
5 milibxz sc
lnyg zqcpdl ixehwe oeayg

meyxp oeniqd zeigep jxevl ,ok enk .f1, g1, f2, g2 : R
2 → R xear g = (g1, g2)-e ,f = (f1, f2) meyxp .1

miiwzn zxyxyd llkn ,f` .h1, h2 : R
2 → R xear h = g ◦ f = (h1, h2)
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.yxcpk

lr zetivxa dxifb divwpet f : U → Rn-e dgezt dveaw U ⊆ Rn `dz :dketdd divwpetd htyn .2
.jitd `ed Jf(x0) o`iaewrid da dcewp `id x0 ik gipp .U

-e f(x) = (f1(x), . . . , fn(x)) onqp

.G(x,y) = (G1(x,y), . . . , Gn(x,y))) = y − f(x)

1 ≤ j ≤ n-e 1 ≤ i ≤ n-l ,Gj : R
2n → R-e fi : R

n → R o`k

.JG(x,y) = (−Jf(x); Id) ik G zxcbdn zexiyi raep (`)

-zze G(x0,y0) = y0 − f(x0) = 0 ik miiwzn mcewd sirqdne dkitd Jf(x0) ik dgpddn (a)

divwpetd htyn i`pz miniiwzn lr .dkitd dpid
(
∂Gn+i

∂j
(x0,y0)

)n
i,j=1

= −Jf(x0) dvixhnd

zexifb zeivwpete y0 ∈W-e x0 ∈ V-y jk V,W ⊆ Rn zegezt zeveaw zeniiw okle ,dnezqd
-y jk g1, . . . , gn :W → V

G(g1(y), . . . , gn(y),y) = 0

.y ∈W lkl

ik miiwzn y ∈W lkl ,G zxcbdn (b)

.G(g(y),y) = y − f(g(y)) = 0

(c)
Id = Jf◦g(y0) = Jf(g(y0)) · Jg(y0) = Jf(x0)Jg(y0)

.dkitd Jf(x0) ik zraep dprhde

zegeztd zeveawd z`e ,6 dl`yak f(x, y) =
(
x cos(y)
x sin(y)

)
z` zgwl ozip cbp znbeck .`l (d)

.U =W = R2 \ {0}

dxifb `id F ik al miyp .F(x, y, z,w) = det ( x yz w ) = xw − yz i"r F : R4 → R divwpet xicbp .3
.F(1, 1, 1, 1) = det ( 1 11 1 ) = 0 -ok enk .R4 lr zetivxa

`ed F ly df dxwna hp`ic`xbd= o`iaewrid

∇F(x, y, z,w) = (w,−z, y, x)

1



(1, 1, 1, 1) ∈ U dgezt dveaw yi dnezqd divwpetd htynn okle ,(1, 1, 1, 1) dcewpa qt` epi`
-y jke g(1, 1, 1) = 1-y jk g :W → R zetivxa dxifb divwpet mr (1, 1, 1) ∈W dgezt dveawe

∀(x, y, z) ∈W, F(x, y, z, g(x, y, z)) = det

(
x y

z g(x, y, z)

)
= 0

.yxcpk

dxifb `id F ike F(1, 1, 0) =
(
3
4

)
ik al miyp .F(x, y, z) =

(
x2 + 2y2 + 6z
x+ 3y+ z

)
i"r F : R3 → R2 xicbp .4

`ed F ly o`iaewrid .R3 lka zetivxa

JF(x, y, z) =
(
2x 4y 6z

1 3 1

)
dgezt dveaw zniiw dnezqd divwpetd htynn ,jitd `ed JF(1, 1, 0) ly ( 4 63 1 ) xepindy oeeikne

-y jk y, z : V → U zexifb zeivwpet mr 1 ∈ V ⊆ R daiaqe (1, 0) ∈ U

.∀x ∈ V, F(x, y(x), z(x)) =

(
x2 + 2y(x)2 + 6z(x)
x+ 3y(x) + z(x)

)
= =

(
4

3

)

ik mi`ex x itl dnezq dxifba yeniy i"r

,

{
2x+ 4y · y ′(x) + 6z · z ′(x) = 0
1+ 3y ′(x) + z ′(x) = 0

milawn x = 1 davdae{
2+ 4y ′(1) = 0

1+ 3y ′(1) + z ′(1) = 0

.` : (1, 1, 0) + t(1,− 1
2
, 1
2
) i"r oezp wiynd xyide ,z ′(1) = 1

2
-e y ′(1) = −1

2
okle

miiwzn (u1, v2) = (0, 2π)-e (u1, v1) = (0, 0) xear lynl ,R lr r"gg dppi` f divwpetd .5

.f(u1, v1) = f(u2, v2) =

(
1

0

)

jk (u1, v1), (u2, v2) ∈ S m` ik al miyp .(1, 1) ∈ S -y jk S = R × [0, π) dveawa opeazp
hxta if` f(u1, v1) = f(u2, v2)-y

, e2u1 = e2u1 cos2(v1) + e
2u1 sin2(v1) = e

2u2 cos2(v2) + e
2u2 sin2(v2) = e

2u2

.u1 = u2 ik raep hppetqw`d zeikxr-cg-cgne

ik (f ly zhpicx`ewd ly oeqkl`a ltk i"r) milawn f(u1, v2) = f(u2, v2) oeieeydn ,sqepa

.eu1+u2 cos(v1) sin(v2) = e
u1+u2 sin(v1) cos(v2)

ik milawn df dxwnae ,ea mitb`d ipy z` wlgl ozip eu1+u2 6= 0y oeeikn

ik milawn lirl d`eeynae ,cos(v1) = 1-e sin(v1) = 0 f` v1 = 0 m` •

, sin(v2) = 0 cos(v2) = 0

.v2 = 0 ik raep 0 ≤ v2 < π-y oeeikne

.v1 = 0 f` v2 = 0 m` ,ote` eze`a •
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ik milawn f` v1, v2 6= 0 m` ,zxg` •

cot(v1) =
cos(v1)

sin(v1)
=

cos(v2)

sin(v2
= cot(v2)

.cot r"ggn zraep f r"gge

mcewd wlgdn ik al miyp .g : R2 → R2-a dketdd divwpetd z` onqp :dketd divwpet z`ivn
.R2 lk ,xnelk -f zpenz `ed dly dxcbd megze ,S-a zlken didz g zpenz dl`yd ly

-y epi`x xak mcewd wlgdn .f(x, y) = (f1(x, y), f2(x, y))-e g(x, y) = (g1(x, y), g2(x, y)) onqp

f21(u, v) + f
2
2(u, v) = e

2(u+v)

f` f2(u, v) 6= 0 m`e

.
f1(u, v)

f2(u, v)
= cot(v)

zgwl ozipy o`kn

g1(x, y) =
1

2
ln(x2 + y2)

-e

.g2(x, y) =

{
arccot( x

y
) y 6= 0

0 zxg`

.heyt aeyig edfe ,(x, y) ∈ R2 lkl f(g(x, y)) = (x, y) ok`y `ceel wx xzep

divwpet f ik dcaera ynzydl e` o`iaewrid zxcbd jezn zexiyi aygl ozip :g ly o`iaewrid
ik raep ,1 dl`y itl .R2 \ {(0, 0)}-a dcewp lka zetivxa dxifb g ike S lr zetivxa dxifb

.

(
1 0

0 1

)
= Jg◦f(u, v)Jg(f(u, v))Jf(u, v) = Jg(eu cos(v), eu sin(v)) ·

(
eu cos(v) eu sin(v)
−eu sin(v) eu cos(v)

)
okle Jg(x, y) ( x y

−y x ) = ( 1 00 1 ) ,hxta

Jg(x, y) =
1

x2 + y2

(
x −y
y x

)
zvixhn okle ,zeiwlg zexfbp oi` ,lynl ,g1-l ik `ceel lw dnvr (0, 0) dcewpa .(x, y) 6= 0 m`

.zxcben `l o`iaewrid

:dkitd dvixhnd ik `ceepe Jf(1, 2, 1) z` aygp .6

,Jf(x, y, z) =

 1 1 2(z− 1)
2(x− 1) 1 1

1 2(y− 2 1


zikted divwpet f-l yi dketdd divwpetd htyn itl ,okl .detJf(1, 2, 1) = det

(
1 1 0
0 1 1
1 0 1

)
= 2 ok`e

.x0 dcewpd zaiaqa

i"r oezp f(x0) dcewpa g-l ix`pild aexiwd

g(f(x0)) + Jg(f(x0))

xy
z


1 dl`y itle ,g(f(x0)) = g(f(1, 2, 1)) = (1, 2, 1) xy`k

Jg(f(1, 2, 1)) = (Jf(1, 2, 1))−1 =
1

2

 1 −1 1

1 1 −1
−1 1 1


.(Jf(1, 2, 1)-l ziktedd dvixhnd ok` ef ik e`ce)
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i"r h : [0,∞)× [0, π)→ R2 dwzrd xicbp .7

.h(r, θ) = (r cos(θ), r sin(θ))

ike dnegza zetivxa dxifb ,R2 lre r"gg dwzrd `id h ik e`cee

.Jh(r, θ) =
(

cos(θ) sin(θ)
−r sin(θ) r cos(θ)

)
eplaiwe 5 libxza epayig Jf◦h(r, θ) z` .f ◦ h(r, θ) = (er cos(θ), er sin(θ)) ,ok enk

Jf(r cos(θ), r sin(θ))Jh(r, θ) = Jf◦h(r, θ) =
(
er cos(θ) er sin(θ)
−er sin(θ) er cos(θ)

)
ik milawn zehppinxhc migwel m` ,hxta

detJf(r cos(θ), r sin(θ)) =
e2r

r

-y o`kn .r 6= 0 xy`k

detJf(x, y) =
e2
√
x2+y2√

x2 + y2

.(x, y) 6= (0, 0) xy`k 0-n dpey

.(x, y) 6= (0, 0) dcewp lka zinewn dkitd f ik dketdd divwpetd htyn i"r ,o`kn raep

`l hxtae) r"gg `l oiicre dcewp lka zinewn dkitd zeidl dleki divwpety 5 dl`ya epi`x xak
.dly ziktedd z` xiyi ote`a aygl jixv dkitd divwpet f ik gikedl ick okl .(dkitd

onqp

.g1(u, v) =
u

2
√
u2 + v2

ln(u2 + v2) , g1(u, v) =
v

2
√
u2 + v2

ln(u2 + v2)

ik milawn aeyign

g1(f(x, y)) =
f1(x, y)

2
√
f1(x, y)2 + f2(x, y)2

ln(f1(x, y)
2 + f2(x, y)

2)

= e
√
x2+y2 x√

x2 + y2
1

2e
√
x2+y2

ln(e2
√
x2+y2) = x

.(x, y) 6= 0 lkl f(g(x, y)) = (x, y) oke ,g2(f(x, y)) = y dnecae

zetivxa dxifb divwpet f : U→ Rn `dze dgezt dveaw U ⊆ Rn `dz :dgeztd dwzrdd htyn .8
.jitd epid Jf(x) o`iaewrid ik miiwzn x ∈ U lkl ik gipp .U lr

f ◦ g-y oeeikn ,f`e y = g(x) ∈ V gwip x ∈W kl oky ,ziciin `id W lr `id f ik dcaerd (`)
ik miiwzn ,zedfd zwzrd `id

f(y) = f ◦ g(x) = x

.W lr `id f |V ok lre

.U lr f zpenz z` f(U) = {y ∈ Rn | ∃x ∈ U, f(x) = y)}-a onqp (a)

jk x ∈ U yi f(U) zxcbdn .f ly zinipt dcewp `id y ik orhpe ,y ∈ f(U) dcewp gwip
lr `id f |V-y jk V 3 x dgezt dveawe y ly W daiaq yi mcewd sirqd itl .y = f(x)-y

.f(x ′) = y ′-y jk x ′ ∈ V yi y ′ ∈W lkl ik xne` df hxta .W

.yxcpk f(U) ly ziipt dcewp y ok lre ,W = f(V) ⊆ f(U)-y xne` df f(U) zxcbdn

.'a sirqn zexiyi raep (b)
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