
Introduction to C∗-algebras, 2020/21, homework 4

1. (a) Let P,Q be two projections in B(H). Show that if dim(H) > 2 then there’s a
nontrivial invariant subspace for P,Q (hint: consider the operator PQP acting on
PH; if PH is not 1 dimensional then find an invariant subspace for PQP ).

(b) Show that if p, q are two rank 1 projections in C2 then the pair p, q is classified up
to unitary equivalence by the scalar λ such that pqp = λp. Use this to deduce that
the universal C∗-algebra generated by two projections is{

f ∈ C([0, 1],M2) | f(0) =

(
a 0
0 0

)
, f(1) =

(
b 0
0 c

)
for some a, b, c ∈ C

}
and give a related description of the group C∗-algebra C∗(Z2 ∗Z2) (the free prod-
uct).

2. Let s1, . . . , sn be the standard generators for On.

(a) Let u ∈ On be unitary. Show that there’s a unique unital endomorphism αu : On →
On given by αu(sk) = usk. Conversely, given a unital endomorphism α : On → On,
show that there exists a unique unitary u such that α = αu. This gives a one-to-
one correspondence between the set of endomorphisms of On and U(On). (Note:
this correspondence does not respect multiplication.)

(b) Suppose ut for t ∈ [0, 1] is a continuous path of unitaries. Show that for any
x ∈ On, the path t 7→ αut(x) is continuous. In particular, if p ∈ On is a projection
and u ∈ U0(On), then p is homotopy equivalent to αu(p).

(c) Define α(x) =
∑n
k=1 skxs

∗
k. Check that this is a unital endomorphism, and use it

to show that for any η ∈ K0(On), we have η = nη, so (n− 1)K0(On) = 0.

3. Compute the K0 and K1 groups of the following C∗-algebras.

(a) T O2.

(b) Dn = {f ∈ C([0, 1],Mn) | f(0), f(1) ∈ C1}.
(c) C(RP2).

4. Let α be an order two automorphism of a C∗-algebra A, which we think of as an action
of the group Z2. We define an action α̂ of Z2 on the crossed product A oα Z2 by
α̂(a + bu) = a − bu where a, b ∈ A and u is the canonical unitary we add. Show that
this is an action, and prove that Aoα Z2 oα̂ Z2

∼= M2(A).

(Note: this is a special case of the Takai duality theorem. In general, if G is a locally
compact Hausdorff abelian group acting on A, there’s a canonoial action of the dual
group Ĝ on the crossed product A o G, and the Takai duality theorem states that
AoGo Ĝ ∼= A⊗K(L2(G)). In the case of Z2, the dual group is also isomorphic to Z2,
and L2(G) ∼= C2, so the compact operators on C2 are simply M2.)

5. Consider the action α of Z2 on C([−1, 1]) given by α(f)(x) = f(−x). Show that the
crossed product C([−1, 1]) oα Z2 can be embedded in C([0, 1],M2) and show that it is
isomorphic to such an example you’ve already seen.

6. Let X = {1, 2, . . . , n}, and let α be an automorphism of C(X) given by a cyclic order n
permutation of X. Thought of as an action of Z (not of Zn), show that C(X) oα Z ∼=
Mn(C(S1)).
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7. Suppose (An, ϕn+1,n) is an inductive system of C∗-algebras. Let’s assume for simplicity
that all those algebras are unital and the connecting maps are unital. Suppose that for
any n we’re given an automorphism αn of An such that αn+1 ◦ ϕn+1,n = ϕn+1,n ◦ αn,
then this sequence gives a rise to an automorphism α of the inductive limit A, let’s call
it α. (Note: not any automorphism of the inductive limit has to be of this form.)

(a) Show that there are canonical homomorphisms ϕ̃n+1,n : Anoαn
Z→ An+1oαn+1

Z
extending the maps ϕn+1.n and which map the canonical unitary in An oαn

Z to
that in An+1 oαn+1

Z. Deduce that A oα Z is an inductive limit of the algebras
An oαn Z.

(b) The 2∞ odometer is the following minimal homeomorphism of the Cantor set. View
the Cantor set as a projective limit of the abelian groups Z2 ← Z4 ← Z8 ← . . .
where each map Z2n ← Z2n+1 is given by k 7→ k(mod 2n). Notice that the map
k 7→ k+ 1 at each level commutes with the quotient maps. (If you haven’t thought
about projective limits of compact Hausdorff spaces - here they are finite sets -
just reverse the arrows and think of it as an inductive limit of commutative C∗-
algebras, and see what the Bratteli diagram would be.) This map, therefore, gives
rise to a homeomorphism of the projective limit, which one can show is minimal.
(You can prove it for yourselves as an exercise, but don’t submit it.) Let’s denote
by X the Cantor set, and let α be the automorphism of C(X) induced by the 2∞

odometer. Use the previous part and previous problem to deduce that the crossed
product is a simple inductive limit of C∗-algebras of the form M2n(C(S1)).
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