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Question 4:

(a) Let G be a group and assume there are two unit elements in G, say e; € G
and es € G. From the assumption we know that

etg=ge1 =g and esh =hes =h, forevery g,h € G.
Choosing g = e5 and h = e; lead us to the conclusion that
ea =g=e1g=ecirea = hes = h=ey,
which means e; = ey and there is a unique unit element in G.

(b) Assume (G,e) is a group and there exists an element h € G such that
hg = g for all elements g € G. If we choose g = e, then he = e. On
the other hand, as e is the unit element of G, we know that he = h and
therefore h = e.

Question 5: To prove that a subset H of a group G is a subgroup of G we
only need to show that H # () and the property that

a,be H=b"ltac H.

i. This H is not a subgroup: It is not a subset of GL,,. The matrix 0,,«x, is
an upper triangular matrix but is not in invertible.

ii. H={A € GL,(Q) : A is upper triangular} is a subgroup:

e I, € Hso H#;
e If A B € H then B is invertible and its inverse matrix B~! is also
upper triangular which implies that B~'A is invertible and upper

triangular, as a product of two invertible, upper triangular matrices,
ie, B 'AcH.

iii. H = {(g i) ca,ce{-1,1}b e R} is a subgroup:

e I, c H so H#0.
o If A= <a1 50)1) € H and B = (a2 ?) € H, then ay,az,c1,c2 €
1 2
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since ay 'ay,cy e € {—1,1}



iv This H is not a subgroup: It is not closed under the (operation) product-
2
0 1 0 1
(1 O) € H but <1 0> =L ¢ H.

v. O(3) is a subgroup:

e I3 € 0(3) and so H # {;

o If A, B € O(3), then AA* = BB = I3 and hence both A and B are
invertible matrices and therefore we also have B!B = I5. Next,
(BT'A)(B'A) = BT AANB ! =B N (B! =(B'B) =1 =15
which proves that B~1A € O(3).

vi. This H is not a subgroup: It is not closed under the product. Let n = 2,

2
1 0 1 0
o) (O _1) € H but (0 _1) =0 ¢ H.

vii. This H = Mat,¥ (C)NGL,(C) is not a subgroup: It is not closed under

nxn

1 0 0 1
the product. Let n = 2, so (0 _1> , (1 0> € H but

b S0 = (5 o)em

viii. This H is not a subgroup: It is not closed under the product. Let

n=2A4= (1) Pl and B = <(1) 11> . Both A and B are invertible
and diagonalizable (the simplest way to see this is that both A and B are
2 x 2 matrices and they have 2 different eigenvalues), but

11
()
is not diagonalizable! (otherwise AB must be similar to the diagonal
matrix with its eigenvalues on the diagonal which is equal to Is, and the

only matrix that is similar to I is Iy itself, and clearly AB # I) and
hence AB ¢ H.

Question 6:

(a) We will show that (Z,,+,0) is an abelian group. Recall the notation
Zn = {G,T,...,'I’L - ].} and that n+m =n+m.

e Ifa,bcZ,, thena+b=a+bcZ,.
e Ifa,b,¢ € Z,, then

(@+b)+c=a+b+cé=a+bt+c=a+b+c=a+ (b+c).

eIfacZ, thena+0=0+a=aand 0 € Z,.

elfaeZ, thena+—-a=—-a+a=0and —a € Z,.



This 4 properties prove that this is a group; It is an abelian group simply
because of the following-

a+b=a+b=bfta=0b+a.

(b) (Z,,\ {0},-,1) is a group if and only if n is a prime number. This is
easy to show that the first 3 properties in the definition of a group hold
and that the tricky one is the forth one. We show that the fourth one
holds if n is prime and it doesn’t hold if n is not prime:

e If n is a prime number, then for every a € Z, \ {0} we know (from
the Lemma of Eucleades) that the numbers a and n are coprime and
therefore there exist u,v € Z such that ua + vn = 1. Then we see
that 1 = ua + vn = ua + 0 = u - @ which implies that @ is invertible
and in fact its inverse is given by (@)~! = u.

e If n is not a prime, then there exist ny,ns € Z such that n = nyng
and 1 < nj,ne < n. In this case we get that

nl-ngzﬁzﬁ

and so m7 and 73 are not invertible in Z,, \ {0} and it is not a group.
Question 9:

(a) e Consider the element 1 € Z,,: 1+1=2,1+1+1=3,... and we see
that if we add 1 m many times we get m, therefore the group Z, is
generated by the element 1 and the group is cyclic.

e All the generators of the group (Zi2,0,+) are the elements @ such
that @ and n are coprime, and these are: 1,5,7 and 11.

(b) e The group (Z7 \ {0},-,1) is generated by the element 3, as
3=33"=23=63=43=5 and 3°=1
and hence Z7 \ {0} = {3, §Q,§3,§4,§5,§6} is cyclic.
e The only generators of Z7 \ {0} are 3 and 5.
e The group (Zi; \ {0},-,1) is also cyclic and all of its generators are

2,6,6 and 8.
Question 10: Let (G, -, e) be a group of finite order, say |G| = k.
(a) For every a € G, consider the set of powers A = {a,d?,...,a*} C G.

e Ifal=a/ forsomel1 <i< j <k thena’*=e¢andj—1i>0,so
n = j — i satisfies a” = e and n > 0.

e Otherwise, a’ # a’ for all 1 < 4,j < k. But then we have k different
elements in A, which means that one of them must be equal to e. So
there exist 1 < i < k such that a’ = e, and we are done.



(b) From part (a) we know that for every a € G there exists n, > 0 such that
a™ = e. Define m to be the product of all n, for all a € G, i.e., let

N

Then m > 0 and for every b € G, we have

pm = pe accazs e — (b”b)naec,a¢b na — ellaeg,ansMa — ¢

(c) Let us write explicitly the elements of the group G = {e, g1, ..., gk—1}, where
we know that k is even.

If for every e # a € G we assume that a~! # a, Consider the set
A= {(avail) HUAS G} = {(6,6), (glagl_l)7 ) (gk—lvgk_,ll)}'

By our assumption, gl_l # g1, ...,gk:ll # gr—1 and so we can throw away
some of the pairs (g1, 97 "), -y (gh_1, g,;_ll) which correspond to the same
pair of elements, until we stay only with pairs which consist all of different
elements and (e,e). This new list should give us all the elements in G.
But then we get that in G there is an odd number of elements, which
is a contradiction and therefore there exist a € G auch that a # e and

a1l =a.



