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Question 1.

(b):

e If x € S is invertible, it means that there exists y € S such that zy =

2.2

yx = 1g. Then, y € R and 2y = yx = 1R so z is invertible in R.

The converse is not always true: Take R to be the ring of real numbers
and S be its sub-ring that is all the integers. The number 2 has an inverse
in R (which is 1/2) but 2 is not invertible in Z.

Question 2.

(a):
If d > 1: V; is not a ring, as it is not closed under multiplication: z¢ € Vj
but ¢ . x4 = 22? ¢ V; as 2d > d.

If d = 0: V} is exactly the field K and that is a ring.

if p1(a)p2(x) = 0 where p1,ps € Vj then clearly p; = 0 or p = 0, as pjand
po are polynomials. Then Vj is an integral domain.

(c):
C"(R,0) is a ring and the only non-obvious properties to check are that
C"(R,0) is closed under summation and multiplication: If f,g € C"(R,0)
then f,g are continuously differentiable r—many times around 0, which
imply that so are f + g and fg, so f + g, fg € C"(R,0).

C"(R,0) is not an integral domain: let

2’ >0 0 x>0
= d =
f(@) {O <0 and - g(z) {x”‘l 2 <0

then f and g are continuously differentiable r—many times in R, clearly
not vanishes in R, i.e., f # 0 and g # 0, but f(x)g(z) =0 for any x € R.



2.3 (e):

e This is not a ring, as it is not closed under multiplication: let

flz) =g(x) = {é/ﬁ i ; Eg B
then
[ sos] = | [ ot = | [ 22| <
but
‘/Z f(2)g(w)dz| = /Olix -

ie, f,g€ Rbut fg ¢ R.

e This is not an integral domain: let

_J1 tze(0,1) )1 otz e(2,3)
f(x)_{o r¢01) g(x)_{o L1 ¢ (2,3)

clearly [ f(z)dz = [ g(z)dz = 1 so f and g are elements in the
space, but f # 0,9 # 0 and f(x)g(x) =0 for any = € R.

3 Question 3.

3.1 (b):
Let R be a commutative ring with a unit 1 and let I, J <<R such that I+J = R.

e Ifxel-J, then x =ij for some ¢ € I,j € J and as I and J are ideals it
follows that t =ij € Tand x =ij € J,soxz e INj,ie, [-JCINJ.

o Ifx € INJ, then as I +J = R there exist ¢ € I and j € J such that
lp =147

Thenz =z -lgp=z(i+j)=z-i+zx-j=i-z+zx-j€l-J asi,x €1
and x,j € J,ie, INJCI-J.

3.2 (c):
Suppose that I is an ideal of M, «,(R) and let
J ={x|3M € I such that M7 ; = x}.

Recall that E; ; is the matrix with all O entries except for 1 in the (7, j) entry.



1) J is an ideal of R: If z,y € J and r € R, there exist A, B € I such that
x=2A17 and y = By1. As I < My« (R) it follows that

Ar,rAJ/A—Bel
and hence
(Ar)1p=are J (rAjp=rc€Jand (A—B)h1p=xz—y € J,
which exactly mean that J < R.

2) Mp(J) CI: If A€ Myyn(J), then A = szzl a; ;E; j where a; j € J, there-
fore (M(©9)); | = a; ; for some M(»7) € T and hence (as I <1 M,xn(R)):

a;Eij = (M) 1By = EaMOE, el

for every 1 <4, <mn,so A=>_ ai;Bij el

n
,j=1

3) I C Myun(J): If A€ I, then for every 1 <i,j <n we have
a;; = (E1;AEj1)11

and as [ < My xn(R), E1;AE;1 € I and thus a; ; € J, i.e., A€ Myyxn(J).

4 Question 5.
4.1 (b):

H* is the subset of H consists of all invertible elements in H, so we need to show
that every element ¢ € H that is g # 0, is invertible, or in other words that H
is a division ring: let ¢ # 0 in H, then ¢ = a + bi+ ¢j + dk for some a,b,c,d € R
such that a, b, c, d are not all equal 0, i.e., such that a? 4+ b? 4 c? + d? # 0. It is
a simple computation to show that

q-q= (a-l—bi—‘er—l—dk)(a—bi—cj—dk) :a2+b2+02—|—d2
and therefore ¢ is invertible in H and

_1 1 _  a—bi—c¢—dk

= = € H.
1 22+t @2+t

4.2 (c):
Define ||q|| := v/q - G for every g € H, that can be written as

lgll = Va2 + b2 + ¢ + d2, when q = a + bi + ¢j + dk.
This defined a norm on H:

e For every g =a+ bi+ cj + dk € H:

g =0 <= Va2 +0+2+d>=0 < a=b=c=d=0 < ¢=0.



e For every a € R:

lagl] = ||ea+abi+acj+adk]|| = \/(oza)2 + (ab)? + (ac)? + (ad)? = |a-|q]|-

e For every q1 = a1 + b1i + c1j + di1k, g2 = as + boi + coj + dok € H:

||Q1 + QQH = \/(al + CLQ)Q + (bl + b2)2 + (01 + 62)2 + (d1 + d2)2

aq b1 aj b1
as bo az bo
= <
as + b3 - as ™ b3
aq ba R4 a4/ ||ga ba R4

= G0+ G &+ \Jad 05+t B = ]l + el

where we use a property of the standard norm of R%.

So || - || defines a norm on H and for every g1, g2 € H:
@1+ q2 = (a1 + bii+ c1j + dick)(az + bai + c2j + dok)

= (alag — b1by — c1c9 — dldg) + (a1b2 + biras + c1ds — dlcg)i
+ (arcg + craz — bida + diba)j + (a1dz + draz + bica — c1ba2)k

SO-

lga - CI2||2 = (arag — biby — cico — dyda)* + (a1by + brag + c1dy — dica)?

+ (a1c2 + c1a9 — bids + d1b2)2 + (a1da + drag + bica — clb2)2

= a?a3 — 2a1a2b1by — 2a1a9¢1 ¢y — 2ayaadydo 4 b3 + 2b1bycico + 2b1badrdy + s + 2¢icadidy + dida
+ afb% + 2a1babias + 2a1bacids — 2a1badico + b%ag + 2bjascids — 2biasdico + c%d% — 2c1dadico + d%cg
+ a?cg + 2a1cac1a2 — 2a109b1da + 2a1¢ad1 by + cfag — 2c1a9b1dy + 2c1a2d1bg + b%dg — 2b1dad1by + dfb%
+ a%d% + 2a1dadias + 2a1dabico — 2a1doc1bs + d%ag + 2dyiasbico — 2d1asciba + b%cg — 2bicoci by + c?b%
= (ai + b} +cf +di)(a3 + 03+ 3+ ) = larll* - a2l

4.3 (f):

Let g1 = g2 = ¢ and use the calculation of ¢; - g2 above to show that

@® = (a2 = b2 — 2 —d?) + (2a1b1)i + (2a1¢1)j + (2a1d1)k

and thus

q2 =-1 a% — b? — c% —d% = —1,a1b1 = a1¢c1 = a1d; = 0.
If a1 # 0, then by = ¢; = d; = 0 and af = —1 and this is a contradiction, as
a1 € R, so

{geH:@?=-1}={g=bit+aj+dk:0?++d =1}

and there infinitely many solutions.



5 Question 6.

If z € R such that 2% = 1g, then 0 = 22 — 1z = (z — 1g)(z + 1) and since R
is an integral domain (has no zero divisors) it follows that

r—1g=0o0orax+1r =0,

i.e., that t = 1g or z = —1p.



