆𝑡)

which is the complex tensor power (C∞)⊗𝑡, and define an action of the Lie algebra gl∞

on it.

We define an appropriate analogue of the category O of Harish-Chandra modules for

the pair (gl∞, P̄1); this category will be denoted by Op∞
𝑡,C∞ .

We then define the contravariant Schur-Weyl functor

𝑆𝑊 𝑡,C∞ : 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) −→ Op∞
𝑡,C∞ , 𝑆𝑊 𝑡,C∞ := Hom𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)

(·, (C∞)⊗𝑡)

Taking the localization of Op∞
𝑡,C∞ by the Serre subcategory of the polynomial modules,

we obtain the category ̂︀Op∞
𝑡,C∞ , and a contravariant functor

̂︂𝑆𝑊 𝑡,C∞ : 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) −→ ̂︀Op∞
𝑡,C∞

We claim that this functor is an anti-equivalence of categories.

In order to do so, it is convenient to use the results of Theorem 1: namely, to deduce

the anti-equivalence in the infinite-dimensional case from the results obtained in the finite-

dimensional case by expressing Op∞
𝑡,C∞ as an inverse limit (in some sense) of the categories

Op𝑛
𝑡,C𝑛 .

To understand in which sense the category Op∞
𝑡,C∞ is an inverse limit of the categories

Op𝑛
𝑡,C𝑛 , we recall the classical Schur-Weyl duality once again.

Given a sequence of categories {𝒞𝑖}𝑖∈Z+ and functors ℱ𝑖 : 𝒞𝑖 → 𝒞𝑖−1 for every 𝑖 ≥ 1,

we consider (following [S], [WW]) the inverse limit category lim←−𝑖∈Z+
𝒞𝑖 to be the category

whose objects are pairs ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1) where 𝐶𝑖 ∈ 𝒞𝑖 for each 𝑖 ∈ Z+ and 𝜑𝑖−1,𝑖 :

ℱ𝑖−1,𝑖(𝐶𝑖)
∼→ 𝐶𝑖−1 for any 𝑖 ≥ 1.
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A morphism in lim←−𝑖∈Z+
𝒞𝑖 between objects ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1) and

({𝐷𝑖}𝑖∈Z+ , {𝜓𝑖−1,𝑖}𝑖≥1) is a set of arrows {𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+ satisfying compatabil-

ity conditions.

In the setting of the classical Schur-Weyl duality, we can consider the restriction

functors

Res𝑛−1,𝑛 : 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 → 𝑅𝑒𝑝(gl𝑛−1)𝑝𝑜𝑙𝑦

defined by Res𝑛−1,𝑛 := (·)𝐸𝑛,𝑛 (for each representation 𝜌𝑊 : gl𝑛 → End(𝑊 ), we take the

space 𝐾𝑒𝑟(𝜌(𝐸𝑛,𝑛))). Notice that 𝑆𝜆C𝑛 ↦→ 𝑆𝜆C𝑛−1 for any 𝜆.

This allows us to consider the inverse limit category lim←−𝑛∈Z+
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦.

In Chapter 6, we show that 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 is a full subcategory of lim←−𝑛∈Z+
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦,

and give an intrinsic description of this subcategory, which we will now describe in brief.

Let 𝑚 ≥ 1. We will consider the Lie subalgebra gl𝑚 ⊂ gl∞ which consists of matrices

𝐴 = (𝑎𝑖𝑗)1≤𝑖,𝑗 for which 𝑎𝑖𝑗 = 0 whenever 𝑖 > 𝑚 or 𝑗 > 𝑚. We will also denote by gl⊥𝑚

the Lie subalgebra of gl∞ consisting of matrices 𝐴 = (𝑎𝑖𝑗)1≤𝑖,𝑗 for which 𝑎𝑖𝑗 = 0 whenever

𝑖 ≤ 𝑚 or 𝑗 ≤ 𝑚.

We can then define the specialization functors

Γ𝑛 : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 −→ 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, Γ𝑛 := (·)gl⊥𝑛

This gives a functor

Γlim : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 −→ lim←−
𝑛∈Z+

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

One can easily see that this functor is fully faithful, and is an equivalence between the cat-

egory 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 and a subcategory of lim←−𝑛∈Z+
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 called the restricted inverse

limit of the categories 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦.
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The restricted inverse limit of categories {𝒞𝑖}𝑖∈Z+ and functors ℱ𝑖 : 𝒞𝑖 → 𝒞𝑖−1 is

defined in the following setting: the categories 𝒞𝑖 are required to be finite-length abelian

categories, and the functors ℱ𝑖 are required to be exact. Furthermore, assume that the

functors ℱ𝑖 take simple objects to either simple objects or zero (that is, the functors ℱ𝑖
do not increase the lengths of objects). Such functors are called “shortening”.

Denote by ℓ𝒞𝑖(𝑋) the length of the object 𝑋 ∈ 𝒞𝑖.

The category lim←−𝑖∈Z+
𝒞𝑖 is then an abelian category as well, and we can consider its full

subcategory lim←−𝑖∈Z+, restr
𝒞𝑖 consisting of all objects ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1) such that the

weakly-increasing integer sequence {ℓ𝒞𝑖(𝐶𝑖)}𝑖∈Z+ is bounded (and thus stabilizing). This

subcategory is obviously a Serre subcategory, and a finite-length abelian category.

This category is universal in the following sense: given a finite-length abelian category

𝒜 and exact shortening functors 𝒜 → 𝒞𝑖 for each 𝑖, there is a functor 𝒜 → lim←−𝑖∈Z+, restr
𝒞𝑖.

Remark 1.2.0.6. It is worth mentioning that sometimes (as it happens in our exam-

ples), there is another description of the restricted inverse limit, which is occasion-

ally more convenient to work with. Assume that for each 𝑖, the category 𝒞𝑖 “has an

object-wise filtration”; namely, that it is a direct limit of a sequence of Serre subcat-

egories (𝐹𝑖𝑙𝑘(𝒞𝑖))𝑘∈Z+ . Furthermore, assume that the functors ℱ𝑖−1,𝑖 induce functors

ℱ𝑘𝑖−1,𝑖 : 𝐹𝑖𝑙𝑘(𝒞𝑖−1)→ 𝐹𝑖𝑙𝑘(𝒞𝑖) for any 𝑘 ∈ Z+. One can then define the category

lim−→
𝑘∈Z+

lim←−
𝑖∈Z+

𝐹𝑖𝑙𝑘(𝒞𝑖)

which we call the inverse limit of categories with filtrations. Under some reasonable

conditions, this category coincides with the restricted inverse limit lim←−𝑖∈Z+, restr
𝒞𝑖.

This approach is described in detail in Chapter 6. It is used to prove Theorem 2 below.

Returning to our motivating example, the system ((𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦)𝑛≥0 , (Res𝑛−1,𝑛)𝑛≥1)

satisfies the requirements given above, and it can be shown that the functor Γlim factors
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through the restricted inverse limit lim←−𝑛∈Z+, restr
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, giving an equivalence

Γlim : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦
∼−→ lim←−

𝑛∈Z+, restr

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

The contravariant functors

SWC𝑛 :
⨁︁
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑) −→ 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, SWC𝑛 := ⊕𝑑SW𝑑,C𝑛

also factor through the category lim←−𝑛∈Z+, restr
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, and we obtain the following

commutative diagram:

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

⨁︀
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑)
𝑜𝑝

SWlim
//

SWC𝑛
33

SWC∞ ++

lim←−𝑛≥1, restr
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

Pr𝑛

OO

𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦

Γlim

Γ𝑛

jj

OO

with the contravariant functors SWlim, SWC∞ being anti-equivalences.

Inspired by the classical situation described above, we define restriction functors

̂︂Res𝑛−1,𝑛 : ̂︀Op𝑛
𝑡,C𝑛 −→ ̂︀Op𝑛−1

𝑡,C𝑛−1

for each 𝑛 ≥ 1. These functors come from exact functors

Res𝑛−1,𝑛 : Op𝑛
𝑡,C𝑛 −→ O

p𝑛−1

𝑡,C𝑛−1 Res𝑛−1,𝑛 := (·)𝐸𝑛,𝑛

The functors Res𝑛−1,𝑛 take polynomial gl𝑛-modules to polynomial gl𝑛−1-modules, and
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therefore induce exact functors

̂︂Res𝑛−1,𝑛 : ̂︀Op𝑛
𝑡,C𝑛 −→ ̂︀Op𝑛−1

𝑡,C𝑛−1

The Schur-Weyl contravariant functors ̂︂𝑆𝑊 𝑡,C𝑛 turn out to be compatible with the

functors ̂︂Res𝑛−1,𝑛. That is, for any 𝑛 ∈ Z>0, there exists a natural isomorphism

𝜂𝑛 : ̂︂Res𝑛−1,𝑛 ∘̂︂𝑆𝑊 𝑡,C𝑛 −→̂︂𝑆𝑊 𝑡,C𝑛−1

From Theorem 1, we obtain the following result:

Theorem 2. The Schur-Weyl contravariant functors ̂︂𝑆𝑊 𝑡,C𝑛 induce an anti-equivalence

of abelian categories, given by the contravariant functor

̂︂𝑆𝑊 𝑡,lim : 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) −→ lim←−
𝑛∈Z+, restr

̂︀Op𝑛
𝑡,C𝑛

𝑋 ↦→
(︁
{̂︂𝑆𝑊 𝑡,C𝑛(𝑋)}𝑛∈Z+ , {𝜂𝑛(𝑋)}𝑛≥1

)︁
(𝑓 : 𝑋 → 𝑌 ) ↦→ {̂︂𝑆𝑊 𝑡,C𝑛(𝑓) : ̂︂𝑆𝑊 𝑡,C𝑛(𝑌 )→̂︂𝑆𝑊 𝑡,C𝑛(𝑋)}𝑛∈Z+

Furthermore, we prove that the category ̂︀Op∞
𝑡,C∞ is equivalent the restricted inverse

limit of the system categories
(︁̂︀Op𝑛

𝑡,C𝑛 ,̂︂Res𝑛−1,𝑛

)︁
when 𝑛 tends to infinity. The projection

functors ̂︀Γ𝑛 : ̂︀Op∞
𝑡,C∞ → ̂︀Op𝑛

𝑡,C𝑛 are isomorphic to the the functors induced by the invariants

functors Γ𝑛 = (·)gl⊥𝑛 : Op∞
𝑡,C∞ → Op𝑛

𝑡,C𝑛 .

We obtain the following commutative diagram:

̂︀Op𝑛
𝑡,C𝑛

𝑅𝑒𝑝𝑎𝑏(𝑆𝑡)
𝑜𝑝 ̂︂𝑆𝑊 𝑡,lim

//

̂︂𝑆𝑊 𝑡,C𝑛
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̂︂𝑆𝑊 𝑡,C∞ ))

lim←−𝑛≥1, restr
̂︀Op𝑛
𝑡,C𝑛

Pr

OO

̂︀Op∞
𝑡,C∞

̂︀Γlim

OO
̂︀Γ𝑛

gg
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Corollary 3. The contravariant functor ̂︂𝑆𝑊 𝑡,C∞ is an anti-equivalence of abelian cate-

gories.

This anti-equivalence allows us to obtain an unexpected tensor structure on the cate-

gory ̂︀Op∞
𝑡,C∞
∼= lim←−

𝑛≥1, restr

̂︀Op𝑛
𝑡,C𝑛

Namely, the equivalence from Theorem 2 implies that this is a rigid symmetric monoidal

category.

Finally, we show that the duality in 𝑅𝑒𝑝𝑎𝑏(𝑆𝑡) (given by the tensor structure) corre-

sponds to the duality in the category ̂︀Op
𝑡,𝑉 , i.e. that there is an isomorphism of (covariant)

functors ̂︂𝑆𝑊 𝑡,𝑉 ((·)*) −→ �̂�(𝑆𝑊𝑡,𝑉 (·)∨)

This gives a new interpretation to the notion of duality in the category ̂︀Op
𝑡,𝑉 .

In particular, it turns out that the rigidity (duality) coming from the newly obtained

tensor structure on the ̂︀Op∞
𝑡,C∞ corresponds to the a priori unrelated notion of duality in

the BGG category O .
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Chapter 2

Notation and definitions

The base field will be C.

2.0.1 Finite-length categories

Let 𝒞 be an abelian category, and 𝐶 be an object of 𝒞. A Jordan-Holder filtration for 𝐶

is a finite sequence of subobjects of 𝐶

0 = 𝐶0 ⊂ 𝐶1 ⊂ ... ⊂ 𝐶𝑛 = 𝐶

such that each subquotient 𝐶𝑖+1/𝐶𝑖 is simple.

The Jordan-Holder filtration might not be unique, but the simple factors 𝐶𝑖+1/𝐶𝑖

are unique (up to re-ordering and isomorphisms). Consider the multiset of the simple

factors: each simple factor is considered as an isomorphism class of simple objects, and

its multiplicity is the multiplicity of its isomorphism class in the Jordan-Holder filtration

of 𝐶. This multiset is denoted by 𝐽𝐻(𝐶), and its elements are called the Jordan-Holder

components of 𝐶.

The length of the object 𝐶, denoted by ℓ𝒞(𝐶), is defined to be the size of the finite

multiset 𝐽𝐻(𝐶).

Definition 2.0.1.1. An abelian category 𝒞 is called a finite-length category if every object
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admits a Jordan-Holder filtration.

2.0.2 Tensor categories

The following standard notation will be used thoughout the thesis:

Notation 2.0.2.1. Let 𝒞 be a rigid symmetric monoidal category. We denote by 1 the unit

object. Also, for any object 𝑀 , we denote by 𝑀* the dual of 𝑀 .

2.0.3 Karoubian categories

Definition 2.0.3.1 (Karoubian category). We will call a category 𝒜 Karoubian1 if it is

an additive category, and every idempotent morphism is a projection onto a direct factor.

Definition 2.0.3.2 (Block of a Karoubian category). A block in an Karoubian category

is a full subcategory generated by an equivalence class of indecomposable objects, defined

by the minimal equivalence relation such that any two indecomposable objects with a

non-zero morphism between them are equivalent.

2.0.4 Serre subcategories and quotients

Definition 2.0.4.1 (Serre subcategory). A (nonempty) full subcategory 𝒞 of an abelian

category 𝒜 is called a Serre subcategory if for any exact sequence

0→𝑀 ′ →𝑀 →𝑀 ′′ → 0

𝑀 is in 𝒞 iff 𝑀 ′ and 𝑀 ′′ are in 𝒞.

Definition 2.0.4.2 (Serre quotient). Let 𝒜 be an abelian category, and 𝒞 be a Serre

subcategory.

1Deligne calls such categories "pseudo-abelian" (c.f. [D2, 1.9]).
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We define the category 𝒜/𝒞, called the Serre quotient of 𝒜 by 𝒞, whose objects are

the objects of 𝒜 and where the morphisms are defined by

Hom𝒜/𝒞(𝑋, 𝑌 ) := lim−→
𝑋′⊂𝑋,𝑌 ′⊂𝑌
𝑋/𝑋′,𝑌 ′∈𝒞

Hom𝒜(𝑋
′, 𝑌/𝑌 ′)

The category 𝒜/𝒞 comes with a quotient functor, 𝜋 : 𝒜 → 𝒜/𝒞, which takes 𝑋 ∈ 𝒜

to 𝑋 ∈ 𝒜/𝒞, and 𝑓 : 𝑋 → 𝑌 in 𝒜 to its image in lim−→𝑋′⊂𝑋,𝑌 ′⊂𝑌
𝑋/𝑋′,𝑌 ′∈𝒞

Hom𝒜(𝑋
′, 𝑌/𝑌 ′).

Remark 2.0.4.3. It is easy to see that the category 𝒜/𝒞 is abelian, and the functor 𝜋 :

𝒜 → 𝒜/𝒞 is exact.

Let 𝒜,ℬ be abelian categories, and ℱ : 𝒜 → ℬ an exact functor. Then we can consider

the full subcategory 𝐾𝑒𝑟(ℱ) of 𝒜 whose objects are 𝑋 ∈ 𝒜 for which ℱ(𝑋) = 0.

Then 𝐾𝑒𝑟(ℱ) is a Serre subcategory, and the functor ℱ factors through the functor

𝜋 : 𝒜 → 𝒜/𝐾𝑒𝑟(ℱ): we have a functor

ℱ̄ : 𝒜/𝐾𝑒𝑟(ℱ)→ ℬ such that ℱ = ℱ̄ ∘ 𝜋

One can easily check that the functor ℱ̄ : 𝒜/𝐾𝑒𝑟(ℱ)→ ℬ is exact and faithful.

Remark 2.0.4.4. Let 𝒜 be an abelian category, and 𝒞 be a Serre subcategory. Consider

the quotient functor, 𝜋 : 𝒜 → 𝒜/𝒞. Then 𝐾𝑒𝑟(𝜋) = 𝒞, and any exact functor ℱ : 𝒜 → ℬ

which takes all the objects of 𝒞 to zero factors through 𝜋.

2.0.5 Ind-completion of categories

Let 𝒜 be a small category.

Definition 2.0.5.1 (Ind-completion). The Ind-completion of 𝒜, denoted by 𝐼𝑛𝑑−𝒜, is

the full subcategory of the category 𝐹𝑢𝑛(𝒜𝑜𝑝,Set), whose objects are functors which are

filtered colimits of representable functors 𝒜𝑜𝑝 → Set.
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Remark 2.0.5.2. The Yoneda lemma gives us a fully faithful functor 𝚥 : 𝒜 →

𝐹𝑢𝑛(𝒜𝑜𝑝,Set) which restricts to a fully faithful functor 𝜄 : 𝒜 → 𝐼𝑛𝑑−𝒜.

An easy consequence of the definition is the following Lemma:

Lemma 2.0.5.3. The objects of 𝜄(𝒜) are compact objects in 𝐼𝑛𝑑−𝒜.

Corollary 2.0.5.4. Given an object 𝐴 ∈ 𝒜 and a collection of objects {𝐴𝑖}𝑖∈𝐼 , 𝐴𝑖 ∈ 𝒜

(here 𝐼 is a discrete set), we have:

Hom𝐼𝑛𝑑−𝒜(𝐴,
⨁︁
𝑖∈𝐼

𝐴𝑖) ∼=
⨁︁
𝑖∈𝐼

Hom𝒜(𝐴,𝐴𝑖)

We will also use the following property of the Ind-completion (c.f. [KS, Theorem 8.6.5,

p.194]):

Theorem 2.0.5.5. Assume the category 𝒜 is abelian. Then the category 𝐼𝑛𝑑 − 𝒜 is

abelian as well, and the functor 𝜄 is exact. Furthermore, the category 𝐼𝑛𝑑 − 𝒜 is a

Grothendieck category (in the sense of [KS, Definition 8.3.24, p.186]), and thus any func-

tor ℱ : 𝐼𝑛𝑑−𝒜 → 𝒞 commuting with small colimits admits a right adjoint.

2.0.6 Actions on tensor powers of a vector space

Let 𝑈 be a vector space over C, and let 𝑘 ≥ 0.

Notation 2.0.6.1.

1. Let 𝐴 ∈ End(𝑈). We denote the operator Id𝑈 ⊗ Id𝑈 ⊗... ⊗ 𝐴 ⊗ ... ⊗ Id𝑈 on 𝑈⊗𝑘

(with 𝐴 acting on the 𝑖-th factor of the tensor product) by 𝐴(𝑖).

The diagonal action of 𝐴 on 𝑈⊗𝑘 would then be

∑︁
1≤𝑖≤𝑛

𝐴(𝑖) = 𝐴⊗ Id𝑈 ⊗...⊗ Id𝑈 +Id𝑈 ⊗𝐴⊗ ...⊗ Id𝑈 +...+ Id𝑈 ⊗...⊗ Id𝑈 ⊗𝐴

and will sometimes be denoted by 𝐴|𝑈⊗𝑘 .
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2. Similarly, given a functional 𝑓 ∈ 𝑈*, we have an operator 𝑓 (𝑙) defined as

𝑓 (𝑙) : 𝑈⊗𝑘 → 𝑈⊗𝑘−1

𝑢1 ⊗ ...⊗ 𝑢𝑘 ↦→ 𝑓(𝑢𝑙)𝑢1 ⊗ ...⊗ 𝑢𝑙−1 ⊗ 𝑢𝑙+1 ⊗ ...⊗ 𝑢𝑘

3. Finally, given 𝑢 ∈ 𝑈 , we define the operator 𝑢(𝑙) as

𝑢(𝑙) : 𝑈⊗𝑘 → 𝑈⊗𝑘+1

𝑢1 ⊗ ...⊗ 𝑢𝑘 ↦→ 𝑢1 ⊗ ...⊗ 𝑢𝑙−1 ⊗ 𝑢⊗ 𝑢𝑙 ⊗ ...⊗ 𝑢𝑘

Notation 2.0.6.2. Let 𝑈 be a finite-dimensional vector space, and let 𝑓 ∈ 𝑈*, 𝑢 ∈ 𝑈 .

Denote by 𝑇𝑓,𝑢 ∈ End(𝑈) the rank one operator 𝑣1 ↦→ 𝑓(𝑣1)𝑢 (i.e. the image of 𝑓 ⊗ 𝑢

under the isomorphism 𝑈* ⊗ 𝑈 → End(𝑈)).

Notation 2.0.6.3. Let 𝜆 be a Young diagram. Denote by 𝑆𝜆 the Schur functor correspond-

ing to 𝜆 (c.f. [FH, Chapter 6]). When applied to a finite-dimensional vector space 𝑈 , this

is either zero (iff 𝑙(𝜆) > dim𝑈), or an irreducible finite-dimensional representation of the

Lie algebra gl(𝑈), which integrates to a representation of the group 𝐺𝐿(𝑈).

We will denote the full additive subcategory of 𝑀𝑜𝑑𝒰(gl(𝑈)) generated by {𝑆𝜆𝑈}𝜆 (𝜆

running over all Young diagrams) by 𝑀𝑜𝑑𝒰(gl(𝑈)),𝑝𝑜𝑙𝑦, and call its objects polynomial rep-

resentations of the Lie algebra gl(𝑈) (or the algebraic group 𝐺𝐿(𝑈)).

The category𝑀𝑜𝑑𝒰(gl(𝑈)),𝑝𝑜𝑙𝑦 is obviously a semisimple abelian category, and it contains

all the finite-dimensional representations of gl(𝑈) which can be obtained as submodules

of a direct sum of tensor powers of the tautological representation 𝑈 of gl(𝑈).

Alternatively, one can describe these representations as finite-dimensional represen-

tations 𝜌 : 𝐺𝐿(𝑈) → Aut(𝑊 ) which can be extended to an algebraic map End(𝑈) →

End(𝑊 ).
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2.0.7 Symmetric group and Young diagrams

Notation 2.0.7.1.

∙ 𝑆𝑛 will denote the symmetric group (𝑛 ∈ Z+).

∙ The notation 𝜆 will stand for a partition (weakly decreasing sequence of non-negative

integers), a Young diagram 𝜆, and the corresponding irreducible representation of 𝑆|𝜆|.

Here |𝜆| is the sum of entries of the partition, or, equivalently, the number of cells in

the Young diagram 𝜆.

∙ All the Young diagrams will be considered in the English notation, i.e. the lengths of

the rows decrease from top to bottom.

∙ The length of the partition 𝜆, i.e. the number of rows of Young diagram 𝜆, will be

denoted by ℓ(𝜆).

∙ The 𝑖-th entry of a partition 𝜆, as well as the length of the 𝑖-th row of the corresponding

Young diagram, will be denoted by 𝜆𝑖 (if 𝑖 > ℓ(𝜆), then 𝜆𝑖 := 0).

∙ h (in context of representations of 𝑆𝑛) will denote the permutation representation of 𝑆𝑛,

i.e. the 𝑛-dimensional representation C𝑛 with 𝑆𝑛 acting by 𝑔.𝑒𝑗 = 𝑒𝑔(𝑗) on the standard

basis 𝑒1, .., 𝑒𝑛 of C𝑛.

∙ For any Young diagram 𝜆 and an integer 𝑛 such that 𝑛 ≥ |𝜆|+ 𝜆1, we denote by �̃�(𝑛)

the Young diagram obtained by adding a row of length 𝑛− |𝜆| on top of 𝜆.

∙ Let ℐ𝑚,+𝜆 denote the set of all Young diagrams obtained from 𝜆 by adding 𝑚 boxes,

no two in the same column, and ℐ𝑚,−𝜆 denote the set of all Young diagrams obtained

from 𝜆 by removing 𝑚 boxes, no two in the same column. We will also denote: ℐ+𝜆 :=

⊎𝑚≥0ℐ𝑚,+𝜆 , ℐ−𝜆 := ⊎0≤𝑚≤|𝜆|ℐ𝑚,−𝜆 .

Example 2.0.7.2. Consider the Young diagram 𝜆 corresponding to the partition

(6, 5, 4, 1):

32



The length of 𝜆 is 4, and |𝜆| = 16. For 𝑛 = 23, we have:

�̃�(𝑛) =
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Chapter 3

Preliminaries

3.1 Classical Schur-Weyl duality

In this section we give a short overview of the classical Schur-Weyl duality.

Let 𝑉 be a finite-dimensional vector space over C, and let 𝐸 := 𝑉 ⊗𝑑. Then 𝑆𝑑 acts on

𝐸 by permuting the factors of the tensor product (the action is semisimple, by Mashke’s

theorem):

𝜎.(𝑣1 ⊗ 𝑣2 ⊗ ...⊗ 𝑣𝑑) := 𝑣𝜎−1(1) ⊗ 𝑣𝜎−1(2) ⊗ ...⊗ 𝑣𝜎−1(𝑑)

Denote by 𝐴 the image of C[𝑆𝑑] in EndC(𝐸).

Since C[𝑆𝑑] is semisimple by Mashke’s theorem, we have the following corollary of the

Double Centralizer Theorem:

Proposition 3.1.0.3. Let 𝐵 := End𝐴(𝐸). Then

∙ 𝐵 is semisimple.

∙ 𝐴 = End𝐵(𝐸).

∙ As an 𝐴⊗C 𝐵-module, 𝐸 decomposes as

𝐸 =
⨁︁
𝑖

𝑉𝑖 ⊗𝑊𝑖
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where 𝑉𝑖 are all the irreducible representations of 𝐴, and 𝑊𝑖 are all the irreducible

representations of 𝐵. In particular, there is a bijection between the sets of non-

isomorphic irreducible representations of 𝐴 and 𝐵.

Consider the diagonal action of the Lie algebra gl(𝑉 ) on 𝐸 (i.e. 𝑎 ∈ gl(𝑉 ) acts on 𝐸

by 𝑎|𝐸 =
∑︀

1≤𝑖≤𝑑 𝑎
(𝑖)).

Then we have the following result, known as Schur-Weyl duality:

Theorem 3.1.0.4 (Schur-Weyl).

∙ 𝐵 is the image of 𝒰(gl(𝑉 )) (the universal enveloping algebra of gl(𝑉 )) in EndC(𝐸),

and thus 𝐸 is a semisimple gl(𝑉 )-module.

∙ The images of C[𝑆𝑑] and 𝒰(gl(𝑉 )) in EndC(𝐸) are centralizers of each other.

∙ As C[𝑆𝑑]⊗C 𝒰(gl(𝑉 ))-module,

𝐸 =
⨁︁
𝜆:|𝜆|=𝑑

𝜆⊗ 𝑆𝜆𝑉

We now define a contravariant functor

SW𝑑,𝑉 : 𝑅𝑒𝑝(𝑆𝑑)→𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦, SW𝑑,𝑉 := Hom𝑆𝑑
(·, 𝑉 ⊗𝑑)

The contravariant functor SW𝑑,𝑉 is C-linear and additive, and sends a simple module

𝜆 of 𝑆𝑑 to 𝑆𝜆𝑉 .

Next, consider the contravariant functor

SW𝑉 :
⨁︁
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑)→𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦, SW𝑉 := ⊕𝑑SW𝑑,𝑉

(the category
⨁︀

𝑑∈Z+
𝑅𝑒𝑝(𝑆𝑑) is equivalent to the category of Schur functors, and is obvi-

ously semisimple). This functor SW𝑉 is clearly essentially surjective and full (this is easy

to see, since 𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦 is a semisimple category with simple objects 𝑆𝜆𝑉 ∼=SW(𝜆)).
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The kernel of the functor SW𝑉 is the full additive subcategory (direct factor) of⨁︀
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑) generated by simple objects 𝜆 such that ℓ(𝜆) > dim𝑉 ; taking the quo-

tient, we see that SW𝑉 defines an equivalence of categories

SW𝑉 :

⎛⎝⨁︁
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑)

⎞⎠
length ≤dim𝑉

→𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦

where
(︁⨁︀

𝑑∈Z+
𝑅𝑒𝑝(𝑆𝑑)

)︁
length ≤dim𝑉

is the full additive subcategory (direct factor) of⨁︀
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑) generated by simple objects 𝜆 such that ℓ(𝜆) ≤ dim𝑉 .
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3.2 Deligne category 𝑅𝑒𝑝(𝑆𝜈)

This section follows [CO, D2, Et1]. We will use the parameter 𝜈 instead of the parameter

𝑡 used in Introduction.

3.2.1 General description

For any 𝜈 ∈ C, the category𝑅𝑒𝑝(𝑆𝜈) is generated, as a C-linear Karoubian tensor category,

by one object, denoted h. This object is the analogue of the permutation representation

of 𝑆𝑛, and any object in 𝑅𝑒𝑝(𝑆𝜈) is a direct summand in a direct sum of tensor powers of

h.

For 𝜈 /∈ Z+, 𝑅𝑒𝑝(𝑆𝜈) is a semisimple abelian category.

Notation 3.2.1.1. We will denote Deligne’s category for integer value 𝑛 ≥ 0 of 𝜈 as

𝑅𝑒𝑝(𝑆𝜈=𝑛), to distinguish it from the classical category 𝑅𝑒𝑝(𝑆𝑛) of representations of

the symmetric group 𝑆𝑛. Similarly for other categories arising in this text.

If 𝜈 is a non-negative integer, then the category 𝑅𝑒𝑝(𝑆𝜈) has a tensor ideal I𝜈 , called

the ideal of negligible morphisms (this is the ideal of morphisms 𝑓 : 𝑋 −→ 𝑌 such that

𝑡𝑟(𝑓𝑢) = 0 for any morphism 𝑢 : 𝑌 −→ 𝑋). In that case, the classical category 𝑅𝑒𝑝(𝑆𝑛)

of finite-dimensional representations of the symmetric group for 𝑛 := 𝜈 is equivalent to

𝑅𝑒𝑝(𝑆𝜈=𝑛)/I𝜈 (equivalent as Karoubian rigid symmetric monoidal categories).

The full, essentially surjective functor 𝑅𝑒𝑝(𝑆𝜈=𝑛)→ 𝑅𝑒𝑝(𝑆𝑛) defining this equivalence

will be denoted by 𝒮𝑛.

Note that 𝒮𝑛 sends h to the permutation representation of 𝑆𝑛.

Remark 3.2.1.2. Although 𝑅𝑒𝑝(𝑆𝜈) is not semisimple and not even abelian when 𝜈= 𝑛 ∈

Z+, a weaker statement holds (see [D2, Proposition 5.1]): consider the full subcategory

𝑅𝑒𝑝(𝑆𝜈=𝑛)
(𝑛/2) of𝑅𝑒𝑝(𝑆𝜈) whose objects are directs summands of sums of h⊗𝑚, 0 ≤ 𝑚 ≤ 𝑛

2
.

This subcategory is abelian semisimple, and the restriction 𝒮𝑛|𝑅𝑒𝑝(𝑆𝜈=𝑛)(𝑛/2) is fully faithful.

The indecomposable objects of 𝑅𝑒𝑝(𝑆𝜈), regardless of the value of 𝜈, are parametrized
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(up to isomorphism) by all Young diagrams (of arbitrary size). We will denote the inde-

composable object in 𝑅𝑒𝑝(𝑆𝜈) corresponding to the Young diagram 𝜏 by 𝑋𝜏 .

For non-negative integer 𝜈 =: 𝑛, we have: the partitions 𝜆 for which 𝑋𝜆 has a non-zero

image in the quotient 𝑅𝑒𝑝(𝑆𝜈=𝑛)/I𝜈=𝑛 ∼= 𝑅𝑒𝑝(𝑆𝑛) are exactly the 𝜆 for which 𝜆1+|𝜆| ≤ 𝑛.

If 𝜆1 + |𝜆| ≤ 𝑛, then the image of 𝜆 in 𝑅𝑒𝑝(𝑆𝑛) is the irreducible representation of 𝑆𝑛

corresponding to the Young diagram �̃�(𝑛) (see notation in Chapter 2).

This allows one to intuitively treat the indecomposable objects of 𝑅𝑒𝑝(𝑆𝜈) as if they

were parametrized by “Young diagrams with a very long top row”. The indecomposable

object 𝑋𝜆 would be treated as if it corresponded to �̃�(𝜈), i.e. a Young diagram obtained

by adding a very long top row (“of size 𝜈−|𝜆|”). This point of view is useful to understand

how to extend constructions for 𝑆𝑛 involving Young diagrams to 𝑅𝑒𝑝(𝑆𝜈).

Example 3.2.1.3. The indecomposable object 𝑋𝜆, where 𝜆 = can be thought

of as a Young diagram with a “very long top row of length (𝜈 − 16)”:

3.2.2 Lifting objects

We start with an equivalence relation on the set of all Young diagrams, defined in [CO,

Definition 5.1]:

Definition 3.2.2.1. Let 𝜆 be any Young diagram, and set

𝜇𝜆(𝜈) = (𝜈 − |𝜆| , 𝜆1 − 1, 𝜆2 − 2, ...)

Given two Young diagrams 𝜆, 𝜆′, denote 𝜇𝜆(𝜈) =: (𝜇0, 𝜇1, ...), 𝜇𝜆′(𝜈) =: (𝜇′
0, 𝜇

′
1, ...).

We put 𝜆
𝜈∼ 𝜆′ if there exists a bijection 𝑓 : Z+ → Z+ such that 𝜇𝑖 = 𝜇′

𝑓(𝑖) for any

𝑖 ≥ 0.

We will call a
𝜈∼-class trivial if it contains exactly one Young diagram.
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The following lemma is proved in [CO, Corollary 5.6, Proposition 5.8]:

Lemma 3.2.2.2.

1. If 𝜈 /∈ Z+, then any Young diagram 𝜆 lies in a trivial
𝜈∼-class.

2. The non-trivial
𝜈∼-classes are parametrized by all Young diagrams 𝜆 such that �̃�(𝜈)

is a Young diagram (in particular, 𝜈 ∈ Z+), and are of the form {𝜆(𝑖)}𝑖, with

𝜆 = 𝜆(0) ⊂ 𝜆(1) ⊂ 𝜆(2) ⊂ ...

and 𝜆(𝑖+1) ∖ 𝜆(𝑖) = strip in row 𝑖+ 1 of length 𝜆𝑖 − 𝜆𝑖+1 + 1 for 𝑖 > 0

and 𝜆(1) ∖ 𝜆(0) = strip in row 1 of length 𝜈 − |𝜆| − 𝜆1 + 1

We now consider Deligne’s category 𝑅𝑒𝑝(𝑆𝑇 ), where 𝑇 is a formal variable (c.f. [CO,

Section 3.2]). This category is C((𝑇 − 𝜈))-linear, but otherwise it is very similar to

Deligne’s category 𝑅𝑒𝑝(𝑆𝜈) for generic 𝜈. For instance, as a C((𝑇 − 𝜈))-linear Karoubian

tensor category, 𝑅𝑒𝑝(𝑆𝑇 ) is generated by one object, again denoted by h.

One can show that 𝑅𝑒𝑝(𝑆𝑇 ) is split semisimple and thus abelian, and its simple objects

are parametrized by Young diagrams of arbitrary size.

In [CO, Section 3.2], Comes and Ostrik defined a map

𝑙𝑖𝑓𝑡𝜈 : {objects in 𝑅𝑒𝑝(𝑆𝜈)
up to isomorphism

} → {objects in 𝑅𝑒𝑝(𝑆𝑇 )
up to isomorphism

}

We will not give the precise definition of this map, but will list some of its useful

properties. It is defined to be additive (i.e. 𝑙𝑖𝑓𝑡𝜈(𝐴 ⊕ 𝐵) ∼= 𝑙𝑖𝑓𝑡𝜈(𝐴) ⊕ 𝑙𝑖𝑓𝑡𝜈(𝐵) for any

𝐴,𝐵 ∈ 𝑅𝑒𝑝(𝑆𝜈)) and satisfies 𝑙𝑖𝑓𝑡𝜈(h) ∼= h. Moreover, we have:

Proposition 3.2.2.3. Let 𝐴,𝐵 be two objects in 𝑅𝑒𝑝(𝑆𝜈).

1. 𝑙𝑖𝑓𝑡𝜈(𝐴⊗𝐵) ∼= 𝑙𝑖𝑓𝑡𝜈(𝐴)⊗ 𝑙𝑖𝑓𝑡𝜈(𝐵).

2. dim𝑅𝑒𝑝(𝑆𝜈)𝐴 = (dim𝑅𝑒𝑝(𝑆𝑇 ) 𝑙𝑖𝑓𝑡𝜈(𝐴))|𝑇=𝜈.
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3. dimC Hom𝑅𝑒𝑝(𝑆𝜈)(𝐴,𝐵) = dim𝐹𝑟𝑎𝑘(C[[𝑇 ]]) Hom𝑅𝑒𝑝(𝑆𝑇 )(𝑙𝑖𝑓𝑡𝜈(𝐴), 𝑙𝑖𝑓𝑡𝜈(𝐵)).

4. The map 𝑙𝑖𝑓𝑡𝜈 is injective.

5. For any 𝜆, 𝑙𝑖𝑓𝑡𝜈(𝑋𝜆) = 𝑋𝜆 for all but finitely many 𝜈 ∈ C.

Proof. C.f. [CO, Proposition 3.12].

Remark 3.2.2.4. It was proved both in [D2, Section 7.2] and in [CO, Proposition 3.28]

that the dimensions of the indecomposable objects 𝑋𝜆 in 𝑅𝑒𝑝(𝑆𝑇 ) are polynomials in 𝑇

whose coefficients depend on 𝜆 (given 𝜆, this polynomial can be written down explicitly).

Such polynomials are denoted by 𝑃𝜆(𝑇 ).

Furthermore, it was proved in [CO, Proposition 5.12] that given 𝑑 ∈ Z+ and a Young

diagram 𝜆, 𝜆 belongs to a trivial
𝑑∼-class iff 𝑃𝜆(𝑑) = 0.

The following result is proved in [CO, Lemma 5.20], and is a stronger version of the

statement in Proposition 3.2.2.3(e):

Lemma 3.2.2.5 (Comes, Ostrik). Consider the
𝜈∼-equivalence relation on Young dia-

grams.

∙ Whenever 𝜆 lies in a trivial
𝜈∼-class, 𝑙𝑖𝑓𝑡𝜈(𝑋𝜆) = 𝑋𝜆.

∙ For a non-trivial
𝜈∼-class {𝜆(𝑖)}𝑖,

𝑙𝑖𝑓𝑡𝜈(𝑋𝜆(0)) = 𝑋𝜆(0) , 𝑙𝑖𝑓𝑡𝜈(𝑋𝜆(𝑖)) = 𝑋𝜆(𝑖) ⊕𝑋𝜆(𝑖−1) ∀𝑖 ≥ 1

Based on Lemmas 3.2.2.2, 3.2.2.5, Comes and Ostrik prove the following theorem (c.f.

[CO, Theorem 5.3, Proposition 5.22, Theorems 6.4, 6.10], [CO2, Proposition 2.7]):

Theorem 3.2.2.6. The indecomposable objects 𝑋𝜆, 𝑋𝜆′ belong to the same block of

𝑅𝑒𝑝(𝑆𝜈) iff 𝜆
𝜈∼ 𝜆′. The structure of the blocks of 𝑅𝑒𝑝(𝑆𝜈) is described below:
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∙ For a trivial
𝜈∼-class {𝜆}, the object 𝑋𝜆 satisfies:

dimEnd𝑅𝑒𝑝(𝑆𝜈)(𝑋𝜆) = 1

and the block of 𝑅𝑒𝑝(𝑆𝜈) corresponding to {𝜆} is equivalent to the category 𝑉 𝑒𝑐𝑡C of

finite dimensional complex vector spaces (in particular, it is a semisimple abelian cate-

gory, so we will call these blocks semisimple).

∙ Let {𝜆(𝑖)}𝑖 be a non-trivial
𝜈∼-class, and let 𝑖 ≥ 1, 𝑗 ≥ 0. Then the block corresponding

to {𝜆(𝑖)}𝑖 is not an abelian category (in particular, not semisimple), and the objects

𝑋𝜆(𝑖) satisfy:

dimHom𝑅𝑒𝑝(𝑆𝜈) (𝑋𝜆(𝑗) , 𝑋𝜆(𝑖)) = 0 if |𝑗 − 𝑖| ≥ 2

dimHom𝑅𝑒𝑝(𝑆𝜈) (𝑋𝜆(𝑗) , 𝑋𝜆(𝑖)) = 1 if |𝑗 − 𝑖| = 1

dimEnd𝑅𝑒𝑝(𝑆𝜈) (𝑋𝜆(𝑖)) = 2 for 𝑖 ≥ 1

dimEnd𝑅𝑒𝑝(𝑆𝜈) (𝑋𝜆(0)) = 1

This block has the following associated quiver:

𝑋𝜆(0)

𝛼0
�
𝛽0
𝑋𝜆(1)

𝛼1
�
𝛽1
𝑋𝜆(2)

𝛼2
�
𝛽2
...

with relations 𝛼0 ∘ 𝛽0 = 0, 𝛽𝑖 ∘ 𝛽𝑖−1 = 0, 𝛼𝑖 ∘ 𝛼𝑖−1 = 0, 𝛽𝑖 ∘ 𝛼𝑖 = 𝛼𝑖+1 ∘ 𝛽𝑖+1 for 𝑖 ≥ 0.

3.2.3 Objects Δ𝑘

In this subsection we define the objects Δ𝑘 in the category 𝑅𝑒𝑝(𝑆𝜈), and list some of their

properties. These objects are defined for any 𝑘 ∈ Z+ and any 𝜈 ∈ C.

By definition, Δ𝑘 is the image of an idempotent 𝑥𝑘 ∈ End𝑅𝑒𝑝(𝑆𝜈)(h
⊗𝑘) (the latter is

given explicitly in [CO2, Section 3.1]), and satisfies:

Lemma 3.2.3.1. 𝒮𝑛(Δ𝑘) ∼= C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}) ∼= 𝐼𝑛𝑑𝑆𝑛×𝑆𝑘
𝑆𝑛−𝑘×𝑆𝑘×𝑆𝑘

C.
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This is part of the definition of the functor 𝒮𝑛 in [D2, Theorem 6.2].

Remark 3.2.3.2. The tensor functor 𝒮𝑛 takes h⊗𝑘 to C𝐹𝑢𝑛({1, ..., 𝑘}, {1, ..., 𝑛}) ([CO] uses

this as part of the definition).

Example 3.2.3.3. Δ0
∼= 1 (unit object in monoidal category 𝑅𝑒𝑝(𝑆𝜈)), Δ1

∼= h.

Remark 3.2.3.4. Deligne in [D2] denotes the full subcategory of 𝑅𝑒𝑝(𝑆𝜈) whose objects

are {Δ𝑘}𝑘≥0 by 𝑅𝑒𝑝0(𝑆𝜈). This subcategory is a tensor subcategory (with respect to

the tensor product in 𝑅𝑒𝑝(𝑆𝜈)), and it is used as the first step in defining the category

𝑅𝑒𝑝(𝑆𝜈). Namely, one first describes the structure of 𝑅𝑒𝑝0(𝑆𝜈) as a C-linear rigid sym-

metric monoidal category (see [D2, Section 2]) and then defines 𝑅𝑒𝑝(𝑆𝜈) as the Karoubi

envelope of 𝑅𝑒𝑝0(𝑆𝜈).

Comes and Ostrik, on the other hand, consider the full subcategory (denoted by

𝑅𝑒𝑝
0
(𝑆𝜈)) of 𝑅𝑒𝑝(𝑆𝜈) whose objects are {h⊗𝑘}𝑘≥0. This is also a tensor subcategory. They

start by defining the structure of𝑅𝑒𝑝
0
(𝑆𝜈) as a C-linear rigid symmetric monoidal category

(see [CO, Section 2]) and then define 𝑅𝑒𝑝(𝑆𝜈) as the Karoubi envelope of 𝑅𝑒𝑝0(𝑆𝜈).

In [D2, Section 8.2], Deligne showed that these two definitions are equivalent.

We now describe the Hom-spaces between the objects Δ𝑘. We start by introducing

the following notation (see [CO, Section 2]):

Notation 3.2.3.5.

∙ By a partition 𝜋 of a set 𝑆 we will denote a collection {𝜋𝑖}𝑖∈𝐼 , 𝜋𝑖 ⊂ 𝑆, such that

𝜋𝑖 ∩ 𝜋𝑗 = ∅ if 𝑖 ̸= 𝑗, and
⋃︀
𝑖∈𝐼 𝜋𝑖 = 𝑆. The subsets 𝜋𝑖 will be called parts of 𝜋. The

number of parts of 𝜋 will be denoted by 𝑙(𝜋).

∙ Let 𝑃𝑟,𝑠 be the set of all partitions of the set {1, ..., 𝑟, 1′, ..., 𝑠′}; 𝑃0,𝑠 is then the set

of all partitions of {1′, ..., 𝑠′}, 𝑃𝑟,0 is the set of all partitions of {1, ..., 𝑟}, 𝑃0,0 :=

{empty partition}.

∙ Let 𝑃𝑟,𝑠 be the subset of 𝑃𝑟,𝑠 consisting of all the partitions 𝜋 such that 𝑖, 𝑗 do not lie

in the same part of 𝜋 whenever 𝑖 ̸= 𝑗, and similarly for 𝑖′, 𝑗′.
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∙ The following diagrammatic notation will be used for elements of 𝑃𝑟,𝑠 (resp. 𝑃𝑟,𝑠): let

𝜋 ∈ 𝑃𝑟,𝑠. We will represent 𝜋 by any graph whose vertices are labeled 1, ..., 𝑟, 1′, ..., 𝑠′,

and whose connected components partition the vertices into disjoint subsets correspond-

ing to parts of 𝜋.

For our convenience, we will always present such graphs as graphs with two rows of

aligned vertices: the top row contains 𝑟 vertices labeled by numbers 1, ..., 𝑟, and the

bottom row contains 𝑠 vertices labeled by numbers 1′, ..., 𝑠′.

Remark 3.2.3.6. In this diagrammatic representation, partitions 𝜋 ∈ 𝑃𝑟,𝑠 are exactly

those which are represented by bipartite graphs with 𝑑𝑒𝑔(𝑣) ≤ 1 for any vertex 𝑣. These

partitions have exactly one diagram which represents them.

Example 3.2.3.7.

1. Let 𝜋 ∈ 𝑃6,3, 𝜋 := {{1, 1′, 3}, {2, 4, 5}, {2′, 3′}, {6}}. The diagram representing 𝜋 can

be drawn as:

1 2 3 4 5 6

1′ 2′ 3′

2. Let 𝜋′ ∈ 𝑃6,3, 𝜋
′ := {{1, 1′}, {2, 3′}, {2′}, {3}, {4}, {5}, {6}}. The diagram representing

𝜋′ is:

1 2 3 4 5 6

1′ 2′ 3′

Notice that 𝜋 /∈ 𝑃6,3, but 𝜋′ ∈ 𝑃6,3.

We now describe how to “glue” two diagrams together to obtain a new diagram.

Let 𝜋 ∈ 𝑃𝑟,𝑠, 𝜌 ∈ 𝑃𝑠,𝑡. We will denote the vertices in the top (resp. bottom) row of 𝜋

by 1, ..., 𝑟 (resp. 1′, ..., 𝑠′),and the vertices in the top (resp. bottom) row of 𝜌 by 1′, ..., 𝑠′

(resp. 1′′, ..., 𝑡′′).
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We draw the diagram of 𝜋 on top of the diagram of 𝜌, with the bottom row of 𝜋

(vertices 1′, ..., 𝑠′) identified with the top row of 𝜌. We will call the diagram obtained the

gluing of 𝜋, 𝜌, and will denote it by 𝐷𝜋,𝜌.

We next consider the diagram induced by 𝐷𝜋,𝜌 on the vertices 1, ..., 𝑟, 1′′, ..., 𝑡′′ (by

“induced diagram” we mean the diagram in which two vertices lie in the same connected

component iff they were in the same connected component of 𝐷𝜋,𝜌). This diagram (and

the partition in 𝑃𝑟,𝑡 it represents) will be denoted by 𝜌 ⋆ 𝜋.

The second piece of information we want to retain from the diagram𝐷𝜋,𝜌 is the number

of connected components lying entirely in the middle row. We will denote this number

by 𝑛(𝜌, 𝜋). Thus

♯ connected components of 𝐷𝜋,𝜌 = 𝑙(𝐷𝜋,𝜌) = 𝑛(𝜌, 𝜋) + 𝑙(𝜌 ⋆ 𝜋)

Example 3.2.3.8. Let 𝜋 ∈ 𝑃6,5, 𝜋 := {{1, 1′, 3}, {2, 4, 5}, {2′, 3′}, {4′}, {5′}, {6}},

𝜌 ∈ 𝑃5,4, 𝜌 = {{1′, 2′′, 4′, 4′′}, {2′, 3′}, {5′}, {1′′, 3′′}}.

Then the diagrams of 𝜋, 𝜌 can be drawn as:

𝜋 = 1 2 3 4 5 6

1′ 2′ 3′ 4′ 5′

𝜌 = 1′ 2′ 3′ 4′ 5′

1′′ 2′′ 3′′ 4′′
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Next, we draw the gluing of 𝜋, 𝜌, denoted by 𝐷𝜋,𝜌:

𝐷𝜋,𝜌 = 1 2 3 4 5 6

1′ 2′ 3′ 4′ 5′

1′′ 2′′ 3′′ 4′′

Then

𝜌 ⋆ 𝜋 = 1 2 3 4 5 6

1′′ 2′′ 3′′ 4′′

i.e. 𝜌 ⋆ 𝜋 = {{1, 2′′, 3, 4′′}, {1′′, 3′′}, {2, 4, 5}, {6}} (partition of the set {1, ..., 6, 1′′, ..., 4′′}),

and 𝑛(𝜌, 𝜋) = 2.

The following statement is used by Comes and Ostrik in [CO, Definition 2.11] as the

definition in the construction of 𝑅𝑒𝑝(𝑆𝜈); Deligne derives it in [D2, Proposition 8.3].

Definition 3.2.3.9. Let 𝑟, 𝑠 ≥ 1. The space Hom𝑅𝑒𝑝(𝑆𝜈)(h
⊗𝑟, h⊗𝑠) is defined to be C𝑃𝑟,𝑠,

and the composition of morphisms between tensor powers of h is bilinear and given by

the following formula: for 𝜋 ∈ 𝑃𝑟,𝑠, 𝜌 ∈ 𝑃𝑠,𝑡,

𝜌 ∘ 𝜋 := 𝜈𝑛(𝜌,𝜋)𝜌 ⋆ 𝜋 ∈ C𝑃𝑟,𝑡

The following statement is used as a definition in [D2, Definition 3.12], and can easily

be derived from the definition of Δ𝑘 (c.f. [CO2, Section 3.1]) and from Definition 3.2.3.9.

Lemma 3.2.3.10. Let 𝑟, 𝑠 ≥ 1. The space Hom𝑅𝑒𝑝(𝑆𝜈)(Δ𝑟,Δ𝑠) is C𝑃𝑟,𝑠, and the com-

position of morphisms between the objects Δ𝑘 is given by the following formula: for

𝜋 ∈ 𝑃𝑟,𝑠, 𝜌 ∈ 𝑃𝑠,𝑡,

𝜌 ∘ 𝜋 =
∑︁

𝜏∈𝑃𝑟,𝑡:𝜌⋆𝜋⊂𝜏

p𝜌,𝜋,𝜏 (𝜈)𝜏 ∈ C𝑃𝑟,𝑡

where
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∙ For 𝜏 ∈ 𝑃𝑟,𝑡, 𝜌 ⋆ 𝜋 ⊂ 𝜏 means that the diagram of 𝜏 contains the diagram of 𝜌 ⋆ 𝜋 as a

subgraph (equivalently, 𝜏 is a coarser partition of the set {1, ..., 𝑟, 1′′, ..., 𝑡′′} than 𝜌 ⋆ 𝜋),

∙ p𝜌,𝜋,𝜏 is the polynomial

p𝜌,𝜋,𝜏 (𝑥) = (𝑥− 𝑙(𝜏))(𝑥− 𝑙(𝜏)− 1)...(𝑥− 𝑙(𝜏)− 𝑛(𝜌, 𝜋) + 1)

Example 3.2.3.11. Let 𝜋 ∈ 𝑃5,5, 𝜌 ∈ 𝑃5,4, 𝜋 :=

{{1, 1′}, {2, 3′}, {2′, 4}, {3}, {4′}, {5}, {5′}},

𝜌 := {{1′, 3′′}, {1′′, 2′}, {2′′}, {3′, 4′′}, {4′}, {5′}}. The diagrams representing 𝜋, 𝜌 can

be drawn as:

𝜋 = 1 2 3 4 5

1′ 2′ 3′ 4′ 5′

𝜌 = 1′ 2′ 3′ 4′ 5′

1′′ 2′′ 3′′ 4′′

Gluing 𝜋 and 𝜌 together, we get:

𝐷𝜋,𝜌 = 1 2 3 4 5

1′ 2′ 3′ 4′ 5′

1′′ 2′′ 3′′ 4′′

Then

𝜌 ⋆ 𝜋 = 1 2 3 4 5

1′′ 2′′ 3′′ 4′′

i.e. 𝜌 ⋆ 𝜋 = {{1, 3′′}, {1′′, 4}, {2′′}, {2, 4′′}, {3}, {5}} and 𝑛(𝜌, 𝜋) = 2.

Next, we are looking for 𝜏 ∈ 𝑃5,4 such that the diagram of 𝜏 contains 𝜌 ⋆ 𝜋 as a
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subgraph. There are three such partitions 𝜏 :

∙ 𝜏1 = 𝜌 ⋆ 𝜋, in which case p𝜌,𝜋,𝜏1(𝑥) = (𝑥− 6)(𝑥− 7).

∙

𝜏2 = 1 2 3 4 5

1′′ 2′′ 3′′ 4′′

in which case p𝜌,𝜋,𝜏2(𝑥) = (𝑥− 5)(𝑥− 6).

∙

𝜏3 = 1 2 3 4 5

1′′ 2′′ 3′′ 4′′

in which case p𝜌,𝜋,𝜏3(𝑥) = (𝑥− 5)(𝑥− 6).

Thus 𝜌 ∘ 𝜋 = (𝜈 − 6)(𝜈 − 7)𝜏1 + (𝜈 − 5)(𝜈 − 6)𝜏2 + (𝜈 − 5)(𝜈 − 6)𝜏3.

The following morphisms between the objects Δ𝑘 will be used frequently.

Let 𝑟 ≥ 0, 𝑘 ≥ 1, 1 ≤ 𝑙 ≤ 𝑘.

Definition 3.2.3.12. Denote by 𝑟𝑒𝑠𝑙 the morphism Δ𝑘+1 → Δ𝑘 given by the diagram

1 2 3 ... 𝑙 − 1 𝑙 𝑙 + 1 𝑙 + 2 ... 𝑘 + 1

1 2 3 ... 𝑙 − 1 𝑙 𝑙 + 1 ... 𝑘

By abuse of notation, we will also denote by 𝑟𝑒𝑠𝑙 the maps 𝑃𝑟,𝑘+1 → 𝑃𝑟,𝑘, C𝑃𝑟,𝑘+1 →

C𝑃𝑟,𝑘 given by 𝜋 ↦→ 𝑟𝑒𝑠𝑙 ∘ 𝜋.

Notice that given 𝜋 ∈ 𝑃𝑟,𝑘+1, a diagram describing the partition 𝑟𝑒𝑠𝑙 ∘ 𝜋 ∈ 𝑃𝑟,𝑘 can

be obtained by removing a vertex (labeled 𝑙′) from position 𝑙 of the bottom row of the

diagram of 𝜋, and shifting the labels of the vertices lying to the right. If the vertex

removed was connected to another vertex by an edge, then the edge is removed as well,

but the second vertex stays.
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Definition 3.2.3.13. Denote by 𝑟𝑒𝑠*𝑙 the morphism Δ𝑘 → Δ𝑘+1 given by the diagram

1 2 3 ... 𝑙 − 1 𝑙 𝑙 + 1 ... 𝑘

1 2 3 ... 𝑙 − 1 𝑙 𝑙 + 1 𝑙 + 2 ... 𝑘 + 1

By abuse of notation, we will also denote by 𝑟𝑒𝑠*𝑙 the maps 𝑃𝑟,𝑘 → 𝑃𝑟,𝑘+1, C𝑃𝑟,𝑘 →

C𝑃𝑟,𝑘+1 given by 𝜋 ↦→ 𝑟𝑒𝑠*𝑙 ∘ 𝜋.

Notice that given 𝜋 ∈ 𝑃𝑟,𝑘, a diagram describing the partition 𝑟𝑒𝑠*𝑙 ∘ 𝜋 ∈ 𝑃𝑟,𝑘+1 can be

obtained by inserting a solitary vertex (labeled 𝑙′) in position 𝑙 of the bottom row of the

diagram of 𝜋, and shifting the labels of the vertices lying to the right.

Remark 3.2.3.14. Let 𝑛 ∈ Z+. Fix 𝑘, 𝑙 such that 1 ≤ 𝑘 ≤ 𝑛− 1, 1 ≤ 𝑙 ≤ 𝑘. Denote

res𝑙 := 𝒮𝑛(𝑟𝑒𝑠𝑙) : C𝐼𝑛𝑗({1, ..., 𝑘 + 1}, {1, ..., 𝑛})→ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛})

res*𝑙 := 𝒮𝑛(𝑟𝑒𝑠*𝑙 ) : C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛})→ C𝐼𝑛𝑗({1, ..., 𝑘 + 1}, {1, ..., 𝑛})

Denote by 𝜄𝑙 the injection

{1, ..., 𝑘} →˓ {1, ..., 𝑘 + 1}, 𝑖 ↦→

⎧⎪⎨⎪⎩𝑖 if 𝑖 < 𝑙

𝑖+ 1 if 𝑖 ≥ 𝑙

Then given 𝑔 : {1, ..., 𝑘 + 1} →˓ {1, ..., 𝑛}, we have res𝑙(𝑔) = 𝑔 ∘ 𝜄𝑙, and given 𝑓 :

{1, ..., 𝑘 + 1} →˓ {1, ..., 𝑛}, we have

res*𝑙 (𝑓) =
∑︁

𝑔∈𝐼𝑛𝑗({1,...,𝑘+1},{1,...,𝑛}):
𝑔∘𝜄𝑙=𝑓

𝑔
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Example 3.2.3.15. Let 𝜋 ∈ 𝑃5,5, 𝜋 := {{1, 1′}, {2′}, {2, 3′}, {3}, {4, 4′}, {5}, {5′}}, i.e.

𝜋 = 1 2 3 4 5

1′ 2′ 3′ 4′ 5′

Then

𝑟𝑒𝑠*3(𝜋) = 1 2 3 4 5

1′ 2′ 3′ 4′ 5′ 6′

and

𝑟𝑒𝑠3(𝜋) = 1 2 3 4 5

1′ 2′ 3′ 4′

Remark 3.2.3.16. One can define an endomorphism �̄�𝑘 ∈ End𝑅𝑒𝑝(𝑆𝑇 )(h
⊗𝑘) similar to the

idempotent 𝑥𝑘, so that Im(�̄�𝑘) ∼= 𝑙𝑖𝑓𝑡𝜈(Δ𝑘) for any 𝜈 (this is a direct consequence of the

definition of 𝑙𝑖𝑓𝑡𝜈).

By abuse of notation, we will denote Im(�̄�𝑘) by Δ𝑘 as well, and use the isomorphism

Δ𝑘
∼= 𝑙𝑖𝑓𝑡𝜈(Δ𝑘) in Lemma 5.0.0.40.

3.2.4 Abelian envelope

This section follows [CO2], [D2, Proposition 8.19].

As it was mentioned before, the category 𝑅𝑒𝑝(𝑆𝜈) is defined as a Karoubian category.

For 𝜈 /∈ Z+, it is semisimple and thus abelian, but for 𝜈 ∈ Z+, it is not abelian. Fortu-

nately, it has been shown that 𝑅𝑒𝑝(𝑆𝜈) possesses an “abelian envelope”, that is, that it

can be embedded in an abelian tensor category, and this abelian tensor category has a

universal mapping property.

The following result was conjectured by Deligne in [D2, 8.21.2], and proved by Comes

and Ostrik in [CO2, Theorem 1.2]:
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Theorem 3.2.4.1. Let 𝑛 ∈ Z+. There exists an abelian C-linear rigid symmetric

monoidal category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈=𝑛), and an embedding (fully faithful tensor functor)

𝜄 : 𝑅𝑒𝑝(𝑆𝜈=𝑛) → 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈=𝑛) which makes the pair (𝑅𝑒𝑝𝑎𝑏(𝑆𝜈=𝑛), 𝜄) the “abelian en-

velope” of 𝑅𝑒𝑝(𝑆𝜈=𝑛) in the following sense:

Let 𝒯 be an abelian C-linear rigid symmetric monoidal category such that all Hom-

spaces are finite-dimensional and all objects have finite length; in addition, let there be a

tensor functor of Karoubian categories 𝒢 : 𝑅𝑒𝑝(𝑆𝜈=𝑛) → 𝒯 . Then the functor 𝒢 factors

through one of the following:

1. The functor 𝒮𝑛 : 𝑅𝑒𝑝(𝑆𝜈=𝑛)→ 𝑅𝑒𝑝(𝑆𝑛) (this happens iff 𝒢(Δ𝑛+1) = 0).

2. The functor 𝜄 : 𝑅𝑒𝑝(𝑆𝜈=𝑛)→ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈=𝑛) (this happens iff 𝒢(Δ𝑛+1) ̸= 0).

For 𝜈 /∈ Z+, we will put (𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈), 𝜄) := (𝑅𝑒𝑝(𝑆𝜈), Id𝑅𝑒𝑝(𝑆𝜈)).

An explicit construction of the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈=𝑛) is given in [CO2]. We will only

list the results which will be used in this thesis.

Remark 3.2.4.2. The category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) is a pre-Tannakian category (c.f. [CO2, Section

2.1, Corollary 4.7]). This means, in particular, that the objects in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) have finite

length, and the Hom-spaces are finite-dimensional.

We start by introducing the category 𝒞𝑞 of finite-dimensional representations of the

quantum 𝑆𝐿(2). The category 𝒞𝑞 is a C-linear abelian category, and has the structure of

a highest weight category (with infinitely many weights). When 𝑞 is a root of unity, this

category can be non-semisimple, and this is the case which will be of interest to us.

This category has a structure very similar to the structure of the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈);

moreover, the C-linear Karoubian category 𝑇𝐿(𝑞) of tilting modules in 𝒞𝑞 (also known

to be equivalent to the Temperley-Lieb category) has a structure very similar to that of

𝑅𝑒𝑝(𝑆𝜈). See [CO2, Par. 1.4, 2.3, 4.3.3] for more details.

We will use the description of the structure of 𝒞𝑞 given in [CO2], [A], [APW]. The

main facts about 𝒞𝑞 which will be used are concentrated in the following lemma.

Lemma 3.2.4.3.
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1. All the projective modules in 𝒞𝑞 are injective and conversely. Thus all the projective

modules of 𝒞𝑞 are tilting modules, i.e. lie in the category 𝑇𝐿(𝑞).

2. For 𝑞 ̸= ±1 being a root of unity of even order, 𝑇𝐿(𝑞) has at least one non-semisimple

block (all of the non-semisimple blocks of 𝑇𝐿(𝑞) are equivalent as Karoubian cate-

gories); the isomorphism classes of indecomposable objects in this block can be labeled

Q0,Q1, .... Each Q𝑖 has a unique highest weight.

Denote by L𝑖 the simple module in 𝒞𝑞 having the same highest weight as Q𝑖, and

by M𝑖,M
∨
𝑖 ,P𝑖 the corresponding standard, co-standard and indecomposable projective

modules in 𝒞𝑞. With these notations, we have:

∙ For any 𝑖 ≥ 0, there exists an injective map M𝑖 → Q𝑖. Moreover, [Q𝑖 : L𝑖] = 1.

∙ The module Q0 is standard, co-standard and simple.

∙ The module Q𝑖 is a projective module iff 𝑖 ≥ 1. Furthermore, {Q𝑖}𝑖≥1 is the

complete set of isomorphism classes of indecomposable projective modules in the

corresponding block of 𝒞𝑞.

Proof. 1. This follows from [APW, Theorem 9.12], [A, 5.7].

2. For general information on non-semisimple blocks of 𝑇𝐿(𝑞) and the indecomposable

tilting modules, c.f. [CO2, Lemma 2.11, Section 4.3.3], [A, Theorem 2.5, Corollary

2.6].

∙ Q𝑖 is a standardly filtered having the same highest weight as L𝑖 (by definition),

therefore there exists an injective map M𝑖 → Q𝑖 (c.f. [H, Proposition 3.7]). Also,

from [A, Theorem 2.5] we know that the highest weight of Q𝑖 occurs with multiplicity

1, therefore [Q𝑖 : L𝑖] = 1.

∙ C.f. [A, Section 4].

∙ Let 𝑆𝑡𝑞 be the Steinberg module (c.f. [A, Section 5], [CO2, Section 4.3.3]).
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By [APW, Lemma 9.10], for any finite dimensional module 𝐸 ∈ 𝒞𝑞, the module

𝑆𝑡𝑞⊗𝐸 is projective. Furthermore, [APW, Theorem 9.12] implies that any projective

module in 𝒞𝑞 is a direct summand of 𝑆𝑡𝑞 ⊗ 𝐸 for some 𝐸.

Next, it is known that a module 𝑀 ∈ 𝑇𝐿(𝑞) has quantum dimension zero iff it is a

direct summand of 𝑆𝑡𝑞 ⊗ 𝐸 for some 𝐸 ∈ 𝑇𝐿(𝑞) (c.f. [CO2, Section 4.3.3]). Thus a

module 𝑀 ∈ 𝑇𝐿(𝑞) has quantum dimension zero iff it is projective.

Finally, [CO2, Lemma 2.11] tells us that Q𝑖 has quantum dimension zero iff 𝑖 >

0. Thus Q𝑖 is a projective module iff 𝑖 > 0. From Part (1) we deduce that any

indecomposable projective module in the corresponding block of 𝒞𝑞 is isomorphic to

Q𝑖 for some 𝑖 > 0.

We can now describe the blocks of the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) (c.f. [CO2, Proposition 2.9,

Section 4]).

Theorem 3.2.4.4. The blocks of the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), just like the blocks of 𝑅𝑒𝑝(𝑆𝜈),

are parametrized by
𝜈∼-equivalence classes. For each

𝜈∼-equivalence class 𝐶, the block

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)𝐶 corresponding to 𝐶 contains 𝜄(𝑅𝑒𝑝(𝑆𝜈)𝐶) (the block of 𝑅𝑒𝑝(𝑆𝜈) corresponding

to 𝐶, namely, the indecomposable objects 𝑋𝜆 such that 𝜆 ∈ 𝐶).

∙ For a trivial
𝜈∼-class 𝐶 = {𝜆}, the block 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)𝐶 is equivalent to the category 𝑉 𝑒𝑐𝑡C

of finite dimensional complex vector spaces (and is also equivalent to 𝑅𝑒𝑝(𝑆𝜈)𝐶).

∙ For a non-trivial
𝜈∼-class 𝐶 = {𝜆(𝑖)}𝑖≥0, the block 𝑅𝑒𝑝

𝑎𝑏(𝑆𝜈)𝐶 is equivalent, as an abelian

category, to (any) non-semisimple block of the category 𝒞𝑞 (such a block exists if 𝑞 ̸= ±1

is a root of unity of even order). The indecomposable object 𝑋𝜆(𝑖) corresponds to the

indecomposable tilting module Q𝑖 (using the notation of Lemma 3.2.4.3).

Using the theorem above, we can prove different properties of the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

in the following way:

1. Reduce the proof to a block-by-block check;
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2. Prove the property for the semisimple blocks by checking that it holds for the

category 𝑉 𝑒𝑐𝑡C.

3. Prove the property for the non-semisimple blocks by importing the relevant result

for the category 𝒞𝑞.

Using this approach, we prove that 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) is a highest weight category (with in-

finitely many weights).

Proposition 3.2.4.5. The category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) is a highest weight category corresponding

to the partially ordered set ({Young diagrams},≥), where

𝜆 ≥ 𝜇 iff 𝜆
𝜈∼ 𝜇, 𝜆 ⊂ 𝜇

(namely, 𝜆(𝑖) ≥ 𝜆(𝑗) if 𝑖 ≤ 𝑗).

Proof. As it was said before, this can be proved by checking each block separately. The

semisimple blocks obviously satisfy the requirement; for the non-semisimple blocks, the

theorem follows from the fact that 𝒞𝑞 is a highest weight category and from Theorem

3.2.2.6.

Proposition 3.2.4.6.

1. In the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) all projective objects are injective and conversely.

2. All projective objects of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) lie in 𝑅𝑒𝑝(𝑆𝜈).

Proof. The statement is obvious for semisimple blocks. For non-semisimple blocks, the

first part follows from [APW, Theorem 9.12].

To prove second part of the Proposition, we recall that the equivalence between non-

semisimple blocks of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), 𝒞𝑞, by definition restricts to an equivalence between non-

semisimple blocks of 𝑅𝑒𝑝(𝑆𝜈), 𝑇𝐿(𝑞) (see [CO2]). Lemma 3.2.4.3 states that the corre-

sponding statement is true for 𝒞𝑞, 𝑇𝐿(𝑞), and we are done.
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We will use the following notation for simple, standard, co-standard, and indecompos-

able projective objects in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈):

Notation 3.2.4.7. Let 𝜆 be any Young diagram. We will denote the simple (resp. standard,

co-standard, indecomposable projective) object corresponding to 𝜆 by L(𝜆) (resp. M(𝜆),

M(𝜆)*, P(𝜆)).

Remark 3.2.4.8. We will show in Corollary 3.2.4.12 that the co-standard object M(𝜆)*

is the dual (in terms of the tensor structure of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)) of the standard object M(𝜆).

This justifies the notation M(𝜆)*.

Remark 3.2.4.9. Notice that if 𝜆 lies in a non-trivial
𝜈∼-class, the objects L(𝜆(𝑖)), M(𝜆(𝑖)),

M(𝜆(𝑖))*, P(𝜆(𝑖)) correspond to the modules L𝑖,M𝑖,M
∨
𝑖 ,P𝑖 ∈ 𝒞𝑞, respectively.

Proposition 3.2.4.10.

1. Assume 𝜆 lies in a trivial
𝜈∼-class. Then

𝑋𝜆
∼= P(𝜆) ∼= M(𝜆)* ∼= M(𝜆) ∼= L(𝜆)

2. Let {𝜆(𝑖)}𝑖≥0 be a non-trivial
𝜈∼-class, and ℬ𝜆 the corresponding block of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈).

Then

∙ 𝑋𝜆(0)
∼= L(𝜆(0)) ∼= M(𝜆(0)) ∼= M(𝜆(0))*.

∙ For any 𝑖 ≥ 0, P(𝜆(𝑖)) ∼= 𝑋𝜆(𝑖+1).

∙ For any 𝑖 ≥ 0, we have short exact sequences

0→M(𝜆(𝑖+1))→ P(𝜆(𝑖))→M(𝜆(𝑖))→ 0

0→M(𝜆(𝑖))* → P(𝜆(𝑖))→M(𝜆(𝑖+1))* → 0

∙ The socle filtration of P(𝜆(𝑖)) has successive quotients

L(𝜆(𝑖));L(𝜆(𝑖+1))⊕ L(𝜆(𝑖−1));L(𝜆(𝑖))
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if 𝑖 > 0, and successive quotients L(𝜆(0));L(𝜆(1));L(𝜆(0)) if 𝑖 = 0.

Proof.

Follows directly from Theorem 3.2.4.4, part (1).

1.2. From Lemma 3.2.4.3 and from the equivalence described in Theorem 3.2.4.4, we im-

mediately conclude that

𝑋𝜆(0)
∼= L(𝜆(0)) ∼= M(𝜆(0)) ∼= M(𝜆(0))*

From Lemma 3.2.4.3, we know that {𝑋𝜆(𝑖)}𝑖≥1 is the set of isomorphism classes of

indecomposable projective objects in the block ℬ𝜆. In other words, there exists a

bijective map 𝑓 : Z+ → Z>0 such that 𝑋𝜆(𝑓(𝑖))
∼= P(𝜆(𝑖)) for any 𝑖 > 0.

Lemma 3.2.4.3 also tells us that there exists an injective map 𝜓𝑗 : M(𝜆(𝑗)) →˓ 𝑋𝜆(𝑗) for

any 𝑗 ≥ 0.

Composing 𝜓𝑓(𝑖) with the map 𝑋𝜆(𝑓(𝑓(𝑖)))
∼= P(𝜆(𝑓(𝑖))) � M(𝜆(𝑓(𝑖))), we get a non-zero

map 𝑋𝜆(𝑓(𝑓(𝑖))) → 𝑋𝜆(𝑓(𝑖)) . Using Theorem 3.2.2.6, we see that |𝑓(𝑓(𝑖))− 𝑓(𝑖)| ≤ 1 for

any 𝑖 ≥ 0, i.e. |𝑓(𝑖)− 𝑖| ≤ 1 for any 𝑖 ≥ 1 (since 𝑓 is surjective).

Notice that

dimHom𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(P(𝜆(0)),M(𝜆(0))) = dimHom𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(𝑋𝜆(𝑓(0)) , 𝑋𝜆(0)) ≥ 1

which means that 𝑓(0) = 1. Together with the condition: |𝑓(𝑖)− 𝑖| ≤ 1 for any 𝑖 ≥ 1,

this implies that 𝑓(𝑖) = 𝑖+ 1 for any 𝑖 ≥ 1.

Thus we proved that for any 𝑖 ≥ 0, P(𝜆(𝑖)) ∼= 𝑋𝜆(𝑖+1) . We now use the BGG reciprocity

for the highest weight category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈):

Sublemma 3.2.4.11.
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(a) For any 𝑀 ∈ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), we have:

dimHom𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(P(𝜆(𝑗)),𝑀) =

[︀
𝑀 :L(𝜆(𝑗))

]︀
for any 𝑗 ≥ 0.

(b) (︀
P(𝜆(𝑗)):M(𝜆(𝑖))

)︀
=
[︀
M(𝜆(𝑖)):L(𝜆(𝑗))

]︀
=
[︀
M(𝜆(𝑖))*:L(𝜆(𝑗))

]︀
for any 𝑖, 𝑗 ≥ 0 (the brackets in left hand side denote multiplicity in the standard

filtration).

Proof. The proof is standard (see e.g. [H, Theorem 3.9(c), Theorem 3.11]).

Applying Sublemma 3.2.4.11(a) to 𝑀 := P(𝜆(𝑖)) ∼= 𝑋𝜆(𝑖+1) and using Theorem 3.2.2.6,

we see that the composition factors of P(𝜆(𝑖)) are

L(𝜆(𝑖)),L(𝜆(𝑖+1)),L(𝜆(𝑖−1)),L(𝜆(𝑖)) if 𝑖 > 0

and

L(𝜆(0)),L(𝜆(1)),L(𝜆(0)) if 𝑖 = 0

(notice that the cosocle of P(𝜆(𝑖)) is necessarily L(𝜆(𝑖)) for any 𝑖 ≥ 0).

Fix 𝑖 ≥ 1. We have a map P(𝜆(𝑖)) � M(𝜆(𝑖)) and a map M(𝜆(𝑖))
𝜓𝑖→˓ P(𝜆(𝑖−1)).

Comparing the composition factors of P(𝜆(𝑖)),P(𝜆(𝑖+1)), we conclude that one of the

following holds:

∙ M(𝜆(𝑖)) ∼= L(𝜆(𝑖)).

∙ The socle filtration of M(𝜆(𝑖)) has successive quotients L(𝜆(𝑖−1));L(𝜆(𝑖)).
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Applying Sublemma 3.2.4.11(b) to 𝑗 := 𝑖− 1, we see that

[︀
M(𝜆(𝑖)):L(𝜆(𝑖−1))

]︀
=
(︀
P(𝜆(𝑖−1)):M(𝜆(𝑖))

)︀
= 1

Thus we conclude that the socle filtration of M(𝜆(𝑖)) has successive quotients

L(𝜆(𝑖−1));L(𝜆(𝑖)).

The socle filtration of the standard objects immediately implies that the following

sequence is exact:

0→M(𝜆(𝑖+1))
𝜓𝑖+1−→ P(𝜆(𝑖)) −→M(𝜆(𝑖))→ 0

Next, the socle filtration ofM(𝜆(𝑖))* can be obtained from the socle filtration ofM(𝜆(𝑖)),

and it has successive quotients L(𝜆(𝑖));L(𝜆(𝑖−1)).

Since P(𝜆(𝑖−1)) is projective, we get a map 𝜑 : P(𝜆(𝑖−1)) → M(𝜆(𝑖))* such that the

following diagram is commutative:

P(𝜆(𝑖−1))

����

𝜑 //M(𝜆(𝑖))*

xxxx
L(𝜆(𝑖−1))

The socle filtration of M(𝜆(𝑖))* then implies that the map 𝜑 is surjective, and we get

an exact sequence

0→M(𝜆(𝑖−1))* → P(𝜆(𝑖−1))→M(𝜆(𝑖))* → 0

Finally, the socle filtration of P(𝜆(𝑖)) can be deduced from the above exact sequences

and the socle filtrations of the standard and the co-standard objects.
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Corollary 3.2.4.12. The co-standard object M(𝜆)* is the dual (in terms of the tensor

structure of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)) of the standard object M(𝜆).

Proof. By the construction of the Deligne category 𝑅𝑒𝑝(𝑆𝜈), all the objects in 𝑅𝑒𝑝(𝑆𝜈)

are automatically self-dual (c.f. [D2, Section 2.16], [CO, Section 2.2]). So Proposition

3.2.4.10 immediately implies that M(𝜆)* is the dual of M(𝜆) if whenever 𝜆 lies in a trivial
𝜈∼-class, or is minimal in its non-trivial

𝜈∼-class.

It remains to check the case when 𝜆 lies in a non-trivial
𝜈∼-class {𝜆(𝑖)}𝑖≥0, and 𝜆 =

𝜆(𝑖), 𝑖 > 0. Then we have an exact sequence

P(𝜆(𝑖+1))
𝑓−→ P(𝜆(𝑖)) −→M(𝜆(𝑖))→ 0

Since the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) is pre-Tannakian, the duality functor 𝑋 ↦→ 𝑋* is con-

travariant and exact, and we conclude that the dual of M(𝜆(𝑖)) is the kernel of the map

𝑓 * : P*(𝜆(𝑖)) → P*(𝜆(𝑖+1)). The autoduality of P(𝜆(𝑖+1)),P(𝜆(𝑖)), together with Proposi-

tion 3.2.4.10 and the fact that 𝑓 * ̸= 0, immediately implies that the dual of M(𝜆(𝑖)) is

M(𝜆(𝑖))*, as wanted.
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3.3 Parabolic category O

In this section, we present the results on the parabolic category O which we will use. The

material of this section is mostly based on [H, Chapter 9].

We start with some definitions.

Definition 3.3.0.13. A unital vector space is a vector space 𝑉 with a distinguished

non-zero vector 1.

Fix a unital vector space (𝑉,1) with dim𝑉 <∞.

We will use Notation 1.2.0.1 for the parabolic subalgebra p(𝑉,C1) of gl(𝑉 ), as well as

the mirabolic subgroup P̄1, the mirabolic subalgebra p̄C1, the unipotent group U1 and

the nilpotent subalgebra u+p .

Remark 3.3.0.14. Notice that p has a one-dimensional center (scalar endomorphisms of

𝑉 ), and we have: p ∼= C Id𝑉 ⊕p̄C1.

We now want to talk about a subcategory of the category of finite-dimensional repre-

sentations of the mirabolic group P̄1. For this, we will use the following lemma:

Lemma 3.3.0.15. (a) There is a short exact sequence of groups

1→ U1 −→ P̄1 −→ 𝐺𝐿
(︁
𝑉
⧸︁
C1
)︁
→ 1

(b) For any irreducible finite-dimensional algebraic representation 𝜌 : P̄1 → Aut(𝐸)

of the mirabolic subgroup, U1 acts trivially on 𝐸, and thus 𝜌 factors through

𝐺𝐿 (𝑉/C1).

Proof. In part (a), one only needs to check that this sequence is exact at P̄1. This is

obvious once we choose a splitting 𝑉 = C1⊕ 𝑈 ; with a chosen splitting, this short exact

sequence splits and we get an isomorphism P̄1
∼= 𝐺𝐿(𝑈)n 𝑈*.

In part (b), recall that the group U1 is unipotent (and even abelian), so there exists a

non-zero vector 𝑣 ∈ 𝐸 which is fixed by U1.
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Since 𝐸 is an irreducible finite-dimensional representation of P̄1, 𝐸 has a basis con-

sisting of vectors of the form 𝜌(𝑥)𝑣 for some 𝑥 ∈ P̄1. On each such vector 𝜌(𝑥)𝑣, U1 acts

trivially; thus U1 acts trivially on 𝐸.

We now consider the category 𝑅𝑒𝑝(P̄1) of finite-dimensional algebraic representations

of P̄1. In this category, we define:

Definition 3.3.0.16.

∙ Let 𝜌 : P̄1 → Aut(𝐸) be an irreducible finite-dimensional algebraic representation of the

mirabolic subgroup. The above lemma states that 𝜌 factors through 𝐺𝐿 (𝑉/C1). We

say that 𝜌 is a 𝐺𝐿 (𝑉/C1)-polynomial representation of P̄1 if 𝜌 : 𝐺𝐿 (𝑉/C1)→ Aut(𝐸)

is a polynomial representation (c.f. Notation 2.0.6.1). Recall that the latter condition

is equivalent to saying that 𝜌 extends to an algebraic map End (𝑉/C1)→ End(𝐸).

∙ The category of 𝐺𝐿 (𝑉/C1)-polynomial representations of P̄1 is defined to be the Serre

subcategory of 𝑅𝑒𝑝(P̄1) generated by the irreducible 𝐺𝐿 (𝑉/C1)-polynomial represen-

tations of P̄1.

That is, a finite-dimensional algebraic representation 𝐸 of P̄1 is called 𝐺𝐿 (𝑉/C1)-

polynomial if the Jordan-Holder components of 𝐸 are 𝐺𝐿 (𝑉/C1)-polynomial represen-

tations of P̄1.

We denote the category of 𝐺𝐿 (𝑉/C1)-polynomial representations of P̄1 by

𝑅𝑒𝑝(P̄1)𝐺𝐿(𝑉/C1)−𝑝𝑜𝑙𝑦.

We are now ready to give a definition of the parabolic category O which we are going

to consider:

Definition 3.3.0.17. We define the parabolic category O for (gl(𝑉 ), p), denoted by Op
𝑉 ,

to be the full subcategory of𝑀𝑜𝑑𝒰(gl(𝑉 )) whose objects𝑀 satisfy the following conditions:

∙ 𝑀 is a Harish-Chandra module for the pair (gl(𝑉 ), P̄1), i.e. the action of the Lie

subalgebra pC1 on 𝑀 integrates to the action of the mirabolic group P̄1.
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Furthermore, we require that as a representation of P̄1, 𝑀 be a filtered colimit of

𝐺𝐿 (𝑉/C1)-polynomial representations, i.e.

𝑀 |P̄1
∈ 𝐼𝑛𝑑−𝑅𝑒𝑝(P̄1)𝐺𝐿(𝑉/C1)−𝑝𝑜𝑙𝑦

∙ 𝑀 is a finitely generated 𝒰(gl(𝑉 ))-module.

We will also use the notation 𝐼𝑛𝑑− Op
𝑉 to denote the Ind-completion of Op

𝑉 (i.e. full

subcategory of 𝑀𝑜𝑑𝒰(gl(𝑉 )) whose objects 𝑀 satisfy the first of the above conditions).

When the space 𝑉 is fixed, we will sometimes omit the subscript 𝑉 and write Op for

short.

We now fix a splitting 𝑉 = C1 ⊕ 𝑈 . The Lie algebra p̄C1 can then be expressed as

p̄C1 ∼= gl(𝑈)n 𝑈*, and we have: u+p ∼= 𝑈*, p̄C1 ∼= u+p ⊕ gl(𝑈).

Moreover, in that case we have a splitting gl(𝑉 ) ∼= p⊕ u−p , where u−p
∼= 𝑈 . This gives

us an analogue of the triangular decomposition:

gl(𝑉 ) ∼= C Id𝑉 ⊕u−p ⊕ u+p ⊕ gl(𝑈)

We can now rewrite the above definition of the parabolic category O (compare with

the usual definition in [H, Section 9.3]):

Definition 3.3.0.18. We define the parabolic category O for (gl(𝑉 ), p), denoted by Op
𝑉 ,

to be the full subcategory of𝑀𝑜𝑑𝒰(gl(𝑉 )) whose objects𝑀 satisfy the following conditions:

∙ Viewed as a 𝒰(gl(𝑈))-module, 𝑀 is a direct sum of polynomial simple 𝒰(gl(𝑈))-

modules (that is, 𝑀 belongs to 𝐼𝑛𝑑−𝑀𝑜𝑑𝒰(gl(𝑈)),𝑝𝑜𝑙𝑦).

∙ 𝑀 is locally finite over u+p .

∙ 𝑀 is a finitely generated 𝒰(gl(𝑉 ))-module.

Remark 3.3.0.19. One can replace the requirement that u+p act locally finitely on 𝑀 by

the requirement that 𝒰(u+p ) act locally nilpotently on 𝑀 .
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The next propositions are based on [H, Section 9.3] as well:

Proposition 3.3.0.20. The category Op
𝑉 (resp. 𝐼𝑛𝑑− Op

𝑉 ) is closed under taking direct

sums, submodules, quotients and extensions in Ogl(𝑉 ), as well as tensoring with finite

dimensional gl(𝑉 )-modules.

Recall that in the category O we have the notion of a duality (c.f. [H, Section 3.2]):

namely, given a gl(𝑉 )-module 𝑀 with finite-dimensional weight spaces, we can consider

the twisted action of gl(𝑉 ) on the dual space 𝑀*, given by 𝐴.𝑓 := 𝑓 ∘ 𝐴𝑇 , where 𝐴𝑇

means the transpose of 𝐴 ∈ gl(𝑉 ). This gives us a gl(𝑉 )-module 𝑀*. We then take 𝑀∨

to be the maximal submodule of 𝑀* lying in the category O . The module 𝑀∨ is called

the dual of 𝑀 in O , and we get an exact functor (·)∨ : O → O𝑜𝑝.

Proposition 3.3.0.21. The category Op
𝑉 is closed under taking duals, and the duality

functor (·)∨ : Op
𝑉 →

(︀
Op
𝑉

)︀𝑜𝑝
is an equivalence of categories.

Definition 3.3.0.22. A module𝑀 over the Lie algebra gl(𝑉 ) will be said to be of degree

𝐾 ∈ C if Id𝑉 ∈ gl(𝑉 ) acts by 𝐾 Id𝑀 on 𝑀 .

We will denote by Op
𝜈,𝑉 the full subcategory of Op

𝑉 whose objects are modules of degree

𝜈.

Note that for a fixed decomposition 𝑉 = C1 ⊕ 𝑈 , for a module 𝑀 of Op
𝑉 to be of

degree 𝜈 is the same as to require that IdC1 ∈ gl(𝑉 ) acts on each subspace 𝑆𝜆𝑈 of 𝑀 by

the scalar 𝜈 − |𝜆|.

Definition 3.3.0.23. Let 𝜈 ∈ C. Define the functor 𝑑𝑒𝑔𝜈 :𝑀𝑜𝑑𝒰(gl(𝑉 )) →𝑀𝑜𝑑𝒰(gl(𝑉 )) by

putting 𝑑𝑒𝑔𝜈(𝐸) to be the maximal submodule of 𝐸 of degree 𝜈 (see Definition 3.3.0.22).

For a morphism 𝑓 : 𝐸 → 𝐸 ′ of gl(𝑉 )-modules, we put 𝑑𝑒𝑔𝜈(𝑓) := 𝑓 |𝑑𝑒𝑔𝜈(𝐸).

Let 𝐸 ∈ 𝑀𝑜𝑑𝒰(gl(𝑉 )). The maximal submodule of 𝐸 of degree 𝜈 is well-defined: it is

the subspace of 𝐸 consisting of all vectors on which Id𝑉 acts by the scalar 𝜈, and it is a

gl(𝑉 )-submodule since Id𝑉 lies in the center of gl(𝑉 ).
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One can show that the functor 𝑑𝑒𝑔𝜈 : 𝑀𝑜𝑑𝒰(gl(𝑉 )) → 𝑀𝑜𝑑𝒰(gl(𝑉 )) is left-exact. More-

over, it is easy to show that the category Op
𝜈,𝑉 is a direct summand of Op

𝑉 , and the functor

𝑑𝑒𝑔𝜈 : O
p
𝑉 → Op

𝜈,𝑉 is exact.

3.3.1 Structure of the category Op
𝜈,𝑉

In this subsection, we present some basic facts about the parabolic category O for

(gl(𝑉 ), p) of degree 𝜈 and the indecomposable objects inside it.

Fix 𝜈 ∈ C, and let (𝑉,1) be a finite-dimensional unital vector space with a fixed

splitting 𝑉 = C1⊕ 𝑈 .

Definition 3.3.1.1. Let 𝜆 be a Young diagram.

𝑀p(𝜈 − |𝜆| , 𝜆) is defined to be the gl(𝑉 )-module

𝒰(gl(𝑉 ))⊗𝒰(p) 𝑆
𝜆𝑈

where gl(𝑈) acts naturally on 𝑆𝜆𝑈 , Id𝑉 ∈ p acts on 𝑆𝜆𝑈 by scalar 𝜈, and u+p acts on 𝑆𝜆𝑈

by zero.

Thus 𝑀p(𝜈 − |𝜆| , 𝜆) is the parabolic Verma module for (gl(𝑉 ), p) with highest weight

(𝜈 − |𝜆| , 𝜆) iff dim𝑉 − 1 ≥ ℓ(𝜆), and zero otherwise.

We will sometimes refer to the parabolic Verma modules as “standard modules”.

Definition 3.3.1.2. 𝐿(𝜈−|𝜆| , 𝜆) is defined to be zero (if dim𝑉 −1 < ℓ(𝜆)), or the simple

module for gl(𝑉 ) of highest weight (𝜈 − |𝜆| , 𝜆) otherwise.

The following basic lemma will be very helpful:

Lemma 3.3.1.3. Let 𝜆 such that ℓ(𝜆) ≤ dim𝑉 − 1. We then have an isomorphism of

gl(𝑈)-modules:

𝑀p(𝜈 − |𝜆| , 𝜆) ∼= 𝑆𝑈 ⊗ 𝑆𝜆𝑈

Proof. Follows directly from the definition of 𝑀p(𝜈 − |𝜆| , 𝜆) and the PBW theorem for

gl(𝑉 ).
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Proposition 3.3.1.4.

1. Let 𝜇, 𝜏 be two Young diagrams. Then

dimHomOp
𝜈,𝑉

(𝑀p(𝜈 − |𝜇| , 𝜇),𝑀p(𝜈 − |𝜏 | , 𝜏)) = 0

if 𝜇, 𝜏 lie in different
𝜈∼-classes.

2. Fix a non-trivial
𝜈∼-class {𝜆(𝑖)}, 𝜆(0) ⊂ 𝜆(1) ⊂ 𝜆(2) ⊂ .... For any 𝑖, 𝑗 ∈ Z+, we have

dimHomOp
𝜈,𝑉

(︀
𝑀p(𝜈 −

⃒⃒
𝜆(𝑗)
⃒⃒
, 𝜆(𝑗)),𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

)︀
= 0 if 𝑗 ̸= 𝑖, 𝑖+ 1, and

dimHomOp
𝜈,𝑉

(︀
𝑀p(𝜈 −

⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1)),𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

)︀
= 1 if dim𝑉 − 1 ≥ ℓ(𝜆(𝑖+1))

3. For any Young diagram 𝜆 such that dim𝑉 − 1 ≥ ℓ(𝜆), we have:

dimEndOp
𝜈,𝑉

(𝑀p(𝜈 − |𝜆| , 𝜆)) = 1

Proof. 1. Consider a gl(𝑉 )-morphism 𝑀p(𝜈 − |𝜇| , 𝜇) −→ 𝑀p(𝜈 − |𝜏 | , 𝜏), and assume it

is not zero. Then the weights (𝜈 − |𝜇| , 𝜇), (𝜈 − |𝜏 | , 𝜏) are 𝑊 -linked, i.e. there exists

an element 𝑤 in the Weyl group such that 𝑤((𝜈− |𝜇| , 𝜇)+ 𝜌) = (𝜈− |𝜏 | , 𝜏)+ 𝜌, where

𝜌 = (dim𝑉, dim𝑉 − 1, dim𝑉 − 2, ...) = dim𝑉 (1, 1, 1, ...)− (1, 2, 3, ...).

This is equivalent to saying that 𝑤(𝜈−|𝜇| , 𝜇1−1, 𝜇2−2, ...) = (𝜈−|𝜏 | , 𝜏1−1, 𝜏2−2, ...),

which means that 𝜇, 𝜏 lie in the same
𝜈∼-class (in fact, we get that 𝑤 = (1, 2, ..., 𝑘) ∈

𝑆dim𝑉 = 𝑊𝑒𝑦𝑙(gl(𝑉 )) for some 𝑘 > 1).

2. Consider a non-trivial
𝜈∼-class {𝜆(𝑖)}𝑖, 𝜆(0) ⊂ 𝜆(1) ⊂ 𝜆(2) ⊂ ... (recall that this can

occur only if 𝜈 ∈ Z+). Let 𝑖, 𝑗 ≥ 0, and assume there is a non-zero gl(𝑉 )-morphism

𝑀p(𝜈 −
⃒⃒
𝜆(𝑗)
⃒⃒
, 𝜆(𝑗)) −→𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)).

Frobenius reciprocity then gives us a morphism of gl(𝑈)-modules:

𝑆𝜆
(𝑗)

𝑈 −→𝑀p(𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))|gl(𝑈)
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By Lemma 3.3.1.3, the gl(𝑈)-module𝑀p(𝜈−
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))|gl(𝑈) is either zero (if dim(𝑈) =

dim𝑉 − 1 < ℓ(𝜆(𝑖))), or isomorphic to

𝑆𝑈 ⊗ 𝑆𝜆(𝑖)𝑈 ∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖)

𝑆𝜇𝑈

We immediately conclude that 𝜆(𝑖) ⊂ 𝜆(𝑗) (which means that 𝑖 ≤ 𝑗), and that 𝜆(𝑗) ∈

ℐ+
𝜆(𝑖)

. In fact, Lemma 3.2.2.2 implies that 𝑗 = 𝑖+1 in that case, since for 𝑗 ≥ 𝑖+2, we

get: 𝜆(𝑗)𝑘 = 𝜆
(𝑖)
𝑘 + 1 for any 𝑘 = 𝑖+ 2, ..., 𝑗, contradicting 𝜆(𝑗) ∈ ℐ+

𝜆(𝑖)
.

It remains to check that

dimHomOp
𝜈,𝑉

(︀
𝑀p(𝜈 −

⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1)),𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

)︀
= 1 if dim𝑉−1 ≥ ℓ(𝜆(𝑖+1))

We start by noticing that the same Frobenius reciprocity argument used above guar-

antees us that

dimHomOp
𝜈,𝑉

(︀
𝑀p(𝜈 −

⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1)),𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

)︀
≤ 1

so we only need to check that if dim𝑉 − 1 ≥ ℓ(𝜆(𝑖+1)), then there exists a non-zero

morphism

𝑀p(𝜈 −
⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1)) −→𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

This statement can be proved by induction on 𝑖 ≥ 0.

Base: Assume dim𝑉 − 1 ≥ ℓ(𝜆(0)). We need to check that 𝑀p(𝜈 −
⃒⃒
𝜆(0)
⃒⃒
, 𝜆(0)) is not

simple, i.e. isn’t equal to 𝐿(𝜈 −
⃒⃒
𝜆(0)
⃒⃒
, 𝜆(0)). But the latter is finite-dimensional (since

(𝜈−
⃒⃒
𝜆(0)
⃒⃒
, 𝜆(0)) is an integral dominant weight), while 𝑀p(𝜈−

⃒⃒
𝜆(0)
⃒⃒
, 𝜆(0)) clearly isn’t

finite-dimensional (due to Lemma 3.3.1.3, for example).

Step: Let 𝑖 ≥ 1, and assume dim𝑉 −1 ≥ ℓ(𝜆(𝑖+1)). If there exists a non-zero morphism

𝑀p(𝜈−
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) −→𝑀p(𝜈−

⃒⃒
𝜆(𝑖−1)

⃒⃒
, 𝜆(𝑖−1)), then this morphism is not injective (can

be seen from Lemma 3.3.1.3), therefore𝑀p(𝜈−
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) is not simple; so there exists
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a non-zero morphism 𝑀p(𝜈 −
⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1)) −→𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)), as needed.

3. This statement follows immediately from Lemma 3.3.1.3, which gives us an isomor-

phism of of gl(𝑈)-modules:

𝑀p(𝜈 − |𝜆| , 𝜆) ∼= 𝑆𝑈 ⊗ 𝑆𝜆𝑈 ∼=
⨁︁
𝜇∈ℐ+

𝜆

𝑆𝜇𝑈

The previous proposition immediately implies:

Corollary 3.3.1.5. Let 𝜆 lie in a trivial
𝜈∼-class. Then 𝑀p(𝜈 − |𝜆| , 𝜆) is either zero (iff

dim𝑉 − 1 < ℓ(𝜆)), or a simple gl(𝑉 )-module. In particular, if 𝜈 /∈ Z+, this is true for

any Young diagram 𝜆.

Proof. Recall that since 𝜈 /∈ Z+, each Young diagram 𝜆 lies in a trivial
𝜈∼-class (see

Lemma 3.2.2.2). The result follows from Proposition 3.3.1.4.

Remark 3.3.1.6. Note that Proposition 3.3.1.4 implies that the category Op
𝜈,𝑉 decomposes

into blocks (each of the blocks is an abelian category in its own right). To each
𝜈∼-class of

Young diagrams corresponds a block of Op
𝜈,𝑉 (if for all Young diagrams 𝜆 in this

𝜈∼-class,

ℓ(𝜆) > dim𝑉 − 1, then the corresponding block is zero), and to each non-zero block of

Op
𝜈,𝑉 corresponds a unique

𝜈∼-class.

Proposition 3.3.1.4 also implies that the block corresponding to a trivial
𝜈∼-class is

either semisimple (i.e. equivalent to the category 𝑉 𝑒𝑐𝑡C), or zero.

Now fix a non-trivial
𝜈∼-class {𝜆(𝑖)}𝑖, and 𝑖 ≥ 0 such that ℓ(𝜆(𝑖+1)) ≤ dim𝑉 − 1.

Proposition 3.3.1.4 implies that the maximal non-trivial submodule of 𝑀p(𝜈 −⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) is 𝐿(𝜈 −

⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1)). We conclude that

Corollary 3.3.1.7. Let {𝜆(𝑖)}𝑖 be a non-trivial
𝜈∼-class, and 𝑖 ≥ 0 be such that ℓ(𝜆(𝑖)) ≤

dim𝑉 − 1.
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Then there is a short exact sequence

0→ 𝐿(𝜈 −
⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1))→𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→ 𝐿(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→ 0

Corollary 3.3.1.8. The isomorphism classes of the generalized Verma modules and the

simple polynomial modules in Op𝑛
𝜈,C𝑛 form a basis for the Grothendieck group of Op𝑛

𝜈,C𝑛.

Remark 3.3.1.9. Notice that for 𝑖 := max{𝑖 ≥ 0 | ℓ(𝜆(𝑖)) ≤ dim𝑉 − 1}, we have

𝑀p(𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) ∼= 𝑀∨

p (𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) ∼= 𝐿(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

We also obtain the BGG resolution in category Op
𝜈,𝑉 as an immediate corollary:

Corollary 3.3.1.10. Let {𝜆(𝑖)}𝑖 be a non-trivial
𝜈∼-class. Then there is a long exact

sequence of gl(𝑉 )-modules (BGG resolution of 𝐿(𝜈−
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) by parabolic Verma mod-

ules)

...→𝑀p(𝜈 −
⃒⃒
𝜆(𝑖+2)

⃒⃒
, 𝜆(𝑖+2))→𝑀p(𝜈 −

⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1))→𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→

→ 𝐿(𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→ 0

Proof. Follows immediately from Corollary 3.3.1.7.

Remark 3.3.1.11. For 𝑖 = 0, such a resolution is a special case of BGG resolutions in

parabolic category O discussed in [H, Chapter 9, Par. 16].

We now consider the projective cover 𝑃p(𝜈 − |𝜆| , 𝜆) of 𝐿(𝜈 − |𝜆| , 𝜆) in Op
𝜈,𝑉 . The

existence of 𝑃p(𝜈−|𝜆| , 𝜆) and some of its properties are listed in the following proposition:

Proposition 3.3.1.12.

(a) Category Op
𝜈,𝑉 has enough projectives; in particular, there exists a projective cover of

𝐿(𝜈 − |𝜆| , 𝜆), which will be denoted by 𝑃p(𝜈 − |𝜆| , 𝜆).
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(b) For any Young diagram 𝜆, the following equality holds:

dimHomOp
𝜈,𝑉

(𝑃p(𝜈 − |𝜆| , 𝜆),𝑀) = [𝑀 : 𝐿(𝜈 − |𝜆| , 𝜆)]

(c) The projective module 𝑃p(𝜈 − |𝜆| , 𝜆) is indecomposable and standardly filtered (i.e.

has a filtration where all the successive quotients are parabolic Verma modules).

(d) (BGG reciprocity) The following equality holds for any Young diagrams 𝜆, 𝜇:

(𝑃p(𝜈 − |𝜆| , 𝜆) :𝑀p(𝜈 − |𝜇| , 𝜇)) = [𝑀p(𝜈 − |𝜇| , 𝜇) : 𝐿(𝜈 − |𝜆| , 𝜆)]

(the brackets in left hand side denote multiplicity in the standard filtration).

(e) The duality functor (·)∨ : Op
𝜈,𝑉 →

(︀
Op
𝜈,𝑉

)︀𝑜𝑝
takes projective modules to injective

modules and vice versa. In particular, there are enough injectives in the category

Op
𝜈,𝑉 , and the indecomposable injective modules are exactly 𝑃∨

p (𝜈 − |𝜆| , 𝜆) (which is

the injective hull of 𝐿(𝜈 − |𝜆| , 𝜆)).

(f) Whenever 𝜆 is not the minimal Young diagram in a non-trivial
𝜈∼-class, the modules

𝑃p(𝜈−|𝜆| , 𝜆) are self-dual and therefore injective. In these cases the following equality

holds:

dimHomOp
𝜈,𝑉

(𝑀,𝑃p(𝜈 − |𝜆| , 𝜆)) = [𝑀 : 𝐿(𝜈 − |𝜆| , 𝜆)]

Proof. The proofs of (a) - (e) can be found in [H, Chapter 9, Par. 8 and Chapter 3, Par.

9-11]; the proof of the first part of (f) is based on [H, Chapter 9, Par. 14] and on Corollary

3.3.1.7. The equality in (f) can then be proved in the same way as the equality in (b).

We can now describe the standard filtration of the indecomposable projectives

𝑃p(𝜈 − |𝜆| , 𝜆), and their other useful properties:

Proposition 3.3.1.13.
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(a) Assume 𝜆 lies in a trivial
𝜈∼-class. Then

𝑃p(𝜈 − |𝜆| , 𝜆) ∼= 𝑀p(𝜈 − |𝜆| , 𝜆) = 𝐿(𝜈 − |𝜆| , 𝜆)

(b) Let {𝜆(𝑖)}𝑖 be a non-trivial
𝜈∼-class. Then

𝑃p(𝜈 −
⃒⃒
𝜆(0)
⃒⃒
, 𝜆(0)) ∼= 𝑀p(𝜈 −

⃒⃒
𝜆(0)
⃒⃒
, 𝜆(0))

(c) Let {𝜆(𝑖)}𝑖 be a non-trivial
𝜈∼-class and let 𝑖 ≥ 1. Then for 𝑖 such that ℓ(𝜆(𝑖)) ≤

dim𝑉 − 1, we have short exact sequences

0→𝑀p(𝜈 −
⃒⃒
𝜆(𝑖−1)

⃒⃒
, 𝜆(𝑖−1))→ 𝑃p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→ 0

0→𝑀∨
p (𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→ 𝑃p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→𝑀∨

p (𝜈 −
⃒⃒
𝜆(𝑖−1)

⃒⃒
, 𝜆(𝑖−1))→ 0

and the socle filtration of 𝑃p(𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) has successive quotients

𝐿(𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖));𝐿(𝜈 −

⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1))⊕ 𝐿(𝜈 −

⃒⃒
𝜆(𝑖−1)

⃒⃒
, 𝜆(𝑖−1));𝐿(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

For 𝑖 such that ℓ(𝜆(𝑖)) > dim𝑉 − 1,

𝑃p(𝜈−
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) =𝑀p(𝜈−

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) =𝑀∨

p (𝜈−
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) = 𝐿(𝜈−

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) = 0
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(d) Let {𝜆(𝑖)}𝑖 be a non-trivial
𝜈∼-class, and let 𝑖 ≥ 1, 𝑗 ≥ 0. Then

dimHomOp
𝜈,𝑉

(︀
𝑃p(𝜈 −

⃒⃒
𝜆(𝑗)
⃒⃒
, 𝜆(𝑗)), 𝑃p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

)︀
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2 if 𝑖 = 𝑗,

ℓ(𝜆(𝑖)) ≤ dim𝑉 − 1

1 if |𝑖− 𝑗| = 1,

ℓ(𝜆(𝑖)), ℓ(𝜆(𝑗)) ≤ dim𝑉 − 1

0 else

Proof. Parts (a), (b) follow directly from the fact that 𝑃p(𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) is standardly

filtered, the BGG reciprocity (see Proposition 3.3.1.12) and Proposition 3.3.1.4. The BGG

reciprocity also implies that for a non-trivial
𝜈∼-class, denoted by {𝜆(𝑖)}𝑖, we have the short

exact sequence

0→𝑀p(𝜈 −
⃒⃒
𝜆(𝑖−1)

⃒⃒
, 𝜆(𝑖−1))→ 𝑃p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→𝑀p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→ 0

whenever 𝑖 ≥ 1. Taking duals in of the modules in this sequence, we obtain a short exact

sequence

0→𝑀∨
p (𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→ 𝑃p(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→𝑀∨

p (𝜈 −
⃒⃒
𝜆(𝑖−1)

⃒⃒
, 𝜆(𝑖−1))→ 0

To compute the socle filtration, notice that

𝑆𝑜𝑐(𝑃p(𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))) ∼= 𝐿(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

since

dimHomOp
𝜈,𝑉

(𝐿(𝜈−
⃒⃒
𝜆(𝑗)
⃒⃒
, 𝜆(𝑗)), 𝑃p(𝜈−

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))) = [𝐿(𝜈−

⃒⃒
𝜆(𝑗)
⃒⃒
, 𝜆(𝑗)) : 𝐿(𝜈−

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))] = 𝛿𝑖,𝑗

(see Proposition 3.3.1.12(f)).
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The short exact sequences above then imply that

𝑆𝑜𝑐2(𝑃p(𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))) ∼= 𝐿(𝜈 −

⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1))⊕ 𝐿(𝜈 −

⃒⃒
𝜆(𝑖−1)

⃒⃒
, 𝜆(𝑖−1))

The socle filtration description then follows, and this proves Part (c).

The dimensions of the Hom-spaces between the indecomposable projectives can be

inferred from the socle filtration and Proposition 3.3.1.12(b, f), which proves Part (d).
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Chapter 4

Complex tensor powers of a unital

object

In this chapter, we fix a finite-dimensional unital vector space (𝑉,1). The goal of this

chapter is to define an object 𝑉 ⊗𝜈 which will be an interpolation of the tensor powers

𝑉 ⊗𝑛 for 𝑛 ∈ Z+ to arbitrary 𝜈 ∈ C.

4.1 Description of the setting

In this subsection we will describe the category 𝐼𝑛𝑑− (𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)� Op
𝜈,𝑉 ), which will be

used to define the complex tensor power of the vector space 𝑉 .

The notation � stands for the Deligne tensor product of abelian categories (c.f. [D1,

Section 5]); in this subsection, we will explain that this category can also be described as

the category of Ind-objects of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) carrying an “Op
𝜈,𝑉 -type” action of gl(𝑉 ).

Fix a splitting 𝑉 = C1⊕ 𝑈 .

Definition 4.1.0.14. Let 𝑋 ∈ 𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈). We say that gl(𝑉 ) acts on 𝑋 if given a

homomorphism of C-algebras

𝜌𝑋 : 𝒰(gl(𝑉 ))→ End𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑋)
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We say that this action is an Op
𝜈,𝑉 -action if:

∙ gl(𝑈) ⊂ gl(𝑉 ) acts polynomially on 𝑋, i.e. 𝑋 decomposes as a direct sum 𝑋 ∼=⨁︀
𝑖∈𝐼 𝑌𝑖 ⊗ 𝐸𝑖 in 𝐼𝑛𝑑−𝑅𝑒𝑝

𝑎𝑏(𝑆𝜈), with

1. 𝑌𝑖 ∈ 𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈),

2. 𝐸𝑖 being polynomial gl(𝑈)-modules,

and the following commutative diagram holds for any 𝑎 ∈ 𝒰(gl(𝑈)):

𝑋 −−−→
⨁︀

𝑖∈𝐼 𝑌𝑖 ⊗ 𝐸𝑖
𝜌𝑋(𝑎)

⎮⎮⌄ ⊕𝑖𝑎|𝐸𝑖

⎮⎮⌄
𝑋 −−−→

⨁︀
𝑖∈𝐼 𝑌𝑖 ⊗ 𝐸𝑖

∙ 𝒰(u+p ) acts locally finitely on 𝑋, i.e. for any 𝑌 ∈ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), 𝑓 : 𝑌 → 𝑋, we have:

∑︁
𝑎∈𝒰(u+p )

(𝜌𝑋(𝑎) ∘ 𝑓)(𝑌 )

belongs to 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) (i.e. is a compact object).

∙ Id𝑉 acts on 𝑋 by the morphism 𝜈 · Id𝑋 .

The category 𝐼𝑛𝑑 − (𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) � Op
𝜈,𝑉 ) is the category of pairs (𝑋, 𝜌𝑋) where 𝑋 ∈

𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) and 𝜌𝑋 is anOp
𝜈,𝑉 -action on𝑋. The morphisms in 𝐼𝑛𝑑−(𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op

𝜈,𝑉 )

are

Hom((𝑋, 𝜌𝑋), (𝑌, 𝜌𝑌 )) := {𝑓 ∈ Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑋, 𝑌 ) | 𝑓∘𝜌𝑋(𝑎) = 𝜌𝑌 (𝑎)∘𝑓 ∀𝑎 ∈ 𝒰(gl(𝑉 ))}

Remark 4.1.0.15. Inside the category 𝐼𝑛𝑑−(𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op
𝜈,𝑉 ) we have the full subcategory

𝐼𝑛𝑑 − (𝑅𝑒𝑝(𝑆𝜈) � Op
𝜈,𝑉 ) whose objects are (𝑋, 𝜌𝑋) where 𝑋 ∈ 𝐼𝑛𝑑 − 𝑅𝑒𝑝(𝑆𝜈) and 𝜌𝑋 is

an Op
𝜈,𝑉 -action on 𝑋.

Now let 𝜈 = 𝑛 ∈ Z+.
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By [KS, Corollary 6.3.2], there exists a unique (up to unique isomorphism) functor

𝒮𝑛 : (𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈=𝑛)) −→ 𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝑛)

which commutes with (small) filtered colimits and satisfies

𝒮𝑛 ∘ 𝜄𝑅𝑒𝑝(𝑆𝜈)→(𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈))
∼= 𝒮𝑛

(the notation is the same as in Chapter 2 and Subsection 3.2.1).

Now consider the category 𝐼𝑛𝑑 − (𝑅𝑒𝑝(𝑆𝑛) � Op
𝑛,𝑉 ); it is the full subcategory of the

category of modules 𝑀𝑜𝑑C[𝑆𝑛]⊗C𝒰(gl(𝑉 )) whose objects 𝑀 satisfy: as a C[𝑆𝑛]-module, 𝑀 is

a direct sum of finite dimensional simple modules, while as a 𝒰(gl(𝑉 ))-module,𝑀 ∈ Op
𝑛,𝑉 .

We can define the functor

𝒮𝑛 : 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝜈=𝑛)�Op
𝑛,𝑉 ) −→ 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝑛)�Op

𝑛,𝑉 )

by setting 𝒮𝑛(𝑋, 𝜌𝑋) := 𝒮𝑛(𝑋) (with action of gl(𝑉 ) given by 𝒮𝑛(𝜌𝑋)). The above

description of 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝜈=𝑛)�Op
𝑛,𝑉 ) guarantees that this functor is well-defined.

4.2 Definition of a complex tensor power: split unital

vector space

Fix 𝜈 ∈ C, and fix a splitting 𝑉 = C1⊕ 𝑈 .

Definition 4.2.0.16 (Complex tensor power). Define the object 𝑉 ⊗𝜈 of 𝐼𝑛𝑑 −

(𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op
𝜈,𝑉 ) by setting

𝑉 ⊗𝜈 :=
⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘

The action on gl(𝑉 ) on 𝑉 ⊗𝜈 is given as follows:
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1

𝑈
))
𝑈 ⊗Δ1

𝑈 ,,

𝑈*

gg

gl(𝑈)

WW (𝑈⊗2 ⊗Δ2)
𝑆2

𝑈 --

𝑈*
kk

gl(𝑈)

UU
(𝑈⊗3 ⊗Δ3)

𝑆3

𝑈
**

𝑈*
ll

gl(𝑈)

UU
. . .

𝑈*
kk

∙ Id𝑉 ∈ gl(𝑉 ) acts by scalar 𝜈,

∙ 𝑢 ∈ 𝑈 ∼= u−p acts by operator

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘

𝐹𝑢−→ (𝑈⊗𝑘+1 ⊗Δ𝑘+1)
𝑆𝑘+1

𝐹𝑢 :=
1

𝑘 + 1

∑︁
1≤𝑙≤𝑘+1

𝑢(𝑙) ⊗ 𝑟𝑒𝑠*𝑙

Here 𝑟𝑒𝑠*𝑙 : Δ𝑘 → Δ𝑘+1 as in Definition 3.2.3.13, 𝑢(𝑙) as in Notation 2.0.6.1 and 𝑘 ≥ 0.

∙ 𝑓 ∈ 𝑈* ∼= u+p acts by operator

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘

𝐸𝑓−→ (𝑈⊗𝑘−1 ⊗Δ𝑘−1)
𝑆𝑘−1

𝐸𝑓 :=
∑︁
1≤𝑙≤𝑘

𝑓 (𝑙) ⊗ 𝑟𝑒𝑠𝑙

Here 𝑟𝑒𝑠𝑙 : Δ𝑘 → Δ𝑘−1 as in Definition 3.2.3.12, 𝑓 (𝑙) as in Notation 2.0.6.1 and 𝑘 ≥ 1.

The action of 𝑓 on (𝑈⊗0 ⊗ 1)𝑆0 ∼= 1 is zero.

∙ 𝐴 ∈ gl(𝑈) ⊂ gl(𝑉 ) acts on (𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 by

∑︁
1≤𝑖≤𝑘

𝐴(𝑖)|𝑈⊗𝑘 ⊗ IdΔ𝑘
: (𝑈⊗𝑘 ⊗Δ𝑘)

𝑆𝑘 −→ (𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘

Lemma 4.2.0.17. The action of gl(𝑉 ) described in Definition 4.2.0.16 is well-defined.
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Proof. See Subsection 5.2.1.

Remark 4.2.0.18. The actions of the elements of u+p , u
−
p are in fact uniquely determined

by the actions of Id𝑉 and gl(𝑈).

To see this, note that the ideal in the Lie algebra gl(𝑉 ) generated by the Lie subalgebra

C Id𝑉 ⊕gl(𝑈𝑁) is the entire gl(𝑉 ). Given two gl(𝑉 )-modules 𝑀1,𝑀2 and an isomorphism

𝑀1 →𝑀2 which is equivariant with respect to the Lie subalgebra C Id𝑉 ⊕gl(𝑈), the above

fact implies that this isomorphism is also gl(𝑉 )-equivariant.

In other words, if there exists a way to define an action of gl(𝑉 ) whose restriction to

the the Lie subalgebra C Id𝑉 ⊕gl(𝑈) is given by the formulas above, then such an action

of gl(𝑉 ) is unique.

Remark 4.2.0.19. Notice that gl(𝑈) acts semisimply on 𝑉 ⊗𝜈 , 𝑈* ∼= u+p acts locally finitely

on 𝑉 ⊗𝜈 , thus making it an object of 𝐼𝑛𝑑 − (𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) � Op
𝜈,𝑉 ) (in fact, an object of the

category 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝜈=𝑛))�Op
𝑛,𝑉 ), since Δ𝑘 ∈ 𝑅𝑒𝑝(𝑆𝜈) for any 𝑘 ∈ Z+).

Remark 4.2.0.20. The definition of 𝑉 ⊗𝜈 makes it a Z+-graded object in 𝐼𝑛𝑑 − 𝑅𝑒𝑝(𝑆𝜈).

This grading corresponds to the natural grading on 𝑉 ⊗𝑛 seen as a tensor power of the

graded object 𝑉 = C1⊕ 𝑈, 𝑔𝑟0(𝑉 ) := C1, 𝑔𝑟1(𝑉 ) := 𝑈 .

Remark 4.2.0.21. In Subsection 4.4, we will show that the object 𝑉 ⊗𝜈 of 𝐼𝑛𝑑−(𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�

Op
𝜈,𝑉 ) does not really depend on the splitting of 𝑉 , but rather only on the pair (𝑉,1).

In the case when 𝜈 /∈ Z+, one can actually give an equivalent definition of 𝑉 ⊗𝜈 without

using a splitting (c.f. [Et1] and Section 4.5).

The following technical lemma will be useful to us later on. The meaning of this lemma

is that the operator 𝐹𝑢 acting on 𝑉 ⊗𝜈 is “almost injective”.

Lemma 4.2.0.22. Let 𝑙 ≤ 𝑘, and consider a non-zero morphism in 𝑅𝑒𝑝(𝑆𝜈)

𝜑 : 𝑈⊗𝑙 ⊗Δ𝑙 −→ 𝑈⊗𝑘 ⊗Δ𝑘

Let 𝑢 ∈ 𝑈 ∼= u−p , 𝑢 ̸= 0. Then 𝐹𝑢 ∘ 𝜑 ̸= 0, where 𝐹𝑢 ∘ 𝜑 := 1
𝑘+1

∑︀
1≤𝑙≤𝑘+1(𝑢

(𝑙) ⊗ 𝑟𝑒𝑠*𝑙 ) ∘ 𝜑.

Proof. Will be proved in Section 5.2.2, Lemma 5.2.2.1.
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4.3 Compatablility of the definitions of the complex

and the integer tensor powers

Finally, we prove that the definition of a complex tensor power of a split unital vector

space is compatible with the usual notion of a tensor power of a vector space.

We continue with a fixed splitting 𝑉 = C1⊕ 𝑈 . Let 𝑉 ⊗𝑛 be as in Definition 4.2.0.16.

Define the action of gl(𝑉 ) on the space
⨁︀

𝑘=0,...,𝑛(𝑈
⊗𝑘⊗C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

via the decomposition

gl(𝑉 ) ∼= C Id𝑉 ⊕u−p ⊕ u+p ⊕ gl(𝑈)

by setting

∙ Id𝑉 acts by the scalar 𝑛,

∙ 𝑢 ∈ 𝑈 ∼= u−p acts by operator

(𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘
𝐹𝑢−→ (𝑈⊗𝑘+1 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘 + 1}, {1, ..., 𝑛}))𝑆𝑘+1

𝐹𝑢 =
1

𝑘 + 1

∑︁
1≤𝑙≤𝑘+1

𝑢(𝑙) ⊗ res*𝑙

for any 𝑘 ≥ 0. Here res*𝑙 is the map defined in Remark 3.2.3.14, 𝑢(𝑙) as in Notation

2.0.6.1.

∙ 𝑓 ∈ 𝑈* ∼= u+p acts by operator

(𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘
𝐸𝑓−→ (𝑈⊗𝑘−1 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘 − 1}, {1, ..., 𝑛}))𝑆𝑘−1

𝐸𝑓 =
∑︁
1≤𝑙≤𝑘

𝑓 (𝑙) ⊗ res𝑙

whenever 𝑘 ≥ 1. Here res𝑙 is the map defined in Remark 3.2.3.14, 𝑓 (𝑙) as in Notation

2.0.6.1.

The action of 𝑓 on (𝑈⊗0 ⊗ C)𝑆0 ∼= C is zero.
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∙ gl(𝑈) acts naturally on each summand (𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘 :

𝐴 ∈ gl(𝑈) acts by

∑︁
1≤𝑖≤𝑘

𝐴(𝑖)|𝑈⊗𝑘 ⊗ IdC𝐼𝑛𝑗({1,...,𝑘},{1,...,𝑛}) :

(𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘 −→ (𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

Notice that the space
⨁︀

𝑘=0,...,𝑛(𝑈
⊗𝑘⊗C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘 automatically pos-

sesses a structure of a C[𝑆𝑛] ⊗C 𝒰(gl(𝑉 ))-module: the group 𝑆𝑛 acts on each summand

C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛})) through its action on the set {1, ..., 𝑛}.

Lemma 4.3.0.23. There is an isomorphism of gl(𝑉 )-modules

Φ : 𝑉 ⊗𝑛 ∼−→
⨁︁

𝑘=0,...,𝑛

(𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

where Φ(1⊗ 1⊗ ...⊗ 1) = 1 (lies in degree zero of the right hand side).

Moreover, this isomorphism is an isomorphism of C[𝑆𝑛]⊗C 𝒰(gl(𝑉 ))-modules.

Proof. Will be proved in Section 5.2.3, Lemma 5.2.3.3.

Proposition 4.3.0.24. Consider the functor

𝒮𝑛 : 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝜈=𝑛)�Op
𝑛,𝑉 ) −→ 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝑛)�Op

𝑛,𝑉 )

(c.f. Subsection 4.1). Then 𝒮𝑛(𝑉 ⊗𝑛) ∼= 𝑉 ⊗𝑛.

Remark 4.3.0.25. Restricting the action of gl(𝑉 ) to gl(𝑈), it can be seen from the proof

we get an isomorphism of Z+-graded gl(𝑈)-modules.

Proof. Recall from Lemma 3.2.3.1 that 𝒮𝑛(Δ𝑘) = C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}) (this

is zero if 𝑘 > 𝑛). By definition of the action of gl(𝑉 ) on
⨁︀

𝑘=0,...,𝑛(𝑈
⊗𝑘 ⊗

79



C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘 given above, we have an isomorphism of C[𝑆𝑛]⊗C 𝒰(gl(𝑉 ))-

modules

Ψ : 𝒮𝑛(𝑉 ⊗𝑛)|gl(𝑈) →
⨁︁

𝑘=0,...,𝑛

(𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

Using Lemma 4.3.0.23 above, we obtain the desired result.

Example 4.3.0.26. Let dim𝑈 = 1. In that case 𝑉 can be viewed as the tautological

representation of gl2, with standard basis 𝑣0, 𝑣1. The tensor power 𝑉 ⊗𝑛 is then a span of

weight vectors of the form

𝑣𝑖1 ⊗ 𝑣𝑖2 ⊗ ...⊗ 𝑣𝑖𝑛 , 𝑖1, ..., 𝑖𝑛 ∈ {0, 1}

(the weight of this vector is (𝑛−
∑︀

𝑗=1,..,𝑛 𝑖𝑗,
∑︀

𝑗=1,..,𝑛 𝑖𝑗)). This allows us to establish an

isomorphism

𝑉 ⊗𝑛 →
⨁︁

𝑘=0,...,𝑛

C{𝑆 ⊂ {1, ..., 𝑛}| |𝑆| = 𝑘} ∼=
⨁︁

𝑘=0,...,𝑛

C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛})𝑆𝑘

𝑣𝑖1 ⊗ 𝑣𝑖2 ⊗ ...⊗ 𝑣𝑖𝑛 ↦→ 𝑆 := {𝑗 ∈ {1, ..., 𝑛}|𝑖𝑗 = 1}

The operators 𝐸 ∈ 𝑈* ∼= u+p , 𝐹 ∈ 𝑈 ∼= u−p act on
⨁︀

𝑘=0,...,𝑛C{𝑆 ⊂ {1, ..., 𝑛}| |𝑆| = 𝑘}

by

𝐸(𝑆) =
∑︁

𝑇 :𝑇⊂𝑆,|𝑇 |=𝑘−1

𝑇, 𝐹 (𝑆) =
1

𝑘 + 1

∑︁
𝑇 :𝑆⊂𝑇⊂{1,...,𝑛},|𝑇 |=𝑘+1

𝑇

where 𝑆 is a subset of {1, ..., 𝑛} of size 𝑘. The operator Id𝑈 ∈ End(𝑉 ) acts on⨁︀
𝑘=0,...,𝑛C{𝑆 ⊂ {1, ..., 𝑛}| |𝑆| = 𝑘} by 𝑆 ↦→ |𝑆| · 𝑆.

In particular, we immediately see that

𝒮𝑛(𝑉 ⊗𝑛) ∼=
⨁︁
𝑘≥0

𝒮𝑛((Δ𝑘)
𝑆𝑘) ∼=

⨁︁
𝑘≥0

C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛})𝑆𝑘 ∼= 𝑉 ⊗𝑛
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4.4 Independence of 𝑉 ⊗𝜈 on the choice of splitting

In this subsection, we show that our definition of 𝑉 ⊗𝜈 does not depend on the choice of

splitting 𝑉 = C1⊕ 𝑈 we made earlier, but rather only on the pair (𝑉,1).

Consider the following category Uni of unital vector spaces. The objects of this

category will be tuples (𝑉,1, 𝑈), where 𝑉 is a finite-dimensional vector space, 1 ∈ 𝑉 ∖{0},

and 𝑈 is a subspace of 𝑉 such that 𝑉 = C1⊕ 𝑈 .

The morphisms in this category are given by

𝑀𝑜𝑟Uni ((𝑉,1, 𝑈), (𝑉
′,1′, 𝑈 ′)) := {𝜑 ∈ HomC(𝑉, 𝑉

′) : 𝜑(1) = 1
′}

Remark 4.4.0.27. This category has a natural structure of a symmetric monoidal tensor

category, with

(𝑉,1, 𝑈)⊗ (𝑉 ′,1′, 𝑈 ′) := (𝑉 ⊗ 𝑉 ′,1⊗ 1
′, 𝑈 ⊗ C1′ ⊕ C1⊗ 𝑈 ′ ⊕ 𝑈 ⊗ 𝑈 ′)

We now construct a functor

(·)⊗𝜈 : Uni −→ 𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)

On objects of Uni, this is just (𝑉,1, 𝑈) ↦→ 𝑉 ⊗𝜈 :=
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗Δ𝑘)

𝑆𝑘 . On morphisms,

this functor is

𝜑 : (𝑉,1, 𝑈)→ (𝑉 ′,1′, 𝑈 ′) ↦→ Φ :
⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 →

⨁︁
𝑘≥0

(𝑈 ′⊗𝑘 ⊗Δ𝑘)
𝑆𝑘

with the matrix coefficients Φ𝑙,𝑘 : (𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 → (𝑈 ′⊗𝑙 ⊗Δ𝑙)

𝑆𝑙 of Φ coming from maps

𝑈⊗𝑘 ⊗Δ𝑘 → 𝑈 ′⊗𝑙 ⊗Δ𝑙 which are defined by the formula

∑︁
𝜄:{1,...,𝑙}→{1,...,𝑘}
strictly increasing

𝜑
(𝐼𝑚(𝜄))
𝑈,𝑈 ′ ⊗ 𝜑({1,...,𝑘}∖𝐼𝑚(𝜄))

𝑈,1′ ⊗
(︁
Δ𝑘

𝑟𝑒𝑠𝜄→ Δ𝑙

)︁
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Here

∙ The map 𝜑𝑈,𝑈 ′ : 𝑈 → 𝑈 ′ is the composition 𝑈 →˓ 𝑉
𝜑→ 𝑉 ′ � 𝑈 ′.

The notation 𝜑
(𝐼𝑚(𝜄))
𝑈,𝑈 ′ means that we apply the map 𝜑𝑈,𝑈 ′ only to the factors

𝜄(1), 𝜄(2), ..., 𝜄(𝑙) of 𝑈⊗𝑘.

∙ The map 𝜑𝑈,1′ : 𝑈 → C is defined so that the composition

𝑈 →˓ 𝑉
𝜑→ 𝑉 ′ � C1′

is the map 𝑢 ↦→ 𝜑𝑈,1′(𝑢)1′. The notation 𝜑({1,...,𝑘}∖𝐼𝑚(𝜄))
𝑈,1′ means that we apply the map

𝜑𝑈,1′ only to those factors 𝑖 of 𝑈⊗𝑘 for which 𝑖 ̸∈ 𝐼𝑚(𝜄).

∙ The map 𝑟𝑒𝑠𝜄 is the map Δ𝑘 → Δ𝑙 given by the diagram 𝜋 ∈ 𝑃𝑘,𝑙 with edges

{(𝜄(𝑖), 𝑖′)}1≤𝑖≤𝑙.

Note that Φ is upper-triangular in terms of the matrix coefficients Φ𝑙,𝑘.

Lemma 4.4.0.28. The functor (·)⊗𝜈 : Uni −→ 𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈) is well-defined.

Proof. We only need to check that this functor preserves composition. Indeed, let

𝜑 : (𝑉,1, 𝑈) → (𝑉 ′,1′, 𝑈 ′), 𝜓 : (𝑉 ′,1′, 𝑈 ′) → (𝑉 ′′,1′′, 𝑈 ′′), and denote by Φ,Ψ their

respective images under the functor (·)⊗𝜈 .

We have: (𝜓 ∘ 𝜑)𝑈,𝑈 ′′ = 𝜓𝑈 ′,𝑈 ′′ ∘ 𝜑𝑈,𝑈 ′ , and (𝜓 ∘ 𝜑)𝑈,1′′ = 𝜓𝑈 ′,1′′ ∘ 𝜑𝑈,𝑈 ′ + 𝜑𝑈,1′ .

Thus

(𝜓 ∘ 𝜑)⊗𝜈 :
⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 →

⨁︁
𝑘≥0

(𝑈 ′′⊗𝑘 ⊗Δ𝑘)
𝑆𝑘

is a map in 𝐼𝑛𝑑− 𝑅𝑒𝑝(𝑆𝜈), with matrix coefficients coming from the maps 𝑈⊗𝑘 ⊗Δ𝑘 →

𝑈 ′′⊗𝑙 ⊗Δ𝑙 given by

∑︁
𝜄:{1,...,𝑙}→{1,...,𝑘}
strictly increasing

(𝜓𝑈 ′,𝑈 ′′ ∘ 𝜑𝑈,𝑈 ′)(𝐼𝑚(𝜄)) ⊗ (𝜓𝑈 ′,1′′ ∘ 𝜑𝑈,𝑈 ′ + 𝜑𝑈,1′)({1,...,𝑘}∖𝐼𝑚(𝜄)) ⊗
(︁
Δ𝑘

𝑟𝑒𝑠𝜄→ Δ𝑙

)︁
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Next,

∑︁
𝜄:{1,...,𝑙}→{1,...,𝑘}
strictly increasing

(𝜓𝑈 ′,𝑈 ′′ ∘ 𝜑𝑈,𝑈 ′)(𝐼𝑚(𝜄)) ⊗ (𝜓𝑈 ′,1′′ ∘ 𝜑𝑈,𝑈 ′ + 𝜑𝑈,1′)({1,...,𝑘}∖𝐼𝑚(𝜄)) ⊗
(︁
Δ𝑘

𝑟𝑒𝑠𝜄→ Δ𝑙

)︁
=

=
∑︁
𝑙≤𝑗≤𝑘

∑︁
𝜄2:{1,...,𝑙}→{1,...,𝑗}

str. incr.

∑︁
𝜄1:{1,...,𝑗}→{1,...,𝑘}

str. incr.

(𝜓𝑈 ′,𝑈 ′′ ∘ 𝜑𝑈,𝑈 ′)(𝐼𝑚(𝜄1∘𝜄2)) ⊗ (𝜓𝑈 ′,1′′ ∘ 𝜑𝑈,𝑈 ′)(𝐼𝑚(𝜄1)∖𝐼𝑚(𝜄1∘𝜄2))⊗

⊗ 𝜑({1,...,𝑘}∖𝐼𝑚(𝜄1))
𝑈,1′ ⊗

(︁
Δ𝑘

𝑟𝑒𝑠𝜄1→ Δ𝑗

)︁
∘
(︁
Δ𝑗

𝑟𝑒𝑠𝜄2→ Δ𝑙

)︁
Thus the (𝑙, 𝑘) matrix coefficient of (𝜓 ∘ 𝜑)⊗𝜈 is

∑︀
𝑙≤𝑗≤𝑘Ψ

𝑙,𝑗 ∘ Φ𝑗,𝑘, as wanted.

Let (𝑉,1, 𝑈) ∈ Uni. Then AutUni((𝑉,1, 𝑈)) = P̄𝑉,1 (the mirabolic subgroup of

𝐺𝐿(𝑉 ) preserving 1; c.f. Definition 1.2.0.1). Given two splittings 𝑉 = C1 ⊕ 𝑈 , 𝑉 =

C1⊕𝑊 , we have a map Id𝑉 : (𝑉,1, 𝑈)→ (𝑉,1,𝑊 ), and we get a commutative diagram

P̄𝑉,1 = AutUni((𝑉,1, 𝑈))
(·)⊗𝜈

−−−→ Aut𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)(
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗Δ𝑘)

𝑆𝑘)

𝐴𝑑Id𝑉

⎮⎮⌄ 𝐴𝑑
(Id𝑉 )⊗𝜈

⎮⎮⌄
P̄𝑉,1 = AutUni((𝑉,1,𝑊 ))

(·)⊗𝜈

−−−→ Aut𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)(
⨁︀

𝑘≥0(𝑊
⊗𝑘 ⊗Δ𝑘)

𝑆𝑘)

Consider the action

𝜌𝑈 : gl(𝑉 ) −→ End𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)(
⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘)

given in Section 4.2.

Lemma 4.4.0.29. The action 𝜌𝑈 |gl(𝑈)⊕𝑈* integrates to the action of P̄𝑉,1 on
⨁︀

𝑘≥0(𝑈
⊗𝑘⊗

Δ𝑘)
𝑆𝑘) given above, i.e. we have a commutative diagram

p̄𝑉,C1 ∼= gl(𝑈)⊕ 𝑈* 𝜌𝑈−−−→ End𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)(
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗Δ𝑘)

𝑆𝑘)

𝑒𝑥𝑝

⎮⎮⌄ 𝑒𝑥𝑝

⎮⎮⌄
P̄𝑉,1 = AutUni((𝑉,1, 𝑈))

(·)⊗𝜈

−−−→ Aut𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)(
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗Δ𝑘)

𝑆𝑘)
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Proof. Let 𝜑 ∈ p̄𝑉,C1, and denote by ̃︀Φ𝑠 the image of 𝑒𝑥𝑝(𝑠𝜑) (𝑠 ∈ C) under the functor

(·)⊗𝜈 . We want to show that 𝑑
𝑑𝑠
̃︀Φ𝑠 = 𝜌𝑈(𝜑). Writing these expressions in terms of matrix

coefficients, we want to show that for any 𝑙, 𝑘 ≥ 0, we have:

̃︀Φ𝑙,𝑘
𝑠

?
=

⎧⎪⎨⎪⎩𝑠𝜌𝑈(𝜑) + 𝑜(𝑠) if 𝑙 ̸= 𝑘

Id+𝑠𝜌𝑈(𝜑) + 𝑜(𝑠) if 𝑙 = 𝑘

Indeed,

∑︁
𝜄:{1,...,𝑙}→{1,...,𝑘}
strictly increasing

𝑒𝑥𝑝(𝑠𝜑)
𝐼𝑚(𝜄)
𝑈,𝑈 ⊗ 𝑒𝑥𝑝(𝑠𝜑)({1,...,𝑘}∖𝐼𝑚(𝜄))

𝑈,1 ⊗
(︁
Δ𝑘

𝑟𝑒𝑠𝜄→ Δ𝑙

)︁
=

=
∑︁

𝜄:{1,...,𝑙}→{1,...,𝑘}
strictly increasing

(Id𝑈 +𝑠𝜑𝑈,𝑈 + 𝑜(𝑠))𝐼𝑚(𝜄) ⊗ (𝑠𝜑𝑈,1 + 𝑜(𝑠))({1,...,𝑘}∖𝐼𝑚(𝜄)) ⊗
(︁
Δ𝑘

𝑟𝑒𝑠𝜄→ Δ𝑙

)︁
=

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
𝑠
∑︀

𝑖∈{1,...,𝑘} 𝜑
(𝑖)
𝑈,1 ⊗ 𝑟𝑒𝑠𝑖 + 𝑜(𝑠) if 𝑙 = 𝑘 − 1

Id𝑈⊗𝑘⊗Δ𝑘
+𝑠
∑︀

𝑖∈{1,...,𝑘} 𝜑
(𝑖)
𝑈,𝑈 ⊗ IdΔ𝑘

+𝑜(𝑠) if 𝑙 = 𝑘

𝑜(𝑠) else

We conclude that

̃︀Φ𝑙,𝑘
𝑠 =

⎧⎪⎨⎪⎩𝑠𝜌𝑈(𝜑) + 𝑜(𝑠) if 𝑙 ̸= 𝑘

Id+𝑠𝜌𝑈(𝜑) + 𝑜(𝑠) if 𝑙 = 𝑘

as wanted.

We obtained an action of the subalgebra p̄𝑉,C1 on the 𝐼𝑛𝑑-object 𝑉 ⊗𝜈 of 𝑅𝑒𝑝(𝑆𝜈), and
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this action does not depend on the choice of splitting, in the sense that the diagram

gl(𝑈)⊕ 𝑈* // End𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)(
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗Δ𝑘)

𝑆𝑘)

𝐴𝑑
(Id𝑉 )⊗𝜈

��

p̄𝑉,C1

88

&&
gl(𝑊 )⊕𝑊 * // End𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)(

⨁︀
𝑘≥0(𝑊

⊗𝑘 ⊗Δ𝑘)
𝑆𝑘)

is commutative for any two splittings 𝑉 = C1⊕ 𝑈 , 𝑉 = C1⊕𝑊 .

It remains to show the action of gl(𝑉 ) on 𝑉 ⊗𝜈 does not depend on the choice of

splitting:

Lemma 4.4.0.30. The diagram

p̄𝑉,C1 ⊕ 𝑈 ⊕ C Id𝑉 // End𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)(
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗Δ𝑘)

𝑆𝑘)

𝐴𝑑
(Id𝑉 )⊗𝜈

��

gl(𝑉 )

77

''
p̄𝑉,C1 ⊕𝑊 ⊕ C Id𝑉 // End𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈)(

⨁︀
𝑘≥0(𝑊

⊗𝑘 ⊗Δ𝑘)
𝑆𝑘)

is commutative.

Proof. This follows directly from the definition of action of 𝑊 (respectively, 𝑈) on⨁︀
𝑘≥0(𝑊

⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 (respectively,

⨁︀
𝑘≥0(𝑈

⊗𝑘 ⊗Δ𝑘)
𝑆𝑘).

Thus we conclude that

Corollary 4.4.0.31. The definition of the complex tensor power 𝑉 ↦→ 𝑉 ⊗𝜈 as an object

in 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝜈=𝑛))�Op
𝑛,𝑉 ) depends only on the distinguished non-zero vector 1, rather

than on the splitting 𝑉 = C1⊕ 𝑈 .

Remark 4.4.0.32. The functor (·)⊗𝜈 is a symmetric monoidal functor.
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Indeed, let (𝑉,1, 𝑈), (𝑉 ′,1′, 𝑈 ′) ∈ Uni. The canonical isomorphism of 𝑆𝑛 representa-

tions

ϒ𝑛 : 𝑉 ⊗𝑛 ⊗ 𝑉 ′⊗𝑛 −→ (𝑉 ⊗ 𝑉 ′)⊗𝑛

and its inverse ϒ−1
𝑛 can be rewritten using the isomorphism in Lemma 4.3.0.23; these

interpolate easily to morphisms in 𝐼𝑛𝑑−𝑅𝑒𝑝(𝑆𝜈):

ϒ𝜈 : 𝑉
⊗𝜈 ⊗ 𝑉 ′⊗𝜈 −→ (𝑉 ⊗ 𝑉 ′)⊗𝜈

and

ϒ′
𝜈 : (𝑉 ⊗ 𝑉 ′)⊗𝜈 −→ 𝑉 ⊗𝜈 ⊗ 𝑉 ′⊗𝜈

so that ϒ𝜈 ∘ϒ′
𝜈 = Id, ϒ′

𝜈 ∘ϒ𝜈 = Id.

Remark 4.4.0.33. We can now consider the category Uni′ of finite-dimensional unital

vector spaces: that is, the objects in Uni′ are pairs (𝑉,1), with dim𝑉 <∞, 1 ∈ 𝑉 ∖ {0},

and the morphisms are

HomUni′((𝑉,1), (𝑉
′,1′)) := {𝜑 ∈ HomC(𝑉, 𝑉

′) : 𝜑(1) = 1
′}

By definition, we have a forgetful functor 𝐹𝑜𝑟𝑔𝑒𝑡 : Uni → Uni′, and this functor is

an equivalence of categories.

This allows us to define a functor (·)⊗𝜈 : Uni′ → 𝐼𝑛𝑑 − 𝑅𝑒𝑝(𝑆𝜈) for each choice of

functor 𝐹𝑜𝑟𝑔𝑒𝑡−1 : Uni′ → Uni; the latter is defined up to isomorphism. We do not

currently have a definition of the functor (·)⊗𝜈 : Uni′ → 𝐼𝑛𝑑 − 𝑅𝑒𝑝(𝑆𝜈) which does not

involve a choice of 𝐹𝑜𝑟𝑔𝑒𝑡−1.
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4.5 Definition of a complex tensor power when 𝜈 /∈ Z+

Let 𝜈 ∈ C ∖ Z+, and let (𝑉,1) be a finite-dimensional unital vector space. In this section

we discuss an alternative definition of the 𝜈-th tensor power of (𝑉,1), which does not use

a splitting of 𝑉 , but is applicable only when 𝜈 /∈ Z+.

As before, we use Notation 1.2.0.1 for the parabolic subalgebra p, its “mirabolic”

subalgebra p̄C1 and the nilpotent subalgebra u+p .

We will also denote by p0 the subalgebra of p consisting of all the endomorphisms

𝜑 : 𝑉 → 𝑉 for which Im𝜑 ⊂ C1 (notice that u+p = p0 ∩ p̄C1).

The quotient l := p
⧸︁
u+p

is then a reductive Lie algebra which can be decomposed as a

direct sum of reductive Lie algebras l ∼= l1 ⊕ l2, where l1 := p0
⧸︁
u+p

is a one-dimensional

Lie algebra, and l2 :=
p̄C1
⧸︁
u+p

.

Notice that the Lie algebra p has a one-dimensional center (𝑍(p) = C Id𝑉 ), and so does

l. In fact, we have a canonical splitting p ∼= C Id𝑉 ⊕p̄C1, and thus a canonical splitting

l ∼= 𝑍(l)⊕ l2.

Consider the quotient space 𝑈 := 𝑉
⧸︁
C1. Since both 𝑉 and C1 are p-modules, 𝑈 also

has the structure of a p-module. Moreover, p0 obviously acts trivially on 𝑈 , so the action

of p on 𝑈 factors through an action of l2 on 𝑈 .

We now give the following definition of a parabolic Verma module for (gl(𝑉 ), p) (this

is actually the parabolic Verma module of highest weight (𝜈 − |𝜆| , 𝜆)):

Definition 4.5.0.34. Let 𝜆 be a Young diagram.

If ℓ(𝜆) > dim𝑉 − 1, we define the parabolic Verma module 𝑀p(𝜈 − |𝜆| , 𝜆) to be zero.

Otherwise, consider the l2-module 𝑆𝜆𝑈 (i.e. the Schur functor 𝑆𝜆 applied to the l2-

module 𝑈). We make 𝑆𝜆𝑈 a l-module by requiring that 𝑍(l) act on 𝑆𝜆𝑈 by the scalar 𝜈,

and then lift the action of l on 𝑆𝜆𝑈 to an action of p on 𝑆𝜆𝑈 by requiring that u+p act

trivially on 𝑆𝜆𝑈 .
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Finally, we define

𝑀p(𝜈 − |𝜆| , 𝜆) := 𝒰(gl(𝑉 ))⊗𝒰(p) 𝑆
𝜆𝑈

Remark 4.5.0.35. Recall that the gl(𝑉 )-module𝑀p(𝜈−|𝜆| , 𝜆) is irreducible, since 𝜈 /∈ Z+

(c.f. Proposition 3.3.1.4).

The following definition is proposed in [Et1] (we still assume that 𝜈 /∈ Z+).

Definition 4.5.0.36. Define the object 𝑉 ⊗𝐷𝑒𝑙′𝜈 of 𝐼𝑛𝑑− (𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op
𝜈,𝑉 ) through the

formula

𝑉 ⊗𝐷𝑒𝑙′𝜈 :=
⨁︁

𝜆 is a Young diagram

𝑋𝜆 ⊗𝑀p(𝜈 − |𝜆| , 𝜆)

Proposition 4.5.0.37. Fix a splitting 𝑉 ∼= C1⊕ 𝑈 .

The object 𝑉 ⊗𝐷𝑒𝑙′𝜈 defined in Definition 4.5.0.36 is isomorphic to the object 𝑉 ⊗𝜈 defined

in Definition 4.2.0.16.

Proof. Since we assumed 𝜈 /∈ Z+, the categories 𝑅𝑒𝑝(𝑆𝜈),O
p
𝜈,𝑉 are semisimple abelian

categories (see Sections 3.2, 3.3). In this case, any object 𝐴 of 𝐼𝑛𝑑− (𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op
𝜈,𝑉 )

can be written as a direct sum with summands of the form 𝐿(𝜈 − |𝜆| , 𝜆) ⊗𝑋𝜇 (𝜆, 𝜇 are

Young diagrams).

In the case of the object 𝑉 ⊗𝜈 of 𝐼𝑛𝑑− (𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op
𝜈,𝑉 ), we get:

𝑉 ⊗𝜈 ∼=
⨁︁
𝜆,𝜇

𝐿(𝜈 − |𝜆| , 𝜆)⊗𝑋𝜇 ⊗𝑀𝑢𝑙𝑡𝜆,𝜇

(here 𝑀𝑢𝑙𝑡𝜆,𝜇 is the multiplicity space of 𝐿(𝜈− |𝜆| , 𝜆)⊗𝑋𝜇 in 𝑉 ⊗𝜈 , not necessarily finite

dimensional).

Recall from Section 3.3 that for any Young diagram 𝜆, we have an isomorphism of

gl(𝑉 )-modules

𝐿(𝜈 − |𝜆| , 𝜆) ∼= 𝑀p(𝜈 − |𝜆| , 𝜆)

We now need to prove that dim𝑀𝑢𝑙𝑡𝜆,𝜇 = 𝛿𝜆,𝜇, and we are done.
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To do this, consider

𝑉 ⊗𝜈 ∼=
⨁︁
𝜆,𝜇

𝐿(𝜈 − |𝜆| , 𝜆)⊗𝑋𝜇 ⊗𝑀𝑢𝑙𝑡𝜆,𝜇

as an object of 𝐼𝑛𝑑 − 𝑅𝑒𝑝(𝑆𝜈) with an action of gl(𝑈). Using Lemmas 5.0.0.40, 3.3.1.3,

we get the following decompositions:

𝑉 ⊗𝜈 ∼=
⨁︁
𝜇

⨁︁
𝜌∈ℐ+

𝜇

𝑆𝜌𝑈 ⊗𝑋𝜇

and ⨁︁
𝜆,𝜇

𝐿(𝜈 − |𝜆| , 𝜆)⊗𝑋𝜇 ⊗𝑀𝑢𝑙𝑡𝜆,𝜇 ∼=
⨁︁
𝜆,𝜇

⨁︁
𝜌∈ℐ+

𝜆

𝑆𝜌𝑈 ⊗𝑋𝜇 ⊗𝑀𝑢𝑙𝑡𝜆,𝜇

Thus for any Young diagram 𝜇, we have

⨁︁
𝜌∈ℐ+

𝜇

𝑆𝜌𝑈 ∼=
⨁︁
𝜆

⨁︁
𝜌∈ℐ+

𝜆

𝑆𝜌𝑈 ⊗𝑀𝑢𝑙𝑡𝜆,𝜇

and we immediately conclude that dim𝑀𝑢𝑙𝑡𝜆,𝜇 = 𝛿𝜆,𝜇, proving the statement of the

proposition.
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Chapter 5

Schur-Weyl duality in Deligne setting:

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) and O
p
𝜈,𝑉

We fix 𝜈 ∈ C, and a finite-dimensional unital vector space (𝑉,1) (so 𝑉 ⊗𝜈 is defined).

Definition 5.0.0.38. Define the Schur-Weyl functor

𝑆𝑊 𝑖𝑛𝑑
𝜈 : 𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) −→𝑀𝑜𝑑𝒰(gl(𝑉 ))

by

𝑆𝑊 𝑖𝑛𝑑
𝜈 := Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(·, 𝑉 ⊗𝜈)

We will also consider the restriction of the functor 𝑆𝑊 𝑖𝑛𝑑
𝜈 to the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈),

which will be denoted by 𝑆𝑊𝜈 .

Remark 5.0.0.39. The functor 𝑆𝑊 𝑖𝑛𝑑
𝜈 : 𝐼𝑛𝑑 − 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) −→ 𝑀𝑜𝑑𝒰(gl(𝑉 )) (as well as its

restriction 𝑆𝑊𝜈) is a contravariant C-linear additive left-exact functor.

It turns out that the image of the functor 𝑆𝑊𝜈 : 𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈)→𝑀𝑜𝑑𝒰(gl(𝑉 )) lies in Op

𝜈,𝑉 ,

as we will prove in Lemma 5.0.0.41.

The following technical lemma will be used to perform most of the computations:

Lemma 5.0.0.40. Let 𝜏 be a Young diagram, 𝑘 ∈ Z+ and 𝜇 a partition of 𝑘.
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∙ Assume 𝜏 lies in a trivial
𝜈∼-class. Then

dimHom𝑅𝑒𝑝(𝑆𝜈)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜏 ⊗ 𝜇,Δ𝑘) =

⎧⎪⎨⎪⎩1 if 𝜇 ∈ ℐ+𝜏

0 else

∙ Assume 𝜏 lies in a non-trivial
𝜈∼-class {𝜆(𝑖)}𝑖, and let 𝑗 be such that 𝜏 = 𝜆(𝑗). Then

we have:

dimHom𝑅𝑒𝑝(𝑆𝜈)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜆(0) ⊗ 𝜇,Δ𝑘) =

⎧⎪⎨⎪⎩1 if 𝜇 ∈ ℐ+
𝜆(0)

0 else

and if 𝑗 > 0, we have:

dimHom𝑅𝑒𝑝(𝑆𝜈)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜆(𝑗)⊗𝜇,Δ𝑘) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
2 if 𝜇 ∈ ℐ+

𝜆(𝑗)
∩ ℐ+

𝜆(𝑗−1)

1 if 𝜇 ∈
(︀
ℐ+
𝜆(𝑗)
∖ ℐ+

𝜆(𝑗−1)

)︀
∪
(︀
ℐ+
𝜆(𝑗−1) ∖ ℐ+𝜆(𝑗)

)︀
0 else

Proof. The proof will use the 𝑙𝑖𝑓𝑡𝜈 maps discussed in Subsection 3.2.2.

We know that

dimHom𝑅𝑒𝑝(𝑆𝜈)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜏 ⊗ 𝜇,Δ𝑘) = dimHom𝑅𝑒𝑝(𝑆𝑇 )�𝑅𝑒𝑝(𝑆𝑘)(𝑙𝑖𝑓𝑡𝜈(𝑋𝜏 )⊗ 𝜇, 𝑙𝑖𝑓𝑡𝜈(Δ𝑘)) =

= dimHom𝑅𝑒𝑝(𝑆𝑇 )�𝑅𝑒𝑝(𝑆𝑘)(𝑙𝑖𝑓𝑡𝜈(𝑋𝜏 )⊗ 𝜇,Δ𝑘)

So it is enough to prove that

dimHom𝑅𝑒𝑝(𝑆𝑇 )�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜏 ⊗ 𝜇,Δ𝑘) =

⎧⎪⎨⎪⎩1 if 𝜇 ∈ ℐ+𝜏

0 else

and the statement of the lemma will then follow from Lemma 3.2.2.5.
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To compute dimHom𝑅𝑒𝑝(𝑆𝑇 )�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜏 ⊗ 𝜇,Δ𝑘), note that

dimHom𝑅𝑒𝑝(𝑆𝑇 )�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜏 ⊗ 𝜇,Δ𝑘) = dimHom𝑅𝑒𝑝(𝑆𝜈=𝑛)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜏 ⊗ 𝜇,Δ𝑘) =

= dimHom𝑆𝑛×𝑆𝑘
(𝒮𝑛(𝑋𝜏 )⊗ 𝜇,𝒮𝑛(Δ𝑘)) =

= dimHom𝑆𝑛×𝑆𝑘
(𝜏(𝑛)⊗ 𝜇,C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))

for 𝑛 >> 0, 𝑛 ∈ Z (the first equality follows from Proposition 3.2.2.3, while the second

relies on the fact that 𝒮𝑛 is fully faithful on 𝑅𝑒𝑝(𝑆𝜈=𝑛)(𝑛/2)).

But

C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}) ∼=
⨁︁
𝜌:|𝜌|=𝑘

⨁︁
𝜆∈ℐ+

𝜌 ,|𝜆|=𝑛

𝜆⊗ 𝜌

so

dimHom𝑆𝑛×𝑆𝑘
(𝜏(𝑛)⊗ 𝜇,C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛})) =

⎧⎪⎨⎪⎩1 if 𝜏(𝑛) ∈ ℐ+𝜇

0 else

It remains to check that for 𝑛 >> 0,

𝜏(𝑛) ∈ ℐ+𝜇 ⇔ 𝜇 ∈ ℐ+𝜏

The first condition is equivalent to saying that

... ≤ 𝜇𝑖+1 ≤ 𝜏(𝑛)𝑖+1 ≤ 𝜇𝑖 ≤ ... ≤ 𝜏(𝑛)2 ≤ 𝜇1 ≤ 𝜏(𝑛)1 = 𝑛− |𝜏 |

which is equivalent to

... ≤ 𝜇𝑖+1 ≤ 𝜏𝑖 ≤ 𝜇𝑖 ≤ ... ≤ 𝜏1 ≤ 𝜇1

(a reformulation of the condition 𝜇 ∈ ℐ+𝜏 ) provided that 𝑛 >> 0.

Lemma 5.0.0.41. The image of the functor 𝑆𝑊𝜈 : 𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈)→𝑀𝑜𝑑𝒰(gl(𝑉 )) lies in Op

𝜈,𝑉 .

Proof. Fix a splitting 𝑉 = C1 ⊕ 𝑈 . We want to prove that for any 𝑀 ∈ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈),

𝑆𝑊𝜈(𝑀) is a Noetherian 𝒰(gl(𝑉 ))-module of degree 𝜈 on which gl(𝑈) acts polynomially
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(i.e. 𝑀 |gl(𝑈) ∈ 𝐼𝑛𝑑−𝑀𝑜𝑑𝒰(gl(𝑈)),𝑝𝑜𝑙𝑦) and u+p acts locally finitely.

Recall that for any 𝑀 ∈ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), 𝑆𝑊𝜈(𝑀) = Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑀,𝑉 ⊗𝜈), with the

action of gl(𝑉 ) coming from its action on 𝑉 ⊗𝜈 (c.f. Definition 4.2.0.16). So

𝑆𝑊𝜈(𝑀)|gl(𝑈) = Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑀,𝑉 ⊗𝜈 |gl(𝑈)) ∼=

⨁︁
𝑘≥0

Hom𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑀, (𝑈⊗𝑘 ⊗Δ𝑘)

𝑆𝑘)

with gl(𝑈) acting through its action on each (𝑈⊗𝑘 ⊗ Δ𝑘)
𝑆𝑘 . This immediately implies

that 𝑆𝑊𝜈(𝑀) has degree 𝜈.

Next, (𝑈⊗𝑘 ⊗ Δ𝑘)
𝑆𝑘 is an object of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) � 𝑀𝑜𝑑𝒰(gl(𝑈)),𝑝𝑜𝑙𝑦, so the spaces

Hom𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑀, (𝑈⊗𝑘 ⊗ Δ𝑘)

𝑆𝑘) are polynomial gl(𝑈)-modules. Thus 𝑀 |gl(𝑈) ∈ 𝐼𝑛𝑑 −

𝑀𝑜𝑑𝒰(gl(𝑈)),𝑝𝑜𝑙𝑦.

The above gl(𝑈)-decomposition of 𝑆𝑊𝜈(𝑀) gives us a Z+-grading on 𝑆𝑊𝜈(𝑀), with

each grade being finite-dimensional. Definition 4.2.0.16 tells us that u+p acts on this space

by operators of degree −1, so u+p acts locally finitely on 𝑆𝑊𝜈(𝑀).

We now prove that for any𝑀 ∈ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), 𝑆𝑊𝜈(𝑀) is a Noetherian 𝒰(gl(𝑉 ))-module.

Recall that the functor 𝑆𝑊𝜈 is a contravariant left-exact functor. Using this, together

with the fact that the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) has enough projectives, it is enough to prove

that for any indecomposable projective P ∈ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), we have: 𝑆𝑊𝜈(P) is a Noetherian

𝒰(gl(𝑉 ))-module.

Next, recall that any indecomposable projective in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) is isomorphic to 𝑋𝜆,

where 𝜆 either lies in a trivial
𝜈∼-class, or is not minimal in its non-trivial

𝜈∼-class (c.f.

Proposition 3.2.4.10).

Lemma 5.0.0.40 tells us that if 𝜆 lies in a trivial
𝜈∼-class, then

𝑆𝑊𝜈(𝑋𝜆)|gl(𝑈)
∼= Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(𝑋𝜆,
⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘) ∼=

∼=
⨁︁
𝑘≥0

⨁︁
𝜇:|𝜇|=𝑘

Hom𝑅𝑒𝑝(𝑆𝜈)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜆 ⊗ 𝜇,Δ𝑘)⊗ 𝑆𝜇𝑈 ∼=
⨁︁
𝜇∈ℐ+

𝜆

𝑆𝜇𝑈
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If 𝜆 lies in a non-trivial
𝜈∼-class, 𝜆 = 𝜆(𝑖), 𝑖 > 0, then

𝑆𝑊𝜈(𝑋𝜆(𝑖))|gl(𝑈)
∼= Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(𝑋𝜆(𝑖) ,
⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘) ∼=

∼=
⨁︁
𝑘≥0

⨁︁
𝜇:|𝜇|=𝑘

Hom𝑅𝑒𝑝(𝑆𝜈)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜆(𝑖) ⊗ 𝜇,Δ𝑘)⊗ 𝑆𝜇𝑈 ∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖)

𝑆𝜇𝑈 ⊕
⨁︁

𝜇∈ℐ+

𝜆(𝑖−1)

𝑆𝜇𝑈

In both cases, we can consider 𝑆𝑊𝜈(𝑋𝜆)|gl(𝑈) as a Z+-graded space, with grade 𝑗 being

the direct sum of those 𝑆𝜇𝑈 for which |𝜇| = 𝑗. Then the non-zero elements of u+p act by

operators of degree −1 (see Definition 4.2.0.16).

Next, recall that in any case, the parabolic Verma module restricted to gl(𝑈) decom-

poses as

𝑀p(𝜈 − |𝜆| , 𝜆)|gl(𝑈)
∼=
⨁︁
𝜇∈ℐ+

𝜆

𝑆𝜇𝑈

and has 𝒰(gl(𝑉 ))-length at most 2. Using the above property of the action of u+p , we

see that 𝑆𝑊𝜈(𝑋𝜆) has a finite filtration where each quotient is the image of a parabolic

Verma module (therefore all the quotients have finite length).

We can now define another Schur-Weyl functor which we will consider: it is the con-

travariant functor ̂︂𝑆𝑊 𝜈 : 𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈) −→ ̂︀Op

𝜈,𝑉 where

̂︀Op
𝜈,𝑉 := Op

𝜈,𝑉

⧸︁
𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦,𝜈

is the Serre quotient of Op
𝜈,𝑉 by the Serre subcategory 𝑀𝑜𝑑𝒰(gl(𝑉 )),𝑝𝑜𝑙𝑦,𝜈 of polynomial

gl(𝑉 )-modules of degree 𝜈. We will denote the quotient functor by

�̂� : Op
𝜈,𝑉 −→ ̂︀Op

𝜈,𝑉

and define ̂︂𝑆𝑊 𝜈 := �̂� ∘ 𝑆𝑊𝜈
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The main goal of this section is to prove the following theorem:

Theorem 5.0.0.42. The contravariant functor ̂︂𝑆𝑊 𝜈 : 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) → ̂︀Op
𝜈,𝑉 is exact and

essentially surjective.

Moreover, the induced contravariant functor

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
⧸︁
𝐾𝑒𝑟(̂︂𝑆𝑊 𝜈)

→ ̂︀Op
𝜈,𝑉

is an anti-equivalence of abelian categories, thus making ̂︀Op
𝜈,𝑉 a Serre quotient of

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
𝑜𝑝.

The exactness of ̂︂𝑆𝑊 𝜈 will be proved in Lemma 5.0.0.48.

The rest of the proof of Theorem 5.0.0.42 will be done by considering separately

semisimple and non-semisimple blocks in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈). The semisimple block case will be

discussed in Subsection 5.1.1, and the non-semisimple block case will be discussed in

Subsection 5.1.2 (specifically, Proposition 5.1.2.12 and Theorem 5.1.2.17).

In particular, we will obtain the following result, which will be used in Chapter 7:

Lemma 5.0.0.43. The functor ̂︂𝑆𝑊 𝜈,C𝑛 takes a simple object to either a simple object, or

zero. More specifically, we have:

∙ Let 𝜆 be a Young diagram lying in a trivial
𝜈∼-class. Then

̂︂𝑆𝑊 𝜈,C𝑛(L(𝜆)) ∼= �̂�(𝐿p𝑛(𝜈 − |𝜆| , 𝜆))

∙ Consider a non-trivial
𝜈∼-class {𝜆(𝑖)}𝑖≥0. Then

̂︂𝑆𝑊 𝜈,C𝑛(L(𝜆(𝑖))) ∼= �̂�(𝐿p𝑛(𝜈 −
⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1)))

whenever 𝑖 ≥ 0.
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We now introduce the following notation.

Definition 5.0.0.44. We will denote by 𝑆𝑊 *,𝑖𝑛𝑑
𝜈 the contravariant functor

𝑀𝑜𝑑𝒰(gl(𝑉 )) −→ 𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

which is right adjoint to 𝑆𝑊 𝑖𝑛𝑑
𝜈 (such a functor exists by Theorem 2.0.5.5, since 𝑆𝑊 𝑖𝑛𝑑

𝜈

obviously commutes with small colimits).

We will also denote by 𝑆𝑊 *
𝜈 the restriction of 𝑆𝑊 *,𝑖𝑛𝑑

𝜈 to Op
𝜈,𝑉 .

Remark 5.0.0.45. The functors 𝑆𝑊 *,𝑖𝑛𝑑
𝜈 , 𝑆𝑊 *

𝜈 are contravariant, C-linear, additive and

left-exact (due to 𝑆𝑊 *,𝑖𝑛𝑑
𝜈 being a right-adjoint).

We will use the following notation:

Notation 5.0.0.46. The unit natural transformations corresponding to the contravariant

adjoint functors 𝑆𝑊 𝑖𝑛𝑑
𝜈 , 𝑆𝑊 *,𝑖𝑛𝑑

𝜈 will be denoted by

𝜂 : Id𝑀𝑜𝑑𝒰(gl(𝑉 ))
→ 𝑆𝑊 𝑖𝑛𝑑

𝜈 ∘ 𝑆𝑊 *,𝑖𝑛𝑑
𝜈 , 𝜖 : Id𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

→ 𝑆𝑊 *,𝑖𝑛𝑑
𝜈 ∘ 𝑆𝑊 𝑖𝑛𝑑

𝜈

In particular, we have the restriction of the natural transformation 𝜖:

𝜖 : 𝜄𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)→𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
→ 𝑆𝑊 *

𝜈 ∘ 𝑆𝑊𝜈

These transformations satisfy the following conditions (see [MacL, Chapter 1, par. 1,

Theorem 1]):

Lemma 5.0.0.47.

∀𝐸 ∈ Op
𝜈,𝑉 , 𝑆𝑊

*
𝜈 (𝜂𝐸) ∘ 𝜖𝑆𝑊 *

𝜈 (𝐸) = Id𝑆𝑊 *,𝑖𝑛𝑑
𝜈 (𝐸)

∀𝑋 ∈ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), 𝑆𝑊𝜈(𝜖𝑋) ∘ 𝜂𝑆𝑊𝜈(𝑋) = Id𝑆𝑊𝜈(𝑋)

We can now demonstrate the exactness of ̂︂𝑆𝑊 𝜈 :

97



Lemma 5.0.0.48. The functor ̂︂𝑆𝑊 𝜈 : 𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈)→ ̂︀Op

𝜈,𝑉 is exact.

Proof. Let 𝑀 ∈ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), and let 𝑖 > 0. We want to show that the gl(𝑉 )-module

Ext𝑖(𝑀,𝑉 ⊗𝜈) is finite dimensional.

Consider 𝑉 ⊗𝜈 as an object in 𝑅𝑒𝑝(𝑆𝜈). As such, it is a direct sum
⨁︀

𝜆𝑋𝜆⊗𝑉𝜆, where

𝑉𝜆 is the multiplicity space of 𝑋𝜆 (in fact, for a fixed splitting 𝑉 = C1 ⊕ 𝑈 , 𝑉𝜆 has the

structure of a gl(𝑈)-module).

We know from Proposition 3.2.4.10 that 𝑋𝜆 are injective objects iff �̃�(𝜈) is not a Young

diagram. Furthermore, there are only finitely many Young diagrams 𝜆 such that �̃�(𝜈) is

a Young diagram as well; for these 𝜆, the space 𝑉𝜆 is finite dimensional and isomorphic

to 𝑆�̃�(𝜈)𝑉 (by Proposition 4.3.0.24).

Finally, notice that Ext𝑖(𝑀,𝑋𝜆) is finite dimensional for any Young diagram 𝜆, since

all the Hom-spaces in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) are finite-dimensional (c.f. Remark 3.2.4.2). We conclude

that

Ext𝑖(𝑀,𝑉 ⊗𝜈) ∼=
⨁︁
𝜆:

�̃�(𝜈) is a Young diagram

Ext𝑖(𝑀,𝑋𝜆)⊗ 𝑆�̃�(𝜈)𝑉

is finite dimensional.

5.1 Proof of Theorem 5.0.0.42

5.1.1 Case of a semisimple block

In this subsection we consider a semisimple block in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈). We know that semisimple

blocks are parametrized by Young diagrams lying in a trivial
𝜈∼-class. Let us denote our

block by ℬ𝜆, 𝜆 being the corresponding Young diagram.

The objects of such a block are finite direct sums of the simple object 𝑋𝜆, so the block

is equivalent to VectC as an abelian category.

If ℓ(𝜆) ≤ dim𝑉 − 1, then the block B𝜆 corresponding to 𝜆 in Op
𝜈,𝑉 is also semisimple,

and its objects are finite direct sums of the parabolic Verma module𝑀p(𝜈−|𝜆| , 𝜆) (which,

in this case, is simple and coincides with 𝐿p(𝜈 − |𝜆| , 𝜆)).
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Notice that𝑀p(𝜈−|𝜆| , 𝜆) is infinite-dimensional and simple, so the functor �̂� restricted

to B𝜆 is an equivalence of abelian categories.

The proof of Theorem 5.0.0.42 for ℬ𝜆 is then reduced to proving following proposition:

Proposition 5.1.1.1. Let 𝜆 be a Young diagram which lies in a trivial
𝜈∼-class. Then

𝑆𝑊𝜈(𝑋𝜆) ∼= 𝑀p(𝜈 − |𝜆| , 𝜆).

Remark 5.1.1.2. Recall that 𝑀p(𝜈 − |𝜆| , 𝜆) is zero if ℓ(𝜆) > dim𝑉 − 1, see Definition

3.3.1.1.

Proof. Fix a splitting 𝑉 = C1 ⊕ 𝑈 . Based on Lemma 5.0.0.40, we see that as a gl(𝑈)-

module, the space

𝑆𝑊𝜈(𝑋𝜆) = Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑋𝜆, 𝑉

⊗𝜈)

is isomorphic to

Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑋𝜆,

⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘) ∼=

⨁︁
𝑘≥0

⨁︁
𝜇:|𝜇|=𝑘

Hom𝑅𝑒𝑝(𝑆𝜈)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜆 ⊗ 𝜇,Δ𝑘)⊗ 𝑆𝜇𝑈 ∼=

∼=
⨁︁
𝜇∈ℐ+

𝜆

𝑆𝜇𝑈

Notice that this expression is zero if ℓ(𝜆) > dim(𝑈) = dim𝑉 −1. Recall that by definition

of 𝑉 ⊗𝜈 , u+p acts on the graded space 𝑉 ⊗𝜈 ∼=
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗ Δ𝑘)

𝑆𝑘 by operators of degree

−1, therefore, it acts by zero on the subspace 𝑆𝜆𝑈 of Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑋𝜆, 𝑉

⊗𝜈).

We conclude that if ℓ(𝜆) ≤ dim(𝑈) = dim𝑉 −1, then𝑀p(𝜈−|𝜆| , 𝜆) maps to 𝑆𝑊𝜈(𝑋𝜆)

inducing an identity map on the subspaces 𝑆𝜆𝑈 . Now, 𝑀p(𝜈 − |𝜆| , 𝜆) is simple, so this

map is injective, and since

𝑆𝑊𝜈(𝑋𝜆)|gl(𝑈)
∼=
⨁︁
𝜇∈ℐ+

𝜆

𝑆𝜇𝑈 ∼= 𝑀p(𝜈 − |𝜆| , 𝜆)|gl(𝑈)

as gl(𝑈)-modules, we conclude that the above map from 𝑀p(𝜈−|𝜆| , 𝜆) to 𝑆𝑊𝜈(𝑋𝜆) is an

isomorphism.
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Thus we proved that

Corollary 5.1.1.3. The functor 𝑆𝑊𝜈 restricted to a semisimple block ℬ𝜆 of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) is

either zero (iff ℓ(𝜆) > dim𝑉 − 1), or is an equivalence of abelian categories between ℬ𝜆
and the block B𝜆 of Op

𝜈,𝑉 ; furthermore, the functor ̂︂𝑆𝑊 𝜈 restricted to ℬ𝜆 is either zero or

an equivalence of abelian categories between ℬ𝜆 and the block �̂�(B𝜆) of ̂︀Op
𝜈,𝑉 .

Recall from Section 3.2 that for 𝜈 /∈ Z+, 𝑅𝑒𝑝(𝑆𝜈) is abelian semisimple and in par-

ticular 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) = 𝑅𝑒𝑝(𝑆𝜈). Denote by 𝑅𝑒𝑝(𝑆𝜈)
(≤dim𝑉−1) the full semisimple abelian

subcategory of 𝑅𝑒𝑝(𝑆𝜈) generated by simple objects 𝑋𝜆 where 𝜆 runs over all the Young

diagrams of length at most dim𝑉 − 1.

Note that 𝑅𝑒𝑝(𝑆𝜈)(≤dim𝑉−1) is the Serre quotient of 𝑅𝑒𝑝(𝑆𝜈) by the full semisimple

abelian subcategory generated by simple objects 𝑋𝜆 where 𝜆 runs over all the Young

diagrams of length at least dim𝑉 .

Then we immediately get the following corollary:

Corollary 5.1.1.4. Assume 𝜈 /∈ Z+. Then 𝑆𝑊𝜈 : 𝑅𝑒𝑝(𝑆𝜈) → Op
𝜈,𝑉 is a full, essentially

surjective, additive C-linear contravariant functor between semisimple abelian categories,

inducing an anti-equivalence of abelian categories between 𝑅𝑒𝑝(𝑆𝜈)
(≤dim𝑉−1) and Op

𝜈,𝑉 .

Remark 5.1.1.5. If 𝜈 /∈ Z+, then ̂︀Op
𝜈,𝑉
∼= Op

𝜈,𝑉 with �̂� ∼= IdOp
𝜈,𝑉

, so Corollary 5.1.1.4 is just

Theorem 5.0.0.42 in the case 𝜈 /∈ Z+.

5.1.2 Case of a non-semisimple block

Throughout this subsection, we will use the results from Sections 3.2 and 3.3, and we will

denote Op
𝜈,𝑉 by Op

𝜈 for short.

Fix a splitting 𝑉 = C1⊕ 𝑈 .

In this subsection we consider a non-semisimple block in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈). Recall that such

blocks occur only when 𝜈 ∈ Z+, so we will assume that this is the case.

We know that non-semisimple blocks are parametrized by Young diagrams 𝜆 such that

𝜆1 + |𝜆| ≤ 𝜈; the projective objects in such a block correspond to the elements of the
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(non-trivial)
𝜈∼-class of 𝜆 (see Proposition 3.2.4.10).

Let us denote our block by ℬ𝜆.

If ℓ(𝜆) ≤ dim𝑉 −1, then the blockB𝜆 corresponding to 𝜆 in Op
𝜈 is also non-semisimple.

We will continue with the blocks ℬ𝜆, B𝜆 fixed, and insert some notation for the conve-

nience of the reader.

Notation 5.1.2.1. We will denote the simple objects, standard objects, co-standard and

indecomposable projective objects in ℬ𝜆 by L𝑖,M𝑖,M
*
𝑖 ,P𝑖 (𝑖 ∈ Z+) respectively, with L𝑖

standing for L(𝜆(𝑖)) and similarly for M𝑖, M*
𝑖 and P𝑖. The structure of these objects is

discussed in Subsection 3.2.4.

Notice thatM0 = M*
0 = L0 = 𝑋𝜆(0) , P𝑖 = 𝑋𝜆(𝑖+1) for 𝑖 ∈ Z+ (see Proposition 3.2.4.10).

Notation 5.1.2.2. We will denote the simple modules, the parabolic Verma modules, their

duals (the co-standard objects in Op
𝜈 ) and the indecomposable parabolic projective mod-

ules inB𝜆 by 𝐿𝑖,𝑀𝑖,𝑀
∨
𝑖 , 𝑃𝑖 (𝑖 ∈ Z+) respectively, with𝑀𝑖 standing for𝑀p(𝜈−

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))

and similarly for 𝐿𝑖,𝑀∨
𝑖 and 𝑃𝑖.

The structure of the modules 𝐿𝑖,𝑀𝑖,𝑀
∨
𝑖 , 𝑃𝑖, (𝑖 ∈ Z+) is discussed in Section 3.3 and

in [H, Chapter 9].

We put 𝑘𝜆 := min{𝑘 ≥ 0 | ℓ(𝜆(𝑘)) > dim𝑉 − 1}. Then 𝑃𝑖 = 𝑀𝑖 = 𝑀∨
𝑖 = 𝐿𝑖 = 0

whenever 𝑖 ≥ 𝑘𝜆.

The goal of this section is to prove Theorem 5.0.0.42 for the blocks ℬ𝜆, B𝜆. In order

to do this, we will prove the following theorem:

Theorem 5.1.2.3. The functor 𝑆𝑊𝜈 satisfies:

(a) 𝑆𝑊𝜈(L𝑖) ∼= 𝐿𝑖+1 whenever 𝑖 ≥ 1.

(b) 𝑆𝑊𝜈(M𝑖) ∼= 𝑀𝑖 whenever 𝑖 ≥ 0.

(c) 𝑆𝑊𝜈(M
*
𝑖 )
∼= 𝑀∨

𝑖 whenever 𝑖 ≥ 2.

(d) 𝑆𝑊𝜈(P𝑖) ∼= 𝑃𝑖+1 whenever 𝑖 ≥ 0 and 𝑖 < 𝑘𝜆 − 1 or 𝑖 ≥ 𝑘𝜆 (recall that in the latter

case 𝑃𝑖+1 = 0); 𝑆𝑊𝜈(P𝑘𝜆−1) ∼= 𝐿𝑘𝜆−1.
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(e) 𝑆𝑊𝜈(M0 = M*
0 = L0) ∼= 𝑀0.

(f) 𝑆𝑊𝜈(M
*
1)
∼= 𝐾𝑒𝑟(𝑃1 � 𝐿1).

Proof. Statement (a) is proved in Proposition 5.1.2.8. Statements (b)-(d), (f) are proved

in Proposition 5.1.2.11. Statement (e) is proved in Lemma 5.1.2.10.

We start by establishing some useful properties of the functor �̂� and of the category

�̂�(B𝜆).

Proposition 5.1.2.4. �̂�(𝑃𝑖), 𝑖 > 0 are indecomposable injective and projective objects in̂︀Op
𝜈 .

Recall that for 𝑖 > 0, 𝑃𝑖 is an indecomposable injective and projective module and has

no finite-dimensional submodules nor quotients (c.f. Proposition 3.3.1.13). So Proposition

5.1.2.4 is a special case of the following lemma:

Lemma 5.1.2.5. Let 𝒜 be an abelian category where all objects have finite length, and

𝒜′ be a Serre subcategory of 𝒜. We consider the Serre quotient 𝜋 : 𝒜 → 𝒜/𝒜′.

Let 𝐼 ∈ 𝒜 (respectively, 𝑃 ∈ 𝒜) be an injective (respectively, projective) object, such

that 𝐼 has no non-trivial subobject nor quotient lying in 𝒜′.

Then 𝜋(𝐼) is an injective (respectively, projective) object in 𝒜/𝒜′. Moreover, if 𝐼 is

indecomposable, so is 𝜋(𝐼).

Proof. We start by noticing that we have two functors 𝑅1, 𝑅2 : 𝒜 → 𝒜′ which are adjoint

to the inclusion 𝒜′ → 𝒜 on different sides: the first functor, 𝑅1, takes an object 𝐴 ∈ 𝒜 to

its maximal subobject lying in 𝒜′, and the second, 𝑅2, takes 𝐴 to its maximal quotient

lying in 𝒜′.

These functors are defined since for any 𝐴 ∈ 𝒜, we can take its maximal (in terms of

length) subobject lying in 𝒜′, and this subobject will be well-defined. Similarly for the

maximal quotient of 𝐴 lying in 𝒜′.
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We need to prove that Hom𝒜/𝒜′(·, 𝜋(𝐼)) is an exact functor. By definition, for any

𝐸 ∈ 𝒜,

Hom𝒜/𝒜′(𝜋(𝐸), 𝜋(𝐼)) := lim−→
𝑌⊂𝐸,𝑋⊂𝐼
𝐸/𝑌,𝑋∈𝒜′

Hom𝒜(𝑌, 𝐼/𝑋) = lim−→
𝑌⊂𝐸

𝐸/𝑌 ∈𝒜′

Hom𝒜(𝑌, 𝐼)

(since 𝐼 has no non-trivial subobjects lying in 𝒜′).

The colimit is taken with respect to the direct system

{Hom𝒜(𝑌, 𝐼) : 𝑌 ⊂ 𝐸,𝐸/𝑌 ∈ 𝒜′},

arrows Hom𝒜(𝑌2, 𝐼)→ Hom𝒜(𝑌1, 𝐼) whenever 𝑌1 →˓ 𝑌2

Now, 𝐼 is an injective object in 𝒜, so the arrows in this direct system are surjective:

{Hom𝒜(𝑌, 𝐼) : 𝑌 ⊂ 𝐸,𝐸/𝑌 ∈ 𝒜′},

arrows Hom𝒜(𝑌2, 𝐼) � Hom𝒜(𝑌1, 𝐼) whenever 𝑌1 →˓ 𝑌2

Then one easily sees that the colimit is Hom𝒜(𝑌𝐸, 𝐼), where 𝑌𝐸 := 𝐾𝑒𝑟(𝐸 � 𝑅2(𝐸)).

Thus

Hom𝒜/𝒜′(𝜋(𝐸), 𝜋(𝐼)) := Hom𝒜(𝑌𝐸, 𝐼)

So we need to prove that given an exact sequence

0→ 𝐸 ′ −→ 𝐸 −→ 𝐸 ′′ → 0

of objects in 𝒜, the sequence

0→ Hom𝒜(𝑌𝐸′ , 𝐼) −→ Hom𝒜(𝑌𝐸, 𝐼) −→ Hom𝒜(𝑌𝐸′′ , 𝐼)→ 0
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is also exact. Notice that since 𝐼 is injective in 𝒜, we have an exact sequence

0→ Hom𝒜(𝑅2(𝐸), 𝐼)→ Hom𝒜(𝐸, 𝐼)→ Hom𝒜(𝑌𝐸, 𝐼)→ 0

and since 𝐼 has no non-trivial subobjects in 𝒜′, we get Hom𝒜(𝐸, 𝐼) ∼= Hom𝒜(𝑌𝐸, 𝐼). The

sequence

0→ Hom𝒜(𝐸
′, 𝐼) −→ Hom𝒜(𝐸, 𝐼) −→ Hom𝒜(𝐸

′′, 𝐼)→ 0

is exact (since 𝐼 is injective in 𝒜), so the sequence

0→ Hom𝒜(𝑌𝐸′ , 𝐼) −→ Hom𝒜(𝑌𝐸, 𝐼) −→ Hom𝒜(𝑌𝐸′′ , 𝐼)→ 0

is exact as well.

Thus we proved that Hom𝒜/𝒜′(·, 𝜋(𝐼)) is an exact functor, so 𝜋(𝐼) is an injective object

in 𝒜/𝒜′.

The fact that 𝜋(𝑃 ) is a projective object in 𝒜/𝒜′ is proved in the same way.

Now, assume 𝜋(𝐼) is decomposable, 𝜋(𝐼) ∼= 𝑋1 ⊕𝑋2 in 𝒜/𝒜′, 𝑋1, 𝑋2 ̸= 0. Then we

can find 𝐸1, 𝐸2 ∈ 𝒜 such that 𝐸1, 𝐸2 have no non-trivial subobject nor quotient lying in

𝒜′, and such that 𝜋(𝐸𝑖) = 𝑋𝑖, 𝑖 = 1, 2. Then one immediately sees that

Hom𝒜(𝐼, 𝐸𝑖) = Hom𝒜/𝒜′(𝜋(𝐼), 𝑋𝑖),Hom𝒜(𝐸𝑖, 𝐼) = Hom𝒜/𝒜′(𝑋𝑖, 𝜋(𝐼)),

Hom𝒜(𝐸𝑖, 𝐸𝑗) = Hom𝒜/𝒜′(𝑋𝑖, 𝑋𝑗)

for 𝑖 = 1, 2. In particular, since 𝜋 is exact and 𝐼, 𝐸1, 𝐸2 have no non-trivial subobject nor

quotient lying in 𝒜′, we see that 𝐸1 ⊕ 𝐸2
∼= 𝐼. We conclude that if 𝐼 is indecomposable,

so is 𝜋(𝐼).

The following corollary will be useful when proving that the functor ̂︂𝑆𝑊 𝜈 is full and

essentially surjective:

Corollary 5.1.2.6. The image of the category B𝜆 under the functor �̂� has enough injec-
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tives and enough projectives. Moreover, {�̂�(𝑃𝑖)}0<𝑖≤𝑘𝜆−1 is the full set of representatives of

isomorphism classes of indecomposable injective (respectively, projective) objects in �̂�(B𝜆).

Proof. Let 𝐸 ∈ B𝜆. We know from Proposition 3.2.4.6 that the category B𝜆 has enough

injective and enough projective modules. This means that there exist an injective module

𝐼 and a projective module 𝑃 , together with an injective map 𝐸 → 𝐼 and a surjective map

𝑃 → 𝐸.

Since the functor �̂� is exact, we get an injective map �̂�(𝐸) → �̂�(𝐼) and a surjective

map �̂�(𝑃 )→ �̂�(𝐸).

Next, recall that {𝑃𝑖, 0 ≤ 𝑖 ≤ 𝑘𝜆 − 1} (respectively, {𝑃∨
𝑖 , 0 ≤ 𝑖 ≤ 𝑘𝜆 − 1}) is the full

set of representatives of isomorphism classes of indecomposable projective (respectively,

injective) modules in B𝜆. For 𝑖 > 0, the object �̂�(𝑃𝑖 ∼= 𝑃∨
𝑖 ) was proved to be injective

and projective (c.f. Proposition 5.1.2.4), so it remains to check the following statement:

The object �̂�(𝑃0) ∼= �̂�(𝐿1) ∼= �̂�(𝑃∨
0 ) is neither injective nor projective, and has a

projective cover and an injective hull in B𝜆 which are direct sums of objects �̂�(𝑃𝑖), 𝑖 > 0.

To prove the latter claim, notice that the maps 𝐿1 →˓ 𝑃1, 𝑃1 � 𝐿1 in B𝜆 become

maps �̂�(𝐿1) →˓ �̂�(𝑃1), �̂�(𝑃1) � �̂�(𝐿1) in �̂�(B𝜆) (since the functor �̂� is exact). Knowing

that �̂�(𝑃1) is an indecomposable injective and projective object, we conclude that �̂�(𝐿1)

is neither injective nor projective, and �̂�(𝑃1) is both its projective cover and its injective

hull.

We now compute the decomposition into gl(𝑈)-irreducibles of

𝑆𝑊𝜈(L𝑖), 𝑆𝑊𝜈(M𝑖), 𝑆𝑊𝜈(P𝑖):
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Lemma 5.1.2.7. We have the following isomorphisms of gl(𝑈)-modules:

𝑆𝑊𝜈(L𝑖)|gl(𝑈)
∼=

⨁︁
𝜇∈ℐ+

𝜆(𝑖)
∩ℐ+

𝜆(𝑖+1)

𝑆𝜇𝑈 , 𝑆𝑊𝜈(M𝑖)|gl(𝑈)
∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖)

𝑆𝜇𝑈 ∀𝑖 ≥ 1

𝑆𝑊𝜈(L0 = M0 = M*
0
∼= 𝑋𝜆(0))|gl(𝑈)

∼=
⨁︁

𝜇∈ℐ+

𝜆(0)

𝑆𝜇𝑈

𝑆𝑊𝜈(P𝑖
∼= 𝑋𝜆(𝑖+1))|gl(𝑈)

∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖)

𝑆𝜇𝑈 ⊕
⨁︁

𝜇∈ℐ+

𝜆(𝑖+1)

𝑆𝜇𝑈 ∀𝑖 ≥ 0

𝑆𝑊𝜈(M
*
𝑖 )|gl(𝑈)

∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖)

𝑆𝜇𝑈 ∀𝑖 ≥ 2

Proof. Consider 𝑉 ⊗𝜈 as an object in 𝑅𝑒𝑝(𝑆𝜈). As such, it is a direct sum
⨁︀

𝜇𝑋𝜇 ⊗ 𝑉𝜇,

where 𝑉𝜇 is the multiplicity space of 𝑋𝜇. In fact, 𝑉𝜇 has the structure of Z+-graded

gl(𝑈)-module, each grade being a polynomial gl(𝑈)-module.

We now consider the full subcategory 𝒟 of ℬ𝜆 whose objects are those which do not

have L0 among their composition factors. Recall that L𝑖 ∈ 𝒟 for 𝑖 > 0, and M𝑖,M
*
𝑖 ,P𝑖 ∈

𝒟 whenever 𝑖 ≥ 2.

We will denote by ℱ the following functor from 𝒟 to the category 𝐼𝑛𝑑−𝑀𝑜𝑑𝒰(gl(𝑈)),𝑝𝑜𝑙𝑦:

ℱ := 𝑆𝑊𝜈(·)|gl(𝑈) = Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(·, 𝑉 ⊗𝜈)

Next, for any 𝑋 ∈ 𝒟, we have the following isomorphism of gl(𝑈)-modules:

ℱ(𝑋) = Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(𝑋, 𝑉 ⊗𝜈) ∼= Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(𝑋,
⨁︁
𝑖>0

𝑋𝜆(𝑖) ⊗ 𝑉𝜆(𝑖))

Since we know that 𝑋𝜆(𝑖) = P𝑖−1 is injective for 𝑖 > 0 (see Proposition 3.2.4.10), we

immediately conclude that ℱ is exact.

Now, one easily sees from the gl(𝑈)-decomposition 𝑉 ⊗𝜈 |gl(𝑈) =
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗ Δ𝑘)

𝑆𝑘 ,
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together with Lemma 5.0.0.40, that for any 𝑖 ≥ 0,

𝑆𝑊𝜈(P𝑖 = 𝑋𝜆(𝑖+1))|gl(𝑈)
∼= Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(𝑋𝜆(𝑖+1) ,
⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘) ∼=

∼=
⨁︁
𝑘≥0

⨁︁
𝜇:|𝜇|=𝑘

Hom𝑅𝑒𝑝(𝑆𝜈)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜆(𝑖+1) ⊗ 𝜇,Δ𝑘)⊗ 𝑆𝜇𝑈 ∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖)

𝑆𝜇𝑈 ⊕
⨁︁

𝜇∈ℐ+

𝜆(𝑖+1)

𝑆𝜇𝑈

(the 𝑘-th grade of 𝑆𝑊𝜈(P𝑖) is the direct sum of 𝑆𝜇𝑈 such that |𝜇| = 𝑘).

Fix 𝑖 ≥ 1. We can now apply ℱ to the following long exact sequences in 𝒟 (these

exact sequences exist due to Proposition 3.2.4.10):

...→ P𝑖+3 → P𝑖+2 → P𝑖+1 →M𝑖+1 → 0

0→M*
𝑖+1 → P𝑖+1 → P𝑖+2 → P𝑖+3 → ...

0→ L𝑖 →M𝑖+1 →M𝑖+2 →M𝑖+3 → ...

Using

ℱ(P𝑖) ∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖)
∪ℐ+

𝜆(𝑖+1)

𝑆𝜇𝑈

and the fact that ℱ is exact, we conclude that

ℱ(M𝑖+1) ∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖+1)

𝑆𝜇𝑈 ∼= ℱ(M*
𝑖+1)

and

ℱ(L𝑖) ∼= 𝑉𝜆(𝑖+1)
∼=

⨁︁
𝜇∈ℐ+

𝜆(𝑖+1)
∩ℐ+

𝜆(𝑖)

𝑆𝜇𝑈

It remains to check the gl(𝑈)-structure of 𝑆𝑊𝜈(L0
∼= 𝑋𝜆(0))|gl(𝑈), 𝑆𝑊𝜈(M1)|gl(𝑈).

Similarly to the decomposition of ℱ(P𝑖), we use the gl(𝑈)-decomposition 𝑉 ⊗𝜈 =⨁︀
𝑘≥0(𝑈

⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 , together with Lemma 5.0.0.40, to get the following isomorphisms of
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gl(𝑈)-modules:

𝑆𝑊𝜈(𝑋𝜆(0))|gl(𝑈)
∼= Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(𝑋𝜆(0) ,
⨁︁
𝑘≥0

(𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘) ∼=

∼=
⨁︁
𝑘≥0

⨁︁
𝜇:|𝜇|=𝑘

Hom𝑅𝑒𝑝(𝑆𝜈)�𝑅𝑒𝑝(𝑆𝑘)(𝑋𝜆(0) ⊗ 𝜇,Δ𝑘)⊗ 𝑆𝜇𝑈 ∼=
⨁︁

𝜇∈ℐ+

𝜆(0)

𝑆𝜇𝑈

In particular, we have:

𝑉𝜆(0) ⊕ 𝑉𝜆(1) ∼= 𝑆𝑊𝜈(𝑋𝜆(0))|gl(𝑈)
∼=
⨁︁

𝜇∈ℐ+

𝜆(0)

𝑆𝜇𝑈

Recall that

𝑉𝜆(0)
∼= (𝑆

˜𝜆(0)(𝜈)𝑉 )|gl(𝑈)
∼=

⨁︁
𝜇: ˜𝜆(0)(𝜈)∈ℐ+

𝜇

𝑆𝜇𝑈

(c.f. Proposition 4.3.0.24). Now, for any Young diagram 𝜇, we have (c.f. the proof of

Lemma 5.0.0.40):

˜𝜆(0)(𝜈) ∈ ℐ+𝜇 ⇔
[︀
𝜇 ∈ ℐ+

𝜆(0)
and 𝜇1 +

⃒⃒
𝜆(0)
⃒⃒
≤ 𝜈

]︀
On the other hand, the description of non-trivial

𝜈∼-classes (c.f. Lemma 3.2.2.2) tells us

that 𝜆(0) ⊂ 𝜆(1), and 𝜆(1) ∖ 𝜆(0) is a strip in row 1 of length 𝜈 −
⃒⃒
𝜆(0)
⃒⃒
− 𝜆(0)1 + 1. Thus

{𝜇 : ˜𝜆(0)(𝜈) ∈ ℐ+𝜇 } = ℐ+𝜆(0) ∖ ℐ
+
𝜆(1)

and so 𝑉𝜆(1) ∼=
⨁︀

𝜇∈ℐ+

𝜆(0)
∩ℐ+

𝜆(1)
𝑆𝜇𝑈 . We have already seen that 𝑉𝜆(2) ∼=

⨁︀
𝜇∈ℐ+

𝜆(2)
∩ℐ+

𝜆(1)
𝑆𝜇𝑈 ,

and we conclude that

𝑆𝑊𝜈(M1)|gl(𝑈)
∼= Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(M1, 𝑉
⊗𝜈) = Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(M1,
⨁︁
𝑖≥0

𝑋𝜆(𝑖) ⊗ 𝑉𝜆(𝑖)) ∼=

∼= 𝑉𝜆(1) ⊕ 𝑉𝜆(2) ∼=
⨁︁

𝜇∈ℐ+

𝜆(0)
∩ℐ+

𝜆(1)

𝑆𝜇𝑈 ⊕
⨁︁

𝜇∈ℐ+

𝜆(2)
∩ℐ+

𝜆(1)

𝑆𝜇𝑈 ∼=
⨁︁

𝜇∈ℐ+

𝜆(1)

𝑆𝜇𝑈
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(the last isomorphism can be inferred from Lemma 3.2.2.2).

Proposition 5.1.2.8. For a simple object L𝑖 in ℬ𝜆, 𝑖 > 0, we have: 𝑆𝑊𝜈(L𝑖) ∼= 𝐿𝑖+1

(recall that the latter is defined to be zero if 𝑖 ≥ 𝑘𝜆 − 1).

Proof. Fix 𝑖 > 0. By definition, 𝑆𝑊𝜈(L𝑖) := Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(L𝑖, 𝑉

⊗𝜈) with gl(𝑉 )-action

on this space induced from the action of gl(𝑉 ) on 𝑉 ⊗𝜈 .

By Lemma 5.1.2.7, we have the following decomposition of 𝑆𝑊𝜈(L𝑖) as a gl(𝑈)-module:

𝑆𝑊𝜈(L𝑖)|gl(𝑈)
∼=

⨁︁
𝜇∈ℐ+

𝜆(𝑖)
∩ℐ+

𝜆(𝑖+1)

𝑆𝜇𝑈

If 𝑖 ≥ 𝑘𝜆 − 1, then ℓ(𝜇) > dim𝑉 − 1 for any 𝜇 ∈ ℐ+
𝜆(𝑖+1) ∩ ℐ+𝜆(𝑖) , so we get that

𝑆𝑊𝜈(L𝑖) = Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(L𝑖, 𝑉

⊗𝜈) = 0 = 𝐿𝑖+1 and we are done.

Otherwise, notice that Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(L𝑖, 𝑉

⊗𝜈) is a Z+-graded gl(𝑈)-module, with

the grading inherited from 𝑉 ⊗𝜈 : 𝑆𝜇𝑈 lies in grade |𝜇|. The minimal grade is thus
⃒⃒
𝜆(𝑖+1)

⃒⃒
,

and it consists of the gl(𝑈)-module 𝑆𝜆
(𝑖+1)

𝑈 .

Recall that u+p acts on the graded space 𝑉 ⊗𝜈 ∼=
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗ Δ𝑘)

𝑆𝑘 by operators of

degree −1, therefore it acts by zero on the subspace 𝑆𝜆
(𝑖+1)

𝑈 of Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(L𝑖, 𝑉

⊗𝜈).

So there must be a non-zero map 𝑀𝑖+1 → 𝑆𝑊𝜈(L𝑖), and its image can be either 𝑀𝑖+1

itself or 𝐿𝑖+1. From the decomposition of 𝑆𝑊𝜈(L𝑖) as a gl(𝑈)-module, we see that the

image is 𝐿𝑖+1, and the induced map 𝐿𝑖+1 → 𝑆𝑊𝜈(L𝑖) is an isomorphism.

The following lemma will be useful to us later:

Lemma 5.1.2.9.

Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(L0, 𝑆𝑊

*
𝜈 (𝐿0)) = 0

Proof. Recall that by definition of the functor 𝑆𝑊 *
𝜈 ,

Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(L0, 𝑆𝑊

*
𝜈 (𝐿0)) = Hom𝐼𝑛𝑑−(𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op

𝜈,𝑉 )(L0 ⊗ 𝐿0, 𝑉
⊗𝜈)
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Recall also that the space u−p acts on L0 ⊗ 𝐿0 by nilpotent operators, since 𝐿0 is finite-

dimensional and Z+-graded, and each non-zero element of u−p acts by operator of degree

1. Now let

𝜑 ∈ Hom𝐼𝑛𝑑−(𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op
𝜈,𝑉 )(L0 ⊗ 𝐿0, 𝑉

⊗𝜈)

The map 𝜑 is zero iff 𝜑|
L0⊗𝑆𝜆(0)𝑈

= 0.

Fix 𝑘 ∈ Z+ so that we have an inclusion of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)-objects:

𝜑(L0 ⊗ 𝑣) ⊂ (Δ𝑘 ⊗ 𝑈⊗𝑘)𝑆𝑘

where 𝑣 is the highest weight vector in 𝑆𝜆
(0)
𝑈 . Then we automatically get an inclusion of

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)-objects

𝜑(L0 ⊗ 𝑆𝜆
(0)

𝑈) ⊂ (Δ𝑘 ⊗ 𝑈⊗𝑘)𝑆𝑘

Let 𝑙 :=
⃒⃒
𝜆(0)
⃒⃒
. Since L0 = 𝑋𝜆(0) , it is a summand of Δ𝑖 iff 𝑖 ≥ 𝑙, so we immediately

see that 𝑘 ≥ 𝑙.

Now, L0⊗𝑆𝜆
(0)
𝑈 is a direct summand ofΔ𝑙⊗𝑈⊗𝑙, so one can easily find 𝜓 : Δ𝑙⊗𝑈⊗𝑙 →

Δ𝑘 ⊗ 𝑈⊗𝑘 such that 𝜑(L0 ⊗ 𝑆𝜆
(0)
𝑈) = Im(𝜓).

As we said before, u−p acts on L0 ⊗ 𝐿0 by nilpotent operators, so for any 𝑢 ∈ 𝑈 ∼= u−p ,

(𝐹𝑢)
𝑁 ∘ 𝜑 = 0 for 𝑁 >> 0.

On the other hand, we know that (𝐹𝑢)𝑁 ∘𝜓 ̸= 0 if 𝜓 ̸= 0 (by applying Lemma 4.2.0.22

iteratively to 𝜓, 𝐹𝑢 ∘ 𝜓, ..., (𝐹𝑢)𝑁−1 ∘ 𝜓).

We conclude that

Hom𝐼𝑛𝑑−(𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op
𝜈,𝑉 )(L0 ⊗ 𝐿0, 𝑉

⊗𝜈) = 0

as needed.

We now use Lemma 5.1.2.9 to compute the images of the “exceptional” objects in our

blocks ℬ𝜆, B𝜆 under the functors 𝑆𝑊𝜈 , 𝑆𝑊
*
𝜈 , respectively.

Lemma 5.1.2.10.
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(a) 𝑆𝑊𝜈(L0 = M0 = 𝑋𝜆(0))
∼= 𝑀0.

(b) 𝑆𝑊 *
𝜈 (𝐿0) = 0.

Proof. (a) We will use an agrument similar to the one in the proof of Proposition 5.1.2.8.

Recall that from Lemma 5.1.2.7, we have the following isomorphism of Z+-graded

gl(𝑈)-modules:

𝑆𝑊𝜈(L0 = M0 = 𝑋𝜆(0))
∼=
⨁︁

𝜇∈ℐ+

𝜆(0)

𝑆𝜇𝑈

(𝑆𝜇𝑈 lies in degree |𝜇|). Recall also that u+p acts on the right hand side by operators

of degree −1.

This implies that there is a non-zero map of gl(𝑉 )-modules

𝜑 :𝑀0 =𝑀p(𝜈 −
⃒⃒
𝜆(0)
⃒⃒
, 𝜆(0))→ 𝑆𝑊𝜈(L0)

From the gl(𝑈)-decomposition of 𝑀0 (c.f. Lemma 3.3.1.3), if this map 𝜑 is injective,

then it is bijective as well.

So we only need to check that 𝜑 is injective. Indeed, assume 𝜑 is not injective. Since

𝜑 is not zero, 𝜑 must factor through 𝐿0, so we have:

dimHomOp
𝜈
(𝐿0, 𝑆𝑊𝜈(L0)) ≥ 1

But from adjointness of 𝑆𝑊𝜈 , 𝑆𝑊
*
𝜈 , together with Lemma 5.1.2.9, we have:

HomOp
𝜈
(𝐿0, 𝑆𝑊𝜈(L0)) ∼= Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(L0, 𝑆𝑊
*
𝜈 (𝐿0)) = 0

We obtained a contradiction, which means that 𝜑 is injective.

(b) Recall that since 𝑆𝑊𝜈 , 𝑆𝑊
*
𝜈 are adjoint, for any Young diagram 𝜇 we have

Hom𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(L(𝜇), 𝑆𝑊 *

𝜈 (𝐿0)) ∼= HomOp
𝜈
(𝐿0, 𝑆𝑊𝜈(L(𝜇)))
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The latter is zero by Propositions 5.1.1.1, 5.1.2.8, and Lemma 5.1.2.9. Hence

𝑆𝑊 *
𝜈 (𝐿0) = 0.

We can now prove the following proposition:

Proposition 5.1.2.11.

(a) 𝑆𝑊𝜈(M𝑖) ∼= 𝑀𝑖 whenever 𝑖 ≥ 0.

(b) 𝑆𝑊𝜈(M
*
𝑖 )
∼= 𝑀∨

𝑖 whenever 𝑖 ≥ 2.

(c) 𝑆𝑊𝜈(P𝑖) ∼= 𝑃𝑖+1 whenever 𝑖 ≥ 0, and 𝑖 < 𝑘𝜆 − 1 or 𝑖 ≥ 𝑘𝜆 (recall that in the latter

case 𝑃𝑖+1 = 0); 𝑆𝑊𝜈(P𝑘𝜆−1) ∼= 𝐿𝑘𝜆−1.

(d) 𝑆𝑊𝜈(M
*
1)
∼= 𝐾𝑒𝑟(𝑃1 � 𝐿1).

Proof. (a) For 𝑖 = 0, we have already proved (in Lemma 5.1.2.10) that 𝑆𝑊𝜈(M0) ∼= 𝑀0.

We now fix 𝑖 ∈ Z>0.

Recall from Lemma 5.1.2.7 that for 𝑖 > 0, we have an isomorphism of gl(𝑈)-modules:

𝑆𝑊𝜈(M𝑖)|gl(𝑈)
∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖)

𝑆𝜇𝑈

Similarly to the argument in the proofs of Propositions 5.1.1.1 and 5.1.2.8, we have

a Z+-grading on the space 𝑆𝑊𝜈(M𝑖), which is inherited from the grading on 𝑉 ⊗𝜈 .

Grade 𝑗 of 𝑆𝑊𝜈(M𝑖) is then
⨁︀

𝜇∈ℐ+

𝜆(𝑖)
,|𝜇|=𝑗 𝑆

𝜇𝑈 . The minimal grade is thus
⃒⃒
𝜆(𝑖)
⃒⃒
,

and it consists of the gl(𝑈)-module 𝑆𝜆
(𝑖)
𝑈 .

Recall that by definition of 𝑉 ⊗𝜈 , up+ acts on the graded space 𝑉 ⊗𝜈 ∼=
⨁︀

𝑘≥0(𝑈
⊗𝑘 ⊗

Δ𝑘)
𝑆𝑘 by operators of degree −1, therefore, it acts by zero on the subspace 𝑆𝜆

(𝑖)
𝑈 of

𝑆𝑊𝜈(M𝑖) = Hom𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(M𝑖, 𝑉

⊗𝜈).

If 𝑖 ≥ 𝑘𝜆, then 𝑆𝑊𝜈(M𝑖) = 0 =𝑀𝑖, and we are done.
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Otherwise, 𝑀𝑖 ̸= 0, and there must be a non-zero map 𝑀𝑖 → 𝑆𝑊𝜈(M𝑖); its image

can be either𝑀𝑖 itself or 𝐿𝑖. In the first case, we get an isomorphism𝑀𝑖
∼= 𝑆𝑊𝜈(M𝑖)

(from the gl(𝑈)-decomposition of both), and again, we are done.

We will now assume that we are in the second case, and there is a non-zero map

𝐿𝑖 → 𝑆𝑊𝜈(M𝑖). Then the gl(𝑈)-decomposition of the quotient 𝑆𝑊𝜈(M𝑖)
⧸︁
𝐿𝑖

means

that this module is congruent to 𝐿𝑖+1. Notice that at this point we can assume that

𝑖 < 𝑘𝜆 − 1 (otherwise 𝐿𝑖+1 = 0, so 𝑀𝑖 = 𝐿𝑖 ∼= 𝑆𝑊𝜈(M𝑖)). We will prove that under

this assumption, we arrive to a contradiction.

Now, consider the short exact sequence

0→ L𝑖−1
𝜑−→M𝑖

𝜓−→ L𝑖 → 0

Since the contravariant functor 𝑆𝑊𝜈 is left-exact, we have (using Proposition 5.1.2.8

and Lemma 5.1.2.10, part (a))

0→ 𝑆𝑊𝜈(L𝑖) ∼= 𝐿𝑖+1
𝑆𝑊𝜈(𝜓)−→ 𝑆𝑊𝜈(M𝑖)

𝑆𝑊𝜈(𝜑)−→ 𝑆𝑊𝜈(L𝑖−1) ∼= 𝐿𝑖

So 𝑆𝑊𝜈(𝜓) is an insertion of a direct summand, 𝑆𝑊𝜈(𝜑) is a projection onto a direct

summand, and we get:

𝑆𝑊𝜈(M𝑖) ∼= 𝐿𝑖 ⊕ 𝐿𝑖+1

We now use the unit natural transformation 𝜖 described in Notation 5.0.0.46. We

have a commutative diagram:

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(L𝑖−1))

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜑))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝑆𝑊𝜈(M𝑖))
𝑆𝑊 *

𝜈 (𝑆𝑊𝜈(𝜓))−−−−−−−−→ 𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(L𝑖))

𝜖L𝑖−1

⌃⎮⎮ 𝜖M𝑖

⌃⎮⎮ 𝜖L𝑖

⌃⎮⎮
L𝑖−1

𝜑−−−−−−−−−→ M𝑖
𝜓−−−−−−−−−→ L𝑖
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which can be rewritten as

𝑆𝑊 *
𝜈 (𝐿𝑖)

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜑))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝐿𝑖)⊕ 𝑆𝑊 *
𝜈 (𝐿𝑖+1)

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜓))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝐿𝑖+1)

𝜖L𝑖−1

⌃⎮⎮ 𝜖M𝑖

⌃⎮⎮ 𝜖L𝑖

⌃⎮⎮
L𝑖−1

𝜑−−−−−−−−−→ M𝑖
𝜓−−−−−−−−−→ L𝑖

Since the contravariant functor 𝑆𝑊 *
𝜈 is additive, 𝑆𝑊 *

𝜈 (𝑆𝑊𝜈(𝜑)) is an insertion of a

direct summand, and 𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜓)) is a projection onto a direct summand.

Now, the relations in Lemma 5.0.0.47 imply that 𝜖L𝑖−1
, 𝜖M𝑖

, 𝜖L𝑖
are all non-zero as

long as 𝑆𝑊𝜈(L𝑖−1), 𝑆𝑊𝜈(M𝑖), 𝑆𝑊𝜈(L𝑖) are non-zero, which is guaranteed by the

assumption 𝑖 < 𝑘𝜆 − 1.

This means that the image of L𝑖−1 under 𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜑)) ∘ 𝜖L𝑖−1

is L𝑖−1, and it lies

inside the direct summand 𝑆𝑊 *
𝜈 (𝐿𝑖) of 𝑆𝑊

*
𝜈 (𝑆𝑊𝜈(M𝑖)). We then deduce that 𝜖M𝑖

is

injective (since it is not zero on the socle L𝑖−1 of M𝑖), and that its image lies entirely

inside the direct summand 𝑆𝑊 *
𝜈 (𝐿𝑖) of 𝑆𝑊

*
𝜈 (𝑆𝑊𝜈(M𝑖)) (since M𝑖 is indecompos-

able).

But this clearly contradicts the right half of the above commutative diagram, since

it means that

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜓)) ∘ 𝜖M𝑖

= 0

while we have already established that 𝜖L𝑖
∘ 𝜓 ̸= 0.

(b) The proof for 𝑆𝑊𝜈(M
*
𝑘) is very similar to the one given for 𝑆𝑊𝜈(M𝑘). Now fix 𝑖 ≥ 2.

Consider the short exact sequence

0→ L𝑖
𝜑−→M*

𝑖

𝜓−→ L𝑖−1 → 0

Since the contravariant functor 𝑆𝑊𝜈 is left-exact, we have (using Proposition 5.1.2.8)

0→ 𝑆𝑊𝜈(L𝑖−1) ∼= 𝐿𝑖
𝑆𝑊𝜈(𝜓)−→ 𝑆𝑊𝜈(M

*
𝑖 )

𝑆𝑊𝜈(𝜑)−→ 𝑆𝑊𝜈(L𝑖) ∼= 𝐿𝑖+1
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Furthermore, Lemma 5.1.2.7 tells us that for 𝑖 > 0, we have an isomorphism of

gl(𝑈)-modules:

𝑆𝑊𝜈(M
*
𝑖 )|gl(𝑈)

∼=
⨁︁

𝜇∈ℐ+

𝜆(𝑖)

𝑆𝜇𝑈

This decomposition, together with the gl(𝑈)-decomposition of 𝐿𝑖, 𝐿𝑖+1, tell us that

the above exact sequence can be completed to a short exact sequence

0→ 𝑆𝑊𝜈(L𝑖−1) ∼= 𝐿𝑖
𝑆𝑊𝜈(𝜓)−→ 𝑆𝑊𝜈(M

*
𝑖 )

𝑆𝑊𝜈(𝜑)−→ 𝑆𝑊𝜈(L𝑖) ∼= 𝐿𝑖+1 → 0

Applying the (exact) functor (·)∨ : Op
𝜈 → (Op

𝜈 )
𝑜𝑝 to the above exact sequence, we

conclude that 𝑆𝑊𝜈(M
*
𝑖 )

∨ is isomorphic to either 𝑀𝑖 or 𝐿𝑖 ⊕ 𝐿𝑖+1. This implies that

𝑆𝑊𝜈(M
*
𝑖 ) is isomorphic to either 𝑀∨

𝑖 (which is what we want to show) or 𝐿𝑖⊕𝐿𝑖+1.

We will now assume that we are in the case 𝑆𝑊𝜈(M
*
𝑖 )
∼= 𝐿𝑖⊕𝐿𝑖+1. Furthermore, we

will assume that 𝑖 < 𝑘𝜆 − 1 (otherwise 𝐿𝑖+1 = 0, so 𝑀∨
𝑖 = 𝐿𝑖 ∼= 𝑆𝑊𝜈(M

*
𝑖 )). We will

prove that under this assumption, we arrive to a contradiction. Since we assumed

that 𝑖 < 𝑘𝜆 − 1, we have: 𝐿𝑖, 𝐿𝑖+1 ̸= 0, which means that 𝑆𝑊𝜈(𝜓), 𝑆𝑊𝜈(𝜑) ̸= 0 are

insertion of and projection onto direct summands, respectively.

We now construct the commutative diagram

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(L𝑖))

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜑))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝑆𝑊𝜈(M
*
𝑖 ))

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜓))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝑆𝑊𝜈(L𝑖−1))

𝜖L𝑖

⌃⎮⎮ 𝜖M*
𝑖

⌃⎮⎮ 𝜖L𝑖−1

⌃⎮⎮
L𝑖

𝜑−−−−−−−−−→ M*
𝑖

𝜓−−−−−−−−−→ L𝑖−1

which can be rewritten as

𝑆𝑊 *
𝜈 (𝐿𝑖+1)

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜑))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝐿𝑖+1)⊕ 𝑆𝑊 *
𝜈 (𝐿𝑖)

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜓))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝐿𝑖)

𝜖L𝑖

⌃⎮⎮ 𝜖M*
𝑖

⌃⎮⎮ 𝜖L𝑖−1

⌃⎮⎮
L𝑖

𝜑−−−−−−−−−→ M*
𝑖

𝜓−−−−−−−−−→ L𝑖−1

Exactly the same arguments as in part (a) now apply (we use the fact that M*
𝑖 is
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indecomposable), and we get a contradiction.

(c) Let 𝑖 ≥ 0. Consider the exact sequence

0→M𝑖+1
𝜑−→ P𝑖

𝜓−→M𝑖 → 0

Since the contravariant functor 𝑆𝑊𝜈 is left-exact, we get an exact sequence

0→ 𝑆𝑊𝜈(M𝑖)
𝑆𝑊𝜈(𝜓)−→ 𝑆𝑊𝜈(P𝑖)

𝑆𝑊𝜈(𝜑)−→ 𝑆𝑊𝜈(M𝑖+1)

and in particular (see part (a)): 𝑀𝑖
∼= 𝑆𝑊𝜈(M𝑖) →˓ 𝑆𝑊𝜈(P𝑖).

If 𝑖 ≥ 𝑘𝜆 − 1, then part (a) tells us that 𝑆𝑊𝜈(M𝑖+1) =𝑀𝑖+1 = 0. We conclude that

𝑀𝑖
∼= 𝑆𝑊𝜈(M𝑖) ∼= 𝑆𝑊𝜈(P𝑖). In particular, 𝑆𝑊𝜈(P𝑖) = 0 if 𝑖 ≥ 𝑘𝜆, and

𝑆𝑊𝜈(M𝑘𝜆−1) ∼= 𝑆𝑊𝜈(P𝑘𝜆−1) ∼= 𝑀𝑘𝜆−1
∼= 𝐿𝑘𝜆−1

From now on, we will assume that 𝑖 < 𝑘𝜆 − 1, and thus 𝑀𝑖,𝑀𝑖+1 ̸= 0.

Now, 𝑃𝑖+1 is the injective hull of 𝑀𝑖, so there is a map 𝑓 : 𝑆𝑊𝜈(P𝑖) → 𝑃𝑖+1 such

that the following diagram is commutative:

0 −−−→ 𝑆𝑊𝜈(M𝑖)
𝑆𝑊𝜈(𝜓)−−−−→ 𝑆𝑊𝜈(P𝑖)⎮⎮⌄ 𝑓

⎮⎮⌄
0 −−−→ 𝑀𝑖 −−−→ 𝑃𝑖+1

From the gl(𝑈)-decomposition of 𝑆𝑊𝜈(M𝑖), 𝑆𝑊𝜈(P𝑖), 𝑆𝑊𝜈(M𝑖+1) (see Lemma

5.1.2.7), we see that the map 𝑆𝑊𝜈(𝜑) is surjective. This means that there is a

non-zero map 𝑓 : 𝑆𝑊𝜈(M𝑖+1)→𝑀𝑖+1 so the diagram below is commutative:

0 −−−→ 𝑆𝑊𝜈(M𝑖)
𝑆𝑊𝜈(𝜓)−−−−→ 𝑆𝑊𝜈(P𝑖)

𝑆𝑊𝜈(𝜑)−−−−→ 𝑆𝑊𝜈(M𝑖+1) −−−→ 0⎮⎮⌄ 𝑓

⎮⎮⌄ 𝑓

⎮⎮⌄
0 −−−→ 𝑀𝑖 −−−→ 𝑃𝑖+1 −−−→ 𝑀𝑖+1 −−−→ 0
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Since 𝑆𝑊𝜈(M𝑖+1) ∼= 𝑀𝑖+1, we see that 𝑓 is either an isomorphism, or zero. In the

former case, 𝑓 is an isomorphism as well, and we are done.

So it remains to prove that 𝑓 ̸= 0.

Assume 𝑓 = 0. This means that the image of 𝑓 is 𝑀𝑖 ⊂ 𝑃𝑖+1, and thus 𝑆𝑊𝜈(P𝑖) =

𝑀𝑖⊕𝑀𝑖+1, with the maps 𝑆𝑊𝜈(𝜓), 𝑆𝑊𝜈(𝜑) being an insertion of a direct summand

and a projection onto a direct summand, respectively.

We now construct the commutative diagram

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(M𝑖+1))

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜑))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝑆𝑊𝜈(P𝑖))
𝑆𝑊 *

𝜈 (𝑆𝑊𝜈(𝜓))−−−−−−−−→ 𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(M𝑖))

𝜖M𝑖+1

⌃⎮⎮ 𝜖P𝑖

⌃⎮⎮ 𝜖M𝑖

⌃⎮⎮
M𝑖+1

𝜑−−−−−−−−−→ P𝑖
𝜓−−−−−−−−−→ M𝑖

which can be rewritten as

𝑆𝑊 *
𝜈 (𝑀𝑖+1)

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜑))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝑀𝑖+1)⊕ 𝑆𝑊 *
𝜈 (𝑀𝑖)

𝑆𝑊 *
𝜈 (𝑆𝑊𝜈(𝜓))−−−−−−−−→ 𝑆𝑊 *

𝜈 (𝑀𝑖)

𝜖M𝑖+1

⌃⎮⎮ 𝜖P𝑖

⌃⎮⎮ 𝜖M𝑖

⌃⎮⎮
M𝑖+1

𝜑−−−−−−−−−→ P𝑖
𝜓−−−−−−−−−→ M𝑖

The same type of argument as in part (a) now applies (we use the fact that P𝑖 is

indecomposable), and we get a contradiction.

(d) Consider the short exact sequences

0→ L1−→M*
1−→L0 → 0

0→ L0−→P0−→M*
1 → 0

The contravariant functor 𝑆𝑊𝜈 is left-exact, so we have (using part (a), Lemma

5.1.2.10(a) and Proposition 5.1.2.8)

0→ 𝑆𝑊𝜈(L0) ∼= 𝑀0−→𝑆𝑊𝜈(M
*
1)−→𝑆𝑊𝜈(L1) ∼= 𝐿2
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0→ 𝑆𝑊𝜈(M
*
1)−→𝑆𝑊𝜈(P0) ∼= 𝑃1−→𝑆𝑊𝜈(L0) ∼= 𝑀0

The first of these two exact sequences implies that [𝑆𝑊𝜈(M
*
1) : 𝐿1] = 1, hence the

map 𝑆𝑊𝜈(M
*
1)→ 𝑃1 in the second sequence is not an isomorphism. The second one

then means that 𝑆𝑊𝜈(M
*
1) is the kernel of the unique non-zero map 𝑃1 →𝑀0, which

factors through the canonical map 𝑃1 → 𝐿1. Thus 𝑆𝑊𝜈(M
*
1)
∼= 𝐾𝑒𝑟(𝑃1 � 𝐿1).

Proposition 5.1.2.12. The contravariant functor ̂︂𝑆𝑊 𝜈 : ℬ𝜆 → �̂�(B𝜆) is essentially

surjective.

Proof. We first prove a Sublemma:

Sublemma 5.1.2.13.

(a) Let 𝐼 be an injective object in �̂�(B𝜆). Then there exists a projective object 𝑃 in ℬ𝜆
such that ̂︂𝑆𝑊 𝜈(𝑃 ) = 𝐼.

(b) Consider the restriction of ̂︂𝑆𝑊 𝜈 to the full subcategory of ℬ𝜆 consisting of projective

objects. This restriction is a full contravariant functor to �̂�(B𝜆).

Proof. Recall from Corollary 5.1.2.6 that the set of isomorphism classes of indecomposable

injective objects in �̂�(B𝜆) is {�̂�(𝑃𝑖)}0<𝑖<𝑘𝜆 . The set of isomorphism classes of indecom-

posable projective objects in ℬ𝜆 is {P𝑖}𝑖≥0 (c.f. Section 3.2.4).

We know from Proposition 5.1.2.11 that �̂�(𝑃𝑖) ∼= ̂︂𝑆𝑊 𝜈(P𝑖−1) for any 0 < 𝑖 < 𝑘𝜆. This

immediately implies the first part of the sublemma.

We now consider the restriction of ̂︂𝑆𝑊 𝜈 to the full subcategory of ℬ𝜆 consisting of

projective objects.

To see that this restriction is full, we need to check that for any 𝑖, 𝑗 ≥ 0, the map

̂︂𝑆𝑊 𝜈,P𝑗 ,P𝑖
: Hom𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)

(P𝑗,P𝑖)→ Hom̂︀Op
𝜈
(̂︂𝑆𝑊 𝜈(P𝑖),̂︂𝑆𝑊 𝜈(P𝑗)) (5.1)

is surjective.
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We use the following observation (which follows from the definition of the Serre quo-

tient):

Observation 5.1.2.14. Let 𝐸,𝐸 ′ ∈ Op
𝜈 . Assume 𝐸 has no finite-dimensional quotients and

𝐸 ′ has no finite-dimensional submodules. Then

Hom̂︀Op
𝜈
(�̂�(𝐸), �̂�(𝐸 ′)) = HomOp

𝜈
(𝐸,𝐸 ′)

In particular, this is true for 𝐸,𝐸 ′ being 𝑃𝑖,𝑀𝑖,𝑀
∨
𝑖 , 𝐿𝑖 (𝑖 ≥ 1).

Recall from Theorem 3.2.2.6, Propositions 3.2.4.10 and 5.1.2.11 that if |𝑖− 𝑗| > 1, or

if 𝑖 ≥ 𝑘𝜆, or if 𝑗 ≥ 𝑘𝜆, then the right hand side Hom-space in (5.1) is zero and there is

nothing to prove.

If either 𝑖 = 𝑘𝜆 − 1 or 𝑗 = 𝑘𝜆 − 1, we only need to check the cases

(𝑖, 𝑗) = (𝑘𝜆 − 1, 𝑘𝜆 − 2), (𝑘𝜆 − 2, 𝑘𝜆 − 1), (𝑘𝜆 − 1, 𝑘𝜆 − 1).

In all three cases Hom̂︀Op
𝜈
(̂︂𝑆𝑊 𝜈(P𝑖),̂︂𝑆𝑊 𝜈(P𝑗)) is one-dimensional, so we only need to

check that the above map ̂︂𝑆𝑊 𝜈,P𝑗 ,P𝑖
is not zero. The case 𝑖 = 𝑗 = 𝑘𝜆−1 is obvious. Sincê︂𝑆𝑊 𝜈 is contravariant and exact, the exact sequences

0→M*
𝑘𝜆−2 → P𝑘𝜆−2 → P𝑘𝜆−1

and

P𝑘𝜆−1 → P𝑘𝜆−2 →M𝑘𝜆−2 → 0

become

�̂�(𝐿𝑘𝜆−1)→ �̂�(𝑃𝑘𝜆−1)→ �̂�(𝑀∨
𝑘𝜆−2)→ 0

and

0→ �̂�(𝑀𝑘𝜆−2)→ �̂�(𝑃𝑘𝜆−1)→ �̂�(𝐿𝑘𝜆−1)

which proves that ̂︂𝑆𝑊 𝜈,P𝑗 ,P𝑖
is not zero if (𝑖, 𝑗) = (𝑘𝜆−1, 𝑘𝜆−2) or (𝑖, 𝑗) = (𝑘𝜆−2, 𝑘𝜆−1).
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We can now assume that 𝑖, 𝑗 < 𝑘𝜆 − 1, and thus ̂︂𝑆𝑊 𝜈(P𝑖) ∼= �̂�(𝑃𝑖+1),̂︂𝑆𝑊 𝜈(P𝑗) ∼=

�̂�(𝑃𝑗+1).

If |𝑖− 𝑗| = 1, then both Hom-spaces are at most one-dimensional and we only need

to check that the above map ̂︂𝑆𝑊 𝜈,P𝑗 ,P𝑖
is not zero. Assume 𝑗 = 𝑖+ 1 (the case 𝑗 = 𝑖− 1

is proved in a similar way). Let 𝛽𝑖+1 : P𝑖 → P𝑖+1 be a non-zero morphism.

Then the kernel of 𝛽𝑖+1 is M*
𝑖 , and since ̂︂𝑆𝑊 𝜈 is contravariant and exact, we get:

𝐶𝑜𝑘𝑒𝑟(̂︂𝑆𝑊 𝜈(𝛽𝑖+1)) ∼= ̂︂𝑆𝑊 𝜈(M
*
𝑖 )
∼= �̂�(𝑀∨

𝑖 ) ̸∼= �̂�(𝑃𝑖+1)

which means that ̂︂𝑆𝑊 𝜈(𝛽𝑖+1) ̸= 0. Similarly, given a non-zero morphism 𝛼𝑖+1 : P𝑖+1 →

P𝑖, we have:

𝐾𝑒𝑟(̂︂𝑆𝑊 𝜈(𝛼𝑖+1)) ∼= ̂︂𝑆𝑊 𝜈(𝐶𝑜𝑘𝑒𝑟(𝛼𝑖+1)) ∼= ̂︂𝑆𝑊 𝜈(M𝑖) ∼= �̂�(𝑀𝑖) ̸∼= �̂�(𝑃𝑖+1)

which means that ̂︂𝑆𝑊 𝜈(𝛼𝑖+1) ̸= 0.

Finally, if 𝑖 = 𝑗, then the space End𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(P𝑖) is spanned by endomorphisms IdP𝑖

, 𝛾𝑖

of P𝑖, where 𝐼𝑚(𝛾𝑖) ∼= L𝑖 (𝛾𝑖 := 𝛼𝑖+1 ∘ 𝛽𝑖+1 in the above notation).

Since ̂︂𝑆𝑊 𝜈 is contravariant and exact, and (by assumption) 𝑖 < 𝑘𝜆 − 1, we see that̂︂𝑆𝑊 𝜈(𝛾𝑖) will be a non-zero endomorphism of �̂�(𝑃𝑖+1) factoring though �̂�(𝐿𝑖+1). This

means that ̂︂𝑆𝑊 𝜈(IdP𝑖
),̂︂𝑆𝑊 𝜈(𝛾𝑖) span End̂︀Op

𝜈
(�̂�(𝑃𝑖+1)).

This proves that for any 𝑖, 𝑗 ≥ 0, the map in (5.1) is surjective, and we are done.

We now show that ̂︂𝑆𝑊 𝜈 is essentially surjective. Indeed, let 𝐸 ∈ �̂�(B𝜆). Then 𝐸 has

an injective resolution

0→ 𝐸 → 𝐼0
𝑓→ 𝐼1

(𝐼0, 𝐼1 are injective objects in �̂�(B𝜆)). From the Sublemma 5.1.2.13 above, we know that

there exist projective objects 𝑃 0, 𝑃 1 ∈ ℬ𝜆 and a morphism 𝑔 : 𝑃 1 → 𝑃 0 such that

̂︂𝑆𝑊 𝜈(𝑃
0) = 𝐼0,̂︂𝑆𝑊 𝜈(𝑃

1) = 𝐼1,̂︂𝑆𝑊 𝜈(𝑔) = 𝑓
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Then 𝐸 ∼= 𝐾𝑒𝑟(𝑓) ∼= ̂︂𝑆𝑊 𝜈(𝐶𝑜𝑘𝑒𝑟(𝑔)) (since ̂︂𝑆𝑊 𝜈 is exact). Thus ̂︂𝑆𝑊 𝜈 is essentially

surjective.

Remark 5.1.2.15. The functor ̂︂𝑆𝑊 𝜈 : ℬ𝜆 → �̂�(B𝜆) is not full. For example, consider

Hom𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
(P𝑘𝜆−1,L𝑘𝜆−2)

̂︂𝑆𝑊 𝜈−→ Hom̂︀Op
𝜈
(̂︂𝑆𝑊 𝜈(L𝑘𝜆−2),̂︂𝑆𝑊 𝜈(P𝑘𝜆−1)) = End̂︀Op

𝜈
(�̂�(𝐿𝑘𝜆−1))

The Hom-space in the left hand side is clearly zero, while the Hom-space in the right hand

side is one-dimensional.

We now consider the Serre subcategory𝐾𝑒𝑟(̂︂𝑆𝑊 𝜈 |ℬ𝜆
) of ℬ𝜆 (this is a Serre subcategory

since ̂︂𝑆𝑊 𝜈 is exact). This subcategory is the Serre subcategory of ℬ𝜆 generated by the

simple objects L𝑖, 𝑖 ≥ 𝑘𝜆 − 1.

We define the quotient of ℬ𝜆 by 𝐾𝑒𝑟(̂︂𝑆𝑊 𝜈 |ℬ𝜆
):

𝜋 : ℬ𝜆 −→ 𝜋(ℬ𝜆)

By definition of 𝐾𝑒𝑟(̂︂𝑆𝑊 𝜈 |ℬ𝜆
), the functor ̂︂𝑆𝑊 𝜈 factors through 𝜋 and we get an exact

contravariant functor ̂︂𝑆𝑊 𝜈 : 𝜋(ℬ𝜆) −→ �̂�(B𝜆)

such that

ℬ𝑜𝑝𝜆
𝑆𝑊𝜈 //

̂︂𝑆𝑊 𝜈

##

𝜋𝑜𝑝

��

B𝜆

̂︀𝜋
��

𝜋(ℬ𝜆)𝑜𝑝
̂︂𝑆𝑊 𝜈 // �̂�(B𝜆)

Notice that all the functors in this commutative diagram except 𝑆𝑊𝜈 are exact.

We now prove some properties of the functor 𝜋 and the category 𝜋(ℬ𝜆).

Lemma 5.1.2.16.

(a) The objects 𝜋(P𝑖) are indecomposable injective (and projective) objects in 𝜋(ℬ𝜆) for
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any 𝑖 ≤ 𝑘𝜆 − 2.

(b) The category 𝜋(ℬ𝜆) has enough injectives and enough projectives.

(c) Moreover, {𝜋(P𝑖)}0≤𝑖≤𝑘𝜆−2 is the full set of representatives of isomorphism classes

of indecomposable injective (respectively, projective) objects in 𝜋(ℬ𝜆).

Proof. To prove the first statement, we use Lemma 5.1.2.5 and the information on the

structure of P𝑖 given in Proposition 3.2.4.10.

The proof of the last two statements mimics the proof of Corollary 5.1.2.6.

All we need to show is that the object 𝜋(P𝑘𝜆−1) is neither injective nor projective in

𝜋(ℬ𝜆), but has a projective cover and an injective hull in 𝜋(ℬ𝜆), both being direct sums

of objects 𝜋(P𝑖), 𝑖 ≤ 𝑘𝜆 − 2.

But 𝜋(P𝑘𝜆−1) ∼= 𝜋(L𝑘𝜆−2) (c.f. Proposition 3.2.4.10), and we have a surjective map

𝜋(P𝑘𝜆−2) � 𝜋(L𝑘𝜆−2) and an injective map 𝜋(L𝑘𝜆−2) →˓ 𝜋(P𝑘𝜆−2). Since 𝜋(P𝑘𝜆−2) is an

indecomposable injective and projective object in 𝜋(ℬ𝜆), we conclude that 𝜋(P𝑘𝜆−1) is

neither injective nor projective in 𝜋(ℬ𝜆), but 𝜋(P𝑘𝜆−2) is the projective cover and the

injective hull of 𝜋(P𝑘𝜆−1) in 𝜋(ℬ𝜆).

Theorem 5.1.2.17. The functor ̂︂𝑆𝑊 𝜈 : 𝜋(ℬ𝜆)→ �̂�(B𝜆) is an anti-equivalence of abelian

categories. That is, ̂︂𝑆𝑊 𝜈 : 𝜋(ℬ𝜆) → �̂�(B𝜆) is an essentially surjective, fully faithful,

exact contravariant functor.

Proof.

∙ Proof that ̂︂𝑆𝑊 𝜈 is faithful: by definition, if ̂︂𝑆𝑊 𝜈(𝑋) = 0 for some 𝑋 ∈ 𝜋(ℬ𝜆), then

𝑋 = 0. Now, let 𝑓 : 𝑋 → 𝑌 in 𝜋(ℬ𝜆), and assume ̂︂𝑆𝑊 𝜈(𝑓) = 0. Then ̂︂𝑆𝑊 𝜈(𝐼𝑚(𝑓)) =

0, i.e. 𝐼𝑚(𝑓) = 0, and thus 𝑓 = 0.

∙ The fact that ̂︂𝑆𝑊 𝜈 is essentially surjective follows directly from the fact that ̂︂𝑆𝑊 𝜈 is

essentially surjective, c.f. Proposition 5.1.2.12.
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∙ Proof that ̂︂𝑆𝑊 𝜈 is full:

We start with the following sublemma:

Sublemma 5.1.2.18. Let 𝑃𝑟𝑜𝑗𝜋(ℬ𝜆) be the full subcategory of projective objects in

𝜋(ℬ𝜆), and 𝐼𝑛𝑗�̂�(B𝜆) be the full subcategory of injective objects in �̂�(B𝜆). Then ̂︂𝑆𝑊 𝜈

induces an anti-equivalence of additive categories 𝑃𝑟𝑜𝑗𝜋(ℬ𝜆) → 𝐼𝑛𝑗�̂�(B𝜆).

Proof. The first thing we need to check is that given a projective object in 𝜋(ℬ𝜆), ̂︂𝑆𝑊 𝜈

takes it to an injective object in �̂�(B𝜆). By Lemma 5.1.2.16, it is enough to check this

for 𝜋(P𝑖) for 𝑖 ≤ 𝑘𝜆 − 2, in which case this follows straight from the definition of ̂︂𝑆𝑊 𝜈

together with Proposition 5.1.2.11 and Corollary 5.1.2.6.

Now,

Hom𝜋(ℬ𝜆)(𝜋(P𝑖), 𝜋(P𝑗)) = Homℬ𝜆
(P𝑖,P𝑗), 𝑖, 𝑗 ≤ 𝑘𝜆 − 2

(since P𝑖,P𝑗 have no non-trivial subobjects nor quotients lying in 𝐾𝑒𝑟(̂︂𝑆𝑊 𝜈)). The

proof of Sublemma 5.1.2.13 then implies that the contravariant functor

̂︂𝑆𝑊 𝜈 : 𝑃𝑟𝑜𝑗𝜋(ℬ𝜆) → 𝐼𝑛𝑗�̂�(B𝜆)

is full and essentially surjective. We have already established that ̂︂𝑆𝑊 𝜈 is faithful,

which concludes the proof of the sublemma.

Let 𝑋 ∈ 𝜋(ℬ𝜆). Since 𝜋(ℬ𝜆) has enough projectives (which are also injectives), there

exists an exact sequence

0→ 𝑋 → 𝐼0𝑋 → 𝐼1𝑋

in 𝜋(ℬ𝜆), where 𝐼0𝑋 , 𝐼1𝑋 are injective (and thus projective as well).

Now let 𝑃 ∈ 𝜋(ℬ𝜆) be a projective object. Sublemma 5.1.2.18 then tells us that ̂︂𝑆𝑊 𝜈(𝑃 )

is an injective object in �̂�(B𝜆). Together with the fact that ̂︂𝑆𝑊 𝜈 is exact, this gives us
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the following commutative diagram, whose rows are short exact sequences:

Hom𝜋(ℬ𝜆)(𝑃,𝑋) −→ Hom𝜋(ℬ𝜆)(𝑃, 𝐼
0
𝑋) −→ Hom𝜋(ℬ𝜆)(𝑃, 𝐼

1
𝑋)

̂︂𝑆𝑊 𝜈

⎮⎮⌄ ̂︂𝑆𝑊 𝜈

⎮⎮⌄ ̂︂𝑆𝑊 𝜈

⎮⎮⌄
Hom�̂�(B𝜆)(

̂︂𝑆𝑊 𝜈(𝑋),̂︂𝑆𝑊 𝜈(𝑃 )) −→ Hom�̂�(B𝜆)(
̂︂𝑆𝑊 𝜈(𝐼

0
𝑋),

̂︂𝑆𝑊 𝜈(𝑃 )) −→ Hom�̂�(B𝜆)(
̂︂𝑆𝑊 𝜈(𝐼

1
𝑋),

̂︂𝑆𝑊 𝜈(𝑃 ))

By Sublemma 5.1.2.18, the two rightmost vertical arrows are isomorphisms, which

means that the arrow

̂︂𝑆𝑊 𝜈 : Hom𝜋(ℬ𝜆)(𝑃,𝑋)→ Hom�̂�(B𝜆)(
̂︂𝑆𝑊 𝜈(𝑋),̂︂𝑆𝑊 𝜈(𝑃 ))

is an isomorphism as well.

Now, let 𝑌 ∈ 𝜋(ℬ𝜆). There exists an exact sequence

𝑃 1
𝑌 → 𝑃 0

𝑌 → 𝑌 → 0

in 𝜋(ℬ𝜆), where 𝑃 0
𝑌 , 𝑃

1
𝑌 are projective. We then get the following commutative diagram,

whose rows are short exact sequences:

Hom𝜋(ℬ𝜆)(𝑌,𝑋) −→ Hom𝜋(ℬ𝜆)(𝑃
0
𝑌 , 𝑋) −→ Hom𝜋(ℬ𝜆)(𝑃

1
𝑌 , 𝑋)

̂︂𝑆𝑊 𝜈

⎮⎮⌄ ̂︂𝑆𝑊 𝜈

⎮⎮⌄ ̂︂𝑆𝑊 𝜈

⎮⎮⌄
Hom�̂�(B𝜆)(

̂︂𝑆𝑊 𝜈(𝑋),̂︂𝑆𝑊 𝜈(𝑌 )) −→ Hom�̂�(B𝜆)(
̂︂𝑆𝑊 𝜈(𝑋),̂︂𝑆𝑊 𝜈(𝑃

0
𝑌 )) −→ Hom�̂�(B𝜆)(

̂︂𝑆𝑊 𝜈(𝑋),̂︂𝑆𝑊 𝜈(𝑃
0
𝑌 ))

We have already established that the two rightmost vertical arrows are isomorphisms,

which means that the left vertical arrow

̂︂𝑆𝑊 𝜈 : Hom𝜋(ℬ𝜆)(𝑌,𝑋)→ Hom�̂�(B𝜆)(
̂︂𝑆𝑊 𝜈(𝑋),̂︂𝑆𝑊 𝜈(𝑌 ))

is an isomorphism as well. Thus ̂︂𝑆𝑊 𝜈 is fully faithful.
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5.2 Proofs of technical Lemmas

5.2.1 Action of gl(𝑉 ) on a complex tensor power

Lemma 5.2.1.1. The action of gl(𝑉 ) described in Definition 4.2.0.16 is well-defined.

Proof. Let 𝑢, 𝑢1, 𝑢2 ∈ 𝑈 ∼= u−p , 𝑓, 𝑓1, 𝑓2 ∈ 𝑈* ∼= u+p , 𝐴 ∈ gl(𝑈). We have to check that

the morphisms in 𝑅𝑒𝑝(𝑆𝜈) by which 𝑢, 𝑓, 𝐴 act are well-defined and satisfy the same

commutation relations as do 𝑢, 𝑓, 𝐴 ∈ gl(𝑉 ).

The first claim is obvious for the actions of 𝑓 and 𝐴 and one only needs to check that

the image of (𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 under 1

𝑘+1

∑︀
1≤𝑙≤𝑘+1 𝑢

(𝑙) ⊗ 𝑟𝑒𝑠*𝑙 is 𝑆𝑘+1-invariant. For this, we

will prove

Lemma 5.2.1.2. Let 𝜎 ∈ 𝑆𝑘+1, 𝑙 ∈ {1, ..., 𝑘 + 1}. Then there exists 𝜌𝑙(𝜎) ∈ 𝑆𝑘 such that

𝜎 ∘ 𝑟𝑒𝑠*𝑙 = 𝑟𝑒𝑠*𝜎(𝑙) ∘ 𝜌𝑙(𝜎), 𝜎 ∘ 𝑢(𝑙) = 𝑢(𝜎(𝑙)) ∘ 𝜌𝑙(𝜎)

Proof. We define the permutation 𝜌𝑙(𝜎) to be the diagram in 𝑃𝑘,𝑘 constructed as follows.

Consider the diagram 𝜎 ∈ 𝑃𝑘+1,𝑘+1. Remove vertex 𝑙 in its top row, vertex 𝜎(𝑙) in the

bottom row, as well as the edge connecting these vertices. The obtained diagram will lie

in 𝑃𝑘,𝑘 and will have no solitary vertices; thus it represents a permutation in 𝑆𝑘.

The diagram obtained is the same we would get by considering the diagram for 𝜎 ∘

𝑟𝑒𝑠*𝑙 ∈ 𝑃𝑘,𝑘+1, and removing the unique solitary vertex 𝜎(𝑙) from the bottom row of

𝜎 ∘ 𝑟𝑒𝑠*𝑙 . From this construction we immediately get: 𝜎 ∘ 𝑟𝑒𝑠*𝑙 = 𝑟𝑒𝑠*𝜎(𝑙) ∘ 𝜌𝑙(𝜎). One then

easily sees that 𝜎 ∘ 𝑢(𝑙) = 𝑢(𝜎(𝑙)) ∘ 𝜌𝑙(𝜎) holds as well.

We now see that for any 𝜎 ∈ 𝑆𝑘+1,

1

𝑘 + 1

∑︁
1≤𝑙≤𝑘+1

(𝜎 ∘ 𝑢(𝑙))⊗ (𝜎 ∘ 𝑟𝑒𝑠*𝑙 ) =
1

𝑘 + 1

∑︁
1≤𝑙≤𝑘+1

(𝑢(𝜎(𝑙)) ∘ 𝜌𝑙(𝜎))⊗ (𝑟𝑒𝑠*𝜎(𝑙) ∘ 𝜌𝑙(𝜎))
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Restricted to (𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 , the latter morphism equals

1

𝑘 + 1

∑︁
1≤𝑙≤𝑘+1

𝑢(𝜎(𝑙)) ⊗ 𝑟𝑒𝑠*𝜎(𝑙) =
1

𝑘 + 1

∑︁
1≤𝑙≤𝑘+1

𝑢(𝑙) ⊗ 𝑟𝑒𝑠*𝑙

as wanted.

Moving on to the commutation relations, one only needs to check that the following

commutation relations between operators on (𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 hold (the rest are obvious):

(a)

1

(𝑘 + 1)(𝑘 + 2)

∑︁
1≤𝑙1≤𝑘+1
1≤𝑙2≤𝑘+2

(𝑢
(𝑙2)
2 ∘𝑢

(𝑙1)
1 )⊗(𝑟𝑒𝑠*𝑙2∘𝑟𝑒𝑠

*
𝑙1
)

?
=

1

(𝑘 + 1)(𝑘 + 2)

∑︁
1≤𝑙2≤𝑘+1
1≤𝑙1≤𝑘+2

(𝑢
(𝑙1)
1 ∘𝑢

(𝑙2)
2 )⊗(𝑟𝑒𝑠*𝑙1∘𝑟𝑒𝑠

*
𝑙2
)

(b)

∑︁
1≤𝑙1≤𝑘

1≤𝑙2≤𝑘−1

(𝑓
(𝑙2)
2 ∘ 𝑓 (𝑙1)

1 )⊗ (𝑟𝑒𝑠𝑙2 ∘ 𝑟𝑒𝑠𝑙1)
?
=

∑︁
1≤𝑙2≤𝑘

1≤𝑙1≤𝑘−1

(𝑓
(𝑙1)
1 ∘ 𝑓 (𝑙2)

2 )⊗ (𝑟𝑒𝑠𝑙1 ∘ 𝑟𝑒𝑠𝑙2)

(c)

1

(𝑘 + 1)

∑︁
1≤𝑙1,𝑙2≤𝑘+1

(𝑓 (𝑙2) ∘ 𝑢(𝑙1))⊗ (𝑟𝑒𝑠𝑙2 ∘ 𝑟𝑒𝑠*𝑙1)
?
=

1

𝑘

∑︁
1≤𝑙1,𝑙2≤𝑘

(𝑢(𝑙1) ∘ 𝑓 (𝑙2))⊗ (𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙2)+

+ (𝜈 − 𝑘)𝑓(𝑢)Id(𝑈⊗𝑘⊗Δ𝑘)
𝑆𝑘 −𝑇𝑓,𝑢|(𝑈⊗𝑘⊗Δ𝑘)

𝑆𝑘

These identities are proved below.

(a) The claim follows immediately from the following easy computations (consequences

of Lemma 3.2.3.10):

∙ For 1 ≤ 𝑙1 < 𝑙2 ≤ 𝑘 + 2,

𝑟𝑒𝑠*𝑙2 ∘ 𝑟𝑒𝑠
*
𝑙1
= 𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠

*
𝑙2−1
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as operators on Δ𝑘. We also have 𝑢(𝑙2)2 ∘ 𝑢(𝑙1)1 = 𝑢
(𝑙1)
1 ∘ 𝑢(𝑙2−1)

2 .

∙ For 𝑘 + 1 ≥ 𝑙1 ≥ 𝑙2 ≥ 1,

𝑟𝑒𝑠*𝑙2 ∘ 𝑟𝑒𝑠
*
𝑙1
= 𝑟𝑒𝑠*𝑙1+1 ∘ 𝑟𝑒𝑠*𝑙2

as operators on Δ𝑘. We also have 𝑢(𝑙2)2 ∘ 𝑢(𝑙1)1 = 𝑢
(𝑙1+1)
1 ∘ 𝑢(𝑙2)2 .

(b) The claim follows immediately from the following easy computations (consequences

of Lemma 3.2.3.10):

∙ For 1 ≤ 𝑙1 ≤ 𝑙2 ≤ 𝑘 − 1,

𝑟𝑒𝑠𝑙2 ∘ 𝑟𝑒𝑠𝑙1 = 𝑟𝑒𝑠𝑙1 ∘ 𝑟𝑒𝑠𝑙2+1

as operators on Δ𝑘. We also have 𝑓 (𝑙2)
2 ∘ 𝑓 (𝑙1)

1 = 𝑓
(𝑙1)
1 ∘ 𝑓 (𝑙2+1)

2 .

∙ For 𝑘 ≥ 𝑙1 > 𝑙2 ≥ 1,

𝑟𝑒𝑠𝑙2 ∘ 𝑟𝑒𝑠𝑙1 = 𝑟𝑒𝑠𝑙1−1 ∘ 𝑟𝑒𝑠𝑙2

as operators on Δ𝑘. We also have 𝑓 (𝑙2)
2 ∘ 𝑓 (𝑙1)

1 = 𝑓
(𝑙1−1)
1 ∘ 𝑓 (𝑙2)

2 .

(c) We have:

∙ For any 1 ≤ 𝑙 ≤ 𝑘 + 1, 𝑟𝑒𝑠𝑙 ∘ 𝑟𝑒𝑠*𝑙 = (𝜈 − 𝑘) IdΔ𝑘
and thus

(𝑓 (𝑙) ∘ 𝑢(𝑙))⊗ (𝑟𝑒𝑠𝑙 ∘ 𝑟𝑒𝑠*𝑙 ) = (𝜈 − 𝑘)𝑓(𝑢) Id(𝑈⊗𝑘⊗Δ𝑘)
𝑆𝑘

∙ For 1 ≤ 𝑙1 < 𝑙2 ≤ 𝑘 + 1,

𝑟𝑒𝑠𝑙2 ∘ 𝑟𝑒𝑠*𝑙1 = 𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙2−1 − 𝐶(𝑙1,...,𝑙2−1)

as operators on Δ𝑘, where 𝐶(𝑙1,...,𝑙2−1) : Δ𝑘 → Δ𝑘 is the action of the cycle
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𝐶(𝑙1,...,𝑙2−1) ∈ 𝑆𝑘 on Δ𝑘. We also have

𝑓 (𝑙2) ∘ 𝑢(𝑙1) = 𝑢(𝑙1) ∘ 𝑓 (𝑙2−1) = 𝑇
(𝑙1)
𝑓,𝑢 ∘ 𝐶(𝑙1,...,𝑙2−1)

Thus

(𝑓 (𝑙2) ∘ 𝑢(𝑙1))⊗ (𝑟𝑒𝑠𝑙2 ∘ 𝑟𝑒𝑠*𝑙1) = (𝑢(𝑙1) ∘ 𝑓 (𝑙2−1))⊗ (𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙2−1)−

− (𝑇
(𝑙1)
𝑓,𝑢 ∘ 𝐶(𝑙1,...,𝑙2−1))⊗ 𝐶(𝑙1,...,𝑙2−1)

as operators on 𝑈⊗𝑘 ⊗Δ𝑘.

Finally, note that 𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙2−1 ∘ 𝐶−1
(𝑙1,...,𝑙2−1) = 𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙1 .

∙ For 𝑘 + 1 ≥ 𝑙1 > 𝑙2 ≥ 1, 𝑟𝑒𝑠𝑙2 ∘ 𝑟𝑒𝑠*𝑙1 = 𝑟𝑒𝑠*𝑙1−1 ∘ 𝑟𝑒𝑠𝑙2 − 𝐶−1
(𝑙2,...,𝑙1−1) as operators on

Δ𝑘, where 𝐶(𝑙2,...,𝑙1−1) : Δ𝑘 → Δ𝑘 is the action of the cycle 𝐶(𝑙2,...,𝑙1−1) ∈ 𝑆𝑘 on Δ𝑘.

We also have

𝑓 (𝑙2) ∘ 𝑢(𝑙1) = 𝑢(𝑙1−1) ∘ 𝑓 (𝑙2) = 𝑇𝑓,𝑢 ∘ 𝐶−1
(𝑙2,...,𝑙1−1)

Thus

(𝑓 (𝑙2) ∘ 𝑢(𝑙1))⊗ (𝑟𝑒𝑠𝑙2 ∘ 𝑟𝑒𝑠*𝑙1) = (𝑢(𝑙1−1) ∘ 𝑓 (𝑙2))⊗ (𝑟𝑒𝑠*𝑙1−1 ∘ 𝑟𝑒𝑠𝑙2)−

− (𝑇
(𝑙1−1)
𝑓,𝑢 ∘ 𝐶−1

(𝑙2,...,𝑙1−1))⊗ 𝐶
−1
(𝑙2,...,𝑙1−1)

as operators on 𝑈⊗𝑘 ⊗Δ𝑘.

Finally, note that 𝑟𝑒𝑠*𝑙1−1 ∘ 𝑟𝑒𝑠𝑙2 ∘ 𝐶(𝑙1,...,𝑙2−1) = 𝑟𝑒𝑠*𝑙1−1 ∘ 𝑟𝑒𝑠𝑙1−1.
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Together these imply the following identities of operators on (𝑈⊗𝑘 ⊗Δ𝑘)
𝑆𝑘 :

1

(𝑘 + 1)

∑︁
1≤𝑙1,𝑙2≤𝑘+1

(𝑓 (𝑙2) ∘ 𝑢(𝑙1))⊗ (𝑟𝑒𝑠𝑙2 ∘ 𝑟𝑒𝑠*𝑙1) = (𝜈 − 𝑘)𝑓(𝑢) Id(𝑈⊗𝑘⊗Δ𝑘)
𝑆𝑘 +

+
1

(𝑘 + 1)

∑︁
1≤𝑙1<𝑙2≤𝑘+1

(𝑢(𝑙1) ∘ 𝑓 (𝑙2−1))⊗ (𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙2−1)− (𝑇
(𝑙1)
𝑓,𝑢 ∘ 𝐶(𝑙1,...,𝑙2−1))⊗ 𝐶(𝑙1,...,𝑙2−1)+

+
1

(𝑘 + 1)

∑︁
1≤𝑙2<𝑙1≤𝑘+1

(𝑢(𝑙1−1) ∘ 𝑓 (𝑙2))⊗ (𝑟𝑒𝑠*𝑙1−1 ∘ 𝑟𝑒𝑠𝑙2)− (𝑇
(𝑙1−1)
𝑓,𝑢 ∘ 𝐶−1

(𝑙2,...,𝑙1−1))⊗ 𝐶
−1
(𝑙2,...,𝑙1−1) =

= (𝜈 − 𝑘)𝑓(𝑢) Id(𝑈⊗𝑘⊗Δ𝑘)
𝑆𝑘 −𝑇𝑓,𝑢|(𝑈⊗𝑘⊗Δ𝑘)

𝑆𝑘+

+
1

(𝑘 + 1)

∑︁
1≤𝑙1,𝑙2≤𝑘

(𝑢(𝑙1) ∘ 𝑓 (𝑙2))⊗ (𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙2) +
1

(𝑘 + 1)

∑︁
1≤𝑙1≤𝑘+1

(𝑢(𝑙1) ∘ 𝑓 (𝑙1))⊗ (𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙1) =

= (𝜈 − 𝑘)𝑓(𝑢) Id(𝑈⊗𝑘⊗Δ𝑘)
𝑆𝑘 −𝑇𝑓,𝑢|(𝑈⊗𝑘⊗Δ𝑘)

𝑆𝑘+

+
1

(𝑘 + 1)

∑︁
1≤𝑙1,𝑙2≤𝑘

(𝑢(𝑙1) ∘ 𝑓 (𝑙2))⊗ (𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙2) +
1

𝑘(𝑘 + 1)

∑︁
1≤𝑙1,𝑙2≤𝑘

(𝑢(𝑙1) ∘ 𝑓 (𝑙2))⊗ (𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙2) =

=
1

𝑘

∑︁
1≤𝑙1,𝑙2≤𝑘

(𝑢(𝑙1) ∘ 𝑓 (𝑙2))⊗ (𝑟𝑒𝑠*𝑙1 ∘ 𝑟𝑒𝑠𝑙2) + (𝜈 − 𝑘)𝑓(𝑢) Id(𝑈⊗𝑘⊗Δ𝑘)
𝑆𝑘 −𝑇𝑓,𝑢|(𝑈⊗𝑘⊗Δ𝑘)

𝑆𝑘

5.2.2 Proof of Lemma 4.2.0.22

Lemma 5.2.2.1. Let 𝑙 ≤ 𝑘, and consider a non-zero morphism in 𝑅𝑒𝑝(𝑆𝜈)

𝜑 : 𝑈⊗𝑙 ⊗Δ𝑙 −→ 𝑈⊗𝑘 ⊗Δ𝑘

Let 𝑢 ∈ 𝑈 ∼= u−p , 𝑢 ̸= 0. Then 𝐹𝑢 ∘ 𝜑 ̸= 0, where 𝐹𝑢 ∘ 𝜑 := 1
𝑘+1

∑︀
1≤𝑙≤𝑘+1(𝑢

(𝑙) ⊗ 𝑟𝑒𝑠*𝑙 ) ∘ 𝜑.

Proof. Recall from Lemma 3.2.3.10 that

Hom𝑅𝑒𝑝(𝑆𝜈)(Δ𝑙,Δ𝑘) := C𝑃𝑙,𝑘

where 𝑃𝑙,𝑘 is the set of partitions of {1, .., 𝑙, 1′, ..., 𝑘′} into disjoint subsets such that 𝑖, 𝑗 do

not lie in the same subset, and neither do 𝑖′, 𝑗′, for any 𝑖 ̸= 𝑗, 𝑖′ ̸= 𝑗′.
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So

Hom𝑅𝑒𝑝(𝑆𝜈)(𝑈
⊗𝑙 ⊗Δ𝑙, 𝑈

⊗𝑘 ⊗Δ𝑘) ∼= C𝑃𝑙,𝑘 ⊗ 𝑈⊗𝑘 ⊗ 𝑈*⊗𝑙

We now study the map

𝐹𝑢 ∘ (·) : C𝑃𝑙,𝑘 ⊗ 𝑈⊗𝑘 ⊗ 𝑈*⊗𝑙 → C𝑃𝑙,𝑘+1 ⊗ 𝑈⊗𝑘+1 ⊗ 𝑈*⊗𝑙

By definition of 𝐹𝑢, we know that

𝐹𝑢∘(𝑥⊗𝑢1⊗...⊗𝑢𝑘⊗𝑓1⊗...⊗𝑓𝑙) =
1

𝑘 + 1

∑︁
1≤𝑠≤𝑘+1

𝑟𝑒𝑠*𝑠(𝑥)⊗𝑢1⊗...⊗𝑢𝑠−1⊗𝑢⊗𝑢𝑠⊗...⊗𝑢𝑘⊗𝑓1⊗...⊗𝑓𝑙

where 𝑥 ∈ 𝑃𝑙,𝑘, 𝑢1, ..., 𝑢𝑘 ∈ 𝑈, 𝑓1, ..., 𝑓𝑙 ∈ 𝑈*.

As we said before, we can consider 𝜑 as an element of C𝑃𝑙,𝑘 ⊗ 𝑈⊗𝑘 ⊗ 𝑈*⊗𝑙.

Let 𝑁 := dim𝑈 , and choose a basis 𝑢1, ..., 𝑢𝑁 of 𝑈 such that 𝑢1 = 𝑢. Then we can

write

𝜑 =
∑︁
𝑥∈𝑃𝑙,𝑘,

𝑖1,...,𝑖𝑘∈{1,...,𝑁}

𝛼𝑥,𝐼𝑥⊗ 𝑢𝑖1 ⊗ ...⊗ 𝑢𝑖𝑘

where 𝐼 denotes the sequence (𝑖1, ..., 𝑖𝑘) and 𝛼𝑥,𝐼 ∈ 𝑈*⊗𝑙.

Now assume 𝐹𝑢 ∘ 𝜑 = 0, i.e.

∑︁
1≤𝑠≤𝑘+1

∑︁
𝑥∈𝑃𝑙,𝑘,

𝑖1,...,𝑖𝑘∈{1,...,𝑁}

𝛼𝑥,𝐼𝑟𝑒𝑠
*
𝑠(𝑥)⊗ 𝑢𝑖1 ⊗ ...⊗ 𝑢𝑖𝑠−1 ⊗ 𝑢⊗ 𝑢𝑖𝑠 ⊗ ...⊗ 𝑢𝑖𝑘 = 0

So for any 𝑦 ∈ 𝑃𝑙,𝑘+1, and any sequence 𝐽 = (𝑗1, ..., 𝑗𝑘+1) (here 𝑗1, .., 𝑗𝑘+1 ∈ {1, ..., 𝑁}),

we have ∑︁
triples (𝑥,𝐼,𝑠):

1≤𝑠≤𝑘+1, 𝑟𝑒𝑠*𝑠(𝑥)=𝑦, 𝑗𝑠=1, 𝐼=(𝑗1,...,𝑗𝑠−1,𝑗𝑠+1,...,𝑗𝑘+1)

𝛼𝑥,𝐼 = 0

We will now show that this implies that 𝛼𝑥,𝐼 = 0 for any 𝑥 ∈ 𝑃𝑙,𝑘, 𝐼 =

(𝑖1, ..., 𝑖𝑘), 𝑖1, ..., 𝑖𝑘 ∈ {1, ..., 𝑁}, which will mean that 𝜑 = 0 and thus lead to a con-

tradiction.
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For our convenience, let us denote by 𝐼𝑛𝑠𝑠(𝐼) the sequence (𝑖1, ..., 𝑖𝑠−1, 1, 𝑖𝑠, ..., 𝑖𝑘) (1

inserted in the 𝑠-th place). We will also use the following notation:

∙ For 𝑥 ∈ 𝑃𝑙,𝑘, consider the longest sequence of consecutive solitary vertices in the

bottom row of the diagram of 𝑥 (if there are several such sequences of maximal

length, choose the first one).

Denote the length of this sequence by 𝑚(𝑥). Let 𝑗𝑥 be such that 𝑗𝑥 + 1 is the first

element of this sequence (if this sequence is empty, then put 𝑗𝑥 := 1).

So this sequence of solitary vertices in 𝑥 is {𝑗𝑥 + 1, 𝑗𝑥 + 2, ..., 𝑗𝑥 +𝑚(𝑥)}.

∙ Let 𝑥 ∈ 𝑃𝑙,𝑘, 𝐼 = (𝑖1, ..., 𝑖𝑘), 𝑖1, ..., 𝑖𝑘 ∈ {1, ..., 𝑁}. Consider the sequence

(𝑖𝑗𝑥+1, 𝑖𝑗𝑥+2, ..., 𝑖𝑗𝑥+𝑚(𝑥)) and inside it the longest segment of consecutive occurrences

of 1 (if there are several such segments of maximal length, choose the first one).

Denote the length of this segment by 𝑀(𝐼, 𝑥). Let 𝑗𝐼,𝑥 be such that 𝑗𝐼,𝑥 + 1 is the

position of the first element of this segment (if this segment is empty, i.e. 𝑀(𝐼, 𝑥) =

0, then put 𝑗𝐼,𝑥 := 𝑗𝑥).

We now rewrite the equality we obtained above: for any triple 𝑥, 𝐼, 𝑠 where 𝑥 ∈ 𝑃𝑙,𝑘,

𝐼 is a sequence of length 𝑘 with entries in {1, ..., 𝑁}, and 1 ≤ 𝑠 ≤ 𝑘 + 1, we have:

∑︁
triples (𝑥′,𝐼′,𝑠′):

1≤𝑠′≤𝑘+1, 𝑟𝑒𝑠*
𝑠′ (𝑥

′)=𝑟𝑒𝑠*𝑠(𝑥), 𝐼𝑛𝑠𝑠′ (𝐼
′)=𝐼𝑛𝑠𝑠(𝐼)

𝛼𝑥′,𝐼′ = 0

We will now use two-fold descending induction on the values 𝑚(𝑥),𝑀(𝐼, 𝑥) to prove that

𝛼𝑥,𝐼 = 0 for any 𝑥 ∈ 𝑃𝑙,𝑘, and any sequence 𝐼 of length 𝑘 with entries in {1, ..., 𝑁}.

Base: Let 𝑥, 𝐼 such that 𝑚(𝑥) = 𝑘,𝑀(𝐼, 𝑥) = 𝑘. Then the bottom row of 𝑥 consists

of solitary vertices, and 𝐼 consists only of 1’s. Now choose any 𝑠 ∈ {1, ..., 𝑘 + 1}. Then,

by definition, the bottom row of 𝑟𝑒𝑠*𝑠(𝑥) consists of solitary vertices, and 𝐼𝑛𝑠𝑠(𝐼) consists

only of 1’s.

Then for any triple (𝑥′, 𝐼 ′, 𝑠′) which satisfies 𝑟𝑒𝑠*𝑠′(𝑥
′) = 𝑟𝑒𝑠*𝑠(𝑥), 𝐼𝑛𝑠𝑠′(𝐼

′) = 𝐼𝑛𝑠𝑠(𝐼),

we will have 𝑥′ = 𝑥, 𝐼 ′ = 𝐼. The above equality then implies that 𝛼𝑥,𝐼 = 0.
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Step: Let 0 ≤ 𝑀,𝑚 ≤ 𝑘, and 𝑀 +𝑚 < 2𝑘. Assume 𝛼𝑥,𝐼 = 0 for any 𝑥, 𝐼 such that

either 𝑚(𝑥) > 𝑚, or 𝑚(𝑥) = 𝑚,𝑀(𝐼, 𝑥) > 𝑀 .

Let 𝑥, 𝐼 be such that 𝑚(𝑥) = 𝑚,𝑀(𝐼, 𝑥) =𝑀 . Set 𝑠 := 𝑗𝐼,𝑥 + 1.

All we have to do is prove the following Sublemma, and we are done.

Sublemma 5.2.2.2. Let (𝑥′, 𝐼 ′, 𝑠′) be a triple which satisfies 𝑟𝑒𝑠*𝑠′(𝑥
′) =

𝑟𝑒𝑠*𝑠(𝑥), 𝐼𝑛𝑠𝑠′(𝐼
′) = 𝐼𝑛𝑠𝑠(𝐼). Then one of the following statements holds:

∙ 𝑚(𝑥′) > 𝑚(𝑥),

∙ 𝑥′ = 𝑥,𝑀(𝐼 ′, 𝑥) > 𝑀(𝐼, 𝑥),

∙ 𝑥′ = 𝑥, 𝐼 ′ = 𝐼.

Proof. By definition, 𝑟𝑒𝑠*𝑠(𝑥) has a sequence of 𝑚(𝑥)+1 consecutive solitary vertices. We

assumed that 𝑟𝑒𝑠*𝑠′(𝑥
′) = 𝑟𝑒𝑠*𝑠(𝑥), so 𝑥

′ is obtained by removal of the 𝑠′-th vertex from

the bottom row of 𝑟𝑒𝑠*𝑠(𝑥). So either 𝑥′ has a sequence of 𝑚(𝑥) + 1 consecutive solitary

vertices, i.e. 𝑚(𝑥′) = 𝑚(𝑥) + 1, or we are removing one of the 𝑚(𝑥) + 1 consecutive

solitary vertices of 𝑟𝑒𝑠*𝑠(𝑥), which means that 𝑥′ = 𝑥.

Now, assume 𝑥′ = 𝑥, and use a similar argument for 𝐼, 𝐼 ′. By definition, the sequence

𝐼𝑛𝑠𝑠(𝐼) has a segment of 𝑀(𝐼, 𝑥) + 1 consecutive occurrences of 1. Again, we assumed

that 𝐼𝑛𝑠𝑠′(𝐼 ′) = 𝐼𝑛𝑠𝑠(𝐼), so 𝐼 ′ is obtained by removal of the 𝑠′-th element of the sequence

𝐼𝑛𝑠𝑠(𝐼). So either 𝐼 ′ has a segment of 𝑀(𝐼, 𝑥) + 1 consecutive occurrences of 1, i.e.

𝑀(𝐼 ′, 𝑥) =𝑀(𝐼, 𝑥) + 1, or 𝐼 ′ = 𝐼.

5.2.3 Proof of Lemma 4.3.0.23

Let 𝑉 ∼= C1 ⊕ 𝑈 be a split unital finite-dimensional vector space. We will use the same

notations as in Section 4.3.

The following two technical lemmas will be used to prove Lemma 4.3.0.23.
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Lemma 5.2.3.1. Let 𝑘 ∈ {0, ..., 𝑛 − 1}, {𝑗1 < 𝑗2 < ... < 𝑗𝑘} ⊂ {1, ..., 𝑛}, 𝑢 ∈ 𝑈 ,

𝑣𝑗1 , 𝑣𝑗2 , ..., 𝑣𝑗𝑘 ∈ 𝑈 , and let 𝑓𝑗1<𝑗2<...<𝑗𝑘 be the map {1, ..., 𝑘} → {1, ..., 𝑛} taking 𝑖 to 𝑗𝑖.

Then

𝑒𝑆𝑘+1

⎛⎜⎜⎜⎜⎜⎝
∑︁

1≤𝑙≤𝑘+1

∑︁
𝑔∈𝐼𝑛𝑗({1,...,𝑘+1},{1,...,𝑛}):

𝑔∘𝜄𝑙=𝑓𝑗1<𝑗2<...<𝑗𝑘
𝑔 monotone increasing

𝑢(𝑙).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗ 𝑔

⎞⎟⎟⎟⎟⎟⎠ =

=
1

(𝑘 + 1)!

∑︁
1≤𝑙≤𝑘+1

∑︁
𝜎∈𝑆𝑘

(𝑢(𝑙) ∘ 𝜎)(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗ (res*𝑙 ∘ 𝜎)(𝑓𝑗1<𝑗2<...<𝑗𝑘)

Proof. We rewrite both sides of the identity we want to prove: the left hand side becomes

1

(𝑘 + 1)!

∑︁
𝜎∈𝑆𝑘+1,
1≤𝑙≤𝑘+1

(𝜎 ∘ 𝑢(𝑙)).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗

⎛⎜⎜⎜⎜⎜⎝
∑︁

𝑔∈𝐼𝑛𝑗({1,...,𝑘+1},{1,...,𝑛}):
𝑔∘𝜄𝑙=𝑓𝑗1<𝑗2<...<𝑗𝑘

𝑔 monotone increasing

𝑔 ∘ 𝜎−1

⎞⎟⎟⎟⎟⎟⎠
and the right hand side becomes

1

(𝑘 + 1)!

∑︁
1≤𝑙′≤𝑘+1

∑︁
𝜎′∈𝑆𝑘

(𝑢(𝑙
′) ∘ 𝜎′).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗

⎛⎜⎜⎜⎝ ∑︁
𝑔′∈𝐼𝑛𝑗({1,...,𝑘+1},{1,...,𝑛}):
𝑔′∘𝜄𝑙′=𝑓𝑗1<𝑗2<...<𝑗𝑘

∘𝜎′−1

𝑔′

⎞⎟⎟⎟⎠

We now define the following map:

𝜇 : 𝑆𝑘+1 × {1, ..., 𝑘 + 1} −→ 𝑆𝑘 × {1, ..., 𝑘 + 1}

(𝜎, 𝑙) ↦→ (𝜌𝑙(𝜎), 𝜎(𝑙))

where 𝜌𝑙(𝜎) is defined in Lemma 5.2.1.2.

Then it is enough to check that for every (𝜎′, 𝑙′) ∈ 𝑆𝑘 × {1, ..., 𝑘 + 1}, the following
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identity holds:

∑︁
(𝜎,𝑙)∈𝜇−1(𝜎′,𝑙′)

(𝜎 ∘ 𝑢(𝑙)).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗

⎛⎜⎜⎜⎜⎜⎝
∑︁

𝑔∈𝐼𝑛𝑗({1,...,𝑘+1},{1,...,𝑛}):
𝑔∘𝜄𝑙=𝑓𝑗1<𝑗2<...<𝑗𝑘

𝑔 monotone increasing

𝑔 ∘ 𝜎−1

⎞⎟⎟⎟⎟⎟⎠ =

= (𝑢(𝑙
′) ∘ 𝜎′).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗

⎛⎜⎜⎜⎝ ∑︁
𝑔′∈𝐼𝑛𝑗({1,...,𝑘+1},{1,...,𝑛}):
𝑔′∘𝜄𝑙′=𝑓𝑗1<𝑗2<...<𝑗𝑘

∘𝜎′−1

𝑔′

⎞⎟⎟⎟⎠
From Lemma 5.2.1.2, we know that 𝜎 ∘ 𝑢(𝑙) = 𝑢(𝑙

′) ∘ 𝜎′ for any (𝜎, 𝑙) ∈ 𝜇−1(𝜎′, 𝑙′).

So we need to check that

∑︁
(𝜎,𝑙)∈𝜇−1(𝜎′,𝑙′)

∑︁
𝑔∈𝐼𝑛𝑗({1,...,𝑘+1},{1,...,𝑛}):

𝑔∘𝜄𝑙=𝑓𝑗1<𝑗2<...<𝑗𝑘
𝑔 monotone increasing

(𝑔 ∘ 𝜎−1) =
∑︁

𝑔′∈𝐼𝑛𝑗({1,...,𝑘+1},{1,...,𝑛}):
𝑔′∘𝜄𝑙′=𝑓𝑗1<𝑗2<...<𝑗𝑘

∘𝜎′−1

𝑔′

Notice that by definition of 𝜇, 𝜎 ∘ 𝜄𝑙 = 𝜄𝜎(𝑙) ∘ 𝜌𝑙(𝜎), i.e.

𝜎 ∘ 𝜄𝑙 = 𝜄𝑙′ ∘ 𝜎′

Thus for any monotone increasing map 𝑔 : {1, ..., 𝑘 + 1} → {1, ..., 𝑛} such that 𝑔 ∘ 𝜄𝑙 =

𝑓𝑗1<𝑗2<...<𝑗𝑘 , the map 𝑔′ := 𝑔 ∘𝜎−1 is an injective map {1, ..., 𝑘+1} → {1, ..., 𝑛} satisfying:

𝑔′ ∘ 𝜄𝑙′ = 𝑓𝑗1<𝑗2<...<𝑗𝑘 ∘ 𝜎′−1.

It remains to check that the summands in the left hand side are pairwise different and

that both sides have the same number of summands.

The first of these statements is proved as follows: let 𝑔1∘𝜎−1, 𝑔2∘𝜏−1 be two summands

in the left hand side. Assume they are equal. This means that 𝑔1, 𝑔2 have the same image,

and since they both are monotone increasing, we conclude that 𝑔1 = 𝑔2, which of course

means that 𝜎 = 𝜏 , and we are done.

The second statement is proved as follows: the number of summands in the right hand
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side is obviously 𝑛 − 𝑘. To show that this is also the number of summands in the left

hand side, we only need to check that the projection 𝑆𝑘+1×{1, ..., 𝑘+1} → {1, ..., 𝑘+1}

maps 𝜇−1(𝜎′, 𝑙′) bijectively to {1, ..., 𝑘 + 1}.

By the definition of 𝜇 and the construction described in Lemma 5.2.1.2, we see that

for every 𝑙 ∈ {1, ..., 𝑘+1}, we can (uniquely) reconstruct 𝜎 from the data (𝜎′, 𝑙′, 𝑙) so that

𝜇(𝜎, 𝑙) = (𝜎′, 𝑙′): we consider the diagram of 𝜎′ ∈ 𝑃𝑘,𝑘, insert a vertex in the 𝑙-th position

in the top row, a vertex in the 𝑙′-th position in the bottom row and an edge connecting

the two. The obtained diagram will be 𝜎. This completes the proof of the lemma.

Lemma 5.2.3.2. Let 𝑘 ∈ {0, ..., 𝑛 − 1}, {𝑗1 < 𝑗2 < ... < 𝑗𝑘+1} ⊂ {1, ..., 𝑛}, 𝜆 ∈ 𝑈*,

𝑣𝑗1 , 𝑣𝑗2 , ..., 𝑣𝑗𝑘+1
∈ 𝑈 , and let 𝑓𝑗1<𝑗2<...<𝑗𝑘+1

be the map {1, ..., 𝑘 + 1} → {1, ..., 𝑛} taking 𝑖

to 𝑗𝑖. Then

𝑒𝑆𝑘

(︃ ∑︁
1≤𝑙≤𝑘+1

𝜆(𝑙).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘+1
)⊗ res𝑙(𝑓𝑗1<𝑗2<...<𝑗𝑘+1

)

)︃
=

=
1

(𝑘 + 1)!

∑︁
1≤𝑙≤𝑘+1

∑︁
𝜎∈𝑆𝑘+1

(𝜆(𝑙) ∘ 𝜎)(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘+1
)⊗ (res𝑙 ∘ 𝜎)(𝑓𝑗1<𝑗2<...<𝑗𝑘+1

)

Proof. We rewrite the left hand of the identity we want to prove, and it becomes

1

𝑘!

∑︁
𝜎′∈𝑆𝑘,

1≤𝑙′≤𝑘+1

(𝜎′ ∘ 𝜆(𝑙′)).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘+1
)⊗ (𝜎′ ∘ res𝑙′) (𝑓𝑗1<𝑗2<...<𝑗𝑘+1

)

We use the definition of the map 𝜇 from the proof of Lemma 5.2.3.1, and define the

map

�̃� : 𝑆𝑘+1 × {1, ..., 𝑘 + 1} −→ 𝑆𝑘 × {1, ..., 𝑘 + 1}

(𝜎, 𝑙) ↦→ 𝜇(𝜎−1, 𝑙)
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Then it is enough to check that for every (𝜎′, 𝑙′) ∈ 𝑆𝑘 × {1, ..., 𝑘 + 1},

(𝜎′ ∘ 𝜆(𝑙′)).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘+1
)⊗ (𝜎′ ∘ res𝑙′) (𝑓𝑗1<𝑗2<...<𝑗𝑘+1

) =

=
1

𝑘 + 1

∑︁
(𝜎,𝑙)∈�̃�−1(𝜎′−1,𝑙′)

(𝜆(𝑙) ∘ 𝜎)(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘+1
)⊗ (res𝑙 ∘ 𝜎)(𝑓𝑗1<𝑗2<...<𝑗𝑘+1

)

By definition of �̃�, for every (𝜎, 𝑙) ∈ �̃�−1(𝜎′−1, 𝑙′), we have: 𝜇(𝜎−1, 𝑙) = (𝜎′−1, 𝑙′), which

means that 𝜎−1 ∘ 𝜄𝑙 = 𝜄𝑙′ ∘ 𝜎′−1 (see the proof of Lemma 5.2.3.1), and so

𝜎′ ∘ res𝑙′ = res𝑙 ∘ 𝜎

and similarly

𝜎′ ∘ 𝜆(𝑙′) = 𝜆(𝑙) ∘ 𝜎

Thus it only remains to check that the right hand side has 𝑘 + 1 summands, i.e. that

�̃�−1(𝜎′−1, 𝑙′) has 𝑘 + 1 elements. The latter can be easily deduced from the arguments in

the proof of Lemma 5.2.3.1.

Lemma 5.2.3.3. There is an isomorphism of gl(𝑉 )-modules

Φ : 𝑉 ⊗𝑛 ∼−→
⨁︁

𝑘=0,...,𝑛

(𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

where Φ(1⊗ 1⊗ ...⊗ 1) = 1 (lies in degree zero of the right hand side).

Moreover, this isomorphism is an isomorphism of C[𝑆𝑛]⊗C 𝒰(gl(𝑉 ))-modules.

Proof. Fix a dual basis vector 1* ∈ (C1)* such that 1*(1) = 1.

Given a subset 𝐽 = {𝑗1 < 𝑗2 < ... < 𝑗𝑘} ⊂ {1, ..., 𝑛}, let

𝑈⊗𝐽 = C1⊗𝑗1−1 ⊗ 𝑈 ⊗ C1⊗𝑗2−𝑗1−1 ⊗ 𝑈 ⊗ ...⊗ C1⊗𝑗𝑘−𝑗𝑘−1−1 ⊗ 𝑈 ⊗ C1⊗𝑛−𝑗𝑘

(that is, the factors 𝑗1, 𝑗2, etc. are 𝑈 , and the rest are C1). Then 𝑉 ⊗𝑛 =
⨁︀

𝐽⊂{1,..,𝑛} 𝑈
⊗𝐽 .
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Let

Φ𝐽 : 𝑈⊗{𝑗1<𝑗2<...<𝑗𝑘} −→ (𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

𝑣1 ⊗ ...⊗ 𝑣𝑛 ↦→ 𝑒𝑆𝑘
(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘 ⊗ 𝑓𝑗1<𝑗2<...<𝑗𝑘) ·

∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)

Here 𝑓 := 𝑓𝑗1<𝑗2<...<𝑗𝑘 ∈ 𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}) is given by 𝑓(𝑠) := 𝑗𝑠 and 𝑒𝑆𝑘
is the

projection

𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛})→ (𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

Finally, set the map

Φ : 𝑉 ⊗𝑛 =
⨁︁

𝐽⊂{1,..,𝑛}

𝑈𝐽 −→
⨁︁

𝑘=0,...,𝑛

(𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

to be
∑︀

𝐽⊂{1,..,𝑛}Φ𝐽 .

Notice that Φ(1⊗ 1⊗ ...⊗ 1) = Φ∅(1⊗ 1⊗ ...⊗ 1) = 1.

We claim that Φ is a map of gl(𝑉 )-modules. Again, we consider the decomposition

gl(𝑉 ) ∼= C Id𝑉 ⊕u−p ⊕ u+p ⊕ gl(𝑈)

∙ Id𝑉 acts by the scalar 𝑛 on both sides.

∙ Let 𝑢 ∈ 𝑈 ∼= u−p , and let 𝑣1 ⊗ ...⊗ 𝑣𝑛 ∈ 𝑈⊗{𝑗1<𝑗2<...<𝑗𝑘}

Then 𝑢 acts on 𝑉 ⊗𝑛 by operator 𝐹𝑢 which satisfies:

𝐹𝑢.(𝑣1 ⊗ ...⊗ 𝑣𝑛) =
∑︁
𝑖/∈𝐽

𝑣1 ⊗ ...⊗ 1
*(𝑣𝑖)𝑢⊗ ...⊗ 𝑣𝑛
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and thus

Φ(𝐹𝑢.(𝑣1⊗...⊗𝑣𝑛)) = 𝑒𝑆𝑘+1

⎛⎜⎜⎜⎜⎜⎝
∑︁

1≤𝑙≤𝑘+1

∑︁
𝑔∈𝐼𝑛𝑗({1,...,𝑘+1},{1,...,𝑛}):

𝑔∘𝜄𝑙=𝑓𝑗1<𝑗2<...<𝑗𝑘
𝑓(𝑙−1)<𝑔(𝑙)<𝑓(𝑙)

𝑢(𝑙).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗ 𝑔

⎞⎟⎟⎟⎟⎟⎠·
∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)

Here 𝜄𝑙 is the injection

{1, ..., 𝑘} →˓ {1, ..., 𝑘 + 1}, 𝑖 ↦→

⎧⎪⎨⎪⎩𝑖 if 𝑖 < 𝑙

𝑖+ 1 if 𝑖 ≥ 𝑙

Now,

𝐹𝑢.Φ(𝑣1 ⊗ ...⊗ 𝑣𝑛) = 𝐹𝑢.

(︃
𝑒𝑆𝑘

(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘 ⊗ 𝑓𝑗1<𝑗2<...<𝑗𝑘) ·
∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)

)︃
=

=
1

(𝑘 + 1)!

∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)

(︃ ∑︁
1≤𝑙≤𝑘+1

∑︁
𝜎∈𝑆𝑘

(𝑢(𝑙) ∘ 𝜎)(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗ (res*𝑙 ∘ 𝜎)(𝑓𝑗1<𝑗2<...<𝑗𝑘)

)︃

We now use Lemma 5.2.3.1 to conclude that Φ is a map of u−p -modules.

∙ Let 𝜆 ∈ 𝑈* ∼= u+p , 𝑘 ≥ 1, and 𝑣1 ⊗ ...⊗ 𝑣𝑛 ∈ 𝑈⊗{𝑗1<𝑗2<...<𝑗𝑘}.

Then 𝜆 acts on 𝑉 ⊗𝑛 by operator 𝐸𝜆 which satisfies:

𝐸𝜆.(𝑣1 ⊗ ...⊗ 𝑣𝑛) =
∑︁
𝑗∈𝐽

𝑣1 ⊗ ...⊗ 𝜆(𝑣𝑗)⊗ ...⊗ 𝑣𝑛

and thus

Φ(𝐸𝜆.(𝑣1⊗...⊗𝑣𝑛)) = 𝑒𝑆𝑘−1

(︃∑︁
1≤𝑙≤𝑘

𝜆(𝑙).(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗ res𝑙(𝑓𝑗1<𝑗2<...<𝑗𝑘)

)︃
·
∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)
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Now,

𝐸𝜆.Φ(𝑣1 ⊗ ...⊗ 𝑣𝑛) = 𝐸𝜆.

(︃
𝑒𝑆𝑘

(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘 ⊗ 𝑓𝑗1<𝑗2<...<𝑗𝑘) ·
∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)

)︃
=

=
1

𝑘!

∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)

(︃∑︁
1≤𝑙≤𝑘

∑︁
𝜎∈𝑆𝑘

(𝜆(𝑙) ∘ 𝜎)(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗ (res𝑙 ∘ 𝜎)(𝑓𝑗1<𝑗2<...<𝑗𝑘)

)︃

We now use Lemma 5.2.3.2 to conclude that Φ is a map of u+p -modules (note that the

action of 𝜆 on (𝑈⊗0 ⊗C)𝑆0 ∼= C is zero, as is on C1 ∼= 𝑈⊗∅). This Lemma is proved at

the end of this section.

∙ gl(𝑈) acts naturally on each summand 𝑈⊗{𝑗1<𝑗2<...<𝑗𝑘} on the left and on each summand

(𝑈⊗𝑘⊗C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘 on the right, and this action gives us isomorphisms

of gl(𝑈)-modules:

Φ𝐽 : 𝑈⊗{𝑗1<𝑗2<...<𝑗𝑘} → 𝑈⊗𝑘 ⊗ C𝑓𝑗1<𝑗2<...<𝑗𝑘

and

⨁︁
{𝑗1<𝑗2<...<𝑗𝑘}⊂{1,...,𝑛}

𝑈⊗𝑘 ⊗ C𝑓𝑗1<𝑗2<...<𝑗𝑘 ∼= (𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

Note that the last argument also shows that Φ is an isomorphism.

It remains to check that Φ is also a morphism of 𝑆𝑛-modules. Fix 𝑘 ∈ {0, ..., 𝑛}. It is

enough to check that

⨁︁
𝐽⊂{1,...,𝑛},

|𝐽 |=𝑘

Φ𝐽 :
⨁︁

𝐽⊂{1,...,𝑛},
|𝐽 |=𝑘

𝑈⊗{𝑗1<𝑗2<...<𝑗𝑘} −→ (𝑈⊗𝑘 ⊗ C𝐼𝑛𝑗({1, ..., 𝑘}, {1, ..., 𝑛}))𝑆𝑘

𝑣1 ⊗ ...⊗ 𝑣𝑛 ↦→ 𝑒𝑆𝑘
(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘 ⊗ 𝑓𝑗1<𝑗2<...<𝑗𝑘) ·

∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)

is a morphism of 𝑆𝑛-modules (here 𝐽 = {𝑗1 < 𝑗2 < ... < 𝑗𝑘}).
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Fix 𝜎 ∈ 𝑆𝑛, and fix 𝐽 = {𝑗1 < 𝑗2 < ... < 𝑗𝑘} ⊂ {1, ..., 𝑛}. Let 𝜏 ∈ 𝑆𝑘 be such that

𝜎(𝑗𝜏−1(1)), 𝜎(𝑗𝜏−1(2)), ..., 𝜎(𝑗𝜏−1(𝑘)) is a monotone increasing sequence. We will denote this

sequence by 𝜎(𝐽).

We have:

𝜎(Φ𝐽(𝑣1 ⊗ ...⊗ 𝑣𝑛)) = 𝑒𝑆𝑘
(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘 ⊗ (𝜎 ∘ 𝑓𝑗1<𝑗2<...<𝑗𝑘)) ·

∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)

On the other hand,

Φ𝜎(𝐽)(𝜎(𝑣1 ⊗ ...⊗ 𝑣𝑛)) = Φ𝜎(𝐽)(𝑣𝜎−1(1) ⊗ ...⊗ 𝑣𝜎−1(𝑛)) =

= 𝑒𝑆𝑘

(︁
𝑣𝑗𝜏−1(1)

⊗ 𝑣𝑗𝜏−1(2)
⊗ ...⊗ 𝑣𝑗𝜏−1(𝑘)

⊗ 𝑓𝑗𝜎(𝜏−1(1))<𝜎(𝑗𝜏−1(2))<...<𝜎(𝑗𝜏−1(𝑘))

)︁
·
∏︁
𝑖/∈𝐽

1
*(𝑣𝑖) =

= 𝑒𝑆𝑘

(︀
𝜏.(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘)⊗ (𝜎 ∘ 𝑓𝑗1<𝑗2<...<𝑗𝑘 ∘ 𝜏−1)

)︀
·
∏︁
𝑖/∈𝐽

1
*(𝑣𝑖) =

= 𝑒𝑆𝑘
(𝑣𝑗1 ⊗ 𝑣𝑗2 ⊗ ...⊗ 𝑣𝑗𝑘 ⊗ (𝜎 ∘ 𝑓𝑗1<𝑗2<...<𝑗𝑘)) ·

∏︁
𝑖/∈𝐽

1
*(𝑣𝑖)

Thus

𝜎 ∘

⎛⎝ ⨁︁
𝐽⊂{1,...,𝑛},|𝐽 |=𝑘

Φ𝐽

⎞⎠ =

⎛⎝ ⨁︁
𝐽⊂{1,...,𝑛},|𝐽 |=𝑘

Φ𝐽

⎞⎠ ∘ 𝜎
and we are done.
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Chapter 6

Restricted inverse limits of categories

6.1 Overview of restricted inverse limits

In this chapter, we discuss the notion of an inverse limit of an inverse sequence of categories

and functors.

Given a system of categories 𝒞𝑖 (with 𝑖 running through the set Z+) and functors

ℱ𝑖−1,𝑖 : 𝒞𝑖 → 𝒞𝑖−1 for each 𝑖 ≥ 1, we define the inverse limit category lim←−𝑖∈Z+
𝒞𝑖 to be the

following category:

∙ The objects are pairs ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1) where 𝐶𝑖 ∈ 𝒞𝑖 for each 𝑖 ∈ Z+ and

𝜑𝑖−1,𝑖 : ℱ𝑖−1,𝑖(𝐶𝑖)
∼→ 𝐶𝑖−1 for any 𝑖 ≥ 1.

∙ A morphism 𝑓 between two objects ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1), ({𝐷𝑖}𝑖∈Z+ , {𝜓𝑖−1,𝑖}𝑖≥1) is

a set of arrows {𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+ satisfying some compatability conditions.

This category is an inverse limit of the system ((𝒞𝑖)𝑖∈Z+ , (ℱ𝑖−1,𝑖)𝑖≥1) in the (2, 1)-

category of categories with functors and natural isomorphisms. It is easily seen (see

Section 6.2) that if the original categories 𝒞𝑖 were pre-additive (resp. additive, abelian),

and the functors ℱ𝑖−1,𝑖 were linear (resp. additive, exact), then the inverse limit is again

pre-additive (resp. additive, abelian).

One can also show that if the original categories 𝒞𝑖 were monoidal (resp. symmetric
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monoidal, rigid symmetric monoidal) categories, and the functors ℱ𝑖−1,𝑖 were, monoidal

(resp. symmetric monoidal functors), then the inverse limit is again a monoidal (resp.

symmetric monoidal, rigid symmetric monoidal) category.

6.1.1 Motivating example: rings

We now consider the motivating example.

First of all, consider the inverse system of rings of symmetric polynomials

...→ Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 → Z[𝑥1, ..., 𝑥𝑛−1]
𝑆𝑛−1 → ...→ Z[𝑥1]→ Z

with the homomorphisms given by 𝑝(𝑥1, ..., 𝑥𝑛) ↦→ 𝑝(𝑥1, ..., 𝑥𝑛−1, 0).

We also consider the ring ΛZ of symmetric functions in infinitely many variables. This

ring is defined as follows: first, consider the ring Z[𝑥1, 𝑥2, ...]∪𝑛≥0𝑆𝑛 of all power series with

integer coefficients in infinitely many indeterminates 𝑥1, 𝑥2, ... which are invariant under

any permutation of indeterminates. The ring ΛZ is defined to be the subring of all the

power series such that the degrees of all its monomials are bounded.

We would like to describe the ring ΛZ as an inverse limit of the former inverse system.

1-st approach: The following construction is described in [Macd, Chapter I]. Take the inverse limit

lim←−𝑛≥0
Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 (this is, of course, a ring, isomorphic to Z[𝑥1, 𝑥2, ...]∪𝑛≥0𝑆𝑛),

and consider only those elements (𝑝𝑛)𝑛≥0 for which 𝑑𝑒𝑔(𝑝𝑛) is a bounded sequence.

These elements form a subring of lim←−𝑛≥0
Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 which is isomorphic to the

ring of symmetric functions in infinitely many variables.

2-nd approach: Note that the notion of degree gives a Z+-grading on each ring Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 , and

on the ring ΛZ. The morphisms Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 → Z[𝑥1, ..., 𝑥𝑛−1]
𝑆𝑛−1 respect this

grading; furthermore, they do not send to zero any polynomial of degree 𝑛 − 1 or

less, so they define an isomorphism between the 𝑖-th grades of Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 and

Z[𝑥1, ..., 𝑥𝑛−1]
𝑆𝑛−1 for any 𝑖 < 𝑛. One can then see that ΛZ is an inverse limit of
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the rings Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 in the category of Z+-graded rings, and its 𝑛-th grade is

isomorphic to the 𝑛-th grade of Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 .

6.1.2 Motivating example: categories

We now move on to the categorical version of the same result.

Let 𝐺𝐿𝑛(C) (denoted by 𝐺𝐿𝑛 for short) be the general linear group over C. We have

an inclusion 𝐺𝐿𝑛 ⊂ 𝐺𝐿𝑛+1 with the matrix 𝐴 ∈ 𝐺𝐿𝑛 corresponding to a block matrix

𝐴′ ∈ 𝐺𝐿𝑛+1 which has 𝐴 as the upper left 𝑛 × 𝑛-block, and 1 in the lower right corner

(the rest of the entries are zero). One can consider a similar inclusion of Lie algebras

gl𝑛 ⊂ gl𝑛+1.

Next, we consider the polynomial representations of the algebraic group 𝐺𝐿𝑛 (alter-

natively, the Lie algebra gl𝑛): these are the representations 𝜌 : 𝐺𝐿𝑛 → Aut(𝑉 ) which

can be extended to an algebraic map 𝑀𝑎𝑡𝑛×𝑛(C) → End(𝑉 ). These representations are

direct summands of finite sums of tensor powers of the tautological representation C𝑛 of

𝐺𝐿𝑛.

The category of polynomial representations of 𝐺𝐿𝑛, denoted by 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, is a

semisimple symmetric monoidal category, with simple objects indexed by integer par-

titions with at most 𝑛 parts. The Grothendieck ring of this category is isomorphic to

Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 .

We also have functors

Res𝑛−1,𝑛 = (·)𝐸𝑛,𝑛 : 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 → 𝑅𝑒𝑝(gl𝑛−1)𝑝𝑜𝑙𝑦

On the Grothendieck rings, these functors induce the homomorphisms

Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 → Z[𝑥1, ..., 𝑥𝑛−1]
𝑆𝑛−1 𝑝(𝑥1, ..., 𝑥𝑛) ↦→ 𝑝(𝑥1, ..., 𝑥𝑛−1, 0)

discussed above.

Finally, we consider the infinite-dimensional group 𝐺𝐿∞ =
⋃︀
𝑛≥0𝐺𝐿𝑛, and its Lie
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algebra gl∞ =
⋃︀
𝑛≥0 gl𝑛. The category of polynomial representations of this group (resp.

Lie algebra) is denoted by 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦, and it is the free Karoubian symmetric monoidal

category generated by one object (the tautological representation C∞ of 𝐺𝐿∞). It is also

known that this category is equivalent to the category of strict polynomial functors of

finite degree (c.f. [HY]), it is semisimple, and its Grothendieck ring is isomorphic to the

ring ΛZ.

The category 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 possesses symmetric monoidal functors

Γ𝑛 : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 → 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

with the tautological representation of gl∞ being sent to tautological representation of gl𝑛.

These functors are compatible with the functors Res𝑛−1,𝑛 (i.e. Γ𝑛−1
∼= Res𝑛−1,𝑛 ∘Γ𝑛), and

the functor Γ𝑛 induces the homomorphism

ΛZ → Z[𝑥1, ..., 𝑥𝑛]𝑆𝑛 𝑝(𝑥1, ..., 𝑥𝑛, 𝑥𝑛+1, ...) ↦→ 𝑝(𝑥1, ..., 𝑥𝑛, 0, 0, ...)

This gives us a fully faithful functor Γlim : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 → lim←−𝑛≥0
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦.

Finding a description of the image of the functor Γlim inspires the following two frame-

works for “special” inverse limits, which turn out to be useful in other cases as well.

6.1.3 Restricted inverse limit of categories

To define the restricted inverse limit, we work with categories 𝒞𝑖 which are finite-length

categories; namely, abelian categories where each object has a (finite) Jordan-Holder

filtration. We require that the functors ℱ𝑖−1,𝑖 be “shortening”: this means that these are

exact functors such that given an object 𝐶 ∈ 𝒞𝑖, we have

ℓ𝒞𝑖−1
(ℱ𝑖−1,𝑖(𝐶)) ≤ ℓ𝒞𝑖(𝐶)

In that case, it makes sense to consider the full subcategory of lim←−𝑖∈Z+
𝒞𝑖 whose objects
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are of the form ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1), with {ℓ𝒞𝑛(𝐶𝑛)}𝑛≥0 being a bounded sequence (the

condition on the functors implies that this sequence is weakly increasing).

This subcategory will be called the “restricted” inverse limit of categories 𝒞𝑖 and will be

denoted by lim←−𝑖∈Z+, restr
𝒞𝑖. It is the inverse limit of the categories 𝒞𝑖 in the (2, 1)-category

of finite-length categories and shortening functors.

Considering the restricted inverse limit of the categories 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, we obtain a

functor

Γlim : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 → lim←−
𝑛≥0, restr

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

It is easy to see that Γlim is an equivalence. Note that in terms of Grothendieck rings,

this construction corresponds to the first approach described in Subsection 6.1.1.

6.1.4 Inverse limit of categories with filtrations

Another construction of the inverse limit is as follows: let 𝐾 be a filtered poset, and

assume that our categories 𝒞𝑖 have a 𝐾-filtration on objects; that is, we assume that

for each 𝑘 ∈ 𝐾, there is a full subcategory 𝐹𝑖𝑙𝑘(𝒞𝑖), and the functors ℱ𝑖−1,𝑖 respect this

filtration (note that if we consider abelian categories and exact functors, we should require

that the subcategories be Serre subcategories).

We can then define a full subcategory lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 of lim←−𝑖∈Z+
𝒞𝑖 whose objects are

of the form ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1) such that there exists 𝑘 ∈ 𝐾 for which 𝐶𝑖 ∈ 𝐹𝑖𝑙𝑘(𝒞𝑖)

for any 𝑖 ≥ 0.

The category lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 is automatically a category with a 𝐾-filtration on ob-

jects. It is the inverse limit of the categories 𝒞𝑖 in the (2, 1)-category of categories with

𝐾-filtrations on objects, and functors respecting these filtrations.

Remark 6.1.4.1. A more general way to describe this setting would be the following.

Assume that for each 𝑖, the category 𝒞𝑖 is a direct limit of a system

(︁
(𝒞𝑘𝑖 )𝑘∈Z+ ,

(︁
𝒢𝑘−1,𝑘
𝑖 : 𝒞𝑘−1

𝑖 → 𝒞𝑘𝑖
)︁)︁
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Furthermore, assume that the functors ℱ𝑖−1,𝑖 induce functors ℱ𝑘𝑖−1,𝑖 : 𝒞𝑘𝑖−1 → 𝒞𝑘𝑖 for any

𝑘 ∈ Z+, and that the latter are compatible with the functors 𝒢𝑘−1,𝑘
𝑖 . One can then define

the category

lim−→
𝑘∈𝐾

lim←−
𝑖∈Z+

𝒞𝑘𝑖

which will be the “directed” inverse limit of the system. When 𝒞𝑘𝑖 := 𝐹𝑖𝑙𝑘(𝒞𝑖) and 𝒢𝑘−1,𝑘
𝑖

are inclusion functors, the directed inverse limit coincides with lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖.

All the statements in this thesis concerning inverse limits of categories with filtrations

can be translated to the language of directed inverse limits.

Considering appropriate Z+-filtrations on the objects of the categories 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦,

we obtain a functor

Γlim : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 → lim←−
𝑛≥0,Z+−𝑓𝑖𝑙𝑡𝑟

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

One can show that this is an equivalence. Note that in terms of Grothendieck rings, this

construction corresponds to the second approach described in Subsection 6.1.1 (in fact,

in this particular case one can use a grading instead of a filtration; however, this is not

the case in Chapter 7).

These two “special” inverse limits may coincide, as it happens in the case of the cat-

egories 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, and in Chapter 7. We give a sufficient condition for this to happen.

In such case, each approach has its own advantages.

The restricted inverse limit approach does not involve defining additional structures

on the categories, and shows that the constructed inverse limit category does not depend

on the choice of filtration, as long as the filtration satisfies some relatively mild conditions.

Yet the object-filtered inverse limit approach is sometimes more convenient to work

with, as it happens in Chapter 7.
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6.2 Inverse limits of categories

In this section we discuss the notion of an inverse limit of categories, based on [WW,

Definition 1], [S, Section 5]. This is the inverse limit in the (2, 1)-category of categories

with functors and natural isomorphisms.

6.2.1 Definition of inverse limits of categories

Consider the partially ordered set (Z+,≤). We consider the following data (“system”):

1. Categories 𝒞𝑖 for each 𝑖 ∈ Z+.

2. Functors ℱ𝑖−1,𝑖 : 𝒞𝑖 → 𝒞𝑖−1 for each 𝑖 ≥ 1.

Definition 6.2.1.1. Given the above data, we define the inverse limit category lim←−𝑖∈Z+
𝒞𝑖

to be the following category:

∙ The objects are pairs ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1) where 𝐶𝑖 ∈ 𝒞𝑖 for each 𝑖 ∈ Z+ and

𝜑𝑖−1,𝑖 : ℱ𝑖−1,𝑖(𝐶𝑖)
∼→ 𝐶𝑖−1 for any 𝑖 ≥ 1.

∙ A morphism 𝑓 between two objects ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1), ({𝐷𝑖}𝑖∈Z+ , {𝜓𝑖−1,𝑖}𝑖≥1) is

a set of arrows {𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+ such that for any 𝑖 ≥ 1, the following diagram is

commutative:
ℱ𝑖−1,𝑖(𝐶𝑖)

𝜑𝑖−1,𝑖−−−→ 𝐶𝑖−1

ℱ𝑖−1,𝑖(𝑓𝑖)

⎮⎮⌄ 𝑓𝑖−1

⎮⎮⌄
ℱ𝑖−1,𝑖(𝐷𝑖)

𝜓𝑖−1,𝑖−−−→ 𝐷𝑖−1

Composition of morphisms is component-wise.

The definition of lim←−𝑖∈Z+
𝒞𝑖 implies that for each 𝑖 ∈ Z+, we can define functors

Pr𝑖 : lim←−
𝑖∈Z+

𝒞𝑖 → 𝒞𝑖

𝐶 = ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1)) ↦→ 𝐶𝑖

𝑓 = {𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+ ↦→ 𝑓𝑖
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which satisfy the following property (this property follows directly from the definition of

lim←−𝑖∈Z+
𝒞𝑖):

Lemma 6.2.1.2. For any 𝑖 ≥ 1, ℱ𝑖−1,𝑖 ∘Pr𝑖 ∼= Pr𝑖−1, with a natural isomorphism given

by:

(ℱ𝑖−1,𝑖 ∘Pr𝑖)(𝐶)
𝜑𝑖−1,𝑖→ Pr𝑖−1(𝐶)

(here 𝐶 = ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1))).

Let 𝒜 be a category, together with a set of functors 𝒢𝑖 : 𝒜 → 𝒞𝑖 which satisfy: for any

𝑖 ≥ 1, there exists a natural isomorphism

𝜂𝑖−1,𝑖 : ℱ𝑖−1,𝑖 ∘ 𝒢𝑖 → 𝒢𝑖−1

Then lim←−𝑖∈Z+
𝒞𝑖 is universal among such categories; that is, we have a functor

𝒢 : 𝒜 → lim←−
𝑖∈Z+

𝒞𝑖

𝐴 ↦→ ({𝒢𝑖(𝐴)}𝑖∈Z+ , {𝜂𝑖−1,𝑖}𝑖≥1)

(𝑓 : 𝐴1 → 𝐴2) ↦→ {𝑓𝑖 := 𝒢𝑖(𝑓)}𝑖∈Z+

and 𝒢𝑖 ∼= Pr𝑖 ∘ 𝒢 for every 𝑖 ∈ Z+.

Finally, we give the following simple lemma:

Lemma 6.2.1.3. Let 𝑁 ∈ Z+, and assume that for any 𝑖 ≥ 𝑁 , ℱ𝑖−1,𝑖 is an equivalence.

Then Pr𝑖 : lim←−𝑗∈Z+
𝒞𝑗 → 𝒞𝑖 is an equivalence for any 𝑖 ≥ 𝑁 .

Proof. Set ℱ𝑖𝑗 := ℱ𝑖,𝑖+1 ∘ ... ∘ ℱ𝑗−1,𝑗 for any 𝑖 ≤ 𝑗 (in particular, ℱ𝑖𝑖 := Id𝒞𝑖).

Fix 𝑖 ≥ 𝑁 . Let 𝑗 ≥ 𝑖; then ℱ𝑖𝑗 is an equivalence, i.e. we can find a functor

𝒢𝑗 : 𝒞𝑖 → 𝒞𝑗

such that ℱ𝑖𝑗 ∘ 𝒢𝑗 ∼= Id𝒞𝑖 , and 𝒢𝑗 ∘ ℱ𝑖𝑗 ∼= Id𝒞𝑗 (for 𝑗 := 𝑖, we put 𝒢𝑖 := Id𝒞𝑖).
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For any 𝑗 > 𝑖, fix natural transformations

𝜂𝑗−1,𝑗 : ℱ𝑗−1,𝑗 ∘ 𝒢𝑗
∼→ 𝒢𝑗−1

For any 𝑗 ≤ 𝑖, put 𝒢𝑗 := ℱ𝑗𝑖, and 𝜂𝑗−1,𝑗 := Id.

Then the universal property of lim←−𝑗∈Z+
𝒞𝑗 implies that there exists a functor

𝒢 : 𝒞𝑖 → lim←−
𝑗∈Z+

𝒞𝑗

such that Pr𝑗 ∘ 𝒢 ∼= 𝒢𝑗 for any 𝑗. The functor 𝒢 is given by

𝒢 : 𝒞𝑖 → lim←−
𝑗∈Z+

𝒞𝑗

𝐶 ↦→ ({𝒢𝑗(𝐶)}𝑗∈Z+ , {𝜂𝑗−1,𝑗}𝑗≥1)

𝑓 : 𝐶 → 𝐶 ′ ↦→ {𝑓𝑗 := 𝒢𝑗(𝑓)}𝑗∈Z+

In particular, we have: Pr𝑖 ∘ 𝒢 ∼= Id𝒞𝑖 . It remains to show that 𝒢 ∘Pr𝑖 ∼= Idlim←−𝑗∈Z+
𝒞𝑗 ,

and this will prove that Pr𝑖 is an equivalence of categories.

For any 𝐶 ∈ lim←−𝑗∈Z+
𝒞𝑗, 𝐶 := ({𝐶𝑗}𝑗∈Z+ , {𝜑𝑗−1,𝑗}𝑗≥1), and for any 𝑙 ≤ 𝑗 we define

isomorphisms 𝜑𝑙𝑗 : ℱ𝑙𝑗(𝐶𝑗)→ 𝐶𝑙 given by

𝜑𝑙𝑗 := 𝜑𝑙,𝑙+1 ∘ ℱ𝑙,𝑙+1(𝜑𝑙+1,𝑙+2 ∘ ℱ𝑙+1,𝑙+2(𝜑𝑙+2,𝑙+3 ∘ ... ∘ ℱ𝑗−2,𝑗−1(𝜑𝑗−1,𝑗)...))

Define 𝜃(𝐶) := {𝜃(𝐶)𝑗 : 𝐶𝑗 → Pr𝑗(𝒢(𝐶𝑖)) ∼= 𝒢𝑗(𝐶𝑖)}𝑗∈𝐼 by setting

𝜃(𝐶)𝑗 :=

⎧⎪⎨⎪⎩𝜑
−1
𝑗𝑖 if 𝑗 ≤ 𝑖

𝒢𝑗(𝜑𝑖𝑗) if 𝑗 > 𝑖

Now, let 𝐶 := ({𝐶𝑗}𝑗∈Z+ , {𝜑𝑗−1,𝑗}𝑗≥1), 𝐷 := ({𝐷𝑗}𝑗∈Z+ , {𝜓𝑗−1,𝑗}𝑗≥1) be objects in

lim←−𝑗∈Z+
𝒞𝑗, together with a morphism 𝑓 : 𝐶 → 𝐷, 𝑓 := {𝑓𝑗 : 𝐶𝑗 → 𝐷𝑗}𝑗∈Z+ .
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Then the diagram

𝐶
𝜃(𝐶)−−−→ (𝒢 ∘Pr𝑖)(𝐶)

𝑓

⎮⎮⌄ (𝒢∘Pr𝑖)(𝑓)

⎮⎮⌄
𝐷

𝜃(𝐷)−−−→ (𝒢 ∘Pr𝑖)(𝐷)

is commutative, since for 𝑗 ≤ 𝑖, the diagrams

𝐶𝑗
𝜑−1
𝑗𝑖−−−→ Pr𝑗(𝒢(𝐶𝑖)) ∼= 𝒢𝑗(𝐶𝑖)

𝑓𝑗

⎮⎮⌄ 𝒢𝑗(𝑓𝑖)

⎮⎮⌄
𝐷𝑗

𝜓−1
𝑗𝑖−−−→ Pr𝑗(𝒢(𝐷𝑖)) ∼= 𝒢𝑗(𝐷𝑖)

are commutative, and for 𝑗 > 𝑖, the diagrams

𝐶𝑗
𝒢𝑗(𝜑𝑖𝑗)−−−−→ Pr𝑗(𝒢(𝐶𝑖)) ∼= 𝒢𝑗(𝐶𝑖)

𝑓𝑗

⎮⎮⌄ 𝒢𝑗(𝑓𝑖)

⎮⎮⌄
𝐷𝑗

𝒢𝑗(𝜓𝑖𝑗)−−−−→ Pr𝑗(𝒢(𝐷𝑖)) ∼= 𝒢𝑗(𝐷𝑖)

are commutative.

6.2.2 Inverse limits of pre-additive, additive and abelian cate-

gories

In this subsection, we give some more or less trivial properties of the inverse limit corre-

sponding to the system ((𝒞𝑖)𝑖∈Z+ , (ℱ𝑖−1,𝑖)𝑖≥1) depending on the properties of the categories

𝒞𝑖 and the functors ℱ𝑖−1,𝑖.

Lemma 6.2.2.1. Assume the categories 𝒞𝑖 are C-linear pre-additive categories (i.e. the

Hom-spaces in each 𝒞𝑖 are complex vector spaces), and the functors ℱ𝑖−1,𝑖 are C-linear.

Then the category lim←−𝑖∈Z+
𝒞𝑖 is automatically a C-linear pre-additive category:

given 𝑓, 𝑔 : 𝐶 → 𝐷 in lim←−𝑖∈Z+
𝒞𝑖, where 𝐶 = ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1), 𝐷 =
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({𝐷𝑖}𝑖∈Z+ , {𝜓𝑖−1,𝑖}𝑖≥1), 𝑓 = {𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+ , 𝑔 = {𝑔𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+, we have:

𝛼𝑓 + 𝛽𝑔 := {(𝛼𝑓𝑖 + 𝛽𝑔𝑖) : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+

where 𝛼, 𝛽 ∈ C.

The functors Pr𝑖 are then C-linear.

Lemma 6.2.2.2. Assume the categories 𝒞𝑖 are additive categories (i.e. each 𝒞𝑖 is pre-

additive and has biproducts), and the functors ℱ𝑖−1,𝑖 are additive. Then the category

lim←−𝑖∈Z+
𝒞𝑖 is automatically a additive category:

∙ The zero object in lim←−𝑖∈Z+
𝒞𝑖 is ({0𝒞𝑖}𝑖∈Z+ , {0}𝑖≥1).

∙ Given 𝐶,𝐷 in lim←−𝑖∈Z+
𝒞𝑖, where 𝐶 = ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1), 𝐷 =

({𝐷𝑖}𝑖∈Z+ , {𝜓𝑖−1,𝑖}𝑖≥1), we have:

𝐶 ⊕𝐷 := ({(𝐶𝑖 ⊕𝐷𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖 ⊕ 𝜓𝑖−1,𝑖}𝑖≥1)

with obvious inclusion and projection maps.

The functors Pr𝑖 are then additive.

Proof. Let 𝑋, 𝑌 ∈ lim←−𝑖∈Z+
𝒞𝑖, 𝑋 = ({𝑋𝑖}𝑖∈Z+ , {𝜇𝑖−1,𝑖}𝑖≥1), 𝑌 = ({𝑌𝑖}𝑖∈Z+ , {𝜌𝑖−1,𝑖}𝑖≥1),

and let 𝑓𝐶 : 𝑋 → 𝐶, 𝑓𝐷 : 𝑋 → 𝐷, 𝑔𝐶 : 𝐶 → 𝑌 , 𝑔𝐷 : 𝐷 → 𝑌 (we denote the components

of the map 𝑓𝐶 by 𝑓𝐶𝑖
, of the map 𝑓𝐷 by 𝑓𝐷𝑖

, etc.).

Denote by 𝜄𝐶𝑖
, 𝜄𝐷𝑖

, 𝜋𝐶𝑖
, 𝜋𝐷𝑖

the inclusion and projection maps between 𝐶𝑖, 𝐷𝑖 and 𝐶𝑖⊕

𝐷𝑖. By definition, 𝜄𝐶 := {𝜄𝐶𝑖
}𝑖∈Z+ , 𝜄𝐷 := {𝜄𝐷𝑖

}𝑖∈Z+ , 𝜋𝐶 := {𝜋𝐶𝑖
}𝑖∈Z+ , 𝜋𝐷 := {𝜋𝐷𝑖

}𝑖∈Z+ are

the inclusion and projection maps between 𝐶,𝐷 and 𝐶 ⊕𝐷.

For each 𝑖, there exists a unique map 𝑓𝑖 : 𝑋𝑖 → 𝐶𝑖 ⊕ 𝐷𝑖 and a unique map 𝑔𝑖 :

𝐶𝑖 ⊕𝐷𝑖 → 𝑌𝑖 such that

𝜋𝐶𝑖
∘ 𝑓𝑖 = 𝑓𝐶𝑖

, 𝜋𝐷𝑖
∘ 𝑓𝑖 = 𝑓𝐷𝑖

, 𝑔𝑖 ∘ 𝜄𝐶𝑖
= 𝑔𝐶𝑖

, 𝑔𝑖 ∘ 𝜄𝐷𝑖
= 𝑔𝐷𝑖
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for any 𝑖 ∈ Z+.

This means that we have a unique map 𝑓 : 𝑋 → 𝐶⊕𝐷 and a unique map 𝑔 : 𝐶⊕𝐷 →

𝑌 such that

𝜋𝐶 ∘ 𝑓 = 𝑓𝐶 , 𝜋𝐷 ∘ 𝑓 = 𝑓𝐷, 𝑔 ∘ 𝜄𝐶 = 𝑔𝐶 , 𝑔 ∘ 𝜄𝐷 = 𝑔𝐷

(these are the maps 𝑓 = {𝑓𝑖}𝑖, 𝑔 = {𝑔𝑖}𝑖).

Lemma 6.2.2.3. Let 𝑓 : 𝐶 → 𝐷 in lim←−𝑖∈Z+
𝒞𝑖, where 𝐶 = ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1), 𝐷 =

({𝐷𝑖}𝑖∈Z+ , {𝜓𝑖−1,𝑖}𝑖≥1), 𝑓 = {𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+.

Assume 𝑓𝑖 are isomorphisms for each 𝑖. Then 𝑓 is an isomorphism.

Proof. Let 𝑔𝑖 := 𝑓−1
𝑖 for each 𝑖 ∈ Z+ (this morphism exists since 𝑓𝑖 is an isomorphism,

and is unique). All we need is to show that 𝑔 := {𝑔𝑖 : 𝐷𝑖 → 𝐶𝑖}𝑖 is a morphism from 𝐷

to 𝐶 in lim←−𝑖∈Z+
𝒞𝑖, i.e. that the following diagram is commutative for any 𝑖 ≥ 1:

ℱ𝑖−1,𝑖(𝐶𝑖)
𝜑𝑖−1,𝑖−−−→ 𝐶𝑖−1

ℱ𝑖−1,𝑖(𝑔𝑖)

⌃⎮⎮ 𝑔𝑖−1

⌃⎮⎮
ℱ𝑖−1,𝑖(𝐷𝑖)

𝜓𝑖−1,𝑖−−−→ 𝐷𝑖−1

The morphism 𝑔𝑖−1 ∘ 𝜓𝑖−1,𝑖 is inverse to 𝜓
−1
𝑖−1,𝑖 ∘ 𝑓𝑖−1, and 𝜑𝑖−1,𝑖 ∘ ℱ𝑖−1,𝑖(𝑔𝑗𝑖) is inverse to

ℱ𝑖−1,𝑖(𝑓𝑖) ∘ 𝜑−1
𝑖−1,𝑖.

But 𝜓−1
𝑖−1,𝑖 ∘ 𝑓𝑖−1 = ℱ𝑖−1,𝑖(𝑓𝑖) ∘ 𝜑−1

𝑖−1,𝑖, since 𝑓 = {𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+ is a morphism

from 𝐶 to 𝐷 in lim←−𝑖∈Z+
𝒞𝑖. The uniqueness of the inverse morphism then implies that

𝑔𝑖−1 ∘ 𝜓𝑖−1,𝑖 = 𝜑𝑖−1,𝑖 ∘ ℱ𝑖−1,𝑖(𝑔𝑖), and we are done.

Proposition 6.2.2.4. Assume the categories 𝒞𝑖 are abelian, and the functors ℱ𝑖−1,𝑖 are

exact. Then the category lim←−𝑖∈Z+
𝒞𝑖 is automatically abelian:

∙ Given 𝑓 : 𝐶 → 𝐷 in lim←−𝑖∈Z+
𝒞𝑖, where 𝐶 = ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1), 𝐷 =

({𝐷𝑖}𝑖∈Z+ , {𝜓𝑖−1,𝑖}𝑖≥1), 𝑓 = {𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+, 𝑓 has a kernel and a cokernel:

𝐾𝑒𝑟(𝑓) := ({𝐾𝑒𝑟(𝑓𝑖)}𝑖∈Z+ , {𝜌𝑖−1,𝑖}𝑖≥1), 𝐶𝑜𝑘𝑒𝑟(𝑓) := ({𝐶𝑜𝑘𝑒𝑟(𝑓𝑖)}𝑖∈Z+ , {𝜇𝑖−1,𝑖}𝑖≥1)

152



where 𝜌𝑖−1,𝑖, 𝜇𝑖−1,𝑖 are the unique maps making the following diagram commutative:

𝐾𝑒𝑟(ℱ𝑖−1,𝑖(𝑓𝑖)) ∼= ℱ𝑖−1,𝑖(𝐾𝑒𝑟(𝑓𝑖))
𝜌𝑖−1,𝑖−−−→ 𝐾𝑒𝑟(𝑓𝑖−1)⎮⎮⌄ ⎮⎮⌄

ℱ𝑖−1,𝑖(𝐶𝑖)
𝜑𝑖−1,𝑖−−−→ 𝐶𝑖−1

ℱ𝑖𝑗(𝑓𝑖)

⎮⎮⌄ 𝑓𝑖−1

⎮⎮⌄
ℱ𝑖−1,𝑖(𝐷𝑖)

𝜓𝑖−1,𝑖−−−→ 𝐷𝑖−1⎮⎮⌄ ⎮⎮⌄
𝐶𝑜𝑘𝑒𝑟(ℱ𝑖−1,𝑖(𝑓𝑖)) ∼= ℱ𝑖−1,𝑖(𝐶𝑜𝑘𝑒𝑟(𝑓𝑖))

𝜇𝑖−1,𝑖−−−→ 𝐶𝑜𝑘𝑒𝑟(𝑓𝑖−1)

∙ Given 𝑓 : 𝐶 → 𝐷 in lim←−𝑖∈Z+
𝒞𝑖, we have: 𝐼𝑚(𝑓) := 𝐾𝑒𝑟(𝐶𝑜𝑘𝑒𝑟(𝑓)) ∼=

𝐶𝑜𝑘𝑒𝑟(𝐾𝑒𝑟(𝑓)) =: 𝐶𝑜𝑖𝑚(𝑓).

Proof. The universal properties of𝐾𝑒𝑟(𝑓), 𝐶𝑜𝑘𝑒𝑟(𝑓) hold automatically, as a consequence

of the universal properties of 𝐾𝑒𝑟(𝑓𝑖), 𝐶𝑜𝑘𝑒𝑟(𝑓𝑖).

Now, let 𝑓 : 𝐶 → 𝐷 in lim←−𝑖∈Z+
𝒞𝑖, where 𝐶 = ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1), 𝐷 =

({𝐷𝑖}𝑖∈Z+ , {𝜓𝑖−1,𝑖}𝑖≥1), 𝑓 = {𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖}𝑖∈Z+ .

Consider the objects 𝐼𝑚(𝑓) := 𝐾𝑒𝑟(𝐶𝑜𝑘𝑒𝑟(𝑓)), 𝐶𝑜𝑖𝑚(𝑓) := 𝐶𝑜𝑘𝑒𝑟(𝐾𝑒𝑟(𝑓)) in

lim←−𝑖∈Z+
𝒞𝑖. We have a canonical map 𝑓 : 𝐶𝑜𝑖𝑚(𝑓) → 𝐼𝑚(𝑓), such that 𝑓 : 𝐶 → 𝐷

is the composition

𝐶 � 𝐶𝑜𝑖𝑚(𝑓)
𝑓−→ 𝐼𝑚(𝑓) →˓ 𝐷

Consider the maps 𝑓𝑖 for each 𝑖 ∈ Z+, where 𝑓𝑖 is the canonical map such that

𝑓𝑖 : 𝐶𝑖 → 𝐷𝑖 is the composition

𝐶𝑖 � 𝐶𝑜𝑖𝑚(𝑓𝑖)
𝑓𝑖−→ 𝐼𝑚(𝑓𝑖) →˓ 𝐷𝑖

One then immediately sees that 𝑓 = {𝑓𝑖 : 𝐶𝑜𝑖𝑚(𝑓𝑖)→ 𝐼𝑚(𝑓𝑖)}𝑖.

Since the category 𝒞𝑖 is abelian for each 𝑖 ∈ Z+, the map 𝑓𝑖 is an isomorphism. Lemma

6.2.2.3 then implies that 𝑓 is an isomorphism as well.
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The following is a trivial corollary of the previous proposition:

Corollary 6.2.2.5. The functors Pr𝑖 are exact.

This corollary, in turn, immediately implies the following statement:

Corollary 6.2.2.6. Let (𝒞𝑖,ℱ𝑖𝑗) be a system of pre-additive (respectively, additive,

abelian) categories, and linear (respectively, additive, exact) functors.

Let 𝒜 be a pre-additive (respectively, additive, abelian) category, together with a set

of linear (respectively, additive, exact) functors 𝒢𝑖 : 𝒜 → 𝒞𝑖 which satisfy: for any 𝑖 ≥ 1,

there exists a natural isomorphism

𝜂𝑖−1,𝑖 : ℱ𝑖−1,𝑖 ∘ 𝒢𝑖 → 𝒢𝑖−1

Then lim←−𝑖∈Z+
𝒞𝑖 is universal among such categories; that is, we have a linear (respec-

tively, additive, exact) functor

𝒢 : 𝒜 → lim←−
𝑖∈Z+

𝒞𝑖

𝐴 ↦→ ({𝒢𝑖(𝐴)}𝑖∈Z+ , {𝜂𝑖−1,𝑖}𝑖∈Z+)

𝑓 : 𝐴1 → 𝐴2 ↦→ {𝑓𝑖 := 𝒢𝑖(𝑓)}𝑖∈Z+

and 𝒢𝑖 ∼= Pr𝑖 ∘ 𝒢 for every 𝑖 ∈ Z+.

6.3 Restricted inverse limit of finite-length categories

We consider the case when the categories 𝒞𝑖 are finite-length. We would like to give a

notion of an inverse limit of the system ((𝒞𝑖)𝑖∈Z+ , (ℱ𝑖−1,𝑖)𝑖≥1) which would be a finite-length

category as well. In order to do this, we will define the notion of a “shortening” functor,

and define a “stable” inverse limit of a system of finite-length categories and shortening

functors.
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Definition 6.3.0.7. Let 𝒜1,𝒜2 be finite-length categories. An exact functor ℱ : 𝒜1 −→

𝒜2 will be called shortening if for any object 𝐴 ∈ 𝒜1, we have:

ℓ𝒜1(𝐴) ≥ ℓ𝒜2(ℱ(𝐴))

Since ℱ is exact, this is equivalent to requiring that for any simple object 𝐿 ∈ 𝒜1, the

object ℱ(𝐿) is either simple or zero.

Definition 6.3.0.8. Let ((𝒞𝑖)𝑖∈Z+ , (ℱ𝑖−1,𝑖)𝑖≥1) be a system of finite-length categories and

shortening functors. We will denote by lim←−𝑖∈Z+, restr
𝒞𝑖 the full subcategory of lim←−𝑖∈Z+

𝒞𝑖
whose objects 𝐶 := ({𝐶𝑗}𝑗∈Z+ , {𝜑𝑗−1,𝑗}𝑗≥1) satisfy: the integer sequence {ℓ𝒞𝑖(𝐶𝑖)}𝑖≥0

stabilizes.

Note that the since the functors ℱ𝑖−1,𝑖 are shortening, the sequence {ℓ𝒞𝑖(𝐶𝑖)}𝑖≥0 is

weakly increasing. Therefor, this sequence stabilizes iff it is bounded from above.

We now show that lim←−𝑖∈Z+, restr
𝒞𝑖 is a finite-length category.

Lemma 6.3.0.9. The category 𝒞 := lim←−𝑖∈Z+, restr
𝒞𝑖 is a Serre subcategory of lim←−𝑖∈Z+

𝒞𝑖,

and its objects have finite length.

Moreover, given an object 𝐶 := ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1) in 𝒞, we have:

ℓ𝒞(𝐶) ≤ max{ℓ𝒞𝑖(𝐶𝑖)|𝑖 ≥ 0}

Proof. Let

𝐶 := ({𝐶𝑗}𝑗∈Z+ , {𝜑𝑗−1,𝑗}𝑗≥1), 𝐶
′ := ({𝐶 ′

𝑗}𝑗∈Z+ , {𝜑′
𝑗−1,𝑗}𝑗≥1), 𝐶

′′ := ({𝐶 ′′
𝑗 }𝑗∈Z+ , {𝜑′′

𝑗−1,𝑗}𝑗≥1)

be objects in lim←−𝑖∈Z+
𝒞𝑖, together with morphisms 𝑓 : 𝐶 ′ → 𝐶, 𝑔 : 𝐶 → 𝐶 ′′ such that the

sequence

0→ 𝐶 ′ 𝑓−→ 𝐶
𝑔−→ 𝐶 ′′ → 0

is exact.
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If 𝐶 lies in the subcategory 𝒞, then the sequence {ℓ𝒞𝑖(𝐶𝑖)}𝑖≥0 is bounded from above,

and stabilizes. Denote its maximum by 𝑁 . For each 𝑖, the sequence

0→ 𝐶 ′
𝑖

𝑓𝑖−→ 𝐶𝑖
𝑔−→ 𝐶 ′′

𝑖 → 0

is exact. Therefore, ℓ𝒞𝑖(𝐶
′
𝑖), ℓ𝒞𝑖(𝐶

′′
𝑖 ) ≤ 𝑁 for each 𝑖, and thus 𝐶 ′, 𝐶 ′′ lie in 𝒞 as well.

Vice versa, assuming 𝐶 ′, 𝐶 ′′ lie in 𝒞, denote by 𝑁 ′, 𝑁 ′′ the maximums of the sequences

{ℓ𝒞𝑖(𝐶 ′
𝑖)}𝑖, {ℓ𝒞𝑖(𝐶 ′′

𝑖 )}𝑖 respectively. Then ℓ𝒞𝑖(𝐶𝑖) ≤ 𝑁 ′ + 𝑁 ′′ for any 𝑖 ≥ 0, and so 𝐶 lies

in the subcategory 𝒞 as well.

Thus 𝒞 is a Serre subcategory of lim←−𝑖∈Z+
𝒞𝑖.

Next, let 𝐶 lie in 𝒞. We would like to say that 𝐶 has finite length. Denote by 𝑁

the maximum of the sequence {ℓ𝒞𝑖(𝐶𝑖)}𝑖≥0. It is easy to see that 𝐶 has length at most

𝑁 ; indeed, if {𝐶 ′, 𝐶 ′′, ..., 𝐶(𝑛)} is a subset of 𝐽𝐻𝒞(𝐶), then for some 𝑖 >> 0, we have:

Pr𝑖(𝐶
(𝑘)) ̸= 0 for any 𝑘 = 1, 2, ..., 𝑛. Pr𝑖(𝐶

(𝑘)) are distinct Jordan Holder components of

𝐶𝑖, so 𝑛 ≤ ℓ𝒞𝑖(𝐶𝑖) ≤ 𝑁 . In particular, we see that

ℓ𝒞(𝐶) ≤ 𝑁 = max{ℓ𝒞𝑖(𝐶𝑖)|𝑖 ≥ 0}

Notation 6.3.0.10. Denote by 𝐼𝑟𝑟(𝒞𝑖) the set of isomorphism classes of irreducible objects

in 𝒞𝑖, and define the pointed set

𝐼𝑟𝑟*(𝒞𝑖) := 𝐼𝑟𝑟(𝒞𝑖) ⊔ {0}

The shortening functors ℱ𝑖−1,𝑖 then define maps of pointed sets

𝑓𝑖−1,𝑖 : 𝐼𝑟𝑟*(𝒞𝑖) −→ 𝐼𝑟𝑟*(𝒞𝑖−1)

Similarly, we define 𝐼𝑟𝑟
(︁
lim←−𝑖∈Z+, restr

𝒞
)︁
to be the set of isomorphism classes of irre-
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ducible objects in 𝒞, and define the pointed set

𝐼𝑟𝑟*(𝒞) := 𝐼𝑟𝑟(𝒞) ⊔ {0}

Let 𝐶 := ({𝐶𝑗}𝑗∈Z+ , {𝜑𝑗−1,𝑗}𝑗≥1) be an object in 𝒞. We denote by 𝐽𝐻(𝐶𝑗) the multiset

of the Jordan-Holder components of 𝐶𝑗, and let

𝐽𝐻*(𝐶𝑗) := 𝐽𝐻(𝐶𝑗) ⊔ {0}

The corresponding set lies in 𝐼𝑟𝑟*(𝒞𝑗), and we have maps of (pointed) multisets

𝑓𝑗−1,𝑗 : 𝐽𝐻*(𝐶𝑗)→ 𝐽𝐻*(𝐶𝑗−1)

Denote by lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖) the inverse limit of the system ({𝐼𝑟𝑟*(𝒞𝑖}𝑖≥0, {𝑓𝑖−1,𝑖}𝑖≥1).

We will also denote by 𝑝𝑟𝑗 : lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖)→ 𝐼𝑟𝑟*(𝒞𝑗) the projection maps.

The elements of the set lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖) are just sequences (𝐿𝑖)𝑖≥0 such that 𝐿𝑖 ∈

𝐼𝑟𝑟*(𝒞𝑖), and 𝑓𝑖−1,𝑖(𝐿𝑖) ∼= 𝐿𝑖−1.

The following lemma describes the simple objects in the category 𝒞 := lim←−𝑖∈Z+, restr
𝒞𝑖.

Lemma 6.3.0.11. Let 𝐶 := ({𝐶𝑗}𝑗∈Z+ , {𝜑𝑗−1,𝑗}𝑗≥1) be an object in 𝒞 := lim←−𝑖∈Z+, restr
𝒞𝑖.

Then

𝐶 ∈ 𝐼𝑟𝑟*(𝒞) ⇐⇒ Pr𝑗(𝐶) = 𝐶𝑗 ∈ 𝐼𝑟𝑟*(𝒞𝑗) ∀𝑗

In other words, 𝐶 is a simple object (that is, 𝐶 has exactly two distinct subobjects:

zero and itself) iff 𝐶 ̸= 0, and for any 𝑗 ≥ 0, the component 𝐶𝑗 is either a simple object

in 𝒞𝑗, or zero.

Proof. The direction ⇐ is obvious, so we will only prove the direction ⇒.

Let 𝑛0 be a position in which the maximum of the weakly-increasing integer sequence

{ℓ𝒞𝑖(𝐶𝑖)}𝑖≥0 is obtained. By definition of 𝑛0, for 𝑗 > 𝑛0, the functors ℱ𝑗−1,𝑗 do not kill

any Jordan-Holder components of 𝐶𝑗.
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Now, consider the socles of the objects 𝐶𝑗 for 𝑗 ≥ 𝑛0. For any 𝑗 > 0, we have:

ℱ𝑗−1,𝑗( 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗) )
𝜑𝑗−1,𝑗→˓ 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗−1)

and thus for 𝑗 > 𝑛0, we have

ℓ𝒞𝑗( 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗) ) = ℓ𝒞𝑗−1
(ℱ𝑗−1,𝑗( 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗) )) ≤ ℓ𝒞𝑗−1

( 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗−1) )

Thus the sequence

{ℓ𝒞𝑗( 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗) )}𝑗≥𝑛0

is a weakly decreasing sequence, and stabilizes. Denote its stable value by 𝑁 . We conclude

that there exists 𝑛1 ≥ 𝑛0 so that

ℱ𝑗−1,𝑗( 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗) )
𝜑𝑗−1,𝑗−→ 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗−1)

is an isomorphism for every 𝑗 > 𝑛1.

Now, denote:

𝐷𝑗 :=

⎧⎪⎨⎪⎩ℱ𝑗,𝑛1( 𝑠𝑜𝑐𝑙𝑒(𝐶𝑛1) ) if 𝑗 < 𝑛1

𝑠𝑜𝑐𝑙𝑒(𝐶𝑗) if 𝑗 ≥ 𝑛1

and we put: 𝐷 := ((𝐷𝑗)𝑗≥0, (𝜑𝑗−1,𝑗)𝑗≥1) (this is a subobject of 𝐶 in the category

lim←−𝑖∈Z+
𝒞𝑖). Of course, ℓ𝒞𝑗(𝐷𝑗) ≤ 𝑁 for any 𝑗, so 𝐷 is an object in the full subcate-

gory 𝒞 of lim←−𝑖∈Z+
𝒞𝑖.

Furthermore, since 𝐶 ̸= 0, we have: for 𝑗 >> 0, 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗) ̸= 0, and thus 0 ̸= 𝐷 ⊂ 𝐶.

𝐷 is a semisimple object 𝒞, with simple summands corresponding to the elements of

the inverse limit of the multisets lim←−𝑗∈Z+
𝐽𝐻*(𝐷𝑗).

We conclude that 𝐷 = 𝐶, and that 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗) = 𝐶𝑗 has length at most one for any

𝑗 ≥ 0.

Remark 6.3.0.12. Note that the latter multiset is equivalent to the inverse limit of multisets
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𝐽𝐻*( 𝑠𝑜𝑐𝑙𝑒(𝐶𝑗) ), so 𝐷 is, in fact, the socle of 𝐶.

Corollary 6.3.0.13. The set of isomorphism classes of simple objects in lim←−𝑖∈Z+, restr
𝒞𝑖

is in bijection with the set lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖) ∖ {0}. That is, we have a natural bijection

𝐼𝑟𝑟*(𝒞) ∼= lim←−
𝑖∈Z+

𝐼𝑟𝑟*(𝒞𝑖)

In particular, given an object 𝐶 := ({𝐶𝑗}𝑗∈Z+ , {𝜑𝑗−1,𝑗}𝑗≥1) in lim←−𝑖∈Z+, restr
𝒞𝑖, we have:

𝐽𝐻*(𝐶) = lim←−𝑖∈Z+
𝐽𝐻*(𝐶𝑖) (an inverse limit of the system of multisets 𝐽𝐻*(𝐶𝑗) and maps

𝑓𝑗−1,𝑗).

It is now obvious that the projection functors Pr𝑖 are shortening as well:

Corollary 6.3.0.14. The projection functors Pr𝑖 are shortening, and define the maps

𝑝𝑟𝑖 : 𝐼𝑟𝑟*(𝒞) −→ 𝐼𝑟𝑟*(𝒞𝑖)

Lemma 6.3.0.9 and Corollary 6.3.0.14 give us:

Corollary 6.3.0.15. Given an object 𝐶 := ({𝐶𝑖}𝑖∈Z+ , {𝜑𝑖−1,𝑖}𝑖≥1) in 𝒞, we have:

ℓ𝒞(𝐶) = max{ℓ𝒞𝑖(𝐶𝑖)|𝑖 ≥ 0}

It is now easy to see that the restricted inverse limit has the following universal prop-

erty:

Proposition 6.3.0.16. Let 𝒜 be a finite-length category, together with a set of shortening

functors 𝒢𝑖 : 𝒜 → 𝒞𝑖 which satisfy: for any 𝑖 ≥ 1, there exists a natural isomorphism

𝜂𝑖−1,𝑖 : ℱ𝑖−1,𝑖 ∘ 𝒢𝑖 → 𝒢𝑖−1

Then lim←−𝑖∈Z+, restr
𝒞𝑖 is universal among such categories; that is, we have a shortening
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functor

𝒢 : 𝒜 → lim←−
𝑖∈Z+, restr

𝒞𝑖

𝐴 ↦→ ({𝒢𝑖(𝐴)}𝑖∈Z+ , {𝜂𝑖−1,𝑖}𝑖≥1)

𝑓 : 𝐴1 → 𝐴2 ↦→ {𝑓𝑖 := 𝒢𝑖(𝑓)}𝑖∈Z+

and 𝒢𝑖 ∼= Pr𝑖 ∘ 𝒢 for every 𝑖 ∈ Z+.

Proof. Consider the functor 𝒢 : 𝒜 → lim←−𝑖∈Z+
𝒞𝑖 induced by the functors 𝒢𝑖. We would

like to say that for any 𝐴 ∈ 𝒜, the object 𝒢(𝐴) lies in the subcategory lim←−𝑖∈Z+, restr
𝒞𝑖, i.e.

that the sequence {ℓ𝒞𝑖(𝒢𝑖(𝐴))}𝑖 is bounded from above.

Indeed, since 𝒢𝑖 are shortening functors, we have: ℓ𝒞𝑖(𝒢𝑖(𝐴)) ≤ ℓ𝒜(𝐴). Thus the

sequence {ℓ𝒞𝑖(𝒢𝑖(𝐴))}𝑖 is bounded from above by ℓ𝒜(𝐴).

Now, using Corollary 6.3.0.15, we obtain:

ℓ𝒞(𝒢(𝐴)) = max
𝑖≥0
{ℓ𝒞𝑖(𝒢𝑖(𝐴))} ≤ ℓ𝒜(𝐴)

and we conclude that 𝒢 is a shortening functor.

6.4 Inverse limit of categories with a filtration

We now consider the case when the categories 𝒞𝑖 have a filtration on the objects (we will

call these “filtered categories”), and the functors ℱ𝑖−1,𝑖 respect this filtration. We will then

define a subcategory of the category lim←−𝑖∈Z+
𝒞𝑖 which will be denoted by lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖

and will be called the “inverse limit of filtered categories 𝒞𝑖”.

Fix a directed partially ordered set (𝐾,≤) (“directed”, means that for any 𝑘1, 𝑘2 ∈ 𝐾,

there exists 𝑘 ∈ 𝐾 such that 𝑘1, 𝑘2 ≤ 𝑘).

Definition 6.4.0.17 (𝐾-filtered categories). We say that a category 𝒜 is a 𝐾-filtered

category if for each 𝑘 ∈ 𝐾 we have a full subcategory 𝒜𝑘 of 𝒜, and these subcategories
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satisfy the following conditions:

1. 𝒜𝑘 ⊂ 𝒜𝑙 whenever 𝑘 ≤ 𝑙.

2. 𝒜 is the union of 𝒜𝑘, 𝑘 ∈ 𝐾: that is, for any 𝐴 ∈ 𝒜, there exists 𝑘 ∈ 𝐾 such that

𝐴 ∈ 𝒜𝑘.

A functor ℱ : 𝒜1 → 𝒜2 between 𝐾-filtered categories 𝒜1,𝒜2 is called a 𝐾-filtered

functor if for any 𝑘 ∈ 𝐾, ℱ(𝒜𝑘1) is a subcategory of 𝒜𝑘2.

Remark 6.4.0.18. Let ℱ : 𝒜1 → 𝒜2 be a 𝐾-filtered functor between 𝐾-filtered categories

𝒜1,𝒜2. Assume the restriction of ℱ to each filtration component 𝑘 is an equivalence of

categories 𝒜𝑘1 → 𝒜𝑘2. Then ℱ is obviously an equivalence of (𝐾-filtered) categories.

Remark 6.4.0.19. The definition of a 𝐾-filtration on the objects of a category 𝒜 clearly

makes 𝒜 a direct limit of the subcategories 𝒜𝑘.

Definition 6.4.0.20. We say that the system ((𝒞𝑖)𝑖∈Z+ , (ℱ𝑖−1,𝑖)𝑖≥1) is 𝐾-filtered if for

each 𝑖 ∈ Z+, 𝒞𝑖 is a category with a 𝐾-filtration, and the functors ℱ𝑖−1,𝑖 are 𝐾-filtered

functors.

Definition 6.4.0.21. Let ((𝒞𝑖)𝑖∈Z+ , (ℱ𝑖−1,𝑖)𝑖≥1) be a 𝐾-filtered system. We define the

inverse limit of this Z+-filtered system (denoted by lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖) to be the full sub-

category of lim←−𝑖∈Z+
𝒞𝑖 whose objects 𝐶 satisfy: there exists 𝑘𝐶 ∈ 𝐾 such thatPr𝑖(𝐶) ∈ 𝒞𝑘𝐶𝑖

for any 𝑖 ∈ Z+.

The following lemma is obvious:

Lemma 6.4.0.22. The category lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 is automatically 𝐾-filtered: the fil-

tration component 𝐹𝑖𝑙𝑘(lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖) can be defined to be the full subcategory of

lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 of objects 𝐶 such that Pr𝑖(𝐶) ∈ 𝒞𝑘𝑖 for any 𝑖 ∈ Z+.

This also makes the functors Pr𝑖 : lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 → 𝒞𝑖 𝐾-filtered functors.
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Remark 6.4.0.23. Note that by definition, for any 𝑘 ∈ 𝐾

𝐹𝑖𝑙𝑘

(︃
lim←−

𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟
𝒞𝑖

)︃
∼= lim←−

𝑖∈Z+

𝒞𝑘𝑖

where the inverse limit is taken over the system ((𝒞𝑘𝑖 )𝑖∈Z+ , (ℱ𝑖−1,𝑖|𝒞𝑘
𝑖
)𝑖≥1). Thus

lim←−
𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟

𝒞𝑖 := lim−→
𝑘∈𝐾

lim←−
𝑖∈Z+

𝒞𝑘𝑖

Lemma 6.4.0.24. Let ((𝒞𝑖)𝑖∈Z+ , (ℱ𝑖−1,𝑖)𝑖≥1) be a 𝐾-filtered system.

1. Assume the categories 𝒞𝑖 are additive, the functors ℱ𝑖−1,𝑖 are additive, and for any

𝑘 ∈ 𝐾, 𝒞𝑘𝑖 is an additive subcategory of 𝒞𝑖.

Then the category lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 is an additive subcategory of lim←−𝑖∈Z+
𝒞𝑖, and all

its filtration components are additive subcategories.

2. Assume the categories 𝒞𝑖 are abelian, the functors ℱ𝑖−1,𝑖 are exact, and for any

𝑘 ∈ 𝐾, 𝒞𝑘𝑖 is a Serre subcategory of 𝒞𝑖.

Then the category lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 is abelian (and a Serre subcategory of lim←−𝑖∈Z+
𝒞𝑖),

and all its filtration components are Serre subcategories.

Proof. To prove the first part of the statement, we only need to check that

𝐹𝑖𝑙𝑘(lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖) is an additive subcategory of lim←−𝑖∈Z+
𝒞𝑖. This follows directly

from the construction of direct sums in lim←−𝑖∈Z+
𝒞𝑖: let 𝐶,𝐷 ∈ 𝐹𝑖𝑙𝑘(lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖) ⊂

lim←−𝑖∈Z+
𝒞𝑖. Then Pr𝑖(𝐶) ∈ 𝒞𝑘𝑖 , Pr𝑖(𝐷) ∈ 𝒞𝑘𝑖 for any 𝑖 ∈ Z+. Since 𝒞𝑘𝑖 is an additive

subcategory of 𝒞𝑖, we get: Pr𝑖(𝐶 ⊕ 𝐷) ∈ 𝒞𝑘𝑖 for any 𝑖 ∈ Z+ (the direct sum 𝐶 ⊕ 𝐷 is

taken in lim←−𝑖∈Z+
𝒞𝑖).

Thus lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 is an additive subcategory of lim←−𝑖∈Z+
𝒞𝑖, and all its filtration

components are additive subcategories as well.

To prove the second part of the statement, it is again enough to check that

𝐹𝑖𝑙𝑘(lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖) is a Serre subcategory of lim←−𝑖∈Z+
𝒞𝑖.
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Indeed, let

0→ 𝐶 ′ → 𝐶 → 𝐶 ′′ → 0

be a short exact sequence in lim←−𝑖∈Z+
𝒞𝑖. We want to show that 𝐶 ∈ 𝐹𝑖𝑙𝑘(lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖)

iff 𝐶 ′, 𝐶 ′′ ∈ 𝐹𝑖𝑙𝑘(lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖).

The functors Pr𝑖 are exact, so the sequence

0→ 𝐶 ′
𝑖 → 𝐶𝑖 → 𝐶 ′′

𝑖 → 0

is exact for any 𝑖 ∈ Z+.

Since 𝒞𝑘𝑖 is a Serre subcategory of 𝒞𝑖, we have: 𝐶𝑖 ∈ 𝒞𝑘𝑖 iff 𝐶 ′
𝑖, 𝐶

′′
𝑖 ∈ 𝒞𝑘𝑖 , and we are

done.

We now have the following universal property, whose proof is straight-forward:

Proposition 6.4.0.25. Let ((𝒞𝑖)𝑖∈Z+ , (ℱ𝑖−1,𝑖)𝑖≥1) be a 𝐾-filtered system, and let 𝒜 be a

category with a 𝐾-filtration, together with a set of 𝐾-filtered functors 𝒢𝑖 : 𝒜 → 𝒞𝑖 which

satisfy: for any 𝑖 ≥ 1, there exists a natural isomorphism

𝜂𝑖−1,𝑖 : ℱ𝑖−1,𝑖 ∘ 𝒢𝑖 → 𝒢𝑖−1

Then lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 is universal among such categories; that is, we have a functor

𝒢 : 𝒜 → lim←−
𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟

𝒞𝑖

𝐴 ↦→ ({𝒢𝑖(𝐴)}𝑖∈Z+ , {𝜂𝑖−1,𝑖}𝑖≥1)

𝑓 : 𝐴1 → 𝐴2 ↦→ {𝑓𝑖 := 𝒢𝑖(𝑓)}𝑖∈Z+

which is obviously 𝐾-filtered, and satisfies: 𝒢𝑖 ∼= Pr𝑖 ∘ 𝒢 for every 𝑖 ∈ Z+.

Next, consider the case when𝒜, {𝒢𝑖}𝑖∈Z+ satisfy the following “stabilization” condition:
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Condition 6.4.0.26. For every 𝑘 ∈ 𝐾, there exists 𝑖𝑘 ∈ Z+ such that 𝒢𝑗 : 𝒜𝑘 → 𝒞𝑘𝑗 is

an equivalence of categories for any 𝑗 ≥ 𝑖𝑘.

In this setting, the following proposition holds:

Proposition 6.4.0.27. The functor 𝒢 : 𝒜 → lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 is an equivalence of (𝐾-

filtered) categories.

Proof. To prove that 𝒢 is an equivalence of (𝐾-filtered) categories, we neeed to show that

𝒢 : 𝒜𝑘 → 𝐹𝑖𝑙𝑘

(︃
lim←−

𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟
𝒞𝑖

)︃

is an equivalence of categories for any 𝑘 ∈ 𝐾. Recall that

𝐹𝑖𝑙𝑘

(︃
lim←−

𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟
𝒞𝑖

)︃
∼= lim←−

𝑖∈Z+

𝒞𝑘𝑖

By Condition 6.4.0.26, for any 𝑖 > 𝑖𝑘 we have a commutative diagram where all arrows

are equivalences:

𝒜𝑘 𝒢𝑖 //

𝒢𝑖𝑘
��

𝒞𝑘𝑖

ℱ𝑖−1,𝑖~~
𝒞𝑘𝑖−1

By Lemma 6.2.1.3, we then have: Pr𝑖 : lim←−𝑖∈Z+
𝒞𝑘𝑖 −→ 𝒞𝑘𝑖 is an equivalence of categories for

any 𝑖 > 𝑖𝑘, and thus 𝒢 : 𝒜𝑘 → 𝐹𝑖𝑙𝑘

(︁
lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖

)︁
is an equivalence of categories.

6.5 Restricted inverse limit and inverse limit of cate-

gories with a 𝐾-filtration

Let ((𝒞𝑖)𝑖∈Z+ , (ℱ𝑖−1,𝑖)𝑖≥1) be a system of finite-length categories with 𝐾-filtrations and

shortening 𝐾-filtered functors, whose the filtration components are Serre subcategories.
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We would like to give a sufficient condition on the 𝐾-filtration for the inverse limit of

𝐾-filtered categories to coincide with the restricted inverse limit of these categories.

Recall that since the functors ℱ𝑖−1,𝑖 are shortening, we have maps

𝑓𝑖−1,𝑖 : 𝐼𝑟𝑟*(𝒞𝑖) −→ 𝐼𝑟𝑟*(𝒞𝑖−1)

and we can consider the inverse limit lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖) of the sequence of sets 𝐼𝑟𝑟*(𝒞𝑖) and

maps 𝑓𝑖−1,𝑖; we will denote by 𝑝𝑟𝑗 : lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖)→ 𝐼𝑟𝑟*(𝒞𝑗) the projection maps.

Notice that the sets 𝐼𝑟𝑟*(𝒞𝑖) have a natural 𝐾-filtration, and the maps 𝑓𝑖−1,𝑖 are 𝐾-

filtered maps.

Proposition 6.5.0.28. Assume the following conditions hold:

1. There exists a 𝐾-filtration on the set lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖). That is, we require:

For each 𝐿 in lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖), there exists 𝑘 ∈ 𝐾 so that 𝑝𝑟𝑖(𝐿) ∈ 𝐹𝑖𝑙𝑘(𝐼𝑟𝑟*(𝒞𝑖))

for any 𝑖 ≥ 0.

We would then say that such an object 𝐿 belongs in the 𝑘-th filtration component of

lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖).

2. “Stabilization condition”: for any 𝑘 ∈ 𝐾, there exists 𝑁𝑘 ≥ 0 such that the map

𝑓𝑖−1,𝑖 : 𝐹𝑖𝑙𝑘(𝐼𝑟𝑟*(𝒞𝑖))→ 𝐹𝑖𝑙𝑘(𝐼𝑟𝑟*(𝒞𝑖−1)) be an injection for any 𝑖 ≥ 𝑁𝑘.

That is, for any 𝑘 ∈ 𝐾 there exists 𝑁𝑘 ∈ Z+ such that the (exact) functor ℱ𝑖−1,𝑖 is

faithful for any 𝑖 ≥ 𝑁𝑘.

Then the two full subcategories lim←−𝑖∈Z+, restr
𝒞𝑖, lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖 of lim←−𝑖∈Z+

𝒞𝑖 coincide.

Proof. Let 𝐶 := ({𝐶𝑗}𝑗∈Z+ , {𝜑𝑗−1,𝑗}𝑗≥1) be an object in lim←−𝑖∈Z+, restr
𝒞𝑖. As before, we

denote by 𝐽𝐻(𝐶𝑗) the multiset of Jordan-Holder components of 𝐶𝑗, and let

𝐽𝐻*(𝐶𝑗) := 𝐽𝐻(𝐶𝑗) ⊔ {0}.

The first condition is natural: giving a 𝐾-filtration on the objects of lim←−𝑖∈Z+, restr
𝒞𝑖 is

equivalent to giving a 𝐾-filtration on the simple objects of lim←−𝑖∈Z+, restr
𝒞𝑖, i.e. on the set

lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖).

165



Assume 𝐶 ∈ lim←−𝑖∈Z+, restr
𝒞𝑖. Let 𝑛0 ≥ 0 be such that ℓ𝒞𝑗(𝐶𝑗) is constant for 𝑗 ≥ 𝑛0.

Recall that we have (Corollary 6.3.0.13):

𝐽𝐻*(𝐶) = lim←−
𝑖∈Z+

𝐽𝐻*(𝐶𝑗)

Choose 𝑘 such that all the elements of 𝐽𝐻*(𝐶) lie in the 𝑘-th filtration component of

lim←−𝑖∈Z+
𝐼𝑟𝑟*(𝒞𝑖). This is possible due to the first condition.

Then for any 𝐿𝑗 ∈ 𝐽𝐻(𝐶𝑗), we have: 𝐿𝑗 = 𝑝𝑟𝑗(𝐿) for some 𝐿 ∈ 𝐽𝐻*(𝐶), and thus

𝐿𝑗 ∈ 𝐹𝑖𝑙𝑘(𝐼𝑟𝑟*(𝒞𝑗)). We conclude that 𝐶 ∈ 𝐹𝑖𝑙𝑘(lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖).

Thus we proved that the first condition of the Theorem holds iff lim←−𝑖∈Z+, restr
𝒞𝑖 is a

full subcategory of lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖.

Now, let 𝐶 ∈ lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖, and let 𝑘 ∈ 𝐾 be such that 𝐶 ∈ 𝐹𝑖𝑙𝑘(lim←−𝑖∈Z+,𝐾−𝑓𝑖𝑙𝑡𝑟 𝒞𝑖).

We would like to show that ℓ𝒞𝑖(𝐶𝑖) is constant starting from some 𝑖.

Indeed, the second condition of the Theorem tells us that there exists 𝑁𝑘 ≥ 0 such

that the map

𝑓𝑖−1,𝑖 : 𝐹𝑖𝑙𝑘(𝐼𝑟𝑟*(𝒞𝑖))→ 𝐹𝑖𝑙𝑘(𝐼𝑟𝑟*(𝒞𝑖−1))

is an injection for any 𝑖 ≥ 𝑁𝑘.

We claim that for 𝑖 ≥ 𝑁𝑘, ℓ𝒞𝑖(𝐶𝑖) is constant. Indeed, if it weren’t, then there would

be some 𝑖 ≥ 𝑁𝑘+1 and some 𝐿𝑖 ∈ 𝐽𝐻(𝐶𝑖) such that 𝑓𝑖−1,𝑖(𝐿𝑖) = 0. But this is impossible,

due to the requirement above.

6.6 gl∞ and the restricted inverse limit of representa-

tions of gl𝑛

In this section, we give a nice example of a restricted inverse limit of categories; namely,

we will show that the category of polynomial representations of the Lie algebra gl∞ is a
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restricted inverse limit of the categories of polynomial representations of gl𝑛 for 𝑛 ≥ 0.

The representations of the Lie algebra gl∞ (or the group 𝐺𝐿∞) are discussed in detail

in [PS], [DPS], as well as [SS, Section 3].

6.6.1 The Lie algebra gl∞

Let C∞ be a complex vector space with a countable basis {𝑒1, 𝑒2, 𝑒3, ...}.

Consider the Lie algebra gl∞ of infinite matrices 𝐴 = (𝑎𝑖𝑗)𝑖,𝑗≥1 with finitely many

non-zero entries. We have a natural action of gl∞ on C∞, with gl∞
∼= C∞ ⊗ C∞

* . Here

C∞
* = 𝑠𝑝𝑎𝑛C(𝑒

*
1, 𝑒

*
2, 𝑒

*
3, ...), where 𝑒

*
𝑖 is the linear functional dual to 𝑒𝑖: 𝑒

*
𝑖 (𝑒𝑗) = 𝛿𝑖𝑗.

We now insert more notation. Let 𝑁 ∈ Z+ ∪ {∞}, and let 𝑚 ≥ 1. We will consider

the Lie subalgebra gl𝑚 ⊂ gl𝑁 consisting of matrices 𝐴 = (𝑎𝑖𝑗)1≤𝑖,𝑗≤𝑁 for which 𝑎𝑖𝑗 = 0

whenever 𝑖 > 𝑚 or 𝑗 > 𝑚. We will also denote by gl⊥𝑚 the Lie subalgebra of gl𝑁 consisting

of matrices 𝐴 = (𝑎𝑖𝑗)1≤𝑖,𝑗≤𝑁 for which 𝑎𝑖𝑗 = 0 whenever 𝑖 ≤ 𝑚 or 𝑗 ≤ 𝑚.

Remark 6.6.1.1. Note that gl⊥𝑛 ∼= gl𝑁−𝑚 for any 𝑁,𝑚.

6.6.2 Categories of polynomial representations

In this subsection, 𝑁 ∈ Z+ ∪ {∞}.

We will consider the symmetric monoidal category 𝑅𝑒𝑝(gl𝑁)𝑝𝑜𝑙𝑦 of polynomial repre-

sentations of gl𝑁 .

As a tensor category, it is generated by the tautological representation C𝑁 of gl𝑁 .

Namely, this is the category of gl𝑁 -modules which are direct summands in finite direct

sums of tensor powers of C𝑁 , and gl𝑁 -equivariant morphisms between them.

This category is discussed in detail in [SS, Section 2.2].

It is easy to see that this is a semisimple abelian category, whose simple objects are

parametrized (up to isomorphism) by all Young diagrams of arbitrary sizes: the simple

object corresponding to 𝜆 is 𝐿𝑁𝜆 = 𝑆𝜆C𝑁 .
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Remark 6.6.2.1. Note that 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 is the free abelian symmetric monoidal category

generated by one object (c.f. [SS, (2.2.11)]). It has a equivalent definition as the category

of polynomial functors of bounded degree, which can be found in [HY], [Macd, Chapter

I], [SS].

Remark 6.6.2.2. For 𝑁 ∈ Z+, one can describe these representations as finite-dimensional

representations 𝜌 : 𝐺𝐿𝑁 → Aut(𝑊 ) which can be extended to an algebraic map

End(𝐺𝐿𝑁)→ End(𝑊 ).

6.6.3 Specialization functors

We now define specialization functors from the category of representations of gl∞ to the

categories of representations of gl𝑛 (c.f. [SS, Section 3]):

Definition 6.6.3.1.

Γ𝑛 : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 → 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, Γ𝑛 := (·)gl⊥𝑛

Lemma 6.6.3.2. The functor Γ𝑛 is well-defined.

Proof. First of all, notice that the subalgebras gl𝑛, gl
⊥
𝑛 ⊂ gl∞ commute, and therefore the

subspace of gl⊥𝑛 -invariants of a gl∞-module automatically carries an action of gl𝑛.

We need to check that given a polynomial gl∞-representation 𝑀 of gl𝑛, the gl⊥𝑛 -

invariants of 𝑀 form a polynomial respresentation of gl𝑛. It is enough to check that this

is true when 𝑀 = (C∞)⊗𝑟.

The latter statement is checked explicitly on basis elements of the form 𝑒𝑖1⊗𝑒𝑖2⊗...⊗𝑒𝑖𝑟 .

The subspace of gl⊥𝑛 -invariants is spanned by the basis elements 𝑒𝑖1⊗𝑒𝑖2⊗...⊗𝑒𝑖𝑟 for which

𝑖1, ..., 𝑖𝑟 ≤ 𝑛. Thus the gl⊥𝑛 -invariants of (C∞)⊗𝑟 form the gl𝑛-representation (C𝑛)⊗𝑟.

In particular, one proves in the same way that the gl⊥𝑛 -invariants of (C∞)⊗𝑟 form the

gl𝑛-representation (C𝑛)⊗𝑟.

The following Lemmas are proved in [PS], [SS, Section 3]:
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Lemma 6.6.3.3. The functors Γ𝑛 are symmetric monoidal functors.

The functors Γ𝑛 : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 → 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 are additive functors between semisim-

ple categories, and their effect on simple objects is given by the following Lemma (a direct

consequence of Lemma 6.6.3.3):

Lemma 6.6.3.4. For any Young diagram 𝜆, Γ𝑛(𝑆
𝜆C∞) ∼= 𝑆𝜆C𝑛.

6.6.4 Restriction functors

Definition 6.6.4.1. Let 𝑛 ≥ 1. We define the functor

Res𝑛−1,𝑛 : 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 → 𝑅𝑒𝑝(gl𝑛−1)𝑝𝑜𝑙𝑦, Res𝑛−1,𝑛 := (·)gl⊥𝑛−1

The proof that this functor is well-defined is exactly the same as that of Lemma 6.6.3.2.

Remark 6.6.4.2. Here is an alternative definition of the functors Res𝑛−1,𝑛.

We say that a gl𝑛-module 𝑀 is of degree 𝑑 if IdC𝑛 ∈ gl𝑛 acts by 𝑑 Id𝑀 on 𝑀 . Also,

given any gl𝑛-module 𝑀 , we may consider the maximal submodule of 𝑀 of degree 𝑑, and

denote it by 𝑑𝑒𝑔𝑑(𝑀). This defines an endo-functor 𝑑𝑒𝑔𝑑 of 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦.

Note that a simple module 𝑆𝜆C𝑛 is of degree |𝜆|.

The notion of degree gives a decomposition

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦
∼=
⨁︁
𝑑∈Z+

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦,𝑑

where 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦,𝑑 is the full subcategory of 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 consisting of all polynomial

gl𝑛-modules of degree 𝑑.

Then

Res𝑛−1,𝑛 = ⊕𝑑∈Z+Res𝑑,𝑛−1,𝑛 : 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 → 𝑅𝑒𝑝(gl𝑛−1)𝑝𝑜𝑙𝑦

169



where

Res𝑑,𝑛−1,𝑛 : 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦,𝑑 → 𝑅𝑒𝑝(gl𝑛−1)𝑝𝑜𝑙𝑦,𝑑, Res𝑑,𝑛−1,𝑛 := 𝑑𝑒𝑔𝑑 ∘ Resgl𝑛gl𝑛−1

where Res
gl𝑛
gl𝑛−1

is the usual restriction functor for the pair gl𝑛−1 ⊂ gl𝑛.

Again, Res𝑛−1,𝑛 are additive functors between semisimple categories, so we are inter-

ested in checking the effect of these functors on simple modules:

Lemma 6.6.4.3. Res𝑛−1,𝑛(𝑆
𝜆C𝑛) ∼= 𝑆𝜆C𝑛−1 for any Young diagram 𝜆.

Proof. This is a simple corollary of the branching rues for gl𝑛, gl𝑛−1.

Next, we notice that these functors are compatible with the functors Γ𝑛 defined before.

Lemma 6.6.4.4. For any 𝑛 ≥ 1, we have a commutative diagram:

𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦
Γ𝑛 //

Γ𝑛−1 ((

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

Res𝑛−1,𝑛

��
𝑅𝑒𝑝(gl𝑛−1)𝑝𝑜𝑙𝑦

That is, there is a natural isomorphism Γ𝑛−1
∼= Res𝑛−1,𝑛 ∘ Γ𝑛.

Proof. By definition of the functors Γ𝑛−1,Res𝑛−1,𝑛,Γ𝑛, we have a natural transforma-

tion 𝜃 : Γ𝑛−1 → Res𝑛−1,𝑛 ∘ Γ𝑛 which is given by the injection 𝜃𝑀 : Γ𝑛−1(𝑀) →˓

(Res𝑛−1,𝑛 ∘ Γ𝑛) (𝑀) for any 𝑀 ∈ 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦. We would like to say that 𝜃𝑀 are iso-

morphisms.

The categories in question are semisimple, so it is enough to check what happens to

the simple objects. Lemmas 6.6.3.4 and 6.6.4.3 then tell us that 𝜃𝑆𝜆C∞ is an isomorphism

for any Young diagram 𝜆, and we are done.

Lemma 6.6.4.5. The functors Res𝑛−1,𝑛 : 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 → 𝑅𝑒𝑝(gl𝑛−1)𝑝𝑜𝑙𝑦 are symmetric

monoidal functors.
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Proof. The functor Γ𝑛 is full and essentially surjective, as well as a tensor functor. The

natural isomorphism from Lemma 6.6.4.4 then provides a monoidal structure on the func-

tor Res𝑛−1,𝑛, and we can immediately see that it is symmetric as well.

6.6.5 The restricted inverse limit of categories 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

This subsection describes the category 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 as a “stable” inverse limit of categories

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦.

We now define a Z+-filtration on 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 for each 𝑛 ∈ Z+.

Notation 6.6.5.1. For each 𝑘 ∈ Z+, let 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, length ≤𝑘 be the full additive subcate-

gory of 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 generated by 𝑆𝜆C𝑛 such that ℓ(𝜆) ≤ 𝑘.

Clearly the subcategories 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, length ≤𝑘 give us a Z+-filtration of the category

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, and by Lemma 6.6.4.3, the functors Res𝑛−1,𝑛 are Z+-filtered functors (see

Section 6.4).

This allows us to consider the inverse limit

lim←−
𝑛∈Z+,Z+−𝑓𝑖𝑙𝑡𝑟

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

of Z+-filtered categories 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦. This inverse limit is an abelian category with a

Z+-filtration (by Lemma 6.4.0.24).

Note that by Lemma 6.6.4.3, the functors Res𝑛−1,𝑛 are shortening functors (see Def-

inition 6.3.0.7); futhermore, the system ((𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦)𝑛∈Z+ , (Res𝑛−1,𝑛)𝑛≥1) satisfies the

conditions in Proposition 6.5.0.28, and therefore the inverse limit of this Z+-filtered sys-

tem is also its restricted inverse limit (see Section 6.3).

Of course, since the functors Res𝑛−1,𝑛 are symmetric monoidal functors, the above

restricted inverse limit is a symmetric monoidal category.

Proposition 6.6.5.2. We have an equivalence of symmetric monoidal abelian categories

Γlim : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 −→ lim←−
𝑛∈Z+, restr

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦
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induced by the symmetric monoidal functors

Γ𝑛 = (·)gl⊥𝑛 : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 −→ 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

Proof. Define a Z+-filtration on the semisimple category 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 by requiring the

simple object 𝑆𝜆C∞ to lie in filtra ℓ(𝜆). Lemma 6.6.3.4 then tells us that for any 𝑘 ∈ Z+

and any 𝑛 ≥ 𝑘, the functor

Γ𝑛 : 𝐹𝑖𝑙𝑘(𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦) −→ 𝐹𝑖𝑙𝑘(𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦) := 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, length ≤𝑘

is an equivalence. Proposition 6.4.0.27 completes the proof.

Remark 6.6.5.3. The same result has been proved in [HY]; the approach used there is

equivalent to that of inverse limits of Z+-filtered categories - namely, the authors give

a Z+-grading on the objects of each category 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, with 𝑆𝜆C𝑛 lying in grade

|𝜆|. The “stable” inverse limit of these graded categories, as defined in [HY], is just the

inverse limit of the Z+-filtered categories 𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 with the appropriate filtrations.

Note that by Proposition 6.5.0.28, this construction is equivalent to our construction of a

lim←−𝑛∈Z+, restr
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦.

In this case, this is also equivalent to taking the compact subobjects inside

lim←−𝑛∈Z+
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦.

Remark 6.6.5.4. The adjoint (on both sides) to functor Γlim is the functor

Γ*
lim : lim←−

𝑛∈Z+, restr

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦 −→ 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦

defined below.

For any object ((𝑀𝑛)𝑛≥0, (𝜑𝑛−1,𝑛)𝑛≥1) of lim←−𝑛∈Z+, restr
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦, the gl𝑛−1-module

𝑀𝑛−1 is isomorphic (via 𝜑𝑛−1,𝑛) to a gl𝑛−1-submodule of 𝑀𝑛.

This allows us to cosider a vector space𝑀 which is the direct limit of the vector spaces

𝑀𝑛 and the inclusions 𝜑𝑛−1,𝑛. On this vector space 𝑀 we have a natural action of gl∞:
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given 𝐴 ∈ gl𝑛 ⊂ gl∞ and 𝑚 ∈ 𝑀 , we have 𝑚 ∈ 𝑀𝑁 for 𝑁 >> 0. In particular, we can

choose 𝑁 ≥ 𝑛, and then 𝐴 acts on 𝑚 through its action on 𝑀𝑁 .

We can easily check that the gl∞-module 𝑀 is polynomial: indeed, due to the

equivalence in Proposition 6.6.5.2, there exists a polynomial gl∞-module 𝑀 ′ such that

𝑀𝑛
∼= Γ𝑛(𝑀

′) for every 𝑛, and 𝜑𝑛−1,𝑛 are induced by the inclusions Γ𝑛−1(𝑀
′) ⊂ Γ𝑛(𝑀

′).

By definition of 𝑀 , we have a gl∞- equivariant map 𝑀 → 𝑀 ′, and it is easy to check

that it is an isomorphism.

We put Γ*
lim((𝑀𝑛)𝑛≥0, (𝜑𝑛−1,𝑛)𝑛≥1) := 𝑀 , and require that the functor Γ*

lim act on

morphisms accordingly. The above construction then gives us a natural isomorphism

Γ*
lim ∘ Γlim

∼−→ Id𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 .
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Chapter 7

Schur-Weyl duality in the limit case

7.1 Parabolic category O in infinite rank

In this section, we give a uniform definition for both the parabolic category O for gl𝑛,

and for gl∞ which we will use. This will be a slight modification of the original definition

to accomodate the case 𝑁 =∞.

Let 𝑁 ∈ Z≥1 ∪ {∞}.

Consider a unital vector space (C𝑁 ,1), where 1 := 𝑒1. Put 𝑈𝑁 := 𝑠𝑝𝑎𝑛C(𝑒2, 𝑒3, ...) ⊂

C𝑁 , so that we have a splitting C𝑁 = C𝑒1⊕𝑈𝑁 . We will also denote 𝑈𝑁,* := 𝑠𝑝𝑎𝑛(𝑒*2, 𝑒
*
3, ...)

(so 𝑈𝑁,* = 𝑈*
𝑁 whenever 𝑁 ∈ Z).

The following notation will be used in this chapter:

Notation 7.1.0.5.

∙ We denote by p𝑁 ⊂ gl𝑁 the parabolic Lie subalgebra which consists of all the

endomorphisms 𝜑 : C𝑁 → C𝑁 for which 𝜑(1) ∈ C1. In terms of matrices this is

𝑠𝑝𝑎𝑛{𝐸1,1, 𝐸𝑖,𝑗|𝑗 > 1}.

∙ u+p𝑁 ⊂ p𝑁 denotes the algebra of endomorphisms 𝜑 : C𝑁 → C𝑁 for which Im𝜑 ⊂

C1 ⊂ Ker𝜑. In terms of matrices, u+p𝑁 = 𝑠𝑝𝑎𝑛{𝐸1,𝑗|𝑗 > 1}.
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We have a decomposition

gl𝑁
∼= gl(𝑈𝑁)⊕ gl1 ⊕ u+p𝑁 ⊕ u−p𝑁

Of course, for any 𝑁 , u−p𝑁
∼= 𝑈𝑁 ; moreover, u+p𝑁

∼= 𝑈𝑁,*.

We will also use the isomorphisms gl(𝑈𝑁) ∼= gl⊥1
∼= gl𝑁−1.

Definition 7.1.0.6.

∙ Define the category 𝑀𝑜𝑑gl𝑁 ,gl(𝑈𝑁 )−𝑝𝑜𝑙𝑦 to be the category of gl𝑁 -modules whose restric-

tion to gl(𝑈𝑁) lies in 𝐼𝑛𝑑 − 𝑅𝑒𝑝(gl𝑈𝑁
)𝑝𝑜𝑙𝑦; that is, gl𝑁 -modules whose restriction to

gl(𝑈𝑁) is a (perhaps infinite) direct sum of Schur functors applied to 𝑈𝑁 .

The morphisms would be gl𝑁 -equivariant maps.

∙ We say that an object𝑀 ∈𝑀𝑜𝑑gl𝑁 ,gl(𝑈𝑁 )−𝑝𝑜𝑙𝑦 is of degree 𝜈 (𝜈 ∈ C) if on every summand

𝑆𝜆𝑈𝑁⊂𝑀 , the element 𝐸1,1 ∈ gl𝑁 acts by (𝜈 − |𝜆|) Id𝑆𝜆𝑈𝑁
.

∙ Let 𝑀 ∈ 𝑀𝑜𝑑gl𝑁 ,gl(𝑈𝑁 )−𝑝𝑜𝑙𝑦. We have a commutative algebra 𝑆𝑦𝑚(𝑈𝑁) ∼= 𝒰(u−p𝑁 ) (the

enveloping algebra of u−p𝑁 ⊂ gl𝑁). The action of gl𝑁 on 𝑀 gives 𝑀 a structure of a

𝑆𝑦𝑚(𝑈𝑁)-module.

We say that 𝑀 is finitely generated over 𝑆𝑦𝑚(𝑈𝑁) if 𝑀 is a quotient of a “free finitely-

generated 𝑆𝑦𝑚(𝑈𝑁)-module”; that is, as a 𝑆𝑦𝑚(𝑈𝑁)-module,𝑀 is a quotient (in 𝐼𝑛𝑑−

𝑅𝑒𝑝(gl𝑁)𝑝𝑜𝑙𝑦) of 𝑆𝑦𝑚(𝑈𝑁)⊗ 𝐸 for some 𝐸 ∈ 𝑅𝑒𝑝(gl(𝑈𝑁))𝑝𝑜𝑙𝑦.

∙ Let 𝑀 ∈𝑀𝑜𝑑gl𝑁 ,gl(𝑈𝑁 )−𝑝𝑜𝑙𝑦. We have a commutative algebra 𝑆𝑦𝑚(𝑈𝑁,*) ∼= 𝒰(u+p𝑁 ) (the

enveloping algebra of u+p𝑁 ⊂ gl𝑁). The action of gl𝑁 on 𝑀 gives 𝑀 a structure of a

𝑆𝑦𝑚(𝑈𝑁,*)-module.
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We say that𝑀 is locally nilpotent over the algebra 𝒰(u+p𝑁 ) if for any 𝑣 ∈𝑀 , there exists

𝑚 ≥ 0 such that for any 𝐴 ∈ 𝑆𝑦𝑚𝑚(𝑈𝑁,*) we have: 𝐴.𝑣 = 0.

Recall the natural Z+-grading on the object of 𝐼𝑛𝑑−𝑅𝑒𝑝(gl𝑁)𝑝𝑜𝑙𝑦.

For each𝑀 ∈𝑀𝑜𝑑gl𝑁 ,gl(𝑈𝑁 )−𝑝𝑜𝑙𝑦, the above definition implies: gl(𝑈𝑁) acts by operators

act by operators of degree zero, 𝑈𝑁,* acts by operators of degree 1. We now define the

parabolic category O for gl𝑁 which we will use in this chapter:

Definition 7.1.0.7. We define the category Op𝑁
𝜈,C𝑁 to be the full subcategory of

𝑀𝑜𝑑gl𝑁 ,gl(𝑈𝑁 )−𝑝𝑜𝑙𝑦 whose objects 𝑀 satisfy the following requirements:

∙ 𝑀 is of degree 𝜈.

∙ 𝑀 is finitely generated over 𝑆𝑦𝑚(𝑈𝑁).

∙ 𝑀 is locally nilpotent over the algebra 𝒰(u+p𝑁 ).

Of course, for a positive integer 𝑁 , this is just the category Op𝑁
𝜈,C𝑁 we defined in the

beginning of this section.

We will also consider the localization of the category Op𝑁
𝜈,C𝑁 by its Serre subcategory

of polynomial gl𝑁 -modules of degree 𝜈; such modules exist iff 𝜈 ∈ Z+. This localization

will be denoted by

�̂�𝑁 : Op𝑁
𝜈,C𝑁 −→ ̂︀Op𝑁

𝜈,C𝑁

and will play an important role when we consider the Schur-Weyl duality in complex rank.

7.2 Restricted inverse limit of parabolic categories O

7.2.1 Restriction functors

Definition 7.2.1.1. Let 𝑛 ≥ 1. Define the functor

Res𝑛−1,𝑛 : Op𝑛
𝜈,C𝑛 −→ O

p𝑛−1

𝜈,C𝑛−1 , Res𝑛−1,𝑛 := (·)gl⊥𝑛−1
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Again, the subalgebras gl𝑛−1, gl
⊥
𝑛−1 ⊂ gl𝑛 commute, and therefore the subspace of

gl⊥𝑛−1-invariants of a gl𝑛-module automatically carries an action of gl𝑛−1.

We need to check that this functor is well-defined. In order to do so, consider the

functor Res𝑛−1,𝑛 : Op𝑛
𝜈,C𝑛 −→ 𝑀𝑜𝑑𝒰(gl𝑛−1). This functor is well-defined, and we will show

that the objects in the image lie in the full subcategory O
p𝑛−1

𝜈,C𝑛−1 of 𝑀𝑜𝑑𝒰(gl𝑛−1).

Note that the functor Res𝑛−1,𝑛 can alternatively be defined as follows: for a module

𝑀 in Op𝑛
𝜈,C𝑛 , we restrict the action of gl𝑛 to gl𝑛−1, and then only take the vectors in 𝑀

attached to specific central characters. More specifically, we have:

Lemma 7.2.1.2. The functor Res𝑛−1,𝑛 is naturally isomorphic to the composition 𝑑𝑒𝑔𝜈 ∘

Res
gl𝑛
gl𝑛−1

(the functor 𝑑𝑒𝑔𝜈 was defined in Definition 3.3.0.23).

Proof. Let𝑀 ∈ Op𝑛
𝜈,C𝑛 . For any vector 𝑚 ∈𝑀 , we know that IdC𝑛 .𝑚 = (𝐸1,1+𝐸2,2+ ...+

𝐸𝑛,𝑛).𝑚 = 𝜈𝑚. Then the requirement that IdC𝑛−1 .𝑚 = (𝐸1,1 +𝐸2,2 + ...+𝐸𝑛−1,𝑛−1).𝑚 =

𝜈𝑚 is equivalent to requiring that 𝐸𝑛,𝑛.𝑚 = 0, namely that 𝑚 ∈𝑀 gl⊥𝑛−1 .

We will now use this information to prove the following lemma:

Lemma 7.2.1.3. The functor Res𝑛−1,𝑛 : Op𝑛
𝜈,C𝑛 −→ O

p𝑛−1

𝜈,C𝑛−1 is well-defined.

Proof. Let 𝑀 ∈ Op𝑛
𝜈,C𝑛 , and consider the gl𝑛−1-module Res𝑛−1,𝑛(𝑀). By definition, this is

a module of degree 𝜈. We will show that it lies in O
p𝑛−1

𝜈,C𝑛−1 .

First of all, consider the inclusion gl(𝑈𝑛−1)
⊥⊕ gl(𝑈𝑛−1) ⊂ gl(𝑈𝑛). This inclusion gives

us the restriction functor (see Definition 6.6.4.1)

Res𝑈𝑛−1,𝑈𝑛 : 𝑅𝑒𝑝(gl(𝑈𝑛))𝑝𝑜𝑙𝑦 −→ 𝑅𝑒𝑝(gl(𝑈𝑛−1))𝑝𝑜𝑙𝑦, Res𝑈𝑛−1,𝑈𝑛 := (·)gl(𝑈𝑛−1)⊥

The latter is an additive functor between semisimple categories, and takes polynomial

representations of gl(𝑈𝑛) to polynomial representations of gl(𝑈𝑛−1).

Now, the restriction to gl(𝑈𝑛−1) of the gl𝑛−1-module Res𝑛−1,𝑛(𝑀) is isomorphic to

Res𝑈𝑛−1,𝑈𝑛(𝑀 |gl(𝑈𝑛)), and thus is a polynomial representation of gl(𝑈𝑛−1).
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Secondly, Res𝑛−1,𝑛(𝑀) is locally nilpotent over 𝒰(u+p𝑛−1
), since 𝑀 is locally nilpotent

over 𝒰(u+p𝑛) and 𝒰(u
+
p𝑛−1

) ⊂ 𝒰(u+p𝑛).

It remains to check that given𝑀 ∈ Op𝑛
𝜈,C𝑛 , the moduleRes𝑛−1,𝑛(𝑀) is finitely generated

over 𝑆𝑦𝑚(𝑈𝑛−1). Indeed, we know that there exists a polynomial gl(𝑈𝑛)-module 𝐸 and a

surjective gl(𝑈𝑛)-equivariant morphism of 𝑆𝑦𝑚(𝑈𝑛)-modules 𝑆𝑦𝑚(𝑈𝑛)⊗𝐸 �𝑀 . Taking

the gl(𝑈𝑛−1)
⊥-invariants and using Lemma 6.6.4.5, we conclude that there is a surjective

gl(𝑈𝑛−1)-equivariant morphism of 𝑆𝑦𝑚(𝑈𝑛−1)-modules

𝑆𝑦𝑚(𝑈𝑛−1)⊗ 𝐸gl(𝑈𝑛−1)⊥ � Res𝑛−1,𝑛(𝑀)

Thus Res𝑛−1,𝑛(𝑀) is finitely generated over 𝑆𝑦𝑚(𝑈𝑛−1).

Lemma 7.2.1.4. The functor Res𝑛−1,𝑛 : Op𝑛
𝜈,C𝑛 −→ O

p𝑛−1

𝜈,C𝑛−1 is exact.

Proof. We use Lemma 7.2.1.2. The functor 𝑑𝑒𝑔𝜈 : O
p𝑛−1

C𝑛−1 → O
p𝑛−1

𝜈,C𝑛−1 is exact, so the functor

Res𝑛−1,𝑛 is obviously exact as well.

Lemma 7.2.1.5. The functor Res𝑛−1,𝑛 takes parabolic Verma modules to either parabolic

Verma modules or to zero:

Res𝑛−1,𝑛(𝑀p𝑛(𝜈 − |𝜆| , 𝜆)) ∼= 𝑀p𝑛−1(𝜈 − |𝜆| , 𝜆)

(recall that the latter is a parabolic Verma module for gl𝑛−1 iff ℓ(𝜆) ≤ 𝑛 − 2, and zero

otherwise).

Proof. Consider the parabolic Verma module 𝑀p𝑛(𝜈 − |𝜆| , 𝜆), where the Young diagram

𝜆 has length at most 𝑛− 1.

By definition of the parabolic Verma module 𝑀p𝑛(𝜈 − |𝜆| , 𝜆), we have:

𝑀p𝑛(𝜈 − |𝜆| , 𝜆) = 𝒰(gl𝑛)⊗𝒰(p𝑛) 𝑆
𝜆𝑈𝑛
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The branching rule for gl(𝑈𝑛−1) ⊂ gl(𝑈𝑛) tells us that

(︀
𝑆𝜆𝑈𝑛

)︀
|gl(𝑈𝑛−1)

∼=
⨁︁
𝜆′

𝑆𝜆
′
𝑈𝑛−1

the sum taken over the set of all Young diagrams obtained from 𝜆 by removing several

boxes, no two in the same column.

So

Res
gl𝑛
gl𝑛−1

(𝑀p𝑛(𝜈 − |𝜆| , 𝜆)) ∼=

(︃⨁︁
𝜆′⊂𝜆

𝑀p𝑛−1(𝜈 − |𝜆| , 𝜆′)

)︃
⊗ 𝒰

(︂
u−p𝑛
⧸︁
u−p𝑛−1

)︂

Here

∙ 𝑀p𝑛−1(𝜈 − |𝜆| , 𝜆′) is either a parabolic Verma module for gl𝑛−1 of highest weight

(𝜈 − |𝜆| , 𝜆′) (note that it is of degree 𝜈 − |𝜆|+ |𝜆′|) or zero.

∙ gl(𝑈𝑛−1) acts trivially on the space 𝒰
(︂
u−p𝑛
⧸︁
u−p𝑛−1

)︂
. This space is isomorphic, as a

Z+-graded vector space, to C[𝑡] (𝑡 standing for 𝐸𝑛,1 ∈ gl𝑛) and 𝐸1,1 acts on it by

derivations −𝑡 𝑑
𝑑𝑡
.

Thus IdC𝑛−1 ∈ gl𝑛 acts on the subspace 𝑀p𝑛−1(𝜈 − |𝜆| , 𝜆′) ⊗ 𝑡𝑘 ⊂ 𝑀p𝑛(𝜈 − |𝜆| , 𝜆) by

the scalar 𝜈 − |𝜆|+ |𝜆′| − 𝑘.

We now apply the functor 𝑑𝑒𝑔𝜈 to the module Res
gl𝑛
gl𝑛−1

(𝑀p𝑛(𝜈 − |𝜆| , 𝜆)).

To see which subspaces 𝑀p𝑛−1(𝜈 − |𝜆′| , 𝜆′) ⊗ 𝑡𝑘 of 𝑀p𝑛(𝜈 − |𝜆| , 𝜆) will survive after

applying 𝑑𝑒𝑔𝜈 , we require that |𝜆| − |𝜆′| + 𝑘 = 0. But we are only considering Young

diagrams 𝜆′ such that 𝜆′ ⊂ 𝜆, and non-negative integers 𝑘, which means that the only

relevant case is 𝜆′ = 𝜆, 𝑘 = 0.

We conclude that

Res𝑛−1,𝑛(𝑀p𝑁 (𝜈 − |𝜆| , 𝜆)) ∼= 𝑀p𝑛−1(𝜈 − |𝜆| , 𝜆)
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Lemma 7.2.1.6. Given a simple gl𝑛-module 𝐿𝑛(𝜈 − |𝜆| , 𝜆),

Res𝑛−1,𝑛(𝐿𝑛(𝜈 − |𝜆| , 𝜆)) ∼= 𝐿𝑛−1(𝜈 − |𝜆| , 𝜆)

(recall that the latter is a simple gl𝑛−1-module iff ℓ(𝜆) ≤ 𝑛− 2, and zero otherwise).

Proof. Note that the statement follows immediately from Lemma 7.2.1.5 when 𝜆 lies in

a trivial
𝜈∼-class; for a non-trivial

𝜈∼-class {𝜆(𝑖)}𝑖, we have short exact sequences (see

Corollary 3.3.1.7):

0→ 𝐿𝑛(𝜈 −
⃒⃒
𝜆(𝑖+1)

⃒⃒
, 𝜆(𝑖+1))→𝑀p𝑛(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→ 𝐿𝑛(𝜈 −

⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖))→ 0

Using the exactness of Res𝑛−1,𝑛, we can prove the required statement for

𝐿𝑛(𝜈 −
⃒⃒
𝜆(𝑖)
⃒⃒
, 𝜆(𝑖)) by induction on 𝑖, provided the statement is true for 𝑖 = 0.

So it remains to check that

Res𝑛−1,𝑛(𝐿𝑛(𝜈 − |𝜆| , 𝜆)) ∼= 𝐿𝑛−1(𝜈 − |𝜆| , 𝜆)

for the minimal Young diagram 𝜆 in any non-trivial
𝜈∼-class.

Recall that in that case, 𝐿𝑛(𝜈 − |𝜆| , 𝜆) = 𝑆�̃�(𝜈)C𝑛 is a finite-dimensional simple repre-

sentation of gl𝑛.

The branching rule for gl𝑛, gl𝑛−1 implies that

Res
gl𝑛
gl𝑛−1

(𝑆�̃�(𝜈)C𝑛) ∼=
⨁︁
𝜇

𝑆𝜇C𝑛−1

the sum taken over the set of all Young diagrams obtained from �̃�(𝜈) by removing several

boxes, no two in the same column.

Considering only the summands of degree 𝜈, we see that

Res𝑛−1,𝑛(𝐿𝑛(𝜈 − |𝜆| , 𝜆)) ∼= 𝑆�̃�(𝜈)C𝑛−1 ∼= 𝐿𝑛−1(𝜈 − |𝜆| , 𝜆)
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The functor Res𝑛−1,𝑛 : Op𝑛
𝜈,C𝑛 → O

p𝑛−1

𝜈,C𝑛−1 clearly takes polynomial modules to polyno-

mial modules; together with Lemma 7.2.1.4, this means that Res𝑛−1,𝑛 factors through an

exact functor ̂︂Res𝑛−1,𝑛 : ̂︀Op𝑛
𝜈,C𝑛 → ̂︀Op𝑛−1

𝜈,C𝑛−1

i.e. we have a commutative diagram

Op𝑛
𝜈,C𝑛

Res𝑛−1,𝑛−−−−−→ O
p𝑛−1

𝜈,C𝑛−1

�̂�𝑛

⎮⎮⌄ �̂�𝑛−1

⎮⎮⌄
̂︀Op𝑛
𝜈,C𝑛

̂︂Res𝑛−1,𝑛−−−−−→ ̂︀Op𝑛−1

𝜈,C𝑛−1

(see Section 5 for the definition of the localizations �̂�𝑛).

7.2.2 Specialization functors

Definition 7.2.2.1. Let 𝑛 ≥ 1. Define the functor

Γ𝑛 : Op∞
𝜈,C∞ −→ Op𝑛

𝜈,C𝑛 , Γ𝑛 := (·)gl⊥𝑛

As before, the subalgebras gl𝑛, gl
⊥
𝑛 ⊂ gl∞ commute, and therefore the subspace of

gl⊥𝑛 -invariants of a gl∞-module automatically carries an action of gl𝑛.

Lemma 7.2.2.2. The functor Γ𝑛 : Op∞
𝜈,C∞ −→ Op𝑛

𝜈,C𝑛 is well-defined.

Proof. The proof is essentially the same as in Lemma 7.2.1.3.

Next, we check that the functor Γ𝑛 is exact:

Lemma 7.2.2.3. The functor Γ𝑛 : Op∞
𝜈,C∞ −→ Op𝑛

𝜈,C𝑛 is exact.
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Proof. The definition of Γ𝑛 immediately implies that this functor is left-exact. Consider

the inclusion gl(𝑈𝑛)⊕gl(𝑈𝑛)⊥ ⊂ gl(𝑈∞). We then have an isomorphism of gl(𝑈𝑛)-modules

(︀
𝑀 |gl(𝑈∞)

)︀gl(𝑈𝑛)⊥ ∼=
(︁
𝑀 gl⊥𝑛

)︁
|gl(𝑈𝑛)

The exactness of Γ𝑛 then follows from the additivity of the functor

(·)gl(𝑈𝑛)⊥ : 𝑅𝑒𝑝(gl(𝑈∞))𝑝𝑜𝑙𝑦 → 𝑅𝑒𝑝(gl(𝑈𝑛))𝑝𝑜𝑙𝑦, which is an additive functor between

semisimple categories.

The functor Γ𝑛 : Op∞
𝜈,C∞ → Op𝑛

𝜈,C𝑛 clearly takes polynomial gl∞-modules to polynomial

gl𝑛-modules; together with Lemma 7.2.2.3, this means that Γ𝑛 factors through an exact

functor ̂︀Γ𝑛 : ̂︀Op∞
𝜈,C∞ → ̂︀Op𝑛

𝜈,C𝑛

i.e. we have a commutative diagram

Op∞
𝜈,C∞

Γ𝑛−−−→ Op𝑛
𝜈,C𝑛

�̂�∞

⎮⎮⌄ �̂�𝑛

⎮⎮⌄
̂︀Op∞
𝜈,C∞

̂︀Γ𝑛−−−→ ̂︀Op𝑛
𝜈,C𝑛

7.2.3 Restricted inverse limit of categories Op𝑛
𝜈,C𝑛 and the category

Op∞
𝜈,C∞

The restriction functors

Res𝑛−1,𝑛 : Op𝑛
𝜈,C𝑛 −→ O

p𝑛−1

𝜈,C𝑛−1 , Res𝑛−1,𝑛 := (·)gl⊥𝑛−1

descibed in Subsection 7.2.1 allow us to consider the inverse limit of the system

((Op𝑛
𝜈,C𝑛)𝑛≥1, (Res𝑛−1,𝑛)𝑛≥2).

Similarly, we can consider the inverse limit of the system ((̂︀Op𝑛
𝜈,C𝑛)𝑛≥1, (̂︂Res𝑛−1,𝑛)𝑛≥2).

Let 𝑛≥ 1.
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Notation 7.2.3.1. For each 𝑘 ∈ Z+, let 𝐹𝑖𝑙𝑘(O
p𝑛
𝜈,C𝑛) (respectively, 𝐹𝑖𝑙𝑘(̂︀Op𝑛

𝜈,C𝑛)) be the Serre

subcategory of Op𝑛
𝜈,C𝑛 (respectively, ̂︀Op𝑛

𝜈,C𝑛) generated by simple modules 𝐿𝑛(𝜈 − |𝜆| , 𝜆)

(respectively, �̂�𝑛(𝐿𝑛(𝜈 − |𝜆| , 𝜆))), with ℓ(𝜆) ≤ 𝑘.

This defines Z+-filtrations on the objects of Op𝑛
𝜈,C𝑛 , ̂︀Op𝑛

𝜈,C𝑛 , i.e.

Op𝑛
𝜈,C𝑛
∼= lim−→

𝑘∈Z+

𝐹𝑖𝑙𝑘(O
p𝑛
𝜈,C𝑛) , ̂︀Op𝑛

𝜈,C𝑛
∼= lim−→

𝑘∈Z+

𝐹𝑖𝑙𝑘(̂︀Op𝑛
𝜈,C𝑛)

Lemma 7.2.3.2. Let 𝑛 ≥ 1. The functors

Res𝑛−1,𝑛 : Op𝑛
𝜈,C𝑛 −→ O

p𝑛−1

𝜈,C𝑛−1

and ̂︂Res𝑛−1,𝑛 : ̂︀Op𝑛
𝜈,C𝑛 −→ ̂︀Op𝑛−1

𝜈,C𝑛−1

are both shortening and Z+-filtered functors between finite-length categories with Z+-

filtrations on objects (see Chapter 6 for the relevant definitions).

Proof. These statements follow directly from Lemma 7.2.1.6, which tells us that

Res𝑛−1,𝑛(𝐿𝑛(𝜈 − |𝜆| , 𝜆)) ∼= 𝐿𝑛−1(𝜈 − |𝜆| , 𝜆).

We can now consider the inverse limits of the Z+-filtered systems

((Op𝑛
𝜈,C𝑛)𝑛≥1, (Res𝑛−1,𝑛)𝑛≥2) and ((̂︀Op𝑛

𝜈,C𝑛)𝑛≥1, (̂︂Res𝑛−1,𝑛)𝑛≥2). By Section 6.5, these

limits are equivalent to the respective restricted invverse limits

lim←−
𝑛≥1, restr

Op𝑛
𝜈,C𝑛 , lim←−

𝑛≥1, restr

̂︀Op𝑛
𝜈,C𝑛

The functors Γ𝑛 described above induce exact functors

Γlim : Op∞
𝜈,C∞ −→ lim←−

𝑛≥1

Op𝑛
𝜈,C𝑛
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and ̂︀Γlim : ̂︀Op∞
𝜈,C∞ −→ lim←−

𝑛≥1

̂︀Op𝑛
𝜈,C𝑛

We would like to show that this functor is an equivalence of categories:

Proposition 7.2.3.3. The functors Γ𝑛 induce an equivalence

Γlim : Op∞
𝜈,C∞ −→ lim←−

𝑛≥1, restr

Op𝑛
𝜈,C𝑛

Proof. First of all, we need to check that this functor is well-defined. Namely, we need to

show that for any 𝑀 ∈ Op∞
𝜈,C∞ , the sequence {ℓ𝒰(gl𝑛+1)(Γ𝑛+1(𝑀))}𝑛 stabilizes. In fact, it is

enough to show that this sequence is bounded (since it is obviously increasing).

Recall that we have a surjective map of 𝑆𝑦𝑚(u−p∞)-modules 𝑆𝑦𝑚(u−p∞) ⊗ 𝐸 � 𝑀 for

some 𝐸 ∈ 𝑅𝑒𝑝(gl(𝑈∞))𝑝𝑜𝑙𝑦. Since Γ𝑛+1 is exact, it gives us a surjective map 𝑆𝑦𝑚(u−p𝑛+1
)⊗

Γ𝑛+1(𝐸) � Γ𝑛+1(𝑀) for any 𝑛 ≥ 0, with Γ𝑛+1(𝐸) being a polynomial gl(𝑈𝑛+1)-module.

Now,

ℓ𝒰(gl𝑛+1)(Γ𝑛+1(𝑀)) ≤ ℓ𝒰(u−p𝑛+1
)(Γ𝑛+1(𝑀)) ≤ ℓ𝒰(gl(𝑈𝑛+1))(Γ𝑛+1(𝐸))

The sequence {ℓ𝒰(gl(𝑈𝑛+1))(Γ𝑛+1(𝐸))}𝑛≥0 is bounded by Proposition 6.6.5.2, and thus the

sequence {ℓ𝒰(gl𝑛+1)(Γ𝑛+1(𝑀))}𝑛 is bounded as well.

We now show that Γlim is an equivalence.

A construction similar to the one appearing in Subsection 6.6.5 gives a left-adjoint to

the functor Γlim; that is, we will define a functor

Γ*
lim : lim←−

𝑛≥1, restr

Op𝑛
𝜈,C𝑛 −→ Op∞

𝜈,C∞

Let ((𝑀𝑛)𝑛≥1, (𝜑𝑛−1,𝑛)𝑛≥2) be an object of lim←−𝑛≥1, restr
Op𝑛
𝜈,C𝑛 .

The isomorphisms 𝜑𝑛−1,𝑛 : Res𝑛−1,𝑛(𝑀𝑛)
∼→ 𝑀𝑛−1 define gl𝑛−1-equivariant inclusions
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𝑀𝑛−1 →˓𝑀𝑛. Consider the vector space

𝑀 :=
⋃︁
𝑛≥1

𝑀𝑛

which has a natural action of gl∞ on it.

It is easy to see that the obtained gl∞-module𝑀 is a direct sum of polynomial gl(𝑈∞)-

modules, and is locally nilpotent over the algebra

𝒰(u+p∞) ∼= 𝑆𝑦𝑚(𝑈∞,*)∼=
⋃︁
𝑛≥1

𝑆𝑦𝑚(𝑈*
𝑛)

We now prove the following sublemma:

Sublemma 7.2.3.4. Let ((𝑀𝑛)𝑛≥1, (𝜑𝑛−1,𝑛)𝑛≥2) be an object of lim←−𝑛≥1, restr
Op𝑛
𝜈,C𝑛. Then

𝑀 :=
⋃︀
𝑛≥1𝑀𝑛 is a finitely generated module over 𝑆𝑦𝑚(𝑈∞) ∼= 𝒰(u−p∞).

Proof. Recall from Section 6.3 that all the objects in the abelian category lim←−𝑛≥1, restr
Op𝑛
𝜈,C𝑛

have finite length, and that the simple objects in this category are exactly those of the

form ((𝐿𝑛(𝜈 − |𝜆| , 𝜆))𝑛≥1, (𝜑𝑛−1,𝑛)𝑛≥2) for a fixed Young diagram 𝜆. So we only need to

check that applying the above construction to these simple objects gives rise to finitely

generated modules over 𝑆𝑦𝑚(𝑈∞) ∼= 𝒰(u−p∞).

Using Corollary 3.3.1.8 we now reduce the proof of the sublemma to proving the

following two statements:

∙ Let 𝜆 be a fixed Young diagram and let ((𝐿𝑛(𝜈−|𝜆| , 𝜆))𝑛≥1, (𝜑𝑛−1,𝑛)𝑛≥2) be a simple

object in lim←−𝑛≥1, restr
Op𝑛
𝜈,C𝑛 in which 𝐿𝑛(𝜈 − |𝜆| , 𝜆) is polynomial for every 𝑛 (i.e. 𝜆

is minimal in its non-trivial
𝜈∼-class).

Then 𝐿 :=
⋃︀
𝑛≥1 𝐿𝑛(𝜈 − |𝜆| , 𝜆) is a polynomial gl∞-module (in particular, a finitely

generated module over 𝑆𝑦𝑚(𝑈∞) ∼= 𝒰(u−p∞)).

∙ Let 𝜆 be a fixed Young diagram and let ((𝑀p𝑛(𝜈 − |𝜆| , 𝜆))𝑛≥1, (𝜑𝑛−1,𝑛)𝑛≥2) be an

object of lim←−𝑛≥1, restr
Op𝑛
𝜈,C𝑛 (this is a sequence of “compatible” parabolic Verma mod-
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ules). Then

𝑀 :=
⋃︁
𝑛

𝑀p𝑛(𝜈 − |𝜆| , 𝜆)

is a finitely generated module over 𝑆𝑦𝑚(𝑈∞) ∼= 𝒰(u−p∞).

The first statement follows immediately from Proposition 6.6.5.2 (cf. Subsection 6.6.5).

To prove the second statement, recall that

𝑀p𝑛(𝜈 − |𝜆| , 𝜆) ∼= 𝑆𝑦𝑚(𝑈𝑛)⊗ 𝑆𝜆𝑈𝑛

(Lemma 3.3.1.3). So

𝑀 :=
⋃︁
𝑛

𝑀p𝑛(𝜈 − |𝜆| , 𝜆) ∼=
⋃︁
𝑛

𝑆𝑦𝑚(𝑈𝑛)⊗ 𝑆𝜆𝑈𝑛 ∼= 𝑆𝑦𝑚(𝑈∞)⊗ 𝑆𝜆𝑈∞

which is clearly a finitely generated module over 𝑆𝑦𝑚(𝑈∞) ∼= 𝒰(u−p∞).

This allows us to define the functor Γ*
lim by setting

Γ*
lim( (𝑀𝑛)𝑛≥1, (𝜑𝑛−1,𝑛)𝑛≥2 ) :=

⋃︁
𝑛≥1

𝑀𝑛

and requiring that it act on morphisms accordingly.

The definition of Γ*
lim gives us a natural transformation

Γ*
lim ∘ Γlim

∼−→ IdOp∞
𝜈,C∞

Restricting the action of gl∞ to gl(𝑈∞) and using Proposition 6.6.5.2, we conclude that

this natural transformation is an isomorphism.

Notice that the definition of Γ*
lim implies that this functor is faithful. Thus we conclude

that the functor Γ*
lim is an equivalence of categories, and so is Γlim.
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Proposition 7.2.3.5. The functors ̂︀Γ𝑛 induce an equivalence

̂︀Γlim : ̂︀Op∞
𝜈,C∞ → lim←−

𝑛≥1, restr

̂︀Op𝑛
𝜈,C𝑛

Proof. Let 𝑀 ∈ Op∞
𝜈,C∞ . First of all, we need to check that the functor ̂︀Γlim is well-defined;

that is, we need to show that the sequence {ℓ̂︀Op𝑛
𝜈,C𝑛

(�̂�𝑛(Γ𝑛(𝑀)))}𝑛≥1 is bounded from above.

Indeed,

ℓ̂︀Op𝑛
𝜈,C𝑛

(�̂�𝑛(Γ𝑛(𝑀))) ≤ ℓOp𝑛
𝜈,C𝑛

(Γ𝑛(𝑀))

But the sequence {ℓOp𝑛
𝜈,C𝑛

(Γ𝑛(𝑀))}𝑛≥1 is bounded from above by Lemma 7.2.3.3, so the

original sequence is bound from above as well.

Thus we obtain a commutative diagram

𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦,𝜈 −−−→ Op∞
𝜈,C∞

�̂�∞−−−→ ̂︀Op∞
𝜈,C∞

Γlim

⎮⎮⌄ Γlim

⎮⎮⌄ ̂︀Γlim

⎮⎮⌄
lim←−𝑛≥1, restr

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦,𝜈 −−−→ lim←−𝑛≥1, restr
Op𝑛
𝜈,C𝑛

�̂�lim=lim←−𝑛
�̂�𝑛

−−−−−−−→ lim←−𝑛≥1, restr
̂︀Op𝑛
𝜈,C𝑛

where 𝑅𝑒𝑝(gl𝑁)𝑝𝑜𝑙𝑦,𝜈 is the Serre subcategory of ̂︀Op𝑁
𝜈,C𝑁 consisting of all polynomial modules

of degree 𝜈. The rows of this commutative diagram are “exact” (in the sense that ̂︀Op∞
𝜈,C∞

is the Serre quotient of the category Op∞
𝜈,C∞ by the Serre subcategory 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦,𝜈 , and

similarly for the bottom row).

The functors

Γlim : 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦,𝜈 −→ lim←−
𝑛≥1, restr

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦,𝜈

and

Γlim : Op∞
𝜈,C∞ −→ lim←−

𝑛≥1, restr

Op𝑛
𝜈,C𝑛

are equivalences of categories (by Propositions 6.6.5.2 and 7.2.3.3), and thus the functor̂︀Γlim is an equivalence as well.
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7.3 Complex tensor powers of a unital vector space

Fix 𝑁 ∈ Z+ ∪ {∞}. In this section we give a uniform construction of a complex tensor

power of the unital vector space C𝑁 with the chosen vector 1 := 𝑒1. This definition

coincides with the Definition 4.2.0.16 whenever 𝑁 <∞.

Again, we denote 𝑈𝑁 := 𝑠𝑝𝑎𝑛{𝑒2, 𝑒3, ...}, and 𝑈𝑁* := 𝑠𝑝𝑎𝑛{𝑒*2, 𝑒*3, ...} ⊂ C𝑁
* . As

before, we have a decomposition:

gl𝑁
∼= C IdC𝑁 ⊕u−p𝑁 ⊕ u+p𝑁 ⊕ gl(𝑈𝑁)

such that 𝑈𝑁 ∼= u−p𝑁 , 𝑈𝑁* ∼= u+p𝑁 , and if 𝑁 is finite, we have 𝑈*
𝑁
∼= 𝑈𝑁*.

Fix 𝜈 ∈ C.

Definition 7.3.0.6 (Complex tensor power). Define the object (C𝑁)⊗𝜈 of 𝐼𝑛𝑑 −

(𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op𝑁
𝜈,C𝑁 ) by setting

(C𝑁)⊗𝜈 :=
⨁︁
𝑘≥0

(𝑈⊗𝑘
𝑁 ⊗Δ𝑘)

𝑆𝑘

The action on gl𝑁 on (C𝑁)⊗𝜈 is given as follows:

1

𝑈𝑁
**
𝑈𝑁 ⊗Δ1

𝑈𝑁 --

𝑈𝑁*

gg

gl(𝑈𝑁 )

WW (𝑈⊗2
𝑁 ⊗Δ2)

𝑆2

𝑈𝑁 --

𝑈𝑁*

ll

gl(𝑈𝑁 )

UU
(𝑈⊗3

𝑁 ⊗Δ3)
𝑆3

𝑈𝑁

**

𝑈𝑁*

ll

gl(𝑈𝑁 )

UU
. . .

𝑈𝑁*

kk

∙ 𝐸1,1 ∈ gl𝑁 acts by scalar 𝜈 − 𝑘 on each summand (𝑈⊗𝑘
𝑁 ⊗Δ𝑘)

𝑆𝑘 .

∙ 𝐴 ∈ gl(𝑈𝑁) ⊂ gl𝑁 acts on (𝑈⊗𝑘
𝑁 ⊗Δ𝑘)

𝑆𝑘 by
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∑︁
1≤𝑖≤𝑘

𝐴(𝑖)|𝑈⊗𝑘
𝑁
⊗ IdΔ𝑘

: (𝑈⊗𝑘
𝑁 ⊗Δ𝑘)

𝑆𝑘 −→ (𝑈⊗𝑘
𝑁 ⊗Δ𝑘)

𝑆𝑘

∙ 𝑢 ∈ 𝑈𝑁 ∼= u−p𝑁 acts by morphisms of degree 1, which are given explicitly in Section

4.2.

∙ 𝑓 ∈ 𝑈𝑁* ∼= u+p𝑁 acts by morphisms of degree −1, which are given explicitly in Section

4.2.

Remark 7.3.0.7. The proof that the object (C𝑁)⊗𝜈 lies in the category 𝐼𝑛𝑑 −

(𝑅𝑒𝑝(𝑆𝜈)�Op𝑁
𝜈,C𝑁 is the same as in Section 4.3. In particular, it means that the action

of the mirabolic subalgebra Lie P̄1 on the complex tensor power (C𝑁)⊗𝜈 integrates to an

action of the mirabolic subgroup P̄1, thus making (C𝑁)⊗𝜈 a Harish-Chandra module in

𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) for the pair (gl𝑁 , P̄1).

The definition of the complex tensor power is compatible with the usual notion of a

tensor power of a unital vector space (see Section 4.3):

Proposition 7.3.0.8. Let 𝑑 ∈ Z+. Consider the functor

𝒮𝑑 : 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝜈=𝑑)�Op𝑁
𝑑,C𝑁 ) −→ 𝐼𝑛𝑑− (𝑅𝑒𝑝(𝑆𝑑)�Op𝑁

𝑑,C𝑁 )

induced by the functor

𝒮𝑑 : 𝑅𝑒𝑝(𝑆𝜈=𝑑) −→ 𝑅𝑒𝑝(𝑆𝑛)

described in Subsection 3.2.1. Then 𝒮𝑑((C𝑁)⊗𝑑) ∼= (C𝑁)⊗𝑑.

The construction of the complex tensor power is also compatible with the functors

Res𝑛,𝑛+1 and Γ𝑛 defined in Definitions 7.2.1.1, 7.2.2.1. These properties can be seen as

special cases of the following statement (when 𝑁 = 𝑛+ 1 and 𝑁 =∞, respectively):

190



Proposition 7.3.0.9. Let 𝑛 ≥ 1, and let 𝑁 ≥ 𝑛, 𝑁 ∈ Z≥1 ∪ {∞}. Recall that we have

an inclusion gl𝑛 ⊕ gl⊥𝑛 ⊂ gl𝑁 , and consider the functor

(·)gl⊥𝑛 : 𝐼𝑛𝑑−
(︁
𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op𝑁

𝜈,C𝑁

)︁
−→ 𝐼𝑛𝑑−

(︀
𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)�Op𝑛

𝜈,C𝑛

)︀
induced by the functor (·)gl⊥𝑛 : Op𝑁

𝜈,C𝑁 → Op𝑛
𝜈,C𝑛. The functor (·)gl⊥𝑛 then takes (C𝑁)⊗𝜈 to

(C𝑛)⊗𝜈.

Proof. The functor (·)gl⊥𝑛 : Op𝑁
𝜈,C𝑁 → Op𝑛

𝜈,C𝑛 induces an endofunctor of 𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈). We

would like to say that we have an isomorphism of 𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)-objects

((C𝑁)⊗𝜈)gl
⊥
𝑛

?∼= (C𝑛)⊗𝜈 , and that the action of gl𝑛⊂ gl𝑁 on ((C𝑁)⊗𝜈) corresponds to

the action of gl𝑛 on (C𝑛)⊗𝜈 .

In order to do this, we first consider (C𝑁)⊗𝜈 as an object in 𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) with an

action of gl(𝑈𝑁):

(C𝑁)⊗𝜈 ∼=
⨁︁
𝑘≥0

(Δ𝑘 ⊗ 𝑈⊗𝑘
𝑁 )𝑆𝑘

If we consider only the actions of gl(𝑈𝑁), gl(𝑈𝑛), the functor Γ𝑛 is induced by the

additive monoidal functor (·)gl(𝑈𝑛)⊥ : 𝐼𝑛𝑑 − 𝑅𝑒𝑝(gl(𝑈𝑁))𝑝𝑜𝑙𝑦 → 𝐼𝑛𝑑 − 𝑅𝑒𝑝(gl(𝑈𝑁))𝑝𝑜𝑙𝑦.

This shows that we have an isomorphism of 𝐼𝑛𝑑−𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)-objects

((C𝑁)⊗𝜈)gl
⊥
𝑛 ∼=

⨁︁
𝑘≥0

(Δ𝑘 ⊗ 𝑈⊗𝑘
𝑛 )𝑆𝑘 ∼= (C𝑛)⊗𝜈

and the actions of gl(𝑈𝑛) on both sides are compatible. From the definition of the complex

tensor power (Definition 7.3.0.6) one immediately sees that the actions of 𝐸1,1 on both

sides are compatible as well. Remark 4.2.0.18 now completes the proof.
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7.4 Schur-Weyl functor for the Deligne category and

the Lie algebra gl∞

The definition of the Schur-Weyl contravariant functor 𝑆𝑊𝜈,𝑉 given in Section 5 can be

naturally extended to the case when (𝑉,1) = (C∞, 𝑒1): Fix 𝜈 ∈ C, and 𝑁 ∈ Z+ ∪ {∞}.

Again, we consider the unital vector space C𝑁 with the chosen vector 1 := 𝑒1 and the

complement 𝑈𝑁 := 𝑠𝑝𝑎𝑛{𝑒2, 𝑒3, ...}.

Definition 7.4.0.10. Define the Schur-Weyl contravariant functor

𝑆𝑊𝜈 : 𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈) −→ 𝐼𝑛𝑑−𝑀𝑜𝑑𝒰(gl𝑁 )

by

𝑆𝑊𝜈 := Hom𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
( · , (C𝑁)⊗𝜈)

As before, the functor 𝑆𝑊𝜈 is a contravariant C-linear additive left-exact functor, and

its image lies in Op𝑁
𝜈,C𝑁 (cf. Remark 7.3.0.7).

We can now define another Schur-Weyl functor which we will consider: it is the con-

travariant functor ̂︂𝑆𝑊 𝜈,C𝑁 : 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) −→ ̂︀Op𝑁
𝜈,C𝑁 . Recall from Section 7.1 that

�̂�𝑁 : Op𝑁
𝜈,C𝑁 −→ ̂︀Op𝑁

𝜈,C𝑁 := Op𝑁
𝜈,C𝑁

⧸︁
𝑅𝑒𝑝(gl𝑁)𝑝𝑜𝑙𝑦,𝜈

is the Serre quotient of Op𝑁
𝜈,C𝑁 by the Serre subcategory of polynomial gl𝑁 -modules of

degree 𝜈. We then define ̂︂𝑆𝑊 𝜈,C𝑁 := �̂�𝑁 ∘ 𝑆𝑊𝜈,C𝑁
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7.5 Classical Schur-Weyl duality and the restricted in-

verse limit

7.5.1 Classical Schur-Weyl duality: inverse limit

In this subsection, we prove that the classical Schur-Weyl functors SWC𝑛 give a duality

(anti-equivalence) between the category
⨁︀

𝑑∈Z+
𝑅𝑒𝑝(𝑆𝑑) and the category

𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦 ∼= lim←−
𝑛∈Z+, restr

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

The contravariant functor SWC𝑁 sends the Young diagram 𝜆 to the gl𝑁 -module 𝑆𝜆C𝑁 .

Let 𝑛 ∈ Z+. We start by noticing that the functors Res𝑛,𝑛+1 and the functors Γ𝑛

(defined in Subsection 6.6.3) are compatible with the classical Schur-Weyl functors SWC𝑛 :

Lemma 7.5.1.1. We have natural isomorphisms

Res𝑛,𝑛+1 ∘ SWC𝑛+1
∼= SWC𝑛

and

Γ𝑛 ∘ SWC∞ ∼= SWC𝑛

for any 𝑛 ≥ 0.

Proof. It is enough to check this on simple objects in
⨁︀

𝑑∈Z+
𝑅𝑒𝑝(𝑆𝑑), in which case the

statement follows directly from the definitions of Res𝑛,𝑛+1, Γ𝑛 together with the fact that

SWC𝑁 (𝜆) ∼= 𝑆𝜆C𝑁 for any 𝑁 ∈ Z+ ∪ {∞}.
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The above Lemma implies that we have a commutative diagram

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

⨁︀
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑)
𝑜𝑝

SWlim
//

SWC𝑛
33

SWC∞ ++

lim←−𝑛≥1, restr
𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

Pr𝑛

OO

𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦

Γlim

OO
Γ𝑛

ii

the functor Γlim being an equivalence of categories (by Proposition 6.6.5.2), and Pr𝑛 being

the canonical projection functor.

Proposition 7.5.1.2. The contravariant functors

SW∞ :
⨁︁
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑) −→ 𝑅𝑒𝑝(gl∞)𝑝𝑜𝑙𝑦

and

SWlim :
⨁︁
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑)→ lim←−
𝑛∈Z+, restr

𝑅𝑒𝑝(gl𝑛)𝑝𝑜𝑙𝑦

are anti-equivalences of semisimple categories.

Proof. As it was said in Subsection 3.1, the functor SW𝑁 is full and essentially surjective

for any 𝑁 . In this case, the functor SW∞ is also faithful, since the simple object 𝜆 in⨁︀
𝑑∈Z+

𝑅𝑒𝑝(𝑆𝑑) is taken by the functor SW∞ to the simple object 𝑆𝜆C∞ ̸= 0. This proves

that the contravariant functor SW∞ is an anti-equivalence of categories. The commutative

diagram above then implies that the contravariant functor SWlim is an anti-equivalence as

well.

7.6 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) and the inverse limit of categories ̂︀Op𝑁
𝜈,C𝑁

In this section we are going to prove that the Schur-Weyl functors defined in Section 5

give us an equivalence of categories between 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) and the restricted inverse limit
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lim←−𝑁∈Z+, restr
̂︀Op𝑁
𝜈,C𝑁 .

We fix 𝜈 ∈ C.

Proposition 7.6.0.3. The functor Res𝑛−1,𝑛 satisfies: Res𝑛−1,𝑛 ∘𝑆𝑊𝜈,C𝑛 ∼= 𝑆𝑊𝜈,C𝑛−1, i.e.

there exists a natural isomorphism 𝜂𝑛 : Res𝑛−1,𝑛 ∘ 𝑆𝑊𝜈,C𝑛 → 𝑆𝑊𝜈,C𝑛−1.

Proof. Follows directly from Proposition 7.3.0.9.

Corollary 7.6.0.4. We have ̂︂Res𝑛−1,𝑛 ∘̂︂𝑆𝑊 𝜈,C𝑛 ∼= ̂︂𝑆𝑊 𝜈,C𝑛−1, i.e. there exists a natural

isomorphism 𝜂𝑛 : ̂︂Res𝑛−1,𝑛 ∘̂︂𝑆𝑊 𝜈,C𝑛 →̂︂𝑆𝑊 𝜈,C𝑛−1.

Proof. By definition of ̂︂Res𝑛−1,𝑛,̂︂𝑆𝑊 𝜈,C𝑛 , together with Proposition 7.6.0.3, we have a

commutative diagram

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
𝑜𝑝

𝑆𝑊 𝜈,C𝑛
//

𝑆𝑊 𝜈,C𝑛−1

++

̂︂𝑆𝑊 𝜈,C𝑛

##

Op𝑛
𝜈,C𝑛

�̂�𝑛

��

Res𝑛−1,𝑛

// O
p𝑛−1

𝜈,C𝑛−1

�̂�𝑛−1

��̂︀Op𝑛
𝜈,C𝑛 ̂︂Res𝑛−1,𝑛

// ̂︀Op𝑛−1

𝜈,C𝑛−1

Since �̂�𝑛−1 ∘ 𝑆𝑊 𝜈,C𝑛−1 =: ̂︂𝑆𝑊 𝜈,C𝑛−1 , we get ̂︂Res𝑛−1,𝑛 ∘̂︂𝑆𝑊 𝜈,C𝑛 ∼= ̂︂𝑆𝑊 𝜈,C𝑛−1 .

Notation 7.6.0.5. For each 𝑘 ∈ Z+, 𝐹𝑖𝑙𝑘(𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈)) is defined to be the Serre subcategory

of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) generated by the simple objects L(𝜆) such that the Young diagram 𝜆 satisfies

either of the following conditions:

∙ 𝜆 belongs to a trivial
𝜈∼-class, and ℓ(𝜆) ≤ 𝑘.

∙ 𝜆 belongs to a non-trivial
𝜈∼-class {𝜆(𝑖)}𝑖≥0, 𝜆 = 𝜆(𝑖), and ℓ(𝜆(𝑖+1)) ≤ 𝑘.

This defines a Z+-filtration on the objects of the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈). That is, we have:

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) ∼= lim−→
𝑘∈Z+

𝐹𝑖𝑙𝑘(𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈))
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Lemma 7.6.0.6. The functors ̂︂𝑆𝑊 𝜈,C𝑛 are Z+-filtered shortening functors (see Chapter

6 for the relevant definitions) .

Proof. Follows from the fact that ̂︂𝑆𝑊 𝜈,C𝑛 are exact, together with Lemma 5.0.0.43.

This Lemma, together with Corollary 7.6.0.4, gives us a contravariant (Z+-filtered

shortening) functor

̂︂𝑆𝑊 𝜈,lim : 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) −→ lim←−
𝑛≥1, restr

̂︀Op𝑛
𝜈,C𝑛

𝑋 ↦→
(︁
{̂︂𝑆𝑊 𝜈,C𝑛(𝑋)}𝑛≥1, {𝜂𝑛(𝑋)}𝑛≥2

)︁
(𝑓 : 𝑋 → 𝑌 ) ↦→ {̂︂𝑆𝑊 𝜈,C𝑛(𝑓) : ̂︂𝑆𝑊 𝜈,C𝑛(𝑌 )→̂︂𝑆𝑊 𝜈,C𝑛(𝑋)}𝑛≥1

This functor is given by the universal property of the restricted inverse limit described in

Chapter 6, and makes the diagram below commutative:

̂︀Op𝑛
𝜈,C𝑛

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
𝑜𝑝 ̂︂𝑆𝑊 𝜈,lim

//

̂︂𝑆𝑊 𝜈,C𝑛
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lim←−𝑛≥1, restr
̂︀Op𝑛
𝜈,C𝑛

Pr𝑛

OO

(here Pr𝑛 is the canonical projection functor).

We now show that there is an equivalence of categories 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
𝑜𝑝 and

lim←−𝑛≥1, restr
̂︀Op𝑛
𝜈,C𝑛 .

Theorem 7.6.0.7. The Schur-Weyl contravariant functors ̂︂𝑆𝑊 𝜈,C𝑛 induce an anti-

equivalence of abelian categories, given by the (exact) contravariant functor

̂︂𝑆𝑊 𝜈,lim : 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) −→ lim←−
𝑛≥1, restr

̂︀Op𝑛
𝜈,C𝑛

Proof. The functors ̂︂𝑆𝑊 𝜈,C𝑛 are exact for each 𝑛 ≥ 1, which means that the functor̂︂𝑆𝑊 𝜈,lim is exact as well (see Subsection 6.2.2).
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To see that it is an anti-equivalence, we will use Proposition 6.4.0.27. All we need to

check is that the functors ̂︂𝑆𝑊 𝜈,C𝑛 satisfy the “stabilization condition” (Condition 6.4.0.26):

that is, for each 𝑘 ∈ Z+, there exists 𝑛𝑘 ∈ Z+ such that

̂︂𝑆𝑊 𝜈,C𝑛 : 𝐹𝑖𝑙𝑘(𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈))→ 𝐹𝑖𝑙𝑘(̂︀Op𝑛

𝜈,C𝑛)

is an anti-equivalence of categories for any 𝑛 ≥ 𝑛𝑘.

Indeed, let 𝑘 ∈ Z+, and let 𝑛 ≥ 𝑘 + 1.

The category 𝐹𝑖𝑙𝑘(𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈)) decomposes into blocks (corresponding to the blocks of

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)), and the category 𝐹𝑖𝑙𝑘(̂︀Op𝑛
𝜈,C𝑛) decomposes into blocks corresponding to the

blocks of ̂︀Op𝑛
𝜈,C𝑛 .

The requirement 𝑛 ≥ 𝑘+1 together with Lemma 5.0.0.43 means that for any semisim-

ple block of 𝐹𝑖𝑙𝑘(𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈)), the simple object L(𝜆) corresponding to this block is not sent

to zero under ̂︂𝑆𝑊 𝜈,C𝑛 . This, in turn, implies that ̂︂𝑆𝑊 𝜈,C𝑛 induces an anti-equivalence be-

tween each semisimple block of 𝐹𝑖𝑙𝑘(𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈)) and the corresponding semisimple block

of 𝐹𝑖𝑙𝑘(̂︀Op𝑛
𝜈,C𝑛).

Now, fix a non-semisimple block ℬ𝜆 of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), and denote by 𝐹𝑖𝑙𝑘(ℬ𝜆) the corre-

sponding non-semisimple block of 𝐹𝑖𝑙𝑘(𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈)). We denote by B𝜆,𝑛 the corresponding

block in Op𝑛
𝜈,C𝑛 . The corresponding block of 𝐹𝑖𝑙𝑘(̂︀Op𝑛

𝜈,C𝑛) will then be �̂�(𝐹𝑖𝑙𝑘(B𝜆,𝑛)).

We now check that the contravariant functor

̂︂𝑆𝑊 𝜈,C𝑛|𝐹𝑖𝑙𝑘(ℬ𝜆) : 𝐹𝑖𝑙𝑘(ℬ𝜆)→ �̂�(𝐹𝑖𝑙𝑘(B𝜆,𝑛))

is an anti-equivalence of categories when 𝑛 ≥ 𝑘 + 1.

Since 𝑛 ≥ 𝑘+1, the Serre subcategories 𝐹𝑖𝑙𝑘(ℬ𝜆) and 𝐾𝑒𝑟(̂︂𝑆𝑊 𝜈,C𝑛) of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) have

trivial intersection (see Lemma 5.0.0.43), which means that the restriction of ̂︂𝑆𝑊 𝜈,C𝑛 to

the Serre subcategory 𝐹𝑖𝑙𝑘(ℬ𝜆) is both faithful and full (the latter follows from Theorem

5.0.0.42).

It remains to establish that the functor ̂︂𝑆𝑊 𝜈,C𝑛|𝐹𝑖𝑙𝑘(ℬ𝜆) is essentially surjective when
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𝑛 ≥ 𝑘 + 1. This can be done by checking that this functor induces a bijec-

tion between the sets of isomorphism classes of indecomposable projective objects in

𝐹𝑖𝑙𝑘(ℬ𝜆), �̂�(𝐹𝑖𝑙𝑘(B𝜆,𝑛)) respectively. The latter fact follows from the proof of Theorem

5.1.2.3.

Thus ̂︂𝑆𝑊 𝜈,C𝑛 : 𝐹𝑖𝑙𝑘(ℬ𝜆)→ 𝐹𝑖𝑙𝑘(�̂�(B𝜆,𝑛)) is an anti-equivalence of categories for

𝑛 ≥ 𝑘 + 1, and ̂︂𝑆𝑊 𝜈,C𝑛 : 𝐹𝑖𝑙𝑘(𝑅𝑒𝑝
𝑎𝑏(𝑆𝜈))→ 𝐹𝑖𝑙𝑘(̂︀Op𝑛

𝜈,C𝑛)

is an anti-equivalence of categories for 𝑛 ≥ 𝑘 + 1, which completes the proof.

7.7 Schur-Weyl duality for 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) and gl∞

Let C∞ be a complex vector space with a countable basis 𝑒1, 𝑒2, 𝑒3, .... Fix 1 := 𝑒1 and

𝑈∞ := 𝑠𝑝𝑎𝑛C(𝑒2, 𝑒3, ...).

Lemma 7.7.0.8. We have a commutative diagram

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
𝑜𝑝 ̂︂𝑆𝑊 𝜈,lim

//

̂︂𝑆𝑊 𝜈,C∞ ))

lim←−𝑛≥1, restr
̂︀Op𝑛
𝜈,C𝑛

̂︀Op∞
𝜈,C∞

̂︀Γlim
OO

Namely, there is a natural isomorphism 𝜂 : ̂︀Γlim ∘̂︂𝑆𝑊 𝜈,C∞ →̂︂𝑆𝑊 𝜈,lim.

Proof. In order to prove this statement, we will show that for any 𝑛 ≥ 1, the following

diagram is commutative:

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
𝑜𝑝 ̂︂𝑆𝑊 𝜈,C𝑛

//

̂︂𝑆𝑊 𝜈,C∞ ((

̂︀Op𝑛
𝜈,C𝑛

̂︀Op∞
𝜈,C∞

̂︀Γ𝑛

OO
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In fact, we will show that the diagram below is commutative

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
𝑜𝑝

𝑆𝑊 𝜈,C𝑛 //

𝑆𝑊 𝜈,C∞

((

̂︂𝑆𝑊 𝜈,C𝑛

))

̂︂𝑆𝑊 𝜈,C∞

44

Op𝑛
𝜈,C𝑛

�̂�𝑛
// ̂︀Op𝑛

𝜈,C𝑛

Op∞
𝜈,C∞

�̂�∞ //

Γ𝑛

OO

̂︀Op∞
𝜈,C∞

̂︀Γ𝑛

OO

which will prove the required statement. The commutativity of this diagram follows

from the existence of a natural isomorphism Γ𝑛 ∘ 𝑆𝑊 𝜈,C∞
∼→ 𝑆𝑊 𝜈,C𝑛 (due to Proposition

7.3.0.9) and a natural isomorphism ̂︀Γ𝑛 ∘ �̂�∞ ∼= �̂�𝑛 ∘ Γ𝑛 (see proof of Proposition 7.2.3.5).

Thus we obtain a commutative diagram

̂︀Op𝑛
𝜈,C𝑛

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)
𝑜𝑝 ̂︂𝑆𝑊 𝜈,lim

//

̂︂𝑆𝑊 𝜈,C𝑛
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̂︂𝑆𝑊 𝜈,C∞ ))

lim←−𝑛≥1, restr
̂︀Op𝑛
𝜈,C𝑛

Pr𝑛

OO

̂︀Op∞
𝜈,C∞

̂︀Γlim

OO
̂︀Γ𝑛

gg

Theorem 7.7.0.9. The contravariant functor ̂︂𝑆𝑊 𝜈,C∞ : 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) → ̂︀Op∞
𝜈,C∞ is an anti-

equivalence of abelian categories.

Proof. The functor ̂︀Γlim is an equivalence of categories (see Lemma 7.2.3.5), and the func-

tor ̂︂𝑆𝑊 𝜈,lim is an anti-equivalence of categories (see Theorem 7.6.0.7). The commutative

diagram above implies that the contravariant functor ̂︂𝑆𝑊 𝜈,C∞ is an anti-equivalence of

categories as well.
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Chapter 8

Schur-Weyl functors and duality

structures

In this section, we discuss the relation given by the Schur-Weyl functors between the

duality structures in the category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) (which is a rigid symmetric monoidal cate-

gory) and in the category Op∞
C∞ . The latter is a subcategory of the BGG category O and

therefore inherits a duality functor.

8.1 Duality in category O

A construction similar to the duality functor described in Section 3.3 can be made for

Op∞
𝜈,C∞ . All modules 𝑀 in Op∞

𝜈,C∞ are weight modules with respect to the subalgebra

of diagonal matrices in gl∞, and the weight spaces are finite-dimensional (due to the

polynomiality condition in the definition of Op∞
𝜈,C∞). This allows one to construct the

restricted twisted dual 𝑀∨ in the same way as before, and obtain an exact functor

(·)∨ :
(︀
Op∞
𝜈,C∞

)︀𝑜𝑝 −→ Op∞
𝜈,C∞

Remark 8.1.0.10. It is obvious that for 𝑛 ∈ Z+, the functor (·)∨ :
(︀
Op𝑛

C𝑛

)︀𝑜𝑝 → Op𝑛
C𝑛 takes

finite-dimensional (polynomial) modules to finite-dimensional (polynomial) modules.
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In fact, one can easily check that the functor (·)∨ :
(︀
Op∞
𝜈,C∞

)︀𝑜𝑝 −→ Op∞
𝜈,C∞ takes polyno-

mial modules to polynomial modules as well.

We now describe the above functor in terms of the restricted inverse limit of categories

Op𝑛
𝜈,C𝑛 .

Let 𝑛 ∈ Z+.

The contravariant duality functors

(·)∨𝑛 :
(︀
Op𝑛
𝜈,C𝑛

)︀𝑜𝑝 → Op𝑛
𝜈,C𝑛

takes polynomial modules to polynomial modules, and therefore descends to a contravari-

ant duality functor ̂︁(·)∨𝑛 :
(︁̂︀Op𝑛

𝜈,C𝑛

)︁𝑜𝑝
→ ̂︀Op𝑛

𝜈,C𝑛

It is a straightforward consequence of the definition of a dual of a module, that the

duality functors commute with the restriction functors Res𝑛−1,𝑛:

Lemma 8.1.0.11. For any 𝑛 ≥ 2, we have:

(·)∨𝑛−1 ∘Res𝑜𝑝𝑛−1,𝑛
∼= Res𝑜𝑝𝑛−1,𝑛 ∘ (·)∨𝑛

This allows us to define duality functors

(·)∨lim :

(︃
lim←−

𝑛≥1, restr

Op𝑛
𝜈,C𝑛

)︃𝑜𝑝

→ lim←−
𝑛≥1, restr

Op𝑛
𝜈,C𝑛

and ̂︁(·)∨lim :

(︃
lim←−

𝑛≥1, restr

̂︀Op𝑛
𝜈,C𝑛

)︃𝑜𝑝

→ lim←−
𝑛≥1, restr

̂︀Op𝑛
𝜈,C𝑛

Under the equivalence Op∞
𝜈,C∞

∼= lim←−𝑛≥1, restr
Op𝑛
𝜈,C𝑛 established in Subsection 7.2.3, the
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functor (·)∨lim corresponds to the duality functor

(·)∨∞ :
(︀
Op∞
𝜈,C∞

)︀𝑜𝑝 → Op∞
𝜈,C∞

discussed in Subsection 8.1.

This functor takes polynomial gl∞-modules to polynomial gl∞-modules, and therefore

descends to a contravariant duality functor

̂︁(·)∨∞ :
(︁̂︀Op∞

𝜈,C∞

)︁𝑜𝑝
→ ̂︀Op∞

𝜈,C∞

8.2 The Schur-Weyl functor and dualities in categories

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈), O
p
𝜈,𝑉

As a consequence of Theorem 5.0.0.42, we establish a connection between the notions of

duality in the Deligne category 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) and the duality in the category Op
𝜈,𝑉 .

Consider the contravariant functors

(·)* : 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)→ 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) and (·)∨ : Op
𝜈,𝑉 → Op

𝜈,𝑉

where (·)* is the duality functor on 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) (with respect to the tensor structure of

𝑅𝑒𝑝𝑎𝑏(𝑆𝜈)), and (·)∨ is the usual duality in the category O (c.f. Section 3.3, or [H, Section

3.2]). The Schur-Weyl functor 𝑆𝑊𝜈,𝑉 relates these two duality notions:

Proposition 8.2.0.12. For any 𝜈 ∈ C, there is an isomorphism of (covariant) functors

̂︂𝑆𝑊 𝜈,𝑉 ((·)*) −→ �̂�(𝑆𝑊𝜈,𝑉 (·)∨)

Proof. First of all, notice that both sides are exact functors. Indeed, the duality functor on

any abelian rigid monoidal category is exact, and ̂︂𝑆𝑊 𝜈 is a (contravariant) exact functor

by Lemma 5.0.0.48, which implies that ̂︂𝑆𝑊 𝜈((·)*) is exact.
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On the other hand, (·)∨ is exact (c.f. [H, Section 3.2]), so an argument similar to the

proof of Lemma 5.0.0.48 shows that �̂�(𝑆𝑊𝜈(·)∨) is exact as well.

Since any object in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) has a projective resolution, it remains to establish a

natural isomorphism between the two functors when we restrict ourselves to the full

subcategory of projective objects in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈).

We now use the fact that all projective objects in 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈) are self-dual, since they

lie in 𝑅𝑒𝑝(𝑆𝜈) (c.f. Proposition 3.2.4.6). This allows us to construct the isomorphism

between the two functors block-by-block.

Fix a block ℬ𝜆 of 𝑅𝑒𝑝𝑎𝑏(𝑆𝜈). If this block is semisimple, then by Proposition 5.1.1.1,

there is nothing to prove.

So we assume that the block ℬ𝜆 is not semisimple, and use the same notation as in

Subsection 5.1.2 for simple, standard, co-standard and projective objects in both ℬ𝜆 and

the corresponding block of Op
𝜈,𝑉 . We will also denote by 𝑃𝑟𝑜𝑗𝜆 the full subcategory of

projective objects in ℬ𝜆.

For each 𝑖 ≥ 1, fix a non-zero morphism 𝛽𝑖 : P𝑖−1 → P𝑖; Proposition 3.2.4.10 tells us

that we have an exact sequence

0→M*
𝑖−1 → P𝑖−1

𝛽𝑖−→ P𝑖

Recall from Theorem 3.2.2.6 that such a morphism 𝛽𝑖 is unique up to a non-zero scalar,

and that the morphisms {𝛽𝑖, 𝛽*
𝑖 }𝑖≥1 generate all the morphisms in 𝑃𝑟𝑜𝑗𝜆.

We construct isomorphisms

𝜃𝑖 : 𝑆𝑊𝜈(P
*
𝑖 ) −→ 𝑆𝑊𝜈(P𝑖)

∨

iteratively (recall that such isomorphisms exist by Theorem 5.1.2.3).

We start by choosing any isomorphism 𝜃0 : 𝑆𝑊𝜈(P
*
0) → 𝑆𝑊𝜈(P0)

∨; at the 𝑖-th step,

we have already constucted 𝜃0, ..., 𝜃𝑖−1, and we choose an isomorphism 𝜃𝑖 so that the
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diagram below is commutative:

𝑆𝑊𝜈(P
*
𝑖 )

𝜃𝑖−−−→ 𝑆𝑊𝜈(P𝑖)
∨

𝑆𝑊𝜈(𝛽*
𝑖 )

⌃⎮⎮ 𝑆𝑊𝜈(𝛽𝑖)
∨
⌃⎮⎮

𝑆𝑊𝜈(P
*
𝑖−1)

𝜃𝑖−1−−−→ 𝑆𝑊𝜈(P𝑖−1)
∨

We now explain why it is possible to make such a choice of 𝜃𝑖.

Applying the left-exact (covariant) functors 𝑆𝑊𝜈(·)∨, 𝑆𝑊𝜈((·)*) to the exact sequence

0→M*
𝑖−1 → P𝑖−1

𝛽𝑖−→ P𝑖

and using Theorem 5.1.2.3, we see that the maps 𝑆𝑊𝜈(𝛽
*
𝑖 ), 𝑆𝑊𝜈(𝛽𝑖) are either simulta-

neously zero or simultaneously not zero. Since the space

HomOp
𝜈,𝑉

(𝑆𝑊𝜈(P
*
𝑖−1), 𝑆𝑊𝜈(P𝑖)

∨)

is at most one-dimensional (c.f. Theorem 5.1.2.3 and Proposition 3.3.1.13), we can take 𝜃𝑖

to be any isomorphism 𝑆𝑊𝜈(P
*
𝑖 )→ 𝑆𝑊𝜈(P𝑖)

∨, and then multiply it by a non-zero scalar

to make the above diagram commutative.

We now claim that the isomorphisms 𝜃𝑖 define a natural transformation. Since the

morphisms {𝛽𝑖, 𝛽*
𝑖 }𝑖≥1 generate all the morphisms in 𝑃𝑟𝑜𝑗𝜆, we only need to check that

for any 𝑖 ≥ 1, the following diagram is commutative:

𝑆𝑊𝜈(P
*
𝑖 )

𝜃𝑖−−−→ 𝑆𝑊𝜈(P𝑖)
∨

𝑆𝑊𝜈(𝛽𝑖)

⎮⎮⌄ 𝑆𝑊𝜈(𝛽*
𝑖 )

∨
⎮⎮⌄

𝑆𝑊𝜈(P
*
𝑖−1)

𝜃𝑖−1−−−→ 𝑆𝑊𝜈(P𝑖−1)
∨

The latter follows easily from the construction of 𝜃𝑖, together with the fact that P𝑖 = P*
𝑖

(for any 𝑖 ≥ 0) and 𝜃𝑖 = 𝜃∨𝑖 .

The above construction allows us to extend this connection to the infinite-dimensional
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case. Namely, the anti-equivalences in Theorems 7.6.0.7 and 7.7.0.9 imply the following

statement:

Corollary 8.2.0.13. Let 𝑁 ∈ Z+ ∪ {∞}. For any 𝜈 ∈ C, there is an isomorphism of

(covariant) functors ̂︂𝑆𝑊 𝜈,C𝑁 ∘ (·)* −→̂︁(·)∨𝑁 ∘ 𝑆𝑊𝜈,C𝑁
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