
Introduction to C∗-algebras, 2020/21, homework 3

Preliminaries (make sure you know it - prove it or read about it if you don’t, don’t submit it):
Make sure that you know what is the tensor product of vector spaces and of Hilbert spaces,
i.e. that if H1, H2 are Hilbert spaces then there’s a unique inner product on the algebraic
tensor product H1 ⊗alg H2 satisfying 〈ξ1 ⊗ ξ2, η1 ⊗ η2〉 = 〈ξ1, η1〉 〈ξ2, η2〉, and H1 ⊗H2 is the
completion. Convince yourselves that there’s a natural identification of L2(Ω,B, µ)⊗H with
H-valued functions from Ω which are measurable (in the sense that we compose them with
a functional we have a measurable function) - what’s the inner product? (and why is it
complete?). Convince yourselves furthermore that if Ti ∈ B(Hi) for i = 1, 2 then there’s a
unique operator T1 ⊗ T2 ∈ B(H1 ⊗ H2) satisfying T1 ⊗ T2(ξ1 ⊗ ξ2) = T1(ξ1) ⊗ T2(ξ2), and
furthermore ‖T1 ⊗ T2‖ = ‖T1‖‖T2‖.

If Z is a Hilbert space (sometimes called in this context the one-particle space) we define
the Fock space of Z to be F(Z) = C⊕ Z ⊕ Z ⊗ Z ⊕ Z⊗3 ⊕ · · · . Let F+

d be the semigroup of
all words in the free group on d generators which involve the generators but not their inverses
(including the empty word). Convince yourselves that if Z is d-dimensional then each choice
of an orthonormal basis of Z gives rise to a unitary from F(Z) to `2(F+

d ), where Z⊗n (the
n-particle space) is identified with `2 of the set of words of length n. Any ξ ∈ Z gives rise
to operators Tξ : Z⊗n → Z⊗(n+1) given by Tξ(η) = ξ ⊗ η, with ‖Tξ‖ = ‖ξ‖. Putting those
togeher we have an operator, also denoted Tξ ∈ B(F(Z)) (the creation operator). Tξ is an
isometry if and only if ‖ξ‖ = 1 (otherwise it is an isometry multiplied by a scalar). Think of
what is the corresponding picture on `2(F+

d ) if ξ is one of the basis vectors.

1. Let A be a unital C∗-algebra, and let τ be a trace on A. We define τn : Mn(A) → C
by τn(a) =

∑n
k=1 τ(akk) (where we think of a = (akj) as a matrix). Notice that 1

nτn
is a trace (so τn is a non-normalized trace, with τn(1n) = n). Show that the map p ∈
Mn(A) 7→ τn(p) defines a homomorphism of partially ordered groups τ∗ : K0(A) → R,
with τ∗([1A]) = 1.

2. Let A be the AF algebra with Bratteli diagram
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(a) Show that A is simple and has a unique trace.

(b) Compute K0(A). For the unique trace τ , show that τ∗ : K0(A) → R is injective.
What is the range? (This gives a description of the order structure on K0(A); in
this case, the group is ordered, not just partially ordered.)

3. Let m1 ≤ m2 ≤ m3 . . . be a sequence of natural numbers. Set n1 = 1 and for k > 1, set
nk =

∏k−1
j=1 (mj + 1). Consider the following Bratteli diagram, where the arrows which

cross over are with multiplicity 1.
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Let A be the AF algebra it defines. Notice that it is simple. (You don’t need to submit
a proof of this.) Show that one can choose the sequence mk such that A has more than
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one trace. (Hint: you don’t need to be too careful about the particular choice of mk,
they just need to increase fast enough.)

4. Suppose Z is an n-dimensional Hilbert space, 1 < n < ∞. Define T On to be the
C∗-algebra generated by the creation operators {Tξ | ξ ∈ Z} on F(Z). Show that the
compact operators are an ideal in T On and that T On/K ∼= On.

5. Suppose T1, T2, ..., Tn are isometries on H with orthogonal ranges. Show that H de-
composes as a direct sum H = H ′ ⊕ H ′′ of spaces invariant under C∗(T1, ..., Tn) such
that T1H

′ + T2H
′ + · · · + TnH

′ = H ′ and if we denote H ′′n = span
⋃
|w|=n TwH

′′ then⋂
H ′′n = 0. Show that H ′′ decomposes as a direct sum (finite or infinite) of invariant

subspaces, unitarily equivalent to F(Cn) with T1, ..., Tn acting as creation operators
corresponding to an orthonormal basis. Deduce that T On has a universal property -
what is it?

Remark: this is a generalization of the Wold decomposition of an isometry (the Wold
decomposition is the statement you get for n = 1).

6. O∞ is the universal C∗-algebra generated by a sequence of isometries S1, S2, ... with
orthogonal ranges (we can’t ask for

∑
SnS

∗
n to be 1 since this sum can’t converge in

norm). Show that O∞ can be written as an inceasing union
⋃
n T On, and use it to

show that O∞ is simple.
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