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(This is close to problem 2 of tutorial 7, to question 5.d of hwk 6, to question 4.h of hwk 9, to question 8 of hwk 10,
to question 5 of hwk 11.)

Solution 1. Note that {f(5-) = 0}. Thus the holomorphic function f vanishes on a (infinite) sequence of points
that converges inside D;(0). Therefore, by the uniqueness principle, f(z) = 0 on D;(0). But this contradicts the

condition f( )= %

2n } = 0. Therefore the function with the prescribed conditions does not exist.

Solution 2. Suppose such a holomorphic function exists, then in particular f is continuous, thus f(0) = lim f (%) =
n—oo

—f(—1_
0. But then f cannot be R-differentiable at 0, because lim M =1, while lim ‘f(%if(;")l 0. Therefore

n— oo |07 2n+1 | n—oo 2n ‘
the function with the prescribed conditions does not exist.

(This is close to problem 4 of hwk8.)
Note: f(M|,_o = (— )" (n 4+ 1)1(a™ + b™), for any n = 0,1.... This derivative can be computed also by Cauchy
formula: f("|,_o = % f gfn(fl d¢. Therefore:

(n+ Da™+b"| = |f(" =0l = 21| § gn(f)l dé| <32 § |dé| =3 n!l. Hence the needed inequality.
|z|=1 |z|=1
(This is close to questions lc, 1.d, 1.h. of hwk8, and question 4.d of hwk 9.)
(a) By the assumption, f(z) ) hence f has a pole at z = 0. Thus we can present f(z) = 92)  where
z—

zn

n=—ord.—of, g € O(C) and g(0) # 0. By the assumption: |g(z)| > |2"~V2|. Therefore g does not vanish on
C.

Note that n > v/2, therefore g has a pole at co. Thus it is necessarily a polynomial (by HW 8 problem 2a). But
g has no zeroes on C, thus it must be a constant, contradicting the existence of a pole at co.

(Another reasoning: g has no zeros on C, and does not even approach 0, because of the condition [g(z)| > |27~ V2.
Therefore the image of g is not dense in C.)

(b) By the assumption, f has an isolated singular point at z = 0. The condition |f(z)| > implies: hm lf(z)] =

- |z \‘f
00. Thus f is meromorphic on C and we get back to the previous case.

(This is close to question 3.h hwk6, question 4.c of hwk12, and tutorials 6,12.)

By the assumption: f(z) = u(z) + i - v(2) is holomorphic in C and satisfies: —Im(f)? < Re(f) < Im(f)?. This
means: the image of f lies inside the set {(z,y)| —y? < x < 3?}. But then the image cannot be dense in C. Therefore
f must be a constant function. And u,v as well.

(Similar to hwk7, q.2.b.)
Solution 1. By the assumption f is holomorphic, thus it is continuous, thus f(0) = lin% f(z) = 0. Let C =
z—

sup |f(z)] and define f(z) = f(c’f). (Note: C # 0.) Then D;(0) EN D, (0) satisfies the assumptions of Schwarz
ZeaDl(O)

lemma. Thus |f(z)| < |z| for any z € D;(0), with equality iff f(z) = C -z The condition on f(%) means
\f(%)| = 1 = ||, therefore f(z) =C -z, thus f(z) = CC - z. Finally: M(URN

f(=1)
Solution 2. First notice (as above) that f(0) = 0. Therefore the function g(z) = @ is holomorphic in Dy(0). This
function satisfies: |g(4)| = sup |g(2)|. Therefore, by the principle of maximum, g is a constant. Thus f(z) = Cz,
2€0D1(0)
S0 _
hence e & 1.

First note that the integral converges absolutely. (The denominator does not vanish for any ¢ € R and it decays as
% for [t| — c0.)

Solution 1. We convert the integral to an integral over the unit circle by the change of variables t — z(t) = %
(Note that |Z L] =1 for any t € R. And as ¢ varies from —oo to 0o, z runs counterclockwise along the circle.) We
have: t =1 } +Z and dt = I_Q:d)i Thus the integral to compute is:

[eS) R

/ dt . dt . 7{ —2idz

. = lim . = lim =
/. (i +t)2sin(55 — 3)  Roeo | (i+t)2sin(t —3) =0 r (1+ 2)2sin(z — 1)(2£)?
_ , 2=
Arg(z)€[—m+e,m—e]
—2id i
= ?{ vz =2mi - Res,_ (%) =7
(14 2)2%sin(z — = 1+z 2sin(z — 1) 2sin(z — 3)
|z]=1 |z|=1



Solution 2. Close the contour of integration by the upper semi-circle v (that passes through the points R, Ri, —R).

We claim: i ——& = 0. Indeed lim sin(== — 1) = sin(—%). Therefore for 2| > 1 one has:
e claim zggo,m rorem (1) ndeed lim sm(Hz 5) = sin(—3) erefore for |z| one has
sing] ¢ < lsin(i— — )| <[sing| +
sin—-| —e < |sin - = sin—| +e.
3 - t+z 3T 3
Thus | [ —4& | <C [ |(i-ﬁ§)2‘ < ZEER for some constant C.
o i2)2sin(iz2 - 1) o
Therefore:
r d [ d d
t t Z
(1) / = :lim(/. P +/~ iz ):
J ey A ey T =)
1
= 2mi Res,—y(— — )
o e = D
Thus we should check the singularities/residues of ———X———. Note that L+ is holomorphic for I'm(z) > 0.
(i+2)2sin (52— 1) (it2)

So the residues could come only from the points where sm(;jrz — %) =0, i.e. 2%2 — % = 7wk, for k € Z. We get then:

{z=—-i— ﬁ}ke% Of this infinite sequence of points, only one point lies in the upper half plane: z = % At this
point the function has just a simple pole, therefore:

/ dt ori- R ( 1 ) ori - i Z_%
= 2mi Res,_ () =2mi- lim —————2 - =,
(D) (=) T R G )

— 00



