Introduction to Topology, 201.1.0091 /==,
Homework 2 & &
Spring 2016 (D.Kerner) g %
(1) Given a topological space (X, Tx) and a set Y = X [[{yo}. Check that the -‘%3/)) &
Mo

following collection defines a topology on Y: Ty := {{yo} UU|VvVUe Tx} u{o}.

Check that in the space (Y, 7y ) the point yo belongs to the closure of every other point.

(2) (a) Give examples of topological spaces for which every open set is closed. (Prove that the later condition is
equivalent to: ‘every closed set is open’.) Prove that if such a space X is a topological subspace of R”
then the induced topology on X is discrete.

(b) Given an increasing sequence of real numbers, a1 < ag < - - -, prove that the subspace (with the induced
topology) X = {U(a2;—1,a2;)} C R has infinitely many subsets which are both open and closed.
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(3) Given two topological spaces, X, Y, with closed subsets, A C X, B C Y, prove that Ax BC X xY isa
closed subset.
(4) Fix a sequence A := {ay,as,... } C R. Denote by Part.Lim(A) the set of all the partial limits of {a,}.
(a) Give examples of sequences for which:
i. Part.Lim(A) = A. ii. Part.Lim(A)NA=g. iii. Part.Lim(A) =R.
(b) Does there exists a sequence for which Part.Lim(A) = Q7
(c) Can the subset A C R be open? Prove that AU Part.Lim(A) = A.

(5) Given a topological space X and a subset A C X with T4 = Tx|a, prove: ULC,IA = A and AQV = A
UETa V is closed in Ta

Does this imply Int(A) = A = A? (Check the definition of Int(A), A.)
(6) Read (and learn): https : //en.wikipedia.org/wiki/Torus (well, at least some parts of it :)
(7) Recall that the boundary of a subset A C X is defined as 9(A) = A\ Int(A).

(a) Find the boundary of (a,b), [a,b], Z, Q (as subsets of R with the standard topology)
b) Prove that 9(4) = AN X \ 4 and 9(A) = 9(X \ A).
¢) Prove that Int(A) N9(A) = @ and A = Int(A)[]I(A).
d) Prove that 9(A) = & iff A is both open and closed.
e) Prove that A is open iff 9(A4) = A\ A.

(8) Describe the limit points, the boundary, the interior and the closure of the graph of function f(z) =
(9) Define the Cantor subset of R by K := { > %1 a, €0, 2}}

3n
n>1
(a) Prove that K C [0,1]. Prove that K C [0,1]\ (3,2). Prove that K does not intersect any segment
(35, 3582), here s,k € N.
(b) Present K in the form [0,1]\ (U U;), where U; are some open segments.
(¢) Prove that K is closed. Describe its boundary, interior, limit points.
(d) Prove that K is uncountable. Can you draw it?
(10) Prove that there is infinity of prime numbers in N, as follows.
(a) Prove that all the possible arithmetic progressions (with infinite number of elements) form a basis for
some topology on N = {1,2...}.
(b) For any fixed d > 0 consider the progressions {i,i+d,i+ 2d, ...}, where i = 1,...,d. Prove that each of
them is a closed subset of N. (Because they cover N.)
(¢) In particular, for any prime p the progression {p,p+ 2p,...} is a closed subset of N, and these sets cover
N\ {1}. Achieve from here that the amount of prime numbers cannot be finite.
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(11) (a) Prove that for the maps R™ Iy R™ the topological continuity coincides with the continuity of Calculus.

(b) Fix a continuous function R 2 Dy ER R, here Dy is the domain of f, with 7p, = Tr|p,. Take its graph,
'y ={(z, f(z))} C Dy x R C R?, with the induced topology, Tr; = Tr2|r,. Prove that the projection to

the Z-axis, I'y I Dy, is a homeomorphims. (Where is the continuity of f used?)

(c) Is the projection onto the g-axis, I'y Ty Im(f), a continuous map? a homeomorphism? (Here Im(f) is
the image of f.)
(12) Suppose X has two topologies, 71, 7;. Prove that the identity map, (X,77) X (X,7T2), is continuous iff
T> € T1. Prove that Id is a homeomorphism iff 77 = 7.

(13) Given topological spaces, (X, Tx), (Y, Ty).
(a) Assume the topology Tx is trivial. Which functions X 1y ¥ are continuous? Which functions Y % X
are continuous?
(b) Assume the topology Ty is discrete. Which functions X L,V are continuous? Which functions ¥ % X
are continuous?



